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Appendix A Notions and Mathematical preliminaries

The following notions are adopted throughout this work. ||z|| denotes the Euclidean norm of a vector . Let I, denote the
identity matrix of p x p. x € S? represents x € R3 with unit Euclidean norm. diag(z;) represents a block-diagonal matrix
with ;,¢ = 1,--- ,n on the diagonal. For a matrix X, tr(X) denotes the trace of the matrix X. Let Apin(-) and Amaz(+)
denote the minimum and maximum eigenvalues of a symmetric matrix.

For a free rigid body which moves in three dimensional space, the attitude rotation matrix of body-fixed frame Fp
relative to the inertial frame F; is globally and uniquely described by the Special Orthogonal group which is given as

50(3) := {R € R®*3|RTR = RRT = I3,det(R) = 1}

Based on the Rodrigues’ formula [1], the rotation matrix R € SO(3) can be expressed by unique rotational axis n € S? and
angle |0] < m, such that
R = exp(nb) = Iz + sin(0)n + (1 — cos(9))n?

The hat operator (-) : R3 — s0(3) is a linear map that transforms a vector € R3 to the 3 x 3 skew-symmetric matrices

& € 50(3), where s0(3) = {& € R3*3|2T = —2}. For any vector x = [z1,z2,23]7 € R3, for example, it follows that
0 —x3 x2
T=|z3 0 -—z1

—To X1 0

The inverse operator that corresponds to the hat ()" is the vee operator (-)V : s50(3) — R3. For any z,y € R3, z € S? and
R € SO(3), the following properties hold [3].

ty=xXy=—yXx=—gx, (A1)
tr(R2) = tr(2R) = —aT (R — RT)V, (A2)
&R+ RT2 = ([tr(R)I3 — Rlz)", (A3)
RzRT = (Rx)", (A4)
T - 2)V((ET - )T = 4227, (A5)

Appendix B The proof of Proposition 1

Proof.  Based on the Rodrigues’ formula, the rotation error matrix E € SO(3) can be expressed by unique rotational axis
ne € S? and angle |0| < , such that

E = exp(febe) = I3 + sin(fe)ire + (1 — cos(6e))n2 (B1)
Then, it leads to that 1 + tr(E) = 40052(%) and ||(E — ET)V||2 = 4sin?(0.). Thus, it follows that ||Ee||2 = %tanQ(%@),
This shows (i). Using the property of (A5), E.EL is given by
1

1 Oc
W)Q(E—ET)V((E—ET)V)T = ZtaHQ(E)(”E”Z) (B2)

BB =(
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which shows (ii). Using equations R = RS} and R= R(Q — k2 E.)", the time derivative of E is given as
E=-RTRR'R+ RTR=—(Q — k2Ec)"E + EQ (B3)
where the property of the hat map (A4) is used. By the property of the hat map (A3), it follows
(B — ET)Y = — [tr(E)I3 — E](Q — ko E.) + [tr(E)I3 — ET]Q (B4)
From (B3) (B4) and properties of (A2) (A3) , the time derivative of the attitude error vector E. is given by

t(E)E—ET)Y  (E—ET)Y

e =

21+ te(B)2  2(1 + te(B))

Q- koE)T(E - ET)Y QT(E - ET)Y v
- 2(1 + tr(E))2 (B~ B~ 2(1 + tr(E))2 (B-E)
[tr(E)I3 — E}(Q — k2Be)  [tr(E)I3 — ET]Q
2(1 + tr(E)) 2(1 + tr(E))

=2E.ET () — kaE.) — 2E.ETQ
[tr(E)I3 — E](Q — ko E.)  [tr(E)I5 — ET]Q
2(1 + tr(E))  2(1+tr(E))
=—3TQ+ &.(Q — k2E.) (B5)

This shows (iii). Equation (B1) shows that 4(1 + tr(E))E.EX + [tr(E)Is — E] can be represented by ET + I3, and ®. can
be rewritten as -
E' +1
o=l (B6)
8cos?( %)
where equation (B2) is used. Using equation (B1), ET + E + 2I3 can be written as
ET 4+ E+2I3 = 4I3 + 2(1 — cos(fe))A2

Since that the spectrum of symmetric matrix 72 is the set {0, —1,—1} [4], there exists an invertible matrix P € R3*3 such
that

4 0 0
P71(4I342(1 — cos(8e))A2)P = |0 2+ 2cos(6e) 0
0 0 2 + 2 cos(fe)

Thus, the spectrum of symmetric matrix ® + ®. is located in the set {%, %, 1/(2 Cos2(%ﬁ))} and A\pin (L + &) = % if
E(t) € D for t > 0. This shows (iv).

Appendix C The proof of Theorem 1

Proof. Consider the following Lyapunov candidate such that V. = ¥ + W, where ¥ = In(2) — %ln(l + tr(E)), and
W = 2QTQ,, v is a positive constant to be determined. Denote two subsets De = {E|¥ < ¢ < 2} and D, = {E|¥ < b <
¢ < 2} for the slow system (i.e.,E = —(Q — k2 E.) E + ES). Denote the set T' = {Q.|W < pe?} for the fast system (i.e.,
Qe = —k1®7Q. + f(Q) — f(R2)), where p > 0 is some constant. Then, the singular perturbation approach is adopted to
analyze the stability of the overall error system, which consists of three steps [5].

Firstly, for a certain constant p > 0, it will be shown that there exists a small constant €] > 0 to ensure that the set
D, x T is positively invariant if € € (0,e7]. Secondly, it will be proved that there exists another small constant €3 > 0 such
that the trajectories start from E(tg) € Dy, Qe(to) ¢ I' will enter the set D. x I' in a finite time if € € (0,e3]. Finally, we
shall prove the property of exponential convergence for the closed loop system.

Firstly, the time derivative of W and W are given by

U = O Ee — k2| Eell” < —k2|| Ee||” + || Eellmaz+v/Pe (C1)
W = —k19Q{ 87 Qe + 707 (F(Q) — £(2)) (C2)
where ||Ee||maz is the upper bound of E¢ on the set D. x I'. If € is chosen to be in the interval (0,e7], then it follows that
¥ < 0 on the set 9D xI'. Denote e = kar/(2,/p||Ee|lmax), where k = mingp, || Ee||2 which is the norm minimum on the set

boundary 8D.. Based on the result of Proposition 1 in [6], we have the inequality || f(Q)— ()] < d||Q%|? +v2dQmaz||Qe]|-
Then, Equation (C2) can be rewritten as

. k -
W = Q0 (@] + 2)0 +19L (F() ~ £(2)
k1 ~
< =5 PAmin(®F + )AL Qe +[2|1£(2) — F(@)]
k1
< = (5 = dlI9ell = V2dQmaz)1|| (C3)
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If there exists a gain ki satisfies equation % —d((V2 + 1)Qmaz + k1| Ee(to)]) = %, this shows that W (tg) < f%HQe(to)HQ
which implies that evolution of ||Qe || is the exponential convergence, where ||Qe(t0)|| < |Q(t0) |+ Qmaz < ||k1 Ee(to)||+Qmaz
is used. At the next moment, it leads to that ||Qe(t)|| < [|Qe(t0)]], and W (t) < 7(164—1 —d||Qe ()] = V2dUmaz ) V]|Qe ()] < 0,
where 0 < (%1 —d||Qe(to)]| — V2dQmaz) < % —d||Qe(t)]| — v2dQmaz is used. Thus, for ¢ > 0, inequality W < 7%”95”2 <0
always holds in the set D. x I'. For a certain constant p > 0, (C2) and (C'1) can be proved to have the property that the
set D¢ x I is positively invariant if € is chosen to be in the interval (0, e7].

Secondly, consider the initial states E(tg) € Dy, Qe(to) ¢ I', where ||Qc(to)|| is bounded. Since D, is an open set,
and the attitude error function ¥ and the dynamics of E are continuous, there exists a finite time 77, independent of &,
such that E(t) € D, for all t € (0,71]. During the interval (0,71], the trajectory stays in the set D. which implies that
Q@7 4+ ®.)Qe > 0 for all nonzero vector Qe(t). Based on gain equation % — d((V2 + 1)Qmaz + k1| Ee(to)]]) > é, the
equation (C2) can be rewritten as

. 2
Ww<-20TQ. = -“w (C4)
€ £
Then, one has that
W (to) < W(tg)e 2(t—t0)/e (C5)

Since ||2e(to)|| is bounded, there exists a constant 6 > 0 such that W (tg) < §. It follows from inequality (C5) that Qc(t)
reaches the set I' within the time interval [to,to + T%], where

5 d
T: = —In(— C6
L= ) (co)
Since §,p are positive constants, equation (C6) indicates that lime_,07: = 0. Thus, there exists a sufficiently small

constant €4 such that ng < aT1, where 0 < a < 1. Choosing € € (0,e*], €* = min{e}, €5}, all the trajectories that start
from E(to) € Dy, Qe(to) ¢ T' will enter the set D. X I' in a finite time 77 > 0, and stay in this set for the time ¢t > T7.
Furthermore, it shows that the convergence rate of estimated angular velocity mainly depends on kj.

Finally, the exponentially convergence of overall system is proved. Based on the above analysis, all trajectories enter the
set D, x I" after a finite time 77 > 0, and stay in this set during the time interval [T}, c0). Thus, the time derivative of the
Lyapunov function V' is

V =07 Be — ka|[Ee|® — k179 ©7 Qe + 997 (£(9) — £(2)
<Q Be — kol Bel? = ||

ko 2 2 1 2
<= ZEe|? = (59— =)
5 1Bel” = (27 = 51l
ka
<= S I — l9e)® (C7)

where the inequality is obtained by using Young’s Inequality ab < % + % for any two nonnegative real numbers a, b, and

p, q are real numbers that satisfy the equation % + % =1, and ~y is chosen as v > dl;rT?;Q) Then, V > 0 and V < 0 indicate
the boundness of the Lyapunov function V, thus all sates variables of the closed-loop system are bounded, i.e. Ee, Qe € L.
By integrating both sides of the inequality (C7), it follows that

Vo) = V() > [ URIER + 9]?)

which shows that E, Qe € L2. On the other hand, according to the overall error system, we have Ee, Qe € L. By using
the Barbalat’s Lemma, it follows that lim¢—, oo Fe = 0, and lim¢—y o0 2 = 0.

By virtue of inequality b1]|Ee||2 < ¥ < ba||Eel||2 [2], we can obtain that Am (M11)||h]|% < V < Anr(M12)||h]|?, where by =
% with 0 < ¢ < 00, by =2, h = [||Ee|| [|Q|]7 € R?, and the matrices M1 = [b1,0;0, ], Mi2 = [b,0;0, 1] € R2X2,
Recalling that all the trajectory always stay in the set D, inequality (C7) can be rewritten as V < 7min{%’, %}V Thus,

we obtain that
A (My2)

)\"L(Mll)

Therefore, the trajectories E. and (e converge to zero exponentially, implying £ — 3,0 — Q exponentially. Other

Ih(e)]? < exp (—ming "2, 23¢) (e (c8)

unstable equilibriums do not exist since the trajectory E always stays in the set D..

Appendix D Simulation results

In this section, the numerical simulation is presented to validate the performance of the proposed novel estimator in
Theorem 1 and the classical estimator presented in Remark 2. The states data are generated by the dynamics R = R, Q =
J=H((JQ)NQ + 7), and the initial attitude and angular velocity are chosen as R(tp) = exp(5 - é3)exp(—7" - ég)exp(QT7T < é1)
and Q(0) = [0.8,—0.4,0.6]7, where e; = [1,0,0]T, (27", > 5) is the Euler angles. The control input is given as 7 =
[0.1sin(0.27t),0.15sin(0.27t), —0.2sin(0.27t)]”, and the moment of inertia matrix is chosen as J = diag{3,2,1}. The
initial attitude estimation is given as R(to) = exp(=" - é3)exp(g - é2)exp(=" - €1). Two set control gains are selected as
{k1 = a1 = 3,k2 = ap = 1.2}, and {k1 = a1 = 15,k2 = a2 = 1.2}. The performance comparison results of two types of

estimators are shown in Fig.D1 and Fig.D2. Both the evolution of attitude estimation error (E — ET)V and the angular



velocity estimation error §2. converge to zero, and this shows the attitude and the angular velocity are perfectly estimated.
It can be seen that the estimation error converges to zero within 8s, and it is slightly faster than convergence speed of
the classical estimator presented in Remark 2. Due to intermediate variable, there exists a large initial estimation error of
angular velocity which is shown in Fig.D1. The evolution of attitude error vector (E — ET)V of proposed estimator also has
the desired convergence rate, and this shows that the fast angular velocity convergence rate could speed up the convergence
rate of attitude estimation. Fig.D3, which shows the transient performance of estimated angular velocity error more clearly,
illustrates that the convergence rate of estimated angular velocity can be mainly controlled by the gain k;. The simulation
illustrates that the estimator proposed in this literature can be applied to the controller design of the vehicles which are
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only equipped with the direction sensors such as accelerometer, magnetometer or Sun sensors.
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Figure D1 The evolution of estimated attitude error (E — ET)Y with total estimation data
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Figure D2 The evolution of estimated angular velocity error . with total estimation data
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Figure D3 The transient performance of estimated angular velocity error Qe



