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Calculation of the Burst Frequency for Capillary Valves on Centrifugal Microfluidic Platforms

On a centrifugal microfluidic CD with capillary channels, there are two pressures present: The
centrifugal pressure, and the capillary pressure

The centrifugal pressure is due to the rotation of the CD:

= pw*Arr [eql] (1)

I)crmrifugal

where p is the density of the liquid

@ is the rotational speed of the CD in rounds per minute (rpm)

Ar is the difference between the top and bottom of the liquid levels at rest with respect to
the centre of the CD

r is the average distance of the liquid from the centre of the CD

The pressure that is due to the liquid-air surface tension, contact angle of the liquid, and the hydraulic
diameter of the capillary channel is known as:

4y, cosé,
p =_fad-""c eq2
cap D, leq?]
where y,  is the liquid-air surface tension
6. is the contact angle of the liquid with respect to the solid wall of the channel
D, is the hydraulic diameter of the channel given as
D = 4X Area 4wh 2wh (13)

Perimeter  w+w+h+h - w+h
where w is the width, and 4 is the height of the channel

For the liquid to move towards the edge of a CD, the centrifugal pressure must be greater than the
capillary pressure. This allows us to calculate the burst frequency:

From [eql] and [eq2]

P

centrifugal

Rearranging yields:

= pw’Arr=P,

cap

cap

= =
PArr

Alternatively:

P
o= a0 /i’,(@) lea3] ()
T PArr\ @
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Fluid Flow within an Infinitely Long Channel (Capillary Flow):

Figure 1: Model of Rectangular Channel

Figure 2: Model of Circular Channel (Solid & Sliced)
The total interfacial energy within a solid-liquid-air system is expressed as
Ur =AyYa + At + AV [eq4] (3)

A

Vs Veas Vi are the corresponding surface energies per unit area. A

where A 4,  are the solid-liquid, solid-air, and liquid-air interface areas,

sl “Vsa

The surface energies per unit area are related by Young’s equation

Yt = Vs = Vi €OSE, [eq3]
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Substituting Young’s equation into [eq4] gives us

Up =4, (7;« ~ % €086, ) +A Y+ AV
U, = (A.vl +A, )7.m + (Ala — A, cosb, )71a

As all the terms in (A, + A, )y,, are constants, we can denote it as U,
Up=U,+ (Ala — A, cos6, )7/a [eq6] (4)

The pressure in the capillary can be derived from the change of total interfacial energy of the solid-
liquid-air system with respect to the injected liquid volume:

du
P, =—2% eq7] (2
ap v [eq7] (2)
d d d
P =——U,+|—A,6 ———A, cosb eq8] (&
cap |:dV 0 (dV o " gy O C)%uj| [eq8] (5)
Since Uy is a constant, %U o = 0. This simplifies [eq8] to
d d
P =7 [W A, cosb, _WA’“j [eq9]

If we further apply %Am =0 (as A, which is the surface boundary between liquid and air in a

capillary opening does not change just before reaching the end of the channel we can simplify [eq9]
to

d
})cup = W Asl Cos 60 y[u
dA,
Fop = dV’ cos 6,7, [eql0] (6)
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We can now consider A, for various capillary shapes

For a circular capillary

The surface boundary between the solid and liquid can be found by

A, =7 Dx
where D is the diameter of a circular capillary
x is the length of expansion along the liquid’s axis of movement

The volume of the liquid can be found as
m* x
4

V =

Hence we can determine for a circular capillary

dA, 7 Ddx 4

&V i’ , D
2 dx

For a rectangular capillary

The surface boundary can be determined as

A, =2(w+h) x
where w , h are the width and height of the capillary
x is the length of expansion along the liquid’s axis of movement

The volume of the liquid can be found as
V=whx

Hence we can determine for a rectangular capillary
dA, 2w+h) dx 4

dv, w h dx D,

Alternatively, manipulating [eq12] gives

@_2(w+h)
dv, wh
dA

sl 2[l+l)
dv, h w

(®)

©

[eqll]

10

an

[eq12] (12)

[eql3]
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Hence, for both Circular and Rectangular Capillary

Substituting [eq11] into [eq10] yields

4cosb.y,, . .
o = TI for circular capillary
Substituting [eq12] into [eq10] yields
4cosb.y,, .
= Tl for rectangular capillary
h

[eq14]

[eql5] (14)

Stage 1:

The liquid is in a capillary channel, stopped at an opening with a concave meniscus (the meniscus

changes from concave to flat)

According to [eq6] and [eq8], we need to determine A

la

and we also need to determine the volume of the liquid, V.

and A, for U, =U,+(A4, — A, cos6.)y, .

Different from Zeng et al (2000) eq (2)

_dUp  Ayisinf,
> D

This is different

Different from Chen et al42608) eq (2)
Apy =4y

sin (i Dy,

Substituting [eq13] into [eq10] yields

1 1
P_ =2cosé —+—
cap r%u(h Wj

Substituting either [eq14] or [eql5] into [eq3] yields

4y, cos b, [30)
pm=_ |l —
PArrD, \ 7@

[eql6] (15)

[eql7]
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h = .
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\ w/2

Figure 3: Mathematical Model for Stage 1 Meniscus

A

la

A, =CL,xCL,

can be found by multiplying the curve length of height, CL,, and the curved length of width, CL,,:




Let the curved lengths have angles of 2¢,, and 2, , and curve radii of R,, and R;, respectively.
We can derive the following from the figure:
R, = .h/2 - see Figure 3 [eq19]
sina, /
R, = .W/Z - see Figure 3 [eq20] //
sing,
" ha Amh ’ A’l"riangle
CL, =R, x2a, =—" - see Figure 3 [eq21]
sina,
wa .
CL,=R x20, =—" - see Figure 3 [eq22] Agecior
sina,,
Hence substituting [eq21] and [eq22] into [eq18] yields,
hwa,a,
o= o [eq23] Figure 5: Mathematical Model for Stage 1 Liquid Surface

sing, sina,,

A, can be found by taking the surface of solid-liquid within the capillary if there was no meniscus (A,

3D Vie
v and A,) and subtracting the surface of liquid-air due to the meniscus (A,, and A, ). We assume the
liquid to progress up to length L from the point of reference (right up to the opening).
Ay =24, +A, -4, -A,) - see Figure 4 [eq24]
Where A, =hL - see Figure 4 [eq25]
A, =wL - see Figure 4 [eq26]
A = Aseror — ATriungIe - see Figure 5 [eq27]
Where A, =angle of curvature X radius of curvature - see Figure 3
Top View ra
z o = ()% R, = a,R,}
--------------------------------------------------- Sector o ( ) h h™ h
AAAAAAAAAAAAAAAAAAAAAAAAA 2 2
------------------------------------------ Ay =g 22| e [eq28]
Wi smmmmms D e e sinq, 4sinea,
_________________________________________________ And  Apae = %x height X base - see Figure 3
L Triangle = l X Rh cos ah X h = ﬁ X h/z cos ah
. . 2 2 sing,
Side View 2
cosq,
" = eq29
Triangle 4Sin ah [ q ]
" o h’ cos«,
h h
o = E— [eq30]
" 4sin’a, 4sing, d
Similarly
2 2
Figure 4: Model for Stage 1 Fluid Flow - Y& _W COSE, [eq31]

= ) .
4sin“ o, 4singa,,
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Hence substituting [eq25], [eq26], [eq30], and [eq31] into [eq24] yields,

K K
AJ,=2(hL+wL— Gy e,

wa, + w’cosa, J
S - 5 -
4sin" ¢, 4sina, 4sin"a, 4singa,,
n’ o w? a
A, =2 (h+w)L—— —— —cosa, |—-— — — —cosa,, [eq32]
4sing, | sine, 4sine,, \ sina,,

Now, substituting [eq23] and [eq32] into [eq6] yields,

U, =U, +(Ala — A, cosd, )71a

[eq33]
2
(h+w)L—4 h ( .a" —cosahj
h sing, \ sin¢,
U,=U,+ M—Z ' ' cos 8, |7,
sing, sina,, w? a
- —'——cosq,,
4sine, \ sina,
w’ o
(h+w)L—4 - ( — —cosau,j
sing,, \ sine,, hwa, o
U,=U,—-2cos8 +y, | ——
T =Y n? a, Y ( sing, sina,, ] [eq34] (16)
- - —cosq,
4sina, | sina,

for L

Point of v, l
Reference
V th

Figure 6: Mathematical Model for Stage 1 Liquid Volume
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The volume V can be found by taking the volume of liquid within the capillary if there was no
meniscus (V,, ) and

subtracting the volume of displaced liquid due to the meniscus (V,
assume the liquid to progress up to length L from the point of reference:

' and V). We
V=V =V =V

- see Figure 6 [eq35]
where V,, =hwL

mw

[eq36]
2 2
A, xXh= W (wa _y c.osaw h - see Figure 3,4, 5,6 [eq37]
4sin“ o, 4sine,

wa,

e h
V,, = Ay xCL, =| —2n_ 2 €O,
4sin” @,

- - - see Figure 3,4, 5, 6 [eq38]
4sine, )sine,,

Hence substituting [eq36], [eq37], and [eq38] into [eq35] yields

V=th—( M./ztzlw _wzcosaw\]h_( ha, _hzcosahj
4sin”

4sina, 4sin’ @,
2
V = L —— ( il

wae, o
. . = —Cos aw ] - . -W .
4sina, \ sina,, 4sinq, sina,,

- —cos ahj [eq39] (17)
sinq,
Finally, we can apply [eq34] and [eq39] into:

wa,

4sine, )sine,,

dU
Stagel == dVT [eq40]
To simplify the equation, as A,, A, and V are functions of ¢, and ¢, , we can obtain the burst
pressure by letting f to be a function of ¢, and ¢, . Hence
dU,
du, df
=- =- 41
Stagel av av [eq41]
af
U, au,
aa,
of

Stagel —

o] e )

avaaw} i (av )+ a%% (aV )

a%aw a%ah oa, a%ah Sa,

LRI
(%40 ) (V0] (Vo NV ) |
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Now

U, _

oo

U,
oo

U,
oo

U,
oo

U,
oo

w

U

T

Jda

U,
oo

w

W, _

i«

o, _
oa,

h

U,
Jaa,
U,
oa,
U,
Jaa,
U,
i,
aU,
aa,
U,
Jaa,

.U U
from [eq34], we can derive —~ and —~:
. 9,
) hwa, o, ) w?
— | —— |y, —2c080. Y, — | ———— —cosa,
Jda, \sing, sina, Jda, | 4sine, sina,
_hwa, 9 a, v+ cos8.y,w* 9 a, cosa,
- . . I/ . -
sine, d, \ sinex,, )" 2 Jda, \sin’a, sina,
hwa, 9 a, w’cosd, 9 a,
=V By TV S| T2 Teota,
sina, d, \ sina, 2 da,\sin’a,
hwea, (sina,, — o, cosa,, w’cosé, (sin’ @, —,2sina, cosa,, )
=V > TV 3 teseta,
sina, sin” «,, 2 sin” «,,
hwa 1 a, cosa, w? cos 8. 1 a, 2cosa,, 1
_ i _a, w4 c _o, vy
I/ . B . I/ . . .
“sing, sine, sin’a, C2 sin“e, sina, @ sin’a,
e, 1 a,cosa, | w? cos 6, 1 o, cosa,
la”_. - T I - . T
“sina, \sine, sin’a, “ sina, \sine, sin’a,
2 .
w cosf. hwe, | sina, —o, cosa,,
=y, | e IVG, % w [eq43]
sine,,  sing, sin” a,,
9 [ maa, d h’ o
— | — = 2c080. Y, — | ———— L _cosa,
. . la la . . h
Jda, \sine, sine, o, ~4sin o, \sing,
hwa, d a, 3 h’ cos 495,7,” _cosa,
- I "
sinar, 0a, \ sina, )" 2 sin’ ah sing,
2
_hwa, 0 a, h”cos8, }/,a a,
= By la 2 —cota,
sina, da, \ sina, 2 sin” @,
hwa,y, | sina, —a, cosa, h cos 8.7, [ sin> @, — ¢, 2sin @, cos @,
=— — L+ ees’a,
sine,, sin” ¢, sin® ¢,
_hwa,y, 1 a,cosa, h cos 8.y, a,2cosa, + 1
sing, \sin@, sin’aq, sine, sin’e@, sin’q,
_hwa,y, [ 1 «, cos a,lj h*cos 8.y, [ _a,2cosq, ]
=— . -—=
sine,, \sine, sin’ e, sina,  sin’ @,
hwa,y, 1 o, cosq, h cos 8.7, o, cosq,
sing, \sin@, sin’eq, sin, \sine, sin’eq,
h*cosf, hwa, | sine, —a,cosa,
— 7/1[’ - <4 d w h — h h [eq44]
sin,  sine, sin” a,
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aV
Now from [eq39], we can derive —— and —:
w a a/x
av 9 hw' . o 9 wa, a, «
— = | ———cosq, |-— —cos
. . W . . . h
Jda,  da, 4sine, \sina, ") da, 4sing,sina, \ sing, '
A% ' 9 a, hw a, Jd [ «,
Ja, 4 Ja,\sin’a, 4sina, | sing, Jda, \ sin,
w w h h w w
aV hw’ (sin* &, — e, 2sin &, cos @, 2 hw sina,, —a, cos,,
—_— = - q +cecesx, |——— —cosa, | —— 5
o, 4 sin* &, 4sing, { sing, sin’ &,
v hw? 1 a,2cosa, 1 Pw [« 1 a, cosa,
- _% w4 _ h__cosa _& w
) =3 ) N - hfl )
oa, 4 (sine, sin'e, sin’e, ) 4sing,|sing, sin,  sin’ea,
v hw? 2 a,2cosa, Pw [« 1 a,cosa,
_ _a, w | i _cosa _a, W
oa, 4 (sine, sin‘a, 4sina, | sin "Nsine, sin’a,
w w w h h w w
oV ' 1 a,cosa, hw % osa 1 a, cosa,
Jda, 2sine, \sina, sin’a, 4sing, \ sina, "Nsina, sin’a,
v hw’ hw a sina, —a, cosa,,
A : D _cosa, || e w0 [eq45]
. ‘ sin’ @,
o, 2sine, 4sing, \sing, a,
aV Pwa, 9 1 a,
— = —| = —— _cosaq,
2, 4sina, da, | sing, { sing,
h w h h h
v R'wa, 9 a, cosa,
da, 4sing, da,\sin’@, sina,
aV n’wa, 9 a,
— = —| —l——cotq,
sina,, sin
a ah 4 ah a ah . a/x
v wa, (sin’ @, —a,2sine, cosa, 2
—= - ) +csc’ a,
Jaa, 4sina, sin* o,
aV wa, 1 a,2sina, cosa, 1
— = — +
sine,, | sin sin sin
aah 4 ah : a/x ! a/x ? ah
aV rwa, 2 a,2cosa,
da, 4sing, \sin’e, sin’g,
wa, | sin cos
v _ h'wa, @, g a,
day, 2sina,\sin*e, sin'e,
av rwa, sin, @, cosq,
da, 2sing,sing,\sin’a, sin’e,
av Pwa, sing, —a, cos, [eqd6]
=T - - eq
da, 2sing,sina, sin” @,
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Now if we assume that ¢, is changing in such a way that the meniscus now starts to changes from
concave to flat (on its way to becoming convex); while ¢, remains constant, we can simplify [eq42]

("5e,)

to:

Stagel | g o == v [eq47]
(o)
Now, substituting [eq43] and [eq45] into [eq47] yields
y w’ cosé, L, |sing, —a, cosa,
“| sine, sina, sin’ @,
Stagel > K
“ hw? Pw | a, sine,, — &, cosa,,
- = +— - —cosq, || ——F "
2sine,, 4sing, \ sing, sin” a,,
w’cosf, hwa,
e — + RN
“ sine, sing, 4
Pygeer = I’ o 2, [eq48]
- +— - —cosq,
2sine,, 4sing, \ sing,

Now, if we assume that @, approaches 0, then we will have

w’cosf,  hwa, w? cosé,
Vol =0 t—~ Y|~ +hw
sin,  sing, sina,,

hw?
2sine,,
ah—0

@0yt h*w a,
- T
2sine,, 4sing,

PS/age]

- —cosa,
sina,

B .
w”cosé, 2sine,,
PSmge] ,—0 = %u[ Sin aw +hwj( I’ZWZ j
2V (W .
susetlgy 0 =) [z cos@, +sin awj [eq49] (20)
Note: .a” =1
sing, |,
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Stage 2:

The liquid is in the capillary channel, stopped at the opening. The meniscus becomes convex from
the flat transitory stage and starts to expand beyond the opening with the convex profile

The derivative of the equations for this is similar to that of Stage 1. The differences are as such:
For Stage 1: we subtract away the meniscus Area and Volume
For Stage 2: we add on the meniscus Area and Volume

A,, is the same as from Stage 1:

la
h
y wa,a,, [eqSO]

sing, sina,,
.

A, can be found by taking the surface of solid-liquid within the capillary if there was no meniscus (A,

and A ) and adding the surface of liquid-air due to the meniscus (A, and A, ). We assume the liquid

mw

to progress up to length L from the point of reference (right up to the opening).

A, =2(A,+A,+A,+A,,) - see Figure 4 leq51]

Where A, =hL - see Figure 4 [eq52]
A, =wL - see Figure 4 [eq53]

ha,  h’cosa, '
h = - - L - see Figure 4 [eq54]
" 4sin’a, 4sing, g d
2 2
o = wa, W esa, - see Figure 4 [eq55]

4sin* @, 4sina,

Hence substituting [eq52], [eq53], [eq54], and [eq55] into [eq51] yields,

ha,  h’cose, N wa, w cosan

4sin’ @, 4sine, 4sin*q, 4sing,

2 2
A, = 2|:(h + w)L + h [0{” —cosq, J + W( % cosc,, H [eq56]

4sina,  sing, 4sine,, { sina,,

A, = z[hL +wL+
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Now, substituting [eq50] and [eq56] into [eq6] yields Hence

du,
2 dUu df
(I’l + W)L+ h .ah —cosq, PSmgﬂZ == dVT == av [eq64]
hwa,a,, 4sing, | sing, i
Up=Uy+| ——"——=2 cosé. |y,
sing, sinc,, 2 a. -1
! +—2 | e cosar, U,/ 1\ ,(9U; of of
4sine, \ sina,, o, oa, o, aa,
W2 a PSmga?. == a a af af -1 [eq65]
h+w)L+ Y _cosa, ( V )+( V j(/ j(/ )
U —U 20050 ( ) 4sine,, [sin a, " ] hwa,a, o, oa, oa, oq,
=U,—2cos + Y| ———
T Tl h? Yol sn a,sina, ) [eq57]
: ———cosa, U U
4sing, | sing, Now from [eq57], we can derive —~ and —:
aa, o,
The volume V can be found by taking the volume of liquid within the capillary if there was no ,
meniscus (V) and adding the volume of displaced liquid due to the meniscus (V,,, and V,,). We U, _ 0 [ hwa,a, jy ~2c0s6.%, 0 LV [ % _cosar j
assume the liquid to progress up to length L from the point of reference: da, da,\sing,sina, “ ‘" 9a,| 4sing, | sin a, !
VeV 4V 4V 58 oU, hwa, 9 a, cos. 7w 9 a, cosq,
=V TV + = Eyv a S -
o P (e8] da, sina, da, \sina, ) 2 da, \sin’¢, sina,
where V,, = hwl [cq59] W, _, hwey, 3 [ @, )  wieosh 0 ( a _ .
wa W cos da, '“sina, da,\sine, ) * 2 oa,|\sin’a, "
Vi = A, Xh= T2 e - = \h [eq60] . 2 2 .
4sin*a, 4sina, U, _ hwa, [ sina,, — &, cosa,, j __ wicos (sin" @, —a,2sing, cosa, tescia
2 oo “sing sin® &, ) sin* & "
h 2 a h” a a w h w w
Vi = Ay XCL, =| gt -t 2 | 2 [eq61] :
4sin’@, 4sine, )sina, oU, —y hwa, 1 a,cosq, |  wcos, 1 a,2cosq, N 1
da,, '"“sina,|sine, sin’a, o sine,  sin‘a, sin’a,
Hence substituting [eq59], [eq60], and [eq61] into [eq58] yields awu,  hwe, 1 a,cosq,) w? cos6, 1 a,cosq,
) , ) , da, '“sina,\sine, sin’a, “ sina, (sine, sin’a,
h h
V =hwL+ W ?”’ Y ?osaw h+| — LZZ*’ - c.osah v.vaw U, w’cosd, hwe, | sina, —a,cosa,
4sin“ ¢, 4sing,, 4sin" ¢, 4sina, )sing,, =Vl = ot — ST = [eq66]
aa, sine,,  sing, sin’ a,

hw’ a, rwa, Q
V =hwL+— ———cosq,, |+— - —"— _cosq, [eq62]
4sine,, \sina,, 4sing, sina,, \ sing,

Finally, we can apply [eq57] and [62] into

du,
Stage2 — av

[eq63]

To simplify the equation, as A,, A, and V are functions of ¢, and ¢,, we can obtain the burst

la >

pressure by letting f to be a function of &, and ¢, .
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U J [ mwaa, 9 "’ o
L= — | — 2wy —2c080,y, —| ———| —2——cosq,
Jda, I, \sing,sine, Jda, | 4sing,  sing,
2

v, hwe, 9 | «a _h’cos8.y, 9 Q,  cosg,

= . f N .
Jda;, sine, da, \sing, ) 2 da,|\sin* ¢, sing,
W, hwa, 0 ( @ y. - h*cos8,y, o % e

- . . I . h
Jda, sina, da, \sina, ) 2 da, \ sin’ ¢, '
U, hwa,y, [sin a, —a, cosa, j h*cos 8.7, [sin2 a, —a,2sina, cosa,

R ) - -4
Jda, sine, sin’ @, 2 sin* @,
U, _tway, [ 1 a,cose, ) h’cosb.y, 1 a,2cosq, . 1
da, sine, (sing, sin’a, 2 sina, sin’e, sin’g,

2

U, _tway, [ 1 _a,cose, | hicosb.y, 2 @,2c0s0,
da, sina, (sing, sin’e, 2 sina,  sin’ ¢,
W, hwa,y, [ 1 a,cosa, | hicos@y,( 1 o, cosa,
da, sine, |sing, sin’a, sin®a, \sing, sin’q,
v, _ [_ h’ cosé, . hwe, J[sin a,-a, cosahj

=V - ; )
o, sine,  sine, sin’ o,

aV BV
Now from [eq62], we can derive —— and ——
o, o,

A%
o,
A%
o,
A%
o,
oV
aa,,
v
Jaa,,
v
aa,,

_ 0 hw
Jda, 4sine, | sina,

hw® 9 a, Pw [ «a J ( a,
h w
— = | 5 —cotq,, |[+———| ———cosq, || —
4 da,\sin’a, 4sine, \ sing, Ja, \sine,
hw? (sin’ @, —a, 2sina, cosa,, ) h*w a,
=— v +ees’a, |+ ———/| ———cosa,
4 sin” &, 4sing,  sing,
hw? 1 a,2cosa, 1 Pw (e, 1 a, cosa,
| |+ — I —cosa, | — e
g w g w S w S s sing,,  sin” a,,
hw? 2 o 2cosa, n’w o 1 o, cosa,
— w w h w w
R O +— - —cosa, | — .
4 \sin*a, sin’a, 4sine, \ sing, sine,,  sin’a,

hw? 1 a,cosa, Pw [ a, 1 a,cosa,
=5 . ) +—— . —cosq, . T
2sina,, \ sina,, sin”a, 4sine, { sine, sine,, sin“«a,

w

o,

d rwa, a,
—cosa,, |[+—— : —'——cosg,
Jda, 4sing, sine, | sina,

4 (sin” ¢, sin” o sin” &, 4sina, \ sina, sing,

hw’ rw | a, sin,, —a, cosa,,
- T . I | R e —
2sine,, 4sing, \ sing, sin” a,,

J

+CCS2ahJ

)

[eq67]

sina, —,, cosa,,

w - w w
sin® @,
.

[eq68]
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oV hzwaw
Jda, 4sing,

—cosa,
sing, sm ah

9
o,
al_ hzwawi o,  cosa,
Jaa,
a[
2

day, 4sina sin“a, sing,

w

oV hwa,
80{, " 4sina,

]

L _cota,

sin” @,

oV _ h*wa, (sin ahZSlnahcosah

)
+csc’ @
80{ 4smaf hJ

)
v hwa[ ,ZZSina,lcosa,l+ 1 J

sin‘ @,

aah 4sine, | sin’ @, sin* @, sin” ¢,
vV hwa,

aah " 4sina,

a,2cosq, J

sin’ @, sin’ @,

av sing, @, cosa,

aah ZSlna sin@,  sin‘q,

oV sing, @, cos,

; - )
da, 2sina,sin ah sina, sin’¢,
2 .
oV __ hwa, sina, —a, cosa,
da,, 2sing,sina, sin’ @,

[eq69]

Now if we assume that ¢, is changing in such a way that the meniscus changes from almost flat to

convex, while ¢, remains constant, we can simplify [eq65] to:

Psuger|yy, o = pe [eq70]
(Ve
Now, substituting [eq66] and [eq68] into [eq70] yields
w’cosd, hwe, \sine, —a, cosa,
- +
» “' sine, sing, sin’ a,,
Stage2 = ;
ge hw? . nw a, o sinQ,, — &, cos,,
—cos —
2sina, 4sing, | sing, sin’a,
w’cos, hwa,
e — + (RN
“ sing, sing,
Piuger == 3 PE leq71]
- +— —— —cosq,
2sing, 4sing, \ sing,
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Now, if we assume that ¢, approaches 0, then we will have

w?cosf, hwa, w cos 6,
V| =7 t———~ Y| =7+ hw
sin,,  sing, sina,,

Stage2 -0 hwz hzw ah hwz
- +— - —cosa, -
2sina,, 4sing, \ sing, 2sina,,
ah—0
P .
w”cosé, 2sine,,
RS'IageZ 0= V| <+ hw ) *
o= sinq,, hw
2 w .
Piger = | W cosd. +sina,,
S @, -0 w h
2V (W .
Poger G Tv“ m cos@. —sina,, [eq72] (22)

Stage 3:

The liquid has expanded beyond the border of the opening (opening with an angle f), with a
convex meniscus

Mistake in Chen et al (2008) eq (15)

N
w” cos 0 (.sm Oy — Oy COS ocw)

oUr oV ! -1 SI By SIN° Oy
Pr=-\3 3 == .
Oty Oty =0 hwoty [/SIN 0Ly — Oy COS Oy

thw
“ sin o, ( sin® o, )

1
SIN Oy — Ol COS Ly
3
sin” oy

(15)

cos . + sin o:“]

o
Note: —2

sina,

=1

a,—0
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3D View
V/xw ‘/ow (V + th )

mw

Ay
Top View
< X >
< L > | —X,—>
v CL,
A
AW ow mw
Side View
< L > | — X, >
h cos B CL,

> —
B S

oh Amh

Figure 7: Model for Stage 2
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CL

w W

- ~ N\ J

ow mw

Figure 8: Model for Stage 2 Meniscus

o tan
/2
Ww Xe v I CL,
4
\ w/?2 I
B
R X tanf I
< R, cosa, >
Figure 9: Mathematical Model for Stage 2 Meniscus
According to [eq6] and [eq8], we need to determine A, and A, for U, =U,+(4, — A, cos8,)y, .

and we also need to determine the volume of the liquid, V.
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A,, can be found by taking the surface of solid-liquid within the capillary if there was no meniscus (A,

and A,) and adding the surface of solid-liquid due to the opening (A, and A, ), and due to the

oh ow
meniscus (A,, and A,,,).
Ay =2AA+ A+ A+ A, A, +A,,) - see Figure 7 [eq73]
Where A, =hL - see Figure 7 [eq74]
A, =wL - see Figure 7 [eq75]

- see Figure 7, 8 [eq76]

A, :[ Xa ]xh
Cos

A, =(X, )xw+ X, x(X, tan B) - see Figure 7, 8 [eq77]
A, =Agor — Triangle [eq78]
Where A, =angle of curvaturex radius of curvature
20
Sector = (7[ )X ha = athz
2
2
h/2 ra,
Agecror = 0| = / =—" [eq79]
sinq, 4sinq,
1
And A == Xheightxbase
1 h_ W2
rriangle = = X R, €08 @, X h = —X— / cos &,
) 2 2 sing,
h* cose
ATriungle = . b [eq31¢]
4sina,
e h* cosa n’ a
=t = | —cosa [eqs0]
4sin“ o, 4sine, 4sing, \sina,
A, = Agior — A’l'riangle [eq81]
Where Ay, . = angle of curvature Xradius of curvature
200 .
sor =5 - (T)XR =@, R’ -seeFigure9
2
2
v4)+ X, tan (W+ 2Xg tan ,sz
ASecmr = aw . = aw .
sinc,, 2sina,,
w+2X, tan ) a,
Sector = (w+2X anfp)a, <L pra. [eq82]
2sine,,
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And A = % X height X base [eq83]
Al yiangte == x(R, cosa,, )x 2((/2)+ X tan ﬁ) - see Figure 7
+ X o)+ X tan B g
W,
| P )
Ay = w+2X,, tan cosa, X w+2X, tan 8
2sina,, 2
(w+ 2X, tan B) cosa,,
= eqd4
Triangle 4 SlIl aw [ q ]
w+2X, tan B) w+2X ., tan B) cosa,
_ ( cL ﬁ) wo_ cL W
" 4sin’ @, 4sina,,
+2X, tan ) «a
AWV:(W _ﬂ‘anﬁ) [, W —cosawj [eq85]
4sina,, sing,

Hence substituting [eq74], [eq75], [eq76], [eq77], [eq80], and [eq85] into [eq73] yields:

Xq > n’ a,
hL+wL+—h+ X ,w+ X, tan f+— ———cosg,
cos 4sing, ( sing,
Ax1=2 2
+(W+2X.0Ltanﬁ) .aw —cosa,
4sina,, sina,,
+2X, tanB) ( «a
Lh+w)+ X, L+W+XCLtanﬁ +(W Lt an ) —Y— —cosa,,
“\cos S ' 4sine, sine,,
A, =2 .
h” i
+— ———cosq,
4sine, \ sine,

A,, can be found by multiplying the curve length of height, CL, , and the curved length of width, CL,:

A, =CL,xCL,
Note: this is the same method as in [eq18]

- see Figure 7 [eq87]

Let the curved lengths have angles of 2¢, and 2«,, , and curve radii of R,, and R;, respectively.
We can derive the following:

R, = .h/ 2 [eq88]
sine,
_ (%)+ X tanﬁ= (w+ 2X o tan,B) - see Figure 9 [eq89]
" sine,, 2sine,,
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[eq86]

ha
CL, =R, X20;, =——"—
sina,

CL,=R,xX2a, = .
sina,,

Substituting [eq90] and [eq91] into [eq87] yields:

h(w+2X, tan B)a,a

sing, sina,,

/x w

Al

la

(w+2X, tan B)av,,

- see Figure 9

[eq90]

[eq92]

[eq91]

Note: The derivation of [eq89] and [eq91] are similar to that of [eq20] and [eq22], except with different

representation of “w”

Now, substituting [eq86] and [eq92] into [eq6] yields,

N h(w+2X , tan B)a,

h w

-2/ +

L(h+w)+ XCL(L
cos

(w+2Xx, tan B)

+w+XCLtan,Bj

sing, sina,,
v

U, =U, +}/,{(w+2XCL tan 3)

4sina,,

aw
- —cosa,,
sine,,

n a,
+— - —cosa,
4sing,  sina,

a o,
Sln(l s1na

} 2y,,cos8,

L(h+w)+XCL[L
cos 8

cosé. |7,

+w+ X tanﬁj

4sine,,

h2
+— ——c
4sing, \ sing,

[eq93]

2
N (w+2X, tan B) .aw —cosar,
sina,

osahj

()

Mistake in Chen et al (2008) eq (16)
Ur = Uy — 2y, cos

h
L{h +w) +xo (WA

-~ (w + 2y tan [1)2 ( Oy

4sin oy,

S Oth
— - — COS Oy
4sinoy \sinog

hoty0oth }

4+ | (w4 2x tan B) — :
Yia {( oL 1 ‘[)sm ot ST Ot

W+ X, lan [i)

- — COS Oy
sin o,

(16)
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The volume V can be found by taking the volume of liquid within the capillary (V,
volume of liquid at the opening (V, ) and the volume of the liquid in the meniscus (V,

ow

) and adding the
and V). We

hw

mw

assume the liquid to progress up to length Xc from the point of reference (and X¢; = X¢c — L):

V=V,

hw

+V, Vo 4V,)

Where V,, = hwL

V, = A h=(Xg,w+ X, tan B

2
vV =a ><h:(w+2XCLtan,[3) [ a,

mw mw

4sina,, sina,,

‘/m/x

n’ a
=A,xCL,=— — —cosa,
4sine, \ sing,

—cos anJh

(w+2X,, tan B,

- see Figure 5 [eq94]

- see Figure 5,6,7  [eq95]
- see Figure 5,6,7  [eq96]

- see Figure 5,6,7  [eq97]

- - see Figure 5, 6, 7 [eq98]
sine,,

Hence substituting [eq95], [eq96], [eq97], and [eq98] into [eq94] yields:

[eq99] (25)

w+2X, tanp) [ «a,
hWL+(XaW+Xa2 tanﬁ)h+( L A — —cosa, |h
v ’ ] 4sina,, sina,,
n’ o w+2X,, tan S,
R AN (S PR 2
4sine, \ sina, sina,,
p w+2X, tan ) a,
hl wL+ XCLW+XCL‘tan,B+( — A —— —cosa,
4sina,, sin,,
V=
n’ o w+2X, tan B)x,,
. . b _cos a, ( .CL :B) w
4sina, \ sing, sin,,

Mistake in Chen et al (2008) eq (17)
Vi=h [WL + wxeL + xf]_ tan f§

+2 C d 2 L
_(w 2x.p tan ff) ( L 'Iv.):|

45in oty SIN Oy
h? ot o
H - - —cosop | | (w4 2xg tan f) —
4 sin oy, \ sin oy, sin oty
(17)
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To simplify [eq7] for our purpose, as A,,, A, and V are functions of X¢;, we can obtain the burst

pressure as follows:

U,
du, 0X o,
=— =7 “a 100
burst dV aV [eq ]
X

Now from [eq93], we can derive
CL

h
- XCL[7+W+XCLtan,B]

U ha,o cos
X L= a)? Vi |:(2XCL tan ff)—————— |- 2y, cos 6, / 2
sing, sin e, an f3)°
cL cL h w i (W + 2)(.(1 tan ﬂ) .aw —cosa,
4sin,, sine,,
'B+w+2XCL tan S
U ha,a cos
L=y, (2tan f)——— -2y, cosé,
X, sin, sine,, . 2(w+ 2.XCL tan ) (2tan ﬂ)( .aw cos an
4sina,, sina,,
2X
! % +——%tan B
U, _ il 2V 2,0, tfm B 2y, cos, cos [eql01]
X o w sing,sina, w + t.anﬂ w, 2X o an B .0!“. _cosax,
sina, \ h h sine,,

Now from [eq99], we can derive
CL

; +2X, tan B’
h{wL+XCLw+XCL‘ tan,b’+(w o tan f) [ % —cosawﬂ
aV d

4sina,, sina,,
oX oX 2
cL cL h Q, 2X , tan fB)a,
+— —t——cosa, 7( L ) =
4sing,  sing, sina,,

2lw+2X, t
h{w+ 2X, tanf +w(2 tan [)’)( .aw —cosa, H
oV sine,

4sina,, v
X h? a, (2 tan S )aw
+— — T eosq, |
4sing, \ sing, sina,,

2X 2X
{1 +— tan B + t.an,B [l +—% tan ﬁ][ .a“’ —cos awﬂ
Y% N w sina, w sine

= w

90X, h a,tanf a,

T o | T —cosq,
2wsine, sing, \ sina,

[eq102]
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Substituting [eq101] and [eq102] into [eq100] yields:

1 w

W2 g 2y, 0SBk

2X
+Tatanﬁ

h - - cosé, 5y
w s, sma,, w tan w a,
" K +— £ —+"Ltanf | ———cosa,
du, sina,, \ h h sina,,
Phum == dav == X )X
tan a,
1+——% tan f+— B 1+—%Ltanf | —*— —cosa,
i w sine,, w sine,,
h «,tan Q
" £ —t _cose,
2wsina, sina, \ sin,
2 o0, tan
w sing, sina,,
Pbm\-r =]
’ 2 1 2X, t 2X,, 74
7ﬂcos¢9‘_ 7+E+—“tanﬁ+ ?H’B KwL—‘Ltan,B —r——cosa,
w cosf h h sina, \ h h sina,

-1
2X tan 2X a, h «, tan Q
| l+—“tanﬁ+J 1+—%Ltan f | ———cos @, +—# ———cos ¢,
w sin ¢, w sin¢, 2w sin g, sin g, | sin @,

[eq103] (26)

Similar to Chen et al (2008) eq (18)
BNCAYEAR
L (EXCL) (a,m_)
rla

=2y 0 1 L tanfi fw  2x can Ly .
w cos e cos f sinoy, \ h an f Sin Oy 08w
= (18)

2, OwOp tan f

W SIN 0y SIN oy

%(,A

1
22X ; Chy ) . h oy tanf o .
tan f | | —— — cosay | = — €S oy
w Sin oy, 2w sin oy, sin oy, \sin oy,
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If we consider the pressure when X¢z and ¢, both approach 0, [eq103] then reduces to:
(Note: Also See Alternative)

1 w
Wt |
R Y R A[romb(
burst w  sina, w ¢ + tan B (w o, p sine,, \ sine,, "
— == | ———cosa,
sine, \ h \sine,, !
o, sin 1 w sin w\ «,
ﬂiﬁfcosﬁl_ +—+— B — || —"——cosa,
2y, | sine, cos B cosff h sina,cosf\h \sine,
Pbm.\-r == W .
Cos sin a,
B +47'B ———cosq,,
cos B sina, cos B\ sine,
a, sin w sin w\ a,
Tiﬁ —cos 67{1 +—cos S+ 7’3(7]( —*— —cos aw)j
P = 27, | Sma, k sina, \ h \sina, multiplied with M
burst — B COSﬁ
w sinf [ «,
cos f+——| —*——cosq,,
sine,, | sine,,
a, sin w sin a,
?7'3 —cosf, ——cosé, cosﬁ+J —Y——cosa,
2y, | sine, h sina,, \ sine,,
Bt = np ([ a
sin :
cos ff+— —*——cosa,
sine,, \ sine,,
5B _ e
2 sina,, e w
B = - — - cos 6,
w sing | a,
cos 3+ — ———cosa,
sine,, \ sina,,
o, sin
) cos@, — ”7'8
w sina,,
P, =—Ye| - Yeosg, + : » leql04] (27)
w h sinf | «a,
—|cos B +— ———cosa,
sine,, \ sine,,
Mistake in Chen et al (2008) eq (20)
e _ awsinfl
2y W cos O — 350 =
Apy = —"2 fﬁu)hHCA -
—Cos b (,:‘“ — cos -xw)
Nty \ SIN oy,
(20)
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Should the aspect ratio of w/h approaches 0 (h >> w), the equation then reduces to

B, = 2% : sina, [eq105] (28)
v {cos B+ M (L —cos (xwﬂ
sing,, \sina,

Alternative
If we consider the case as ¢, approaches 0, [eq103] then reduces to:

2 2X 2X,
P = -l cosb, L+E+7Mtanﬁ+ t'a.n,B Yl ang 'aw —-cosa,
’ w cosf h h sine, \ h h sina,

l
2X 2X
x{[l +=—Ltan B+ t.an,b’ [1 +-—< tan ,b’j( _aw —cos awﬂ]
w sine,, w sina,,

[eq106]
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Restriction:
Special Note (see Figure 9):

As [eq104] (and subsequently [eq105]) is derived based on the hidden assumption that = ¢, applying

S =a, to[eql04] yields:

5 cosd, — M
Pbum = _i - % cos gc + . s ﬁ
" - cosﬁ+w—ﬁ —'B —cosf
sin B\ sin B
Pt = A L. 0.+ cosd. —f
R
—|cos f+| ———cosf
L sin 8
B == 2| Y osp, 4050 =5
’ w h | B
e
P, = 2| W 0, 7(C0s 6, l) i ,3}
’ w| h B
= %[KCOS 0 + [COSQ - ljsin ,B} [eq107]
w | h B
= 2| W + sin cos@, —sin [eq108] (29)
burst W h ﬂ c

Should the aspect ratio of w/h approaches 0 (h >> w), [eq107] equation then reduces to

B, =22 [c"sgf - ljsinﬁ eq109]
w il B

P = 2V H sin )cos 6, —sin ﬂ} [eq110] (30)
w B

(e )
113
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Special Consideration of Meniscus Angle Conditions

(a) Stage 1 “
,,,,,, a, =90°-6,
(b) Stage 2 a
s L @, =90°-6,
(c) Stage 3
V3
a,+ (9,: _ﬁ) *5
V3
a, *E_(ec _ﬁ)

Figure 10 Geometry of meniscus angle for various stages

Applying the Meniscus angle of Stage 1 from Figure 10 into [eq19] and [eq20] yields
[eql11] (18)

=
2c0s6,

_ow
w
2c0s6,

[eq112] (19)

Applying the Meniscus angle of Stage 1 from Figure 10 into [eq49] yields
=2V [%+1)cos95 leql13] (21)

@, >0 w

Stagel
Applying the Meniscus angle of Stage 2 from Figure 10 into [eq72] yields

=%[%—ljcosac leql114] (23)

Stage2 @,-0 w
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