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Appendices

A  Proof of Theorem 4.1

Let &, for i € {1,...,10}, be defined by

§1 = p21(pan1 + po2) (a2 + p22),
§2 = 2((#%(#11 + p12 4 po1 + po2) + po1proz(p2 + po2) + pan (i + pe2) (2421 + /L22)>7
& = pia(pa1 + po2) (11 + p21),
§a = 2((#32(#11 + p12 4 po1 + po2) + prpaz(par + paz) + pea(p1r + pen)(pan + 2#12)>,
&5 = p2n(pa1po2 — pazpor)(pa1 + pi2 + po1 + pog) + ,u%l (u%g + po1 22 + pi2(pe1 + ,u22)>
+p11 (M%2H22 + p21pi5y + pizpoz(po1 + ,u22)>,
&6 = 2(p11 + po2) [le (N%Q + (p12 + p21)(p21 + ,u22)>
+p11 (M%z + p12(2p21 + pr22) + p21(p21 + 2#22))} )
& = pa(paipaz — piapon) (P11 + fiaz + po1 + pia2) + fido (M%l + papaz + p2 (1 + M12)>
+p22 (Nll#%l + Mﬂmz + pa1p2r (g1 + mz)),
§8 = 2(p11 + po2) {/ﬂz (M%z + (pa2 + p21) (11 + uu))
+h22 (M%l + p12(2p11 + paz2) + p21 (11 + 2,1112))} ,
o = (p11po2 — pazpor) (H11 + paz + po1 + po2),
§10 = 2(p11 + pi22) (M%g + (p12 + p21) (21 + po2) + pa1(paz + po1 + M22)>-

Note that the states (0,1,1) and (2,2, 2) are transient under any policy = € II with positive

revenue. Hence the actions in these states do not affect the long-run average profit and we omit
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these states in the rest of the proof. First assume that 0 < ¢ < min{f, 32, 85}. Consider the

decision rule d, where d(x) is defined as follows for all z € S:

a1 if z € {(0,1,2),(0,2,1),(0,2,2)},
d(x) =14 ap ifze{(1,1,1),(1,1,2),(1,2,1),(1,2,2)},
age if € {(2,1,1),(2,1,2),(2,2,1)}.

Similar calculations to those in the proof of Theorem 4.2 show that the policy 7 = (d)* is an
optimal policy when 0 < ¢ < min{f1, 82, 85}. We see that the recurrent states of X are (0,1, 2),
(1,1,1), (1,2,2), and (2,1, 2) under this policy.

Next, assume that 85 < ¢ < min{f1, B2, 83, f4} (some algebra shows that 85 < min{fs, 84},
hence this interval is non-empty when 85 < ¢ < min{f,32}). Consider the decision rule d,

where d(z) is defined as follows for all z € S:

apn if z € {(0,1,2),(0,2,1),(0,2,2)},
d(l‘) _ a2 lf T € {(1 1 1)7( )7 (172’2)}7

ay ifz e {(1,2,1)},

az ifze{(2,1,1),(21,2),(2,2,1)}.

3
Similar calculations to those in the proof of Theorem 4.2 show that the policy m = (d)* is an
optimal policy when 5 < ¢ < min{S, B2, 83, B4}. We see that the recurrent states of X, are
(0,1,2), (1,1,1), (1,2,2), and (2,1,2) under this policy. In the transient states (i.e., states in
S\Su+), we can select any action that will take the process to one of the recurrent states, and this
shows that the policy 7* described in the theorem is optimal when 85 < ¢ < min{51, 82, 53, B4}
This completes the proof of part (i) of the theorem.

Now, assume that the conditions in part (ii) of the theorem are satisfied. Let ©’ = (d')*
where d'(z) = aj2 for all z € S. The condition 77 > T guarantees that 7’ is not worse than
the policy " = (d”)°, where d”(x) = ag; for all z € S. Next, we want to show that there is
no policy that allows switching of servers between stations that is better than 7’. Without loss
of generality, we only compare 7’ with policies that allow switching of servers between stations
and have positive revenue (because 7’ is better than any policy with zero or negative revenue).
We denote the set of policies that include switching and have positive revenue by 1I°, and we
let S = {(1,2) : z € Sz}. Under any 7 € II®, there is exactly one departure from the system
between two successive visits of the stochastic process X to a state in S1. We now show that
for all = € II°, there will be at least one setup with positive probability between every two visits
to Sy.

Note that under any 7w € II°, every time X, leaves the state (1,1,1) or (1,2,2), there has

to be at least one setup before the next time the process enters a state in S; (either when
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leaving S; or when coming back to S1), or otherwise the long-run average profit is zero. In state
(1,2,1), if p12 = po1 = 0 and action ag; is used, then the long-run average profit is equal to
zero, and if an action other than as; is used, then at least one setup occurs before returning
to &1. Furthermore, if p19 = 0 or po; = 0, any policy that uses the action as; in &7 results in
at least one setup at an end of the line (otherwise the long-run average profit is equal to zero).
Hence we can assume that p2 > 0 and pg; > 0 when X is in state (1,2,1). Note that under

any m € II°) every time X leaves the state (1,1,2), there has to be at least one setup with

H11 122
pi1tp22’ pi1tp22

probability ps > min{ } > 0 before the next time the process enters a state in

Sp. Similarly, when pi2 > 0, o1 > 0, and X leaves state (1,2, 1), there has to be at least one

setup before X, returns to Sy with probability p), > min{ M;‘}jm, u;frlum} > 0. The previous
two facts follow because either an action other than ajs (a91) is taken in state (1,1,2) ((1,2,1)),
in which case there will be at least one setup before returning to Sy, or action a2 (ag;) is taken
in state (1,1,2) ((1,2,1)) and there has to be at least one setup at either end of the line before
coming back to 81 (because otherwise 7 is not a switching policy). The four terms in the lower
bounds on p, and p/, are equal to the probabilities of moving to (0, 1,2) or (2, 1,2) under a2 and
the probabilities of moving to (0,2,1) or (2,2,1) under as;. We have shown that the expected
setup cost between two visits to a state in S; cannot be less than ¢ps or ¢ min{ps, p,} depending
on whether piop21 = 0 or piapsr > 0.

Let v be minimum expected time between two visits to S; (note that v > 0 because f;; < 00
for i,7 € {1,2}). Then v is the sum of the minimum expected times for leaving S; (i.e., ®) and
for returning back to Sy (i.e., ¢1), so that v = ® 4+ ¢;. By the renewal reward theorem, we can
conclude that P, < 17% (P < Hmi?)#’pg}) when piop01 = 0 (12101 > 0) for all m € II°.
Hence, when 77 > 1_1)& (i.e., c> (1 —T1(<I>—|—gz51)> (14 0)), then no policy in IT* can be optimal.
Consequently, the policy that uses d(x) = ajs for all z € S is optimal. This proves part (ii) of
the theorem.

Finally, assume that the conditions in part (iii) of the theorem is satisfied. Then we must
have p12 > 0 and pe; > 0. Similar arguments as for part (ii) show that the policy that uses the

decision rule d(z) = ag; for all x € § is optimal. [J

B Proof of Theorem 4.2

Lemma 3.1 shows that servers should not be voluntarily idle when station 1 is blocked or station
2 is starved (this is different from involuntary idling due to being assigned to a station that
is either blocked or starved). Furthermore, when both stations are operating, if a server is at

station j € {1,2} before the previous server completion, any action that idles this server and
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assigns the other server to station j cannot be optimal. For example, actions ag; and asg cannot
be optimal in a state (I,1,2), where 1 < [ < B + 1, because they are strictly dominated by
actions ai; and agg, respectively (this can be shown through a sample path argument similar
to that in the proof of Lemma 3.1). Moreover, the action agy results in a zero long-run average
profit if employed in any state, and hence is ignored. Similarly, ags is never optimal in a state
(0,2) and @11 is never optimal in a state (2, z), for z € Sz. The states (0,1,1) and (2,2,2) are
transient under any policy m € 1I with positive revenue, and the actions in these states do not
affect the long-run average profit. Hence, they are omitted in the proof because any feasible

action can be chosen in these states. Thus, we can use the following action space:

(

{a11,a12,a21} for z € {(0,1,2),(0,2,1),(0,2,2)},
{ap2, a11, a12, ag0, az1,ase} for x = (1,1,1),
{ao2, a10, a11, a12, az1, a2} for x = (1,1,2),
{ao1,a11, a12, a2, az1, a2} for x =(1,2,1),
{ao1, a10, @11, a12, a1, a2} for z = (1,2,2),

{alg,agl, a22} for z € {(2, 1, 1), (2, 1, 2), (2, 2, 1)}

Since the state and action spaces are finite, Theorem 9.1.8 of Puterman [23] shows the
existence of an optimal Markovian stationary deterministic policy. Furthermore, since v1,y2 > 0,
the policies described in the theorem correspond to weakly communicating Markov chains, and
we can use the Linear Programming (LP) approach for communicating Markov decision processes
as in Sections 9.5.2 and 8.8.2 of Puterman [23].

Consider the following LP:

max ZxES ZaeAz ’I“(QS‘, CL)(JJ(SL‘, (I)
st Daen, w@a) =Y cs D gen, P |z, a)w(z,a) = 0, for all 2’ € S,
ZmES ZQEAQ; w(x, CL) = 17

w(z,a) >0, forall z € S,a € A,

J
where, for all x € S and a € A,, r(x,a) is the immediate reward of choosing action a in state
x and p(2'|z,a) is the one-step transition probability from state x to 2’ if action a is chosen
in state x. Then, in every basic feasible solution corresponding to a policy described in the
theorem, we can conclude that for each x € S there exists at most a single action a; € A,
such that w(z,a;) > 0 as a result of Corollary 8.8.7 of Puterman [23] (which can be applied
because the policies we consider in the description of the theorem result in a single recurrent

class). Furthermore, for every basic feasible optimal solution w* if we define Sy» = {z € S :
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> aca, W (w,a) > 0}, then the optimal decision rule is

a if w*(z,a) >0 for x € Sy,
dy+(x) =< a for some a’ such that there exists a state 2’ € S+ for which

x’ is reachable from x under action o’ for x € S\ Sy+

Note that the actions in states S \ S+ cannot be chosen arbitrarily as in unichain models.
However, the discussion in Section 9.5.2 of Puterman [23] shows that the decision rule above
results in an optimal solution. Moreover, note that an action o’ that will move the process X/
toward a recurrent state always exist. More specifically, if x = (y, z) and 2’ = (v, 2') € Sy+, we
can choose a' = a, ify=vy,d =a; fy <y, and ' =axn ify>1y.

We first prove the optimality of the policy for 0 < ¢ < 5—22— (note that this condition

2714472
implies that ¢ < 3). Consider the decision rule d, where d(z) is defined as follows for all z € S:

ap;; ifxz € {(0,1,2
a2 ifz e {(1,1,1
ag; ifx € {(1,2,1
age ifzxe{(2,1,1

,(0,2,1),(0,2,2)},
»(1,1,2),(1,2,2)},
b

,(2,1,2),(2,2,1)}.

~— ~— ~— ~—

Now, consider the basic solution w of the LP (8) corresponding to the policy 7 = (d)*°. The
associated basis for the LP (8) is

D = {w((O, 1, 2), an),w((o, 2, 1), an),w((o, 2, 2), au),
w((l, 1, 1), alg), w((l, 1, 2), alg), w((l, 2, 1), agl), w((l, 2, 2), alg),

(JJ((2, 1, 1), agg), (JJ((2, 1, 2), agg), (JJ((2, 2, 1), agg)}.

Let cp be the vector of coefficients of the elements of D in the objective function, B be the
coefficients of the elements of D in the constraint matrix, and b be the right-hand side of the

constraints. Consequently, we have

cg = {—2cvy1, —2cy1, —4deyr, v2 — el +72).72, 72, Y2 — (1 + 2),

292(1 = 2¢), 295(1 = ¢), 292(1 = )},
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and

271/q 0 0 —Y2/q 0 0
0 271/q 0 0 0 0
0 0 271/4q 0 0 0

—2v/q —2m/q¢ —2m/q (m+72)/q 0 0

5 0 0 0 0 0 0 |

0 0 0 0 0 0
0 0 0 0 —2v2/q —2v2/q
0 0 0 0 0 0
0 0 0 0 272/4q 0
1 1 1 1 1 1

where ¢ is the uniformization constant. Note that the constraint corresponding to one of the
states is redundant, and hence the constraint corresponding to state (2,2,1) is eliminated. It
is easy to see that w is also a stationary distribution for the Markov chain X, (since it has a
finite state space and one recurrent class, the stationary distribution exists). In order to show

the optimality of this basic feasible solution, we need only to show that
Ay =cB oy, —c, >0 9)

for each nonbasic variable y, where v, is the column in the constraint matrix of the LP (8)
and ¢y is the coefficient corresponding to y in the objective function (see, e.g., Theorem 3.1 of
Bertsimas and Tsitsiklis [7]).

For states (0,1,2),(0,2,1), and (0,2,2), we have

71(y2 — 2em1 — 4e2)
71+ 72 ’

Ap((0,1,2),012) = Duw((0,2,1),a21) = Dw((0,2,2),a10) = Dw((0,2,2),a01) =

Y172(1 — 2¢)
Aw((0,1,2),a21) = Au;((0,2,1),a12) - W

It is clear that these quantities are nonnegative when 0 < ¢ < 727112472. For state (1,1,1) we
have
Y172(1 — 2¢)
Aw((1,1,1),002) = Bu((1,1,1),a20) = Tt Au((11),a11) = Bu((1,1,1),21) = 0,
Aw((l,l,l),azg) = 4672;
for state (1,1,2) we obtain
~ m72(1 = 2¢)

Aw((1,1,2),a09) = Buw((1,1,2),010) = s Ay((1,1,2),01) = 41,

Y1+ 72
Ap((1,1,2),a21) = 2671 +72)s Au((1,1,2),a20) = 4€72;
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for state (1,2,1) we obtain

71’}’2(1 — 26)
Y1+ 72
Au(1,.2,1),a12) = 2¢(71 +72), Au((1,2,1),a22) = 4725

Aw((17271)1a01) = A111((1,2,1),!120) = s Aw((172’1)7a11) = 4emy,

and for state (1,2,2) we have

7172(1 — 2¢)

it Ay((1,2,2),a11) = 4C715

Au((1,2,2),a01) = Buw((1,2,2),a10) =
Ay((1,2,2),a21) = Du((1,2,2),a20) = 0-
Finally, for states (2,1,1),(2,1,2) and (2,2,1) we have

Yo (1 — deyr — 2¢y2)
Y1+ 72

Au(2,1,1),012) = Duw((2,1,2),a12) = Dw((2,1,1),a21) = Dw((2,2,1),a21) =

’yl’yg(l — 20)

Au(2,1,2),021) = Dw((2,2,1),a12) = ——

These quantities are also nonnegative when ¢, v1, and 7, satisfy the assumptions above (note that

’y ’Y . . . .
oo -54% < e 4}2% because y1 > 72). Hence we have shown that the inequality (9) is satisfied

for all nonbasic variables. We can conclude that D is an optimal basis for the LP (8), and

consequently m = (d)* is an optimal policy when 0 < ¢ < We see that the recurrent

271 +4’y
states of X are (0,1,2), (1,1,1), (1,2,2), and (2, 1,2) under this policy. In the transient states

(i.e., states in S\ Sy ), we can select any action that will take the process to one of the recurrent

states, and this shows that the policy described in the theorem is optimal when 0 < ¢ < m

<c ot (which also implies that ¢ < 1), and consider the

Next, let 271+472 = 2’)/1+2’Yl'}/2+2’y

decision rule d, where d(x) is defined as follows for all x € S:

a2 if z € {(0,1,2),(0,2,2),(1,1,1),(1,1,2)},
d(l‘) = a1 ifx e {(0,2, 1), (1, 2, 1)},
an ifze{(1,22),(21,1),(21,2),(221)}.

Then, the basic solution w corresponding to the policy m = (d)*° has the basis

D = {w(<07 17 2)7 alg),W(<0, 27 1)7 a21)7W(<07 27 2)7 al?)a
W((]., 17 1)7 al?)a W((]., ]-7 2)7 al?)a W((]., 27 1)7 a?l)a W((]., 27 2)7 CLQQ),
OJ((2, 1, 1)7 a’22)7 OJ((Q, 1, 2)7 &22), OJ((Q, 2, 1)7 &22)}.
As before, we will show that inequality (9) holds for every nonbasic variable. More specifically,
for states (0,1,2),(0,2,1), and (0,2,2), we have

71(271 + 72) (4eya 4 2¢71 — 2)
(71 + 72)?

i

Au((0,1,2),a11) = Duw((0,2,1),a11) = Dw((0,2,2),a11) =
Au((0,1,2),a21) = Buw((0,2,1),a12) = 2671, Aw((0,2,2),a01) = 0-
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These quantities are nonnegative because ¢ > 27112472. For state (1,1,1) we have
A A _ (1 —2¢) _ 7227 +4eye — 72)
w((1,1,1),a02) w((1,1,1),a20) Y1+ 72 ) w((1,1,1),a11) (,71 _{_/72)2 )
A _o A _ Y2(2c73 + 4ev3 + deyive + 1v2) |
w((1,1,1),a21) ’ w((1,1,1),a22) (’Yl +,YQ)2 !
for state (1, 1,2) we obtain
A _me(l =29 _ M +m)
w((1,1,2),a02) s w((1,1,2),a10) (71 + 72)2
2 2 2
Y1(4eri 4 8eyy + 10ey172 — 7
Aot 2yan) = DL 80 2 2 A1) = 26001 + ),
(1 +72)
Y2(2¢72 + devys + deviye + 1172)
Ay((1,1,2),a22) = 5 ;
Y1 T2
sy )y ( + )
for state (1,2,1) we obtain
_ m72(n +2ey2) _ 77e(l —2¢)
Ay((1,2,1),a00) = CETOE w((12000) = ) T
1 (4erf + 893 +10cy192 — 73)
Ay(121),a11) = ! (%i )’ 2. Ay((1,2,1),a10) = 2¢(71 +72),
Y2(2e7E + 4evs + deyiye +71173)
Au((1,2,1),a2) = 5 ;
20 (1 72)

and for state (1,2,2) we have

Y2(2e7F + 4ev3 + devive +7173)
(71 +72)?

9

Au((1,2,2),001) = Duw((1,2,2),a10) =

~ 71(6cy1 + 82 —2)

A 7 (2ev1 + ey — 72)
w((1,2,2),a11) — ('71 + 72)2 :

2(71 + 72)

v Au((1,2.2),a12) = Duw((1,2,2),a01) =

Note that

V2 Y12 " T
4vi + 107172 +8v5 — 107172 + 875 — 1071 +8y2 = 291 + 4

because 71 > 2 > 0. Therefore, the above quantities are all nonnegative because %ﬁ% <c<

2
m. Finally, for states (2,1,1), (2,1,2), and (2,2,1), we have

72(7E = 2¢7F — 2¢93 — 2e7172)
(m + ’72)2

Au(2,1,1),012) = Duw((2,1,2),a12) = Duw((@.1,1),a21) = Duw((2,2,1),a21) =

i

1172(2¢72 + 1)
A = A =
w((2,1,2),a21) w((2,2,1),a12) (71 +,.)/2)2

2
i
292 +2v1 724272

optimal policy and the recurrent states of X, under this policy are (0,1,2), (0,2,2), (1,1,2),

These quantities are nonnegative because ¢ < . Hence, the policy m = (d)* is an
(1,2,2), and (2,1,2). In the transient states (i.e., states in S\ Sy+), we can select any action
that will take the process to one of the recurrent states, and this shows that the policy described

<c< ai

in the theorem is optimal when ——l
P = i +2m72+273

Y2
2v1+4v2

34



QUES9263_edited [09/21 11:00] SmallExtended , MathPhysSci , Numbered 35/39

2

. ’yl . .« . .
Finally, let ¢ > R SR . and consider the decision rule d, where d(x) is defined as

follows for all x € S:

a2 ifz € {(0,1,2),(0,2,2),(1,1,1),(1,1,2),(2,1,1), (2,1,2)},
d(r) =4 as ifxe€{(0,2,1),(1,2,1)},

az ifze€{(1,2,2),(2,2,1)}.

The basic solution w corresponding to the policy m = (d)* has the basis

D = {w((0,1,2),a12),w((0,2,1),a91),w((0,2,2),ai2),
w((1,1,1),a12),w((1,1,2),a12),w((1,2,1),a21),w((1,2,2), ase),
w((2,1,1),a12),w((2,1,2), a12), w((2,2,1), azz) }-

As before, we will show that inequality (9) holds for every nonbasic variable. More specifically,
for states (0,1,2),(0,2,1), and (0,2,2), we have

Ao N :71(4CV%+4C’Y22+4C’71’YZ—71’72—’)’%)
w02 e1) = Fwl(02:2),011) Y2+ 7172 + 2

v1(4ey? + 4ey2 + deyrye — 93)

i

(v = 72) (27 + 12)

A 0.1.2 = ) A 0,2,1 =
w(( sy )7a21) ,y% _’_7172 _’_722 w(( 14 )70411) ,Y% _’_7172 _’_,.y%
Aot o = " N M(2e77 + 2673 + 2em172)
w(( 145 )70“12) 712 _‘_27172 +,y227 w(( 14 )7”‘21) ,7% _{_,)/1,72 _{_,Y%
2
These quantities are nonnegative because 1 > 72 and ¢ > MW Note that 273 >
2 2 1 2
+
72 4+ 4172, and hence 27%4-2’711724-27% > 4%114 717;;1 P For state (1,1,1) we have
Aviiima = B (269 269 + 20 + e — )
w(( » s )70'02) ,-Y% _i_,yl,yQ +722’ w(( sty )anO) ,.y% _i_,yl,-yQ +,y§ :
M7y2(71 —72) (71 +72) (277 + 2673 + 2em172 — 1)

Au(1,1,1),001) =

)

A == )
w((LLlen) = 2 D 3+ y1y2 + 3
Yo(4ey? + devs 4+ deyiye + 112 — VE) )

Y2+ Y1v2 + 3 ’

A’u}((l,l,l),agg) -

for state (1, 1,2) we obtain

"7 A ~ neyi +4ev3 +4eyiye + e — 297)
Bronm a3 TebrDee) T 7+ 72+ 93

25! (407% + 40722 +4deyive + 2 — 722 )
V47172 + 13

(1 +72)(4cy? + 4ev3 + deyiye — 7E)
Y2+ 7172 + 72

Yo(4er? + 4evd + devive + nve — )

(m +72)? ’

Au((1,1,2),002) =

)

Ay((1,1,2),a1) =

9

Ay((1,1,2),a2) =

)

Au((1,1,2),020) =

for state (1,2,1) we obtain

72 173

Au(1,2,1),000) = Z st 2 Au((1,2,1),a20) = Z st 2
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tn+e)
Y+ y1v2 +93

(7 + 72027 — 1))
Y2+ 1172 + 3

A _ mren+1e)

w((1,2,1),a22) — m,

Au(1,2,1),a1) =

s Au(1,2,1),012) =

and for state (1,2,2) we have

A _ m(8erf 4873 +8emiye + 112 — 37)
w((1,2,2),a01) - (71 _|_ ,72)2 I

A(122)0m) = y2(derf + 4cr2y§ *dere + 02 = ).
= Y2+ 1172 + 72

Aoy o) = Y1 (4eni + 42'@ + 4671722+ 7 —13)  Auaen = 71(';1 —72) (1 + 7;),
e Vi + Y12 + 3 o 291 + 2712 + 273

(71 + 72) (4ey? + deys + deyiya — Y1y2 — V3)
272 + 27172 + 273

Au((1,2,2),a21) =

73 Y+
iy t2y; T ditAnretars

These quantities are nonnegative because 73 > 2 and ¢ >

Finally, for states (2,1,1),(2,1,2), and (2,2,1) we have

Aoty ans) = Yo (2¢? 4;20722 + 2671272 )
o Y+ 772 + 732
272(2c7F + 2093 + 207172 — 71)
Y2+ 172 + 72
Y2(4e7? + 4y + deviva — i)
272 + 27172 + 273

_ 7%72
Y+ +9E

)

A((2,1,1),022) = Bu((2,1,2),a20) =

Y

Au(2,1,2),a21) =

9

Ay((2,2,1),a12) Ay((2,2,1),a21) = 0

These quantities are nonnegative because 71 > v and ¢ > Hence, the policy

1
17 +27172+203
m = (d)* is an optimal policy and the recurrent states under this policy are (0, 1,2), (1,1,2),

and (2,1,2). In the transient states (i.e., states in S \ Sy+), we can select any action that will

take the process to one of the recurrent states, and this shows that the policy described in the

V3

theorem is optimal when ¢ > ~——+1——
P 17 +27172+273

. Hence the proof is complete. [J

C Proofs of Propositions 4.1, 4.2, and 4.3

Proof of Proposition 4.1: First, assume that 17y # poys. Let mg = (do)® be as described
in Section 4. It is not difficult to show that

(1 + p2)y1y2 2¢(p1 + p2) 2 (v — p2e) ((Mﬂl)BH + (Nz’h)BH)

P, =
"t (1 +72) ((171)5+2 = (4272)5+2)

Now define the policies # = (d)*® and @ = (d)™ such that d(1,1,1) = d(1,1,1) = a11, d(B +
1,2,2) = ag, d(x) = do(z) for 2 € S\ {(1,1,1)}, and d(z) = do(z) for z € S\ {(1,1,1), (B +
1,2,2)}. In other words, 7 is a multiple threshold policy that delays switchovers at the beginning
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of the line, and 7 is a multiple threshold policy that delays switchovers at both ends of the line.

One can show that

(1 + po) e 26U+ p2)mive(mm = pa2) ((MWl)BH + 272 ((MWl)B + (Hﬂz)B))

Py =

(et (1 +72) ((N1’71)3+2 + pay2 () P — 2(#272)B+2) 7
po_ (b1 + p2)ny2 c(pr + p2)ny2(mm — Nﬂz)((/ﬂ%)B + (Mz”Yz)B)
’ (ARt (11 + 72)((#171)3“ - (um)B“) '
Some algebra shows that P; — Pr, = % and Pr — P; = z—i, where

@ = 2e(u+po)ya(in — p2ne)(u202) P ()P = (u21)?).

@ = (172 ()72 = (1292742 [ (01972 = (227 +?)
22 ((um)BH - (um)B“)}v

es = ol + p2)1v2(pam — p2y2) (mam + pay2) (pay) P H ((MWl)B - (H2W2)B),

&4 = (m+) ((N171)B+1 - (M272)B+1> ((M171)B+2 + pay2 (pama) P — 2(#272)B+2>)~

It is easy to see that E—; > 0 and E—i > 0. Hence, 7 is a better policy than my and 7 is a
better policy than #. Note that if d is such that d(B + 1,2,2) = ag and d(z) = d(x) for
x e S\ {(B+1,2,2)}, then the proof of Lemma 3.2 and the above calculations imply that the
long-run average profit under policy 7 satisfies Pr, < P < Pk, and hence 7 is superior to m
but inferior to 7.

When p1v1 = poy2, we can show that

171 (2+ B —4c) _ u171(3 + 2B — 6¢) P i (l+ B —2c)

Pry = P; = P;  —
o 2+ B T 3+ 2B T 1+ B
Then P; — Py, = 6%%% and Pz — P; = 3%%%. Note that these quantities are strictly

positive for B > 0. Consequently, when ¢ > 0, the policies 7y, 7, and 7 are never optimal. [
Proof of Proposition 4.2: First assume that v, > 2. Let m; = (d;)® be a Type 1 policy with
t1(2,2) =1, where [ € {0,...,B}. It is not difficult to show that

_ 272 ((BH2—l=20)yP T (B2—i—de)y P TPy 20y P22 P2 21 )

P (B+2—Dyy T = (B2-Dy T 20 TR 20l
Some algebra shows that for [ € {0,...,B — 1}, Py, — Py, = (—ay1 + cay2)/ou 3, where
g = 20 =) (B + 109205 — (B+2 - Dnf g + 4108 12),
az = 4 =)’ P+ e - 2951,
g = ((B+2= 09 = (B 42— Do *14208 — 2942502 1 29l +)

X <(B +1 =D — (B4 1= Dy 298 — 29P 1003 4 29040 +4)-
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The first term in oy 3 is positive for all [ € {0,..., B — 1}, because it can be rewritten as

(B+2 -0y (f =) — 292 2 = )
B+1-1

= (1 = 92) (B +2 = Dy (31 + 2) = 2955+ Z () )

B+1-1
’Yl
> 2(,71 _ 72) ((B +92 - l)’)/{BJrQH l B+3 Z )

where the last inequality follows because ¥ 72 +3(y1 /72)! < ’yf”“’yz foralli € {0,...,B+1-1}.
Similar calculations show that the second term in oy 3 is also positive, because it can be rewritten

as

(B+1— D772 (4 —23) — 29 PB (y PP — 42T
B-1

> 23 =) (B +1= 192 = oo 3 (2)) > 0
1=0

Thus we have shown that a; 3 > 0 for I € {0,..., B—1}. Moreover, o2 > 0 trivially. This shows
that Pr, > P,

. for ¢ > ¢, where ¢; = ay;1 /0 2. Some algebra shows that for I € {0,...,B—1},

B-l

3
a> e & (B+1=D7 "y + ) >2W23+3Z :ym

The last inequality follows because 1 > -2, and hence the threshold decreases as the holding
cost increases.

Next assume that v; = v2 = p. Some algebra shows that for [ € {0,...,B — 1},

p(—2—(B—l)2—3(B—l)+4c(3—|—2l))
Py — Py, = : (10)
T T A4 B D2+B_0)A+B+)BLB L)

2 _
This expression is positive for [ € {0,...,B — 1} and ¢ > ¢, where ¢; = %. Some

algebra shows that
a>cne4+2B-0)*+6(B-1)+23+2)(B+1-1)>0. (11)

The last inequality holds trivially for [ € {0,..., B — 1}, and this completes the proof. [J
Proof of Proposition 4.3: First assume that p; > po. Let m; = (d;)*° be a Type 1 policy
with ¢1(2,2) = [, where [ € {0,..., B}. It is not difficult to show that

(1 +p2) (BH2=1=20) '+ — (B2—1—dc)u P Ty —20p P H 22— P2 b2 il p 5 44)

Py = 2(B+2—-)py T 2(B+2 Dpy T o —p PP st —p PPl B+3+uﬁuf+4
Some algebra shows that Py, — Pr,,, = (=811 +cf12)/Bi3 for 1 € {0,..., B — 1}, where
B = (= p2)2 (i + )l P (B + 1= D2 — (B +2 = Dl b 4 2,
Bz = 20m — p2)* (1 + p2) P2 — s — g7,
Bz = (2(3 Lo Z)M1B+l+4 _2B+2- l)ﬂ?*”‘?’u MB+3Ml2+1 MB—I—Z 42 " +1M£3+3 1 N1 B+4>

% <2(B F 1 DBt (B g1 — )Py — pB2LR2 B S e Bes L
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The first term in [ 3 is positive for all [ € {0,..., B — 1}, because it can be rewritten as

2(B 42— Dpp P (i — ) — st (a4 po) (up 27— g )

B+1-1
M1
= (1 = p2) (2B +2 = D = i P i) 32 (')
=0
B+1-1 [

N

> 2 = pu2) (B +2 = Duf = 2 - %)Z) >0,
=0

where the last inequality follows because p™ uB*2(u1 /ua)t < pBH3 for alli € {0,..., B+1-1}.

Similar calculations show that the second term in (3 3 is also positive, because it can be rewritten

as

2B+ 1= D (uy — ) — phph" (i + p2) (u = p

B-1
K1y
> 2(p1 — p2) ((B + 1= Dpg P — g Z(B)Z) > 0.
=0

Thus we have shown that 33 > 0 for l € {0,..., B—1}. Moreover, 82 > 0 trivially. This shows

that Pr, > Pr,,, for ¢ > ¢;, where ¢; = 5;1/1,2. Some algebra shows that for [ € {0,..., B —1},

+1

Sy}

@ o 2B+ 1= Dt 2 a2+ ) 3 ()
0

>
I

The last inequality follows because p1 > po, and hence the threshold decreases as the holding
cost increases.

Next assume that p; = po = p. Some algebra shows that for [l € {0,...,B — 1}, Py, — P,

T+1

is as in Equation (10). Hence, Py, > Py, , for 1 € {0,...,B — 1} and ¢ > ¢;. We observe that

41

¢; > ¢141 because of (11). This completes the proof. O
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