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Proof of Lemma 3.3: Let ¢ = u + iv, where u > 0 and ¢ = v/—1. Then
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where the second equality follows from Definition 3.1 and Lemma 3.2 (ii); the third equality
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follows from Lemma 3.2 (iii), and the fourth equality follows from Lemma 3.2 (7). Moreover,

the function Iy(-) is the same as in Lemma 3.2 (7). O

Proof of Theorem 3.1 (i): Consider
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where @ is the mixing distribution of the HPGGP. Note that, for given @Q = ¢, the HPGGP
with the set of parameters {\, v, k, a, [} is the same as the HPP with intensity ¢gA. Then, from

Lemma 3.1, we get

M
P (Z X; > tQ = q> = aexp{—g\t(I — A)}e. (A2)
i=1
By using (A2) and (2.1) in (A1), we get
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It is given that I — A is in the Jordan normal form, i.e., I — A = Pdiag(Jy,J2,...,J.) P71,

for some r, with
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€>0,0=1,2,...,7

Moreover, the dimension of d; is equal to the multiplicity of the eigenvalue ¢; that belongs to

this particular Jordan block, and ) _;_, d; = d. Therefore,

exp{—qAt(I — A)} = Pdiag(exp{—q\tJ1},exp{—qAtJa},... exp{—q\tJ.})P~1  (A4)
where
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fori=1,2,...,r. Again, from (2.2), we can write
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foralli=1,2,...,r and n € NU{0}. Consequently,
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Now, by using (A4) and (A5) in (A3), we get
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and hence, the result is proved. O

Proof of Theorem 3.1 (ii): By proceeding in the same line as in part (i), we get, from
Remark 2.2 (b), that

Fr(t) = o /0 " (aexp{—(at/b)(I — A)}e) ¢’ exp{—q}da, (A6)

where

exp{—(qt/b)(I — A)} = Pdiag(exp{—(qt/b)J1},exp{—(qt/b)J2},... exp{—(qt/b)J,}) P!

and
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fori=1,2,...,r. Again, if § € N, then we get, from Lemma 3.3, that
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foralli=1,2,...,r and n € NU{0}. Consequently, we can write
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On using the above equality in (A6), we get

Fu(t) = I‘(ldeiag(ﬁl(t), Dy(t),..., Du(t)) P

and hence, the result is proved for 5 € N. Now, if Im(e;) = 0, then ¢; is real and positive for

all t =1,2,...,r. Then, by using part (i) and Remark 2.2 (b), we get the required result. [

Proof of Theorem 3.2: Let Cq,Cs,...,Cq4 be the column vectors of the matrix P, and

Ri,R;, ..., R4 be the row vectors of the matrix P~1. Then we can write
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where ¢; = aC; R;e. Then, from Corollary 3.1, we get
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Since all eigenvalues of I — A are real, all entries of P are also real. Hence, ¢; is a real constant,

for all t =1,2,3,...,d. Further,

R,
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Hence, the result is proved. ]
Proof of Theorem 3.3: From (3.1), we get
ak_l’ . ’/ / / -1
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where D](t) = %(Di(t)), for all i = 1,2,...,r. By using (2.2), we get, for every n € NU {0},
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Consequently,
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i =1,2,...,r. Finally, the result follows from the fact that r1(t) = f1(t)/FL(t). Hence, the

result is proved. O

Proof of Theorem 3.4: From Theorem 3.2 (ii), we get
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Taking limit ¢ — oo on both sides of the above expression, we get limy_, o, 71 (t) = 0. ]

Proof of Theorem 3.5: We have
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On using (A7), we get
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i =1,2,...,r. Hence, the result is proved. ]

Proof of Theorem 3.6: We have
E(L) = E(E(L|Q)),

where @ is a mixing random variable of the HPGGP with parameter set {\,v, k, o, I}, k > 1.
Now, for given @) = ¢, X;’s are i.i.d. random variables and follow the exponential distribution

with parameter g\. Then

M
E(LIQ=q)=FE (Z XilQ = q) = E(M)E(X1|Q =q) = (a(I - A)_IE);}\
i=1
and consequently,
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Hence, the result is proved. ]

Proof of Theorem 3.7: Let v; = (9§i),0§i),...,0£li)), i = 1,2. Then from Theorem 3.2

(i), we have
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and
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Clearly, both L; and Lo are mixtures of d random variables with the survival functions given
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k—v k=1 ox )\te(z)
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where the second equality follows from (2.2). Since egi) < e(i) < < eg), we get Fl(l)( t) >
Fz(l)(t)--- > F’(y)( t), i =1,2. Again, e( ) > e( ) implies F’ ( )( t) < F( )( t), for all j =1,2,...,d.
Moreover, we have that v1 >4 2. Then the result follows from Theorem 4.6 of ShOJaee et

O

al. [30].

Proof of Theorem 3.8: Now, for j = 1,2, we have
M 4 . M 4
=P (Z X7 > t) - [ (Z X7 >1Q; = q]) fo,(a)daj,  (A8)
i=1 0 i=1
where @); is the mixing random variable of the HPGGP with parameter set {\;, v, kj, a;,1;},

j =1,2. Note that, for given Q; = g;, the HPGGP with parameter set {\;,v;, kj, a;,1;} is the
same as the HPP with intensity ¢;)\;, 7 = 1,2. Then, from Corollary 3.1, we get

M
P (Z XY > 1Q; = (Jj> = aexp{—g;jAt(I — A)}e.
i=1
By using the above equality in (A8), we get
FLj (t) = E(aexp{—Q; \it(I — A)}e), j=1,2.
Again, note that a exp{—x(I — A)}e is decreasing in x > 0 and hence, for A\; < A9, we get

Fr,(t) = E(aexp{—Qi\t(I — A)}e)
> E(aexp{—Qi)at(I — A)}e). (A9)
Now, if Q2 >¢ @1 holds then aexp{—Qi1\ot(I — A)}e >4 aexp{—Q2X2t(I — A)}e (see The-
orem 1.A.3 (a) in Shaked and Shanthikumar [27]) and hence, E(aexp{—Qi 2t(I — A)}e) >
aexp{—Q2X\2t(I — A)}e . By combining this and (A9), we get
Fi,(t) > E(aexp{—QaXaot(I — A)}te) = F,(t)

provided that Q2 >4 @1 holds. Again, Q2 >4 Q1 follows provided that one of the following
conditions holds (see the proof of Proposition 5 in Cha and Mercier [7]).



o a1 = o, ko > ki and ko — k1 > v — vy
e o9 < oy and (041—Ozg—i—kg—k‘l—i-ljl—1/2)2—4<a1—a2)(k2—k1)SO;
e o <ajand ag —ags+ky—ki+v —1v9>0

Note that these conditions are given in the assumption and hence, the result is proved.



