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S1. ENERGY DIAGRAM OF NV~ CENTERS
AND OPTICAL PUMPING

In this section, we provide more information on the
energy diagram of NV~ centers in diamond. We present
the pumping mechanism to create population inversion in
the NV~ spin levels, and we demonstrate that the NV~
spins can be modeled as pseudo-1/2 spins for situation
considered in the main text.

The energy diagram of the NV~ centers is shown in
Fig.S1(a). The NV~ centers have one electronic ground
state 3 A, and three electronic excited states 3E,' 4;,' E.
The spin triplet states 3 Ay, E are split into one state |0)
and one doublet |+1) with the spin projection number
0 and +1 along the quantization axes, respectively. The
other states 'A;,' E are spin singlet states. The NV~
centers can be laser-excited at 532 nm from the state |0)
(|41)) of the 3 Ay state to the state |0) (|£1)) of the 3E,
which is often accompanied by the creation and subse-
quent relaxation of lattice phonons. The excited NV ™
centers can return back to the state |0) (|4=1)) of the 3 A,
state by light emission at the 637 nm zero-phonon line.
In addition, the NV~ centers can decay non-radiatively
from the |41) components of the 3FE state through the
intermediate state 1 A;,! E to the |0) and |41) states of
the ground state 3A45. The optical excitation and the ra-
diative emission do not change the spin projection, while
the non-radiative process introduces an effective decay
from the spin projection 41 to zero. Thus, by pumping
the NV~ centers optically, we can create more popula-
tion on the spin state |0) than on the other spin states
|£1). In the presence of a strong magnetic field, the spin
level |—1) can be shifted below the spin state |0), see
Fig.S1(b), and in this case, the optical pumping creates
a population inversion between the upper |0) and lower
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Figure S1. Energy diagram with optical and microwave tran-
sitions in NV~ centers. Panel (a) shows the spin-triplet 3A,,
3E and spin-singlet 'E,' A; electronic states and the transi-
tions driven by optical pumping by a laser with wavelength
532 nm, fluorescence at the 637 nm zero-phonon line, as well
as non-radiative decay through the spin-singlet states (dashed
lines). The rates of the various processes are listed next to
the downward arrows, and the optical pumping and the de-
cay process lead to an effective decay from the |£1) state
to the |0) state. Panel(b) complements the panel (a) with
the Zeeman-shifted electron spin levels (|]+1) upwards, and
|-1) downwards), and the Zeeman-shifted nitrogen-nuclear
spin levels |£1) (the shifted direction depends on the elec-
tron spin levels) in the presence of a strong magnetic field,
as well as the hyperfine interaction between the electron and
nuclear spin. Note that the electron and nuclear spin levels
|0), |0),, are not affected by the magnetic field. Between the
electron-nuclear spin states, there are three possible transi-
tions, and we assume that only one of them is resonant to the
resonator mode. See the text for more information.

|—1) spin level.

In the following, we give a detailed account of the en-
ergy shift of the electron spin states. We focus on the
electronic ground state A, described by the Hamilto-
nian:

H,=guB-S+D [5'22— ;S(S—Fl)} . (S1)

Here, g ~ 2 is the Lande g-factor and p, = 9.274x10~2*
J/T is the Bohr magneton. B = " B;e; and S =
> i—ayz Siei are the applied static magnetic field and the
electron spin vector in the Cartesian coordinate system
(with the unit vectors e;), respectively. In the basis of the
spin states {|+1),]0),|—1)}, the z-, y- and z- component
of the vector S have the form

1=x,Y,%
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Using the above expressions, we can rewrite the second
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term of Eq.(S1) as

L (100
plo—20]. (S3)
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This expression indicates that the state |0) has a fre-
quency —2D while the other states |+1) have the fre-
quency —%D7 leading to a transition frequency D =
27w x 2.87 GHz in the absence of the magnetic field. The
spin states |+1) are also split by local electric fields due
to strain in the diamond matrix. Since this splitting is
much smaller than the magnetic field-induced splitting
as considered in the present article, we ignore it in the
following discussion. However, we note that the former
splitting might contribute also partially to the inhomo-
geneous broadening of the NV spin-ensemble.

In the room-temperature maser based on NV~ spins
[1], the triplet nuclear spin of nitrogen atoms plays also
an important role. Thus, we need to complement the
electron spin Hamiltonian given by Eq.(S1) with the nu-
clear spin Hamiltonian

i, = —gousB-1+8A1. (S4)

Here, g, is the nuclear Lande g-factor, u, = u./1837
is the nuclear Bohr magneton, I= Zi:m,y,z fiei is the
nuclear spin operator. The nucleus is a spin-1 particle
and it has three states |[+1), ,|0),,|—1),. In the basis of
these states, the components I; have same structure as
Eq.(S2). The second term of Eq.(S4) describes the hyper-
fine interaction with the uni-axially anisotropic tensor
7, which has the perpendicular A, = —2.7 MHz and
parallel component A = —2.1 MHz with respect to the
quantization axis.

To describe the quantum states of the electron and nu-
clear spin together, in principle, we should introduce nine
product states |sc) |sp), (with s, s, = 0,%1) and diag-
onalize the total spin Hamiltonian H, = H. .+ H, In
view of large frequency difference between electron and
nuclear momentum, it is, however, eligible to diagonalize
first He, and subsequently, for each electron spin eigen-
state, diagonalize H,, among the nuclear spin states.

In the following, we consider the particular case, where
B is parallel to the line between the vacancy and the ni-
trogen atom, see Fig.1(b) of the main text. In this case,
Eq.(S1) can be easily diagonalized, and the energy of the
spin state |0) is not changed, i.e. wg = f%D, while that
of the spin states |+1) is given by wy = £ D+gepu.B (with
the magnetic field amplitude B). If the electron spin oc-
cupies the state |0), we can ignore the hyper-fine interac-
tion and simplify Eq.(S4) as H, = —gnpnBI.. As a re-
sult, the product state |0) |0),, has the frequency woo = wo
and the states [0) |£1), have the frequencies wot1 =
wo F gnpnB. If the electron spin occupies the state
|-1), Eq.(S4) can be simplified as — (gnunB — A)) L.
As aresult, the product state |—1) |0),, has the frequency



w_19 = w_ and the states |—1)|+1), have the frequen-
cies w_1+1 = w—_1 = (gnunB — A”). This analysis leads
to the energy scheme shown in Fig.S1 (b). Here, the pres-
ence of A makes the nuclear spin state |+1), have the
highest energy. For the NV~ centers subject to an arbi-
trary magnetic field, we expect a similar energy scheme
as Fig.S1(b), however, with a more complex dependence
of the energy levels on the magnetic field.

When the analysis is extended to multiple NV~ cen-
ters, we have to account for that there are four possible
orientations of the vacacny and the nitrogen atom. To
maximize the Zeeman-shift for a given magnetic field, we
can place the diamond in such way that the magnetic
field is along one of these directions, see Fig.1(a,b) in
the main text. In this case, the magnetic field along the
other quantization axes, and thus the splitting of the cor-
responding spin levels, are small. If the microwave res-
onator has a narrow linewidth, it couples only to the spins
with centers aligned along the magnetic field. Further-
more, for a strong magnetic field as considered in [1], the
transitions between different electron-nuclear spin states,
as indicated in Fig.S1(b), are well separated so that only
one of them couples resonantly with the resonator mode.
We assume that this simplification applies in this work so
that we can treat the resonant transition as the pseudo-
1/2 spins.

S2. SECOND-ORDER MEAN-FIELD
EQUATIONS

In the main text, we outline the procedure to derive
the equations for the physical observables in the second-
order mean-field approach, and explain the equations for
the mean photon number in the main resonator <&T&> and

the spin-photon correlation <ET;L€L> and the mean photon

number in the filter resonator <13T13>, see Eq.(2), (3) and

(4). In this section, we provide all the other equations
needed for our calculations. The equation for the popu-
lation difference (67) reads

51 (#0) = —i2x ((ola) — (a'e))
[(2nf +1) (67) + 1] —m ((67) — 1) (SH)
The equation for the spin-spin correlation <&,T€&k_,> reads
O Jatao\ o o Nt s
e <0k0k,> =i () — wr) <ak0k,>
+i (gk/ <ar,1a> (02)) — gi (67) <aT&,;,>) . (S6)

The equation for the photon-photon correlation <&Tl;>

S3

reads

which depends on the correlations between the spins and
the filter resonator <(7;LIA)> (and the conjugation <§T6k>).

The equations for these correlations read

O (o18) = i (@t — ) (1) —igs (a'h) t67) — it {oa
(58)

S3. SUMMARY OF EXPERIMENTAL
PARAMETERS

In Tab.S1, we summarize the parameters reported in
several experiments on the microwave resonators (fre-
quency w., damping rate k.) and the NV~ center spins
(number of spins N, dephasing rate xj, single spin-
resonator coupling gi), as well as the combined param-
eters (the collective Rabi-frequency Q = v/Ng;, and the
Purcell-enhanced decay rate I'. = 4¢7 /k.). If the param-
eter (1 is larger or smaller than . and xy, the system
works in the collective strong or weak coupling regime
(see the the last line of Tab.S1). Note that the spin re-
laxation rate -4 is usually orders of magnitude smaller
than the dephasing rate xj and is thus usually not re-
ported in the experiments. We can utilize the parameter
T'. to estimate the orders of magnitude for the emission
linewidth in the superradiant maser regime.

S4. SECOND-ORDER MEAN-FIELD
EQUATIONS FOR SPIN SUB-ENSEMBLES

In Sec.IV A of the main text, we presented the emission
spectra for the system of spin sub-ensembles representing
the inhomogeneous broadening of the spins. To this end,
we adopted the second-order mean-field equations given
in Sec.IIT in the main text to the system with spin sub-
ensembles labeled by a. To reduce the computational
effort, we assume that the spins in each sub-ensemble
are identical, and obtain the following equations for the
quantities related to individual spin sub-ensembles and
between spin sub-ensembles.
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Ref. 1 2 3 4 5 6
we/2m 9.22 GHz 3.18 GHz 2.69 GHz 2.90 GHz 2.87 GHz 3.12 GHz
Ke/2m 0.3 MHz 13.8 MHz 0.8 MHz 0.8 MHz 1.5 MHz 3.82 MHz
N 4x10" 1.5 %10 | 25x10" 10" 10" 10"
(xx/2m)""| 0.64 MHz 4.7 MHz 2.6 MHz - 3 MHz 3 MHz
gk/27r 0.11 Hz 0.051 Hz 12 Hz 12 Hz 12 Hz 0.07 Hz
I./2n |1.61 x 1077 Hz|7.5 x 107'° Hz|7.2 x 10~* Hz|7.2 x 10™* Hz|3.84 x 10~* Hz|5.13 x 10~° Hz
Q)2 0.70 MHz 6.12 MHz 19 MHz 12 MHz 12 MHz 12 MHz
Regimes Strong Weak Strong Strong™** Strong Strong
Table S1. Summary of experimental parameters for the microwave resonators (frequency w., damping rate x.), the NV~

center spins (number of spins N, dephasing rate x, single spin-resonator coupling gi), as well as the combined parameters
(Purcell-enhanced decay rate I'., collective spin-resonator coupling Q = v/ N gr). The last line assigns the systems to either the
regime of collective weak or strong coupling. * marks the parameters (in the first column) used in our numerical simulations.
x* indicates that the dephasing rate corresponds to half of the FWHM of the inhomogeneously broadened spin spectrum. s x
marks that a dephasing rate was not reported in the experiment, and the strong coupling regime is deduced by using the typical

value of the dephasing rate.

A. Equations Involving Main Resonator

The mean intra-resonator photon number follows the
equation

0
at

+i3 Naga ({31,

<aTa> = —Ke¢ <dT&> + ficnih

ay-(a'on)),  (59)

where N,, g, denote the number of spins and the spin-
resonator coupling of the a-th spin sub-ensemble, respec-

tively. The spin-photon correlation <&lkd> follows the

equation

0 - -
<&Lk& = z(w*k — We

ot )<&lk&>
—igak (@'a) (651) — i(gar/2) ((65k) +1)
+igak< ak/> zZNa 'Got < o0 ,k,>.

(S10)

Here, we have defined Wor = war — A, with
the total dephasing rate of pseudo-spins A2, =
% [%ék (2nfj‘k + 1) + nak] 4+ Xak- In the last line of the
above equation, the first and second term describe the
spin-spin correlation in individual spin sub-ensembles
and between the spin sub-ensembles, respectively. The
population difference (6Z,) and the spin-spin correlation

<&Lk&;, k,> follow the equations

SYRE

& (o2 = —i20a (o1,

— Yok [(2085 +1) (62k) + 1] = nar ((654) — 1), (S11)
0 /.4 . . At oAl

E <Ulk0a’k’> = Waka'k! <alkaa/k’>

+i (ga' <5flk&> (Gak) = 9a (Gak) <&T&;,k,>) . (812)

Here, the complex frequency is defined as @Woga/kr =
W — Walk!-

To reduce the computational effort, we consider the
steady-state version of the equations in the previous para-
graph:

(afa) =i 3" N, g:f ((slsa) = (alog,)) +nih,
) (S13)

—12ga (<(Aflk&> - <dT5';k>> + Nak — Yok

<aak> - Yak (anx}z + 1) + Nak ’
(S14)

<&lk&;’k’> = Waka/k/ (gar (6 ak>< f5 ;’k/>

— gor (Fh40) (G2, (S15)

as well as
(@3 — @) (61,0) = iga ((a'a) (524) — (650
+zZN 9o (Gl ) + 1% (G2) + 1) (S16)



Inserting Eq.(S13), (S14) and (S15) into Eq.(S16), we can
obtain the self-consistent equations for the spin-photon
correlations <&lkd> and <dT6ak>. Then, using the Find-
Root program in the Mathematica, we can easily solve

the coupled equations numerically for these correlations
for systems with many spin sub-ensembles.

B. Equations Involving Filter Resonator

To compute the steady-state spectrum, the photon
number <l;TZ)> in the filter resonator still follows Eq.(4) in

the main text, and the photon-photon correlation <€LTI;>

and the spin-photon correlation <6L klA)> follow the equa-

tions

Here, we have introduced the complex frequency w.s =
we — wp + i%(/@c+nf) and QOorr = War — Wy +
i3 (2A5, + k).

To reduce the computational effort, we consider the
steady-state solution of Eq.(S18) :

<&Lk8> — gy (ga <a*z§> (6%,) + G <&Lka>) . (S19)

Inserting the above expression to Eq.(S17) , we get the
steady-state photon-photon correlation

<dTl3> _ G<de> - <IA’TE> — 2 ‘D;lclfNagoc <&Lkd>.

of + X Dok Nagh (051)

(S20)
Inserting the above results to Eq.(4) in the main text,
we get the steady-state mean photon number in the filter
cavity

<13Tz3> - - - .
G?2Im [ch + Y0 WaisNagl <02k>} — Ky
(S21)

2 <aT&>_Za w;l},fN@g“<&Lka’>
G QIm[ Geft2, @;;f'Nagg¢<&ka>

C. Syncronization of Spin Subensembles

In Fig.2(b) of the main text, we observed a sharp emis-
sion peak with linewidth in the millihertz range for the
system with fifty spin sub-ensembles when the incoher-
ent pumping rate n; exceeds the spin relaxation rate .
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Figure S2. Supplemental results for spin subensembles. Panel
(a) is similar to Fig.2(a) in the main text except that the sin-

. gle spin subensemble, which is at the center of Gaussian dis-

tribution and is ideally resonant to the resonator, splits into
many subsubensembles. Panel (b) and (c¢) show that the spec-
trum with linewidth in the millihertz range does not change if
the center subsubensembles spread about 20 mHz and 2 mHz
wide (insets), respectively. Here, the total number of spins is
8 x 10'® and the spin pumping rate is 7y = 10%y;. Panel (d)
shows the evolution of the Dicke states of the individual spin
subensembles with increasing pumping 7y, where the numbers
mark the frequency detuning of the spin subensembles with
respect to the resonator. For visualization purposes, we have
considered 20 spin sub-ensembles here. The temperature is
25 mK, and other parameters are specified in the main text.

Fig.S2(a-c) show that this sharp emission peak persists
even if we further discretize the center spin subensem-
ble into many subsubensembles (see the insets). Here,
we attribute the insensitivity of the spectrum to the syn-
chronization effects of the sub-ensembles [7-9]. To sup-
port this, we look at the evolution of the Dicke states
of spin sub-ensembles with increasing 7y, see Fig.S2(d).
We see that the spin sub-ensembles nearly resonant to
the resonator explore the Dicke states with low symme-
try due to the balanced stimulated emission and absorp-
tion, while the spin sub-ensembles off-resonant to the res-
onator explore the Dicke states of higher symmetry close
to the upper-right corner where the coupling with the
resonator is reduced. These results suggest that all the
spins within the inhomogeneous broadening are excited
and contribute to the spectrum, while the spins closer to
resonance with the resonator contribute more than the
other sub-ensembles.



S5. SYSTEM WITH IDENTICAL SPINS

In the following, we present the simplified equations for
the systems with identical spins. In this case, the mean
photon number <£LT€L> follows the equation

% (ata) = —re (ala) + kenth + iNge ((6la) — (a'é7))

(S22)

while the spin-photon correlation follows the equation
O J i\ e N
En <Jka> =i (0] — @) <0ka> —igr (a'a) (6%)

~ gy (67) + ) =i (N = D i (307, )

> (S23)

Here, we have replaced the sum over spins ), with the
factor N, and the sum of the spins coupled to any par-
tiular spin ), K with the factor V — 1. The population

difference (67) and the spin-spin correlation <€7};€f,;,> still
follow Eq.(S5) and Eq.(S6), respectively.
The photon-photon correlation <dﬁ)> follows the equa-

tion

(S24)

The mean photon number <Z;Tl;> in the filter cavity and

the spin-photon correlation <(}LZA)> still obey Eq.(4) in the
main text and Eq.(S8), respectively.

S6. QUANTUM JUMPS AND COHERENT

COUPLING AMONG DICKE STATES

To understand the system dynamics in the Dicke state
representation, |J, M), we separately address the incoher-
ent quantum jumps [10, 11] and the coherent coupling.
The Dicke states are characterized by two integer or half-
integer numbers J = N/2,...,0 and M = —J,...J, and
their energy levels are normally arranged in the way as
shown in Fig.S3. Note that the levels for given J form
a ladder with the spacing hwy, starting from —Jhwy and
ending at Jhwg. For convenience, the ladders for dif-
ferent J are shifted horizontally in the figure to form a
triangular pattern (grey dashed lines for the boundary).

For the spin relaxation (blue arrows) with the rate
(1 + nt")yy, the jumps occur towards the states with
reduced M, and are dominated by the one towards the
states with a smaller value of J (with large probability).
Note that for the Dicke states with M = —J (lowest rung
of the Dicke ladders) jumps are only possible to the states
with larger J due to the absence of states with M < —J.
The upward quantum jumps for the spin pumping (red
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Figure S3. Relative probability (thickness of arrows) of

the quantum jumps caused by the spin relaxation with rate
(1 + niM)~x (blue arrows), and the spin thermal or external
pumping with rate n§" i, n: (red arrows), as well as the spin
dephasing with rate xx (black arrows), among the Dicke states
(black horizontal lines, gray dotted lines for the boundary).
The coherent and collective coupling with the resonator mode
is shown by the orange arrow, and the coupling strength de-
pends on J and M. Note that incoherent quantum jumps
occur between two adjacent Dicke states with same or dif-
ferent J, while the coherent coupling occurs only between
states with the same J. Here, the energy levels are for a spin-
ensemble with an even number of spins. Energy levels for
an odd number of spins are similar except that there are two
levels for M = £1/2.

arrows) with rate n‘"y.,n, (thermal pumping or exter-
nal pumping) are simply the vertical mirror of those for
the spin relaxation process, while those for dephasing
with rate y, occur among states with the same value
of M. Coherent coupling with the resonator mode in-
troduces reversible vertical transitions between adjacent
Dicke states of same J (orange double-head arrow), with
coupling strengths that increases with increasing J and
decreasing |M]|.

If only the spin relaxation occurs, the dynamics for the
initially fully excited spin-ensemble |J = N/2, M =J)
follows first the upmost rung of Dicke ladders |J, M =~ J)
and then the lowest rung |J, M ~ —J), and ends up at the
ground state |J = N/2, M = —J). If the spin-ensemble
is initially in the ground state and subject only to inco-
herent excitation, this dynamics is merely reversed. If
subject to only dephasing, the spin-ensemble in an ini-
tial Dicke state |.J, M) follows the horizontal arrows to-
wards the leftmost rung of Dicke ladders (|J = |M|, M))
with the same M. If subject only to the coherent cou-
pling, the spin-ensemble initially in the ground state
|J = N/2, M = —J), oscillates up and down along the
ladder of states with J = N/2.

In the presence of all the processes, the dynamics be-
comes more complex and needs to be analyzed case by
case. The simultaneous thermal-induced decay and ex-
citation tend to cancel vertical motion, and their com-



bined effect is similar to the quantum jumps of the spin
dephasing, ending up, however, at a non-inverted equi-
librium excitation at the lower rung of the Dicke lad-
ders with J < N/2 (see Fig.4 in the main text). When
the external pumping 7 is included, the quantum jumps
due to the spin pumping are enhanced and can overcome
those due to the thermal decay, and the spin ensemble
evolves towards the upper rung of the Dicke ladders with
J =M > 0 (see Fig.4 in the main text). The tendency to
occupy the upmost and lowest rung of the Dicke ladders
is associated with the higher combinatorial degeneracy
of these states and is further enforced by the dephasing
process.

When adding the coherent coupling with the resonator
mode, the system explores also the states in the middle of
the Dicke ladders. For weak external pumping, the spin-
ensemble is not population-inverted, and there are only
few photons inside the resonator. As a result, the coher-
ent coupling is relatively weak, and the dynamics is not
affected so much. In contrast, for strong external pump-
ing, the spin-ensemble becomes population-inverted, and
the photon number inside the resonator increases dra-
matically due to the stimulated emission. The increase
of the photon number increases also the stimulated ab-
sorption, which tends to balance the stimulated emission,
leading to significant population of the middle of Dicke
ladders. However, in the presence of large dephasing, the
system finally occupies the upper rung of Dicke ladders
with J/N ~ M /N = 0, see Fig.4 in the main text. Thus,
except situations extremely near to the phase transition,
the condition |M| & J is satisfied in most cases, and the
Holstein-Primakoff approximation discussed in Sec. S9
can be applied.

S7. DERIVATION OF TRANSITION
BOUNDARIES

In the main text, we have observed the transitions
between superradiance, superradiant maser and thermal
regime. To understand the conditions leading to these
transitions, in this section, we derive analytical expres-
sions for these conditions. To this end, we focus on the
stimulated processes and approximate Eq.(S23) as

% <&,§a> ~ i (& — @c) <5'l&> —igx (a'a) (57) .

Next, we consider the steady-state solution of the above

equation <&Td> =t <d7d> (6%), and obtain
=G

k
<5r,1a> —{atep) ~ —i"EET (ata) (67),  (S26)
9k
where we have introduced the energy transfer rate
k _ 297 Mg t+he/2)
EET = (wr—we)?+ (N +re/2)2
Inserting Eq.(S26) into the steady-state version of

S7

Eq.(S5), we obtain

~Z NMe — Yk
(6%)

~ — . S27
2kppr (ata) + ve (208 + 1) + (827)

Inserting Eq.(S26)
Eq.(S27), we obtain

in the steady-state version of

0= —re(a'a) + ken + Nkgpr (a'a) (67).  (S28)

Using Eq.(S27), we can rewrite the above equation as
Alata)® + B(ata) + C = 0 with A = 2kppr, B =
Ve (2nf" + 1) + m — 208" + N(gk — ) /kclkper, C =
—nth (v, (2n§ch + 1)+77k]. For our systems, B2 > AC, we
obtain the solution (afa) = —B/A. Assuming that the

stimulated processes dominate over the thermal process
<dT€L> > n!" we obtain the condition for the incoherent

pumping

M o 2n’,5€h+1—|—NC

e (S29)

where we have introduced the single-particle cooperativ-
ity C= kEET/K:c-

S8. SEMI-ANALYTICAL EXPRESSION FOR
SPECTRAL PEAK POSITIONS AND
LINEWIDTHS

In this section, we derive the semi-analytical expres-
sions for the spectral peak positions and linewidths. To
this end, we consider the steady-state solution of Eq.(S8)

(olb) =it (o (a'b) (67) + G (6]a)).
with the complex frequency @iy = wp — ws +
i(Aj +£K¢/2). Inserting the above expression into

Eq.(S24), we get the steady-state photon-photon corre-
lation

» (ata) — (bTb) — 0y ' Ny (o]
(a'5) = ¢ @c§+zk,}N]Zz <&;zk>< : > (531

(S30)

with the complex frequency Wy = we—wy —l—z% (Ke + Kf).
Inserting the above results into Eq.(4) of the main text,
we get the steady-state mean photon number in the filter
cavity

Gt [l )]

Wrpier+Ng2(57)

<BTB - (S32)

;
—1
G220 (s +wif NgE (67)] = #y

To resolve the spectrum with the filter resonator ap-
proach, we require k¢ to be smaller than the spectral
feature to be resolved, and G to be small enough to re-
duce the backaction on the main resonator. By analyzing



the numerator and denominator of Eq.(S32), we find that
the spectral peak positions and linewidths are mainly de-
termined by the denominator. Assuming that the denom-
inator can be written as the product & j@.s+Ngi (67) ~
(wf — @y )(ws — @), we obtain two complex frequencies

wr = [@0f +&f £ /(@F — @2)% — 4Ng; (67))/2.

For the weak pumping, we have (67) =~ 2M/N =~
—2J/N < 0 and thus the solutions become &4 = [@} +
@F £ /(@ — @c)2 +8g3J]/2. These solutions result in
two peaks in the spectra with frequencies and linewidths
given by their real and imaginary parts. For strong
pumping, we have the population inversion (67) > 0, and
in this case, one of the solutions has a smaller linewidth,
and is responsible for masing.

In particular, for the resonant condition w. = wy, we
obtain @y = w. + i(\] + k./2 £ VR)/2 with the ab-
breviation R = (A — k./2)? + 4Ng? (67). For R < 0
or (67) < —(A\j — K¢/2)?/(4Ng}), we obtain @wy =
we F/IRI/24i(A] + Kc/2)/2. As a result, the spectrum
shows two peaks centered around w. F \/|R|/2 (sepa-
rated by \/|R|) with the linewidth A\{ + #./2. When (67)
approaches zero for increasing pumping, \/@ decreases
and thus the two peaks approach each other and finally
merge into one. When R > 0, w1 have the same real part
we, but different imaginary part (Af +#./2+VR)/2. Asa
result, the two peaks center around w,., and one peak has
larger linewidth (A + k./2 + V/R)/2 and the other one
has smaller linewidth (\j + &./2 — V/R)/2 (corresponds
to the masing).

= —_— nJ:O
J-1 — 2 n,=1
J-2 — n,=
; :
1
1 1
1 1
-J+1 — n;=3
-J+2 — = n;=
-J — n"J:']

Figure S4. Approximation of Dicke states near the top and
bottom of a Dicke ladder for given J (left) with the occupa-
tion number states of the upside-down and normal quantized
harmonic oscillator (right).
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S9. HOLSTEIN-PRIMAKOFF
APPROXIMATION

In the main text, we have observed that the spin-
ensemble occupies the upper and lower rung of Dicke lad-
ders for strong and weak pumping, which is caused by the
interplay of quantum jumps of the spin relaxation, spin
pumping, spin dephasing and the coherent coupling with
the resonator, as discussed in Sec. S6. Here we show that
these situations allow us to derive approximate Hamilto-
nians for the spin ensemble-resonator coupling to under-
stand the physics leading to the masing and the double
peak spectrum, respectively. To this end, we consider the
spin Hamiltonian H, = (hw,/2) ZkN:1 67 and the spin-
resonator interaction Hy_, = hgs (Zk 6;2& +af S &;)
for the spins with identical frequency ws and identical
coupling with the resonator g;.

A. Parametric Coupling

To proceed, we apply the Holstein-Primakoff (HP)
transformation to represent the Dicke states |J, M)
with the occupation number states |n;) of a quan-
tized harmonic oscillator characterized by the cre-
ation ET, and annihilation operator by. The normal
transformation assumes the relation M = J — ny,
which leads to the mapping |J,M +1) — [J,nyF1)
[12, 13| and thus to the relationships >, 0f =

25,00 = B5bs), S0l = Xy 2T = Bibsbs Sy =
S b /2T — by,
|ng = 0) is associated with the upper Dicke state |J, J)
for given J. For the Dicke states with n; < 2J, we

have mmﬂ =V2J —ny|ns) = V2J|ns) and
thus S, of ~ 32, V2Jbs, S on ~ 3, biv/2J, which
approximate effectively these Dicke states as the occu-
pation number states of an inverted quantized harmonic
oscillator (upper part of Fig.S4). Using these two rela-
tions, we can rewrite the spin-resonator interaction as the
parametric coupling

H, .~ hz \/ﬁgs (i)Jd + dTETJ) .
J

In this case, the vacuum state

(S33)

In our system, the spin-ensemble occupies the upper rung
of Dicke ladders for strong pumping, and thus the mas-
ing for strong pumping is well described by the paramet-
ric coupling of Eq.(S33). The parametric coupling leads
to the gain and to spin-photon entanglement (two-mode
squeezing) [14].

B. Spin-photon Dressed States

We can also apply the HP transformation M = n/; —J
and the mapping |J,M +1) — |J,n; 1), which lead



-
-

Intensity (a.u.)

_ic)

hiw, hw_

E =—thJ |GJ)

Figure S5. Formation of spin-photon dressed states. Left part
shows the singly excited states |C'y) (with a single photon) and
|Ss) (with a single spin excitation in the ensemble) with the
mutual coupling fiv/2Jgs for given J. The middle part of the
figure shows the dressed eigenstates ‘Dj>, !D;> (spin-photon
dressed states), leading to the double peaks in the emission
spectrum.

to the relations >, 67 = 2ZJ(ZA)T]IA)J —J) Dok &}; =

BTJ\/2J— ETJEJ,Zk G, = \/2J-Z)BBJ?)J. In this case,
the vacuum state |n/; =0) is associated with the low-
est Dicke state |J, —J) for any given J. For the Dicke
states with n'; <« 2J, we have ), &;2 A I;T]\/ﬁ,zk G, ~
V2Jb;. Using these two relations, we can rewrite the
spin-resonator interaction as the coupling of two har-
monic oscillators

ﬂ;{%hE:VQES@%ﬁﬂWO. (S34)
J
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In the low excitation limit, we can introduce the
ground product state |G;) = |n=0)|n; =0), and the
singly excited states |Cy) = |n=1)|n; =0), |S;) =
|n =0)|n’; =1), where |[n=0),|n=1) are the vac-
uum state and single-photon state, and the labeling
S, C' distinguish the singly excited states with the ex-
cited spin-ensemble or the excited photon.  Using
t 15.2)(Cl
and afb; =~ |C;)(S;|, and thus obtain H, . =
R V295 (1S7) (Cyl +|Cy) (Sy]).  Furthermore, we
can approximate the sum of the resonator Hamil-
tonian and the spin-ensemble Hamiltonian as H. +
Hy = hy l(we —wsd) |Cy) (Cul —ws(J = 1) [S5) (Ss] =
wsJ |G y) (Gy]]. From these Hamiltonians we can obtain
the energy levels and the coupling (for given J) as shown
on the left side of Fig.S5.

After diagonalizing the approximate Hamiltonians for
given J, we obtain the eigen-frequencies d4 = %[wc—i—ws —
2Jws +1/8Jg2 + (we — ws)?] for the dressed spin-photon
states ‘D§> = ﬁ[wc—wsi \/8Jg§ + (We — ws)2] |Cy) +
(2v/2Jg,)|S;) with the normalization factors Ny =

\/16']93 + (wc - Ws)\/SJgg + (wc - Ws)2~
tion frequency between the dressed states and the ground
state for given J can be readily calculated as wy =
dy — (—wsJ) = %we +ws £ 1/8J92 + (we — wy)?]. The
energy levels of the dressed states are shown in the mid-
dle of Fig.S5, and the transitions between them and the
ground product state are responsible for the double-peak
spectrum in the system with weak pumping, see the right
side of Fig.S5. Furthermore, we note that w4 are consis-
tent with the real parts of @4 as identified in Sec. S8.
Note the relationship J ~ —M = —1N (67) for the weak
pumping in our system.

these states, we can approximate I;T]d ~
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