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Proof of Lemma 3.3: Let ε = u+ iv, where u > 0 and i =
√
−1. Then∫ ∞

0
exp{−(εx+ 1)q}qn−1dq =

∫ ∞
0

qn−1 exp{−(1 + ux)q} exp{−ivxq}dq

=
1

(−2πi)n−1
F((−2πiq)n−1 exp{−(1 + ux)q}I0(q))(vx/2π)

=
1

(−2πi)n−1

dn−1

dsn−1
F(exp{−(1 + ux)q}I0(q))(s)

∣∣∣∣
s=vx/2π

=
1

(−2πi)n−1

dn−1

dsn−1

(
1

2πis+ (1 + ux)

)∣∣∣∣
s=vx/2π

= Γ(n)

(
1

2πis+ (1 + ux)

)n∣∣∣∣
s=vx/2π

= Γ(n)

(
1

ivx+ (1 + ux)

)n
= Γ(n)

(
1

1 + εx

)n
,

where the second equality follows from Definition 3.1 and Lemma 3.2 (ii); the third equality

follows from Lemma 3.2 (iii), and the fourth equality follows from Lemma 3.2 (i). Moreover,

the function I0(·) is the same as in Lemma 3.2 (i). �

Proof of Theorem 3.1 (i): Consider

F̄L(t) = P

(
M∑
i=1

Xi > t

)
=

∫ ∞
0

P

(
M∑
i=1

Xi > t|Q = q

)
fQ(q)dq, (A1)

∗Corresponding author, email: FinkelM@ufs.ac.za

1



where Q is the mixing distribution of the HPGGP. Note that, for given Q = q, the HPGGP

with the set of parameters {λ, ν, k, α, l} is the same as the HPP with intensity qλ. Then, from

Lemma 3.1, we get

P

(
M∑
i=1

Xi > t|Q = q

)
= a exp{−qλt(I −A)}e. (A2)

By using (A2) and (2.1) in (A1), we get

F̄L(t) =
αk−ν

Γν(k, αl)

∫ ∞
0

(a exp{−qλt(I −A)}e)
qk−1 exp{−αq}

(q + l)ν
dq. (A3)

It is given that I −A is in the Jordan normal form, i.e., I −A = P diag(J1,J2, . . . ,Jr)P−1,

for some r, with

Ji =



εi 1 0 . . . 0

0 εi 1 . . . 0

0 0 εi . . . 0
...

...
...

. . . 1

0 0 0 . . . εi


di×di

, εi > 0, i = 1, 2, . . . , r.

Moreover, the dimension of di is equal to the multiplicity of the eigenvalue εi that belongs to

this particular Jordan block, and
∑r

i=1 di = d. Therefore,

exp{−qλt(I −A)} = P diag(exp{−qλtJ1}, exp{−qλtJ2}, . . . , exp{−qλtJr})P−1, (A4)

where

exp{−qλtJi} =



exp{−qλtεi} −qλt exp{−qλtεi} . . . (−1)di−1(qλt)di−1

(di−1)! exp{−qλtεi}
0 exp{−qλtεi} . . . (−1)di−2(qλt)di−2

(di−2)! exp{−qλtεi}
0 0 . . . (−1)di−3(qλt)di−3

(di−3)! exp{−qλtεi}
...

...
. . .

...

0 0 . . . exp{−qλtεi}


di×di

,

for i = 1, 2, . . . , r. Again, from (2.2), we can write∫ ∞
0

exp{−q(λtεi + α)} q
n+k−1

(q + l)ν
dq =

Γν(n+ k, (λtεi + α)l)

(λtεi + α)k+n−ν ,
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for all i = 1, 2, . . . , r and n ∈ N ∪ {0}. Consequently,∫ ∞
0

exp{−qλtJi} exp{−qα} qk−1

(q + l)ν
dq

=


Γν(k,(λtεi+α)l)

(λtεi+α)k−ν
−λtΓν(k+1,(λtεi+α)l)

(λtεi+α)k+1−ν . . . (−λt)di−1Γν(k+di−1,(λtεi+α)l)

(di−1)!(λtεi+α)k+di−1−ν

0 Γν(k,(λtεi+α)l)
(λtεi+α)k−ν

. . . (−λt)di−2Γν(k+di−2,(λtεi+α)l)

(di−2)!(λtεi+α)k+di−2−ν

...
...

...
...

0 0 0 Γν(k,(λtεi+α)l)
(λtεi+α)k−ν


di×di

= Di(t), i = 1, 2, . . . , r. (A5)

Now, by using (A4) and (A5) in (A3), we get

F̄L(t) =

(
αk−ν

Γν(k, αl)

)
aP diag(D1(t),D2(t), . . . ,Dr(t))P

−1e

and hence, the result is proved. �

Proof of Theorem 3.1 (ii): By proceeding in the same line as in part (i), we get, from

Remark 2.2 (b), that

F̄L(t) =
1

Γ(β)

∫ ∞
0

(a exp{−(qt/b)(I −A)}e) qβ−1 exp{−q}dq, (A6)

where

exp{−(qt/b)(I −A)} = P diag(exp{−(qt/b)J1}, exp{−(qt/b)J2}, . . . , exp{−(qt/b)Jr})P−1

and

exp{−(qt/b)Ji} =


exp{−(qt/b)εi} −(qt/b) exp{−(qt/b)εi} . . . (−1)di−1(qt/b)di−1

(di−1)!
exp{−(qt/b)εi}

0 exp{−(qt/b)εi} . . . (−1)di−2(qt/b)di−2

(di−2)!
exp{−(qt/b)εi}

0 0 . . . (−1)di−3(qt/b)di−3

(di−3)!
exp{−(qt/b)εi}

...
...

. . .
...

0 0 . . . exp{−(qt/b)εi}


di×di

,

for i = 1, 2, . . . , r. Again, if β ∈ N, then we get, from Lemma 3.3, that∫ ∞
0

exp{−(εi(t/b) + 1)q}qn+β−1dq = Γ(β + n)

(
b

b+ εit

)β+n

,
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for all i = 1, 2, . . . , r and n ∈ N ∪ {0}. Consequently, we can write∫ ∞
0

exp{−(qt/b)Ji} exp{−q}qβ−1dq

=



Γ(β)
(

b
tεi+b

)β
−Γ(β + 1)

(
t

tεi+b

)(
b

tεi+b

)β
. . . Γ(β+di−1)

(di−1)!

(
−t
tεi+b

)di−1 (
b

tεi+b

)β
0 Γ(β)

(
b

tεi+b

)β
. . . Γ(β+di−2)

(di−2)!

(
−t
tεi+b

)di−2 (
b

tεi+b

)β
...

...
...

...

0 0 0 Γ(β)
(

b
tεi+b

)β


di×di

,

= D̃i(t), i = 1, 2, . . . , r.

On using the above equality in (A6), we get

F̄L(t) =
1

Γ(β)
P diag(D̃1(t), D̃2(t), . . . , D̃r(t))P

−1e

and hence, the result is proved for β ∈ N. Now, if Im(εi) = 0, then εi is real and positive for

all i = 1, 2, . . . , r. Then, by using part (i) and Remark 2.2 (b), we get the required result. �

Proof of Theorem 3.2: Let C1,C2, . . . ,Cd be the column vectors of the matrix P , and

R1,R2, . . . ,Rd be the row vectors of the matrix P−1. Then we can write

P =
(
C1 C2 . . . Cd

)
and P−1 =


R1

R2

...

Rd

 .

Now,

aPD(t)P−1e = a
(
C1 C2 . . . Cd

)
D(t)


R1

R2

...

Rd

 e

=
(
aC1 . . . aCd

)
diag

(
Γν(k, (λtε1 + α)l)

(λtε1 + α)k−ν
, . . . ,

Γν(k, (λtεd + α)l)

(λtεd + α)k−ν

)
R1e

...

Rde


=

d∑
i=1

(
Γν(k, (λtεi + α)l)

(λtεi + α)k−ν

)
(aCiRie) =

d∑
i=1

ci

(
Γν(k, (λtεi + α)l)

(λtεi + α)k−ν

)
,

where ci = aCiRie. Then, from Corollary 3.1, we get

F̄L(t) =
d∑
i=1

ci

(
α

λtεi + α

)k−ν Γν(k, (λtεi + α)l)

Γν(k, αl)
.
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Since all eigenvalues of I−A are real, all entries of P are also real. Hence, ci is a real constant,

for all i = 1, 2, 3, . . . , d. Further,

d∑
i=1

ci =
d∑
i=1

aCiRie = a
(
C1 C2 . . . Cd

)

R1

R2

...

Rd

 e = aPP−1e = 1.

Hence, the result is proved. �

Proof of Theorem 3.3: From (3.1), we get

fL(t) = −
(

αk−ν

Γν(k, αl)

)
aP diag(D′1(t),D

′
2(t), . . . ,D

′
r(t))P

−1e,

where D′i(t) = d
dt(Di(t)), for all i = 1, 2, . . . , r. By using (2.2), we get, for every n ∈ N ∪ {0},

d

dt

(
(λt)nΓν(k + n, (λtεi + α)l)

(λtεi + α)k+n−ν

)
=

d

dt

(
(λt)n

∫ ∞
0

qk+n−1 exp{−(λtεi + α)q}
(q + l)ν

dq

)
= −λεi(λt)n

∫ ∞
0

qk+n exp{−(λtεi + α)q}
(q + l)ν

dq

+(nλ)
Γν(k + n, (λtεi + α)l)

(λtεi + α)k+n−ν (λt)n−1

= −λεi(λt)n
Γν(k + n+ 1, (λtεi + α)l)

(λtεi + α)k+n+1−ν

+(nλ)
Γν(k + n, (λtεi + α)l)

(λtεi + α)k+n−ν (λt)n−1.

Consequently,

D′i(t) = −λ(Ei(t)− Si(t)),

where

Ei(t) =


εiΓν(k+1,(λtεi+α)l)

(λtεi+α)k+1−ν
−λtεiΓν(k+2,(λtεi+α)l)

(λtεi+α)k+2−ν . . . (−λt)di−1εiΓν(k+di,(λtεi+α)l)

(di−1)!(λtεi+α)k+di−ν

0 εiΓν(k+1,(λtεi+α)l)
(λtεi+α)k+1−ν . . . (−λt)di−2εiΓν(k+di−1,(λtεi+α)l)

(di−2)!(λtεi+α)k+di−1−ν

...
...

...
...

0 0 0 εiΓν(k+1,(λtεi+α)l)
(λtεi+α)k+1−ν


and

Si(t) =


0 −Γν(k+1,(λtεi+α)l)

(λtεi+α)k+1−ν . . . −(−λt)di−2Γν(k+di−1,(λtεi+α)l)

(di−2)!(λtεi+α)k+di−1−ν

0 0 . . . −(−λt)di−3Γν(k+di−2,(λtεi+α)l)

(di−3)!(λtεi+α)k+di−2−ν

...
...

...
...

0 0 0 0

 ,
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i = 1, 2, . . . , r. Finally, the result follows from the fact that rL(t) = fL(t)/F̄L(t). Hence, the

result is proved. �

Proof of Theorem 3.4: From Theorem 3.2 (ii), we get

rL(t) = β

∑d
i=1 giεi

(
1

tεi+b

)β+1

∑d
i=1 gi

(
1

tεi+b

)β = β

d∑
i=1

giεi


(

1
tεi+b

)β+1

∑d
j=1 gj

(
1

tεj+b

)β


= β

d∑
i=1

giεi

 1∑d
j=1 gj

(
tεi+b
tεj+b

)β
(tεi + b)

 .

Taking limit t→∞ on both sides of the above expression, we get limt→∞ rL(t) = 0. �

Proof of Theorem 3.5: We have

E(L− t|L > t) =
1

F̄L(t)

∫ ∞
t

F̄L(x)dx.

For any n ∈ N ∪ {0}, we get∫ ∞
t

(λx)nΓν(k + n, (α+ λxεi)l)

(α+ λxεi)n+k−ν dx

=

∫ ∞
t

∫ ∞
0

(λx)nqk+n−1 exp{−(λxεi + α)q}
(q + l)ν

dqdx

=

∫ ∞
0

λnqk+n−1 exp{−αq}
(q + l)ν

(∫ ∞
t

xn exp{−λxεiq}dx
)
dq

=
(λt)n

λεi

∫ ∞
0

qk+n−2 exp{−(λtεi + α)q}
(q + l)ν

dq

+
(λt)n

λεi

n∑
i=1

n(n− 1) . . . (n− i+ 1)

(λtεi)i

∫ ∞
0

qk+n−i−2 exp{−(λtεi + α)q}
(q + l)ν

dq

=
(λt)nΓν(k + n− 1, (α+ λtεi)l)

λεi(α+ λtεi)n+k−ν−1

+
(λt)n

λεi

n∑
i=1

n(n− 1) . . . (n− i+ 1)

(λtεi)i
Γν(n+ k − i− 1, (α+ λtεi)l)

(α+ λtεi)n+k−ν−i−1

= φ(n, t, εi), (A7)

where the first equality follows from (2.2), and the third equality follows from the fact that∫ ∞
t

xn exp{−λxεiq}dx =
exp{−tεiqλ}

(λεiq)n+1

[
(tλεiq)

n +

n∑
i=1

n(n− 1) . . . (n− i+ 1)(tλεiq)
n−i

]
.

On using (A7), we get∫ ∞
t

F̄L(x)dx =

(
αk−ν

Γν(k, αl)

)
aP

(∫ ∞
t

diag(D1(t),D2(t), . . . ,Dr(t))dx

)
P−1e
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=

(
αk−ν

Γν(k, αl)

)
aP diag(R1(t),R2(t), . . . ,Rr(t))P

−1e,

where

Ri(t) =


∫∞
t

(
Γν(k,(λxεi+α)l)

(λxεi+α)k−ν

)
dx

∫∞
t

(
−λxΓν(k+1,(λxεi+α)l)

(λxεi+α)k+1−ν

)
dx . . .

∫∞
t

(
(−λx)di−1Γν(k+di−1,(λxεi+α)l)

(di−1)!(λxεi+α)k+di−1−ν

)
dx

0
∫∞
t

(
Γν(k,(λxεi+α)l)

(λxεi+α)k−ν

)
dx . . .

∫∞
t

(
(−λx)di−2Γν(k+di−2,(λxεi+α)l)

(di−2)!(λxεi+α)k+di−2−ν

)
dx

...
...

...
...

0 0 0
∫∞
t

(
Γν(k,(λxεi+α)l)

(λxεi+α)k−ν

)
dx


di×di

=


φ(0, t, εi) −φ(1, t, εi) . . . (−1)di−1φ(di−1,t,εi)

(di−1)!

0 φ(0, t, εi) . . . (−1)di−2φ(di−2,t,εi)
(di−2)!

...
...

...
...

0 0 0 φ(0, t, εi)


di×di

,

i = 1, 2, . . . , r. Hence, the result is proved. �

Proof of Theorem 3.6: We have

E(L) = E(E(L|Q)),

where Q is a mixing random variable of the HPGGP with parameter set {λ, ν, k, α, l}, k > 1.

Now, for given Q = q, Xi’s are i.i.d. random variables and follow the exponential distribution

with parameter qλ. Then

E(L|Q = q) = E

(
M∑
i=1

Xi|Q = q

)
= E(M)E(X1|Q = q) = (a(I −A)−1e)

1

qλ

and consequently,

E(L) =
(a(I −A)−1e)

λ
E

(
1

Q

)
=

(a(I −A)−1e)

λ

∫ ∞
0

αk−ν

Γν(k, αl)

qk−2 exp{−αq}
(q + l)ν

dq

=
α(a(I −A)−1e)

λ

Γν(k − 1, αl)

Γν(k, αl)
.

Hence, the result is proved. �

Proof of Theorem 3.7: Let γi = (θ
(i)
1 , θ

(i)
2 , . . . , θ

(i)
d ), i = 1, 2. Then from Theorem 3.2

(i), we have

F̄L1(t) =

(
αk−ν

Γν(k, αl)

) d∑
j=1

θ
(1)
j Γν(k, (λtε

(1)
j + α)l)

(λtε
(1)
j + α)k−ν
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and

F̄L2(t) =

(
αk−ν

Γν(k, αl)

) d∑
i=1

θ
(2)
j Γν(k, (λtε

(2)
j + α)l)

(λtε
(2)
j + α)k−ν

.

Clearly, both L1 and L2 are mixtures of d random variables with the survival functions given

by

F̄
(i)
j (t) =

(
αk−ν

Γν(k, αl)

)
Γν(k, (λtε

(i)
j + α)l)

(λtε
(i)
j + α)k−ν

=

(
αk−ν

Γν(k, αl)

)∫ ∞
0

qk−1 exp{−(λtε
(i)
j + α)q}

(q + l)ν
dq, j = 1, 2, . . . , d,

where the second equality follows from (2.2). Since ε
(i)
1 ≤ ε

(i)
2 ≤ · · · ≤ ε

(i)
d , we get F̄

(i)
1 (t) ≥

F̄
(i)
2 (t) · · · ≥ F̄

(i)
d (t), i = 1, 2. Again, ε

(1)
j ≥ ε

(2)
j implies F̄

(1)
j (t) ≤ F̄

(2)
j (t), for all j = 1, 2, . . . , d.

Moreover, we have that γ1 ≥st γ2. Then the result follows from Theorem 4.6 of Shojaee et

al. [30]. �

Proof of Theorem 3.8: Now, for j = 1, 2, we have

F̄Lj (t) = P

(
M∑
i=1

X
(j)
i > t

)
=

∫ ∞
0

P

(
M∑
i=1

X
(j)
i > t|Qj = qj

)
fQj (qj)dqj , (A8)

where Qj is the mixing random variable of the HPGGP with parameter set {λj , νj , kj , αj , lj},
j = 1, 2. Note that, for given Qj = qj , the HPGGP with parameter set {λj , νj , kj , αj , lj} is the

same as the HPP with intensity qjλj , j = 1, 2. Then, from Corollary 3.1, we get

P

(
M∑
i=1

X
(j)
i > t|Qj = qj

)
= a exp{−qjλjt(I −A)}e.

By using the above equality in (A8), we get

F̄Lj (t) = E(a exp{−Qjλjt(I −A)}e), j = 1, 2.

Again, note that a exp{−x(I −A)}e is decreasing in x > 0 and hence, for λ1 ≤ λ2, we get

F̄L1(t) = E(a exp{−Q1λ1t(I −A)}e)

≥ E(a exp{−Q1λ2t(I −A)}e). (A9)

Now, if Q2 ≥st Q1 holds then a exp{−Q1λ2t(I −A)}e ≥st a exp{−Q2λ2t(I −A)}e (see The-

orem 1.A.3 (a) in Shaked and Shanthikumar [27]) and hence, E(a exp{−Q1λ2t(I − A)}e) ≥
a exp{−Q2λ2t(I −A)}e . By combining this and (A9), we get

F̄L1(t) ≥ E(a exp{−Q2λ2t(I −A)}e) = F̄L2(t)

provided that Q2 ≥st Q1 holds. Again, Q2 ≥st Q1 follows provided that one of the following

conditions holds (see the proof of Proposition 5 in Cha and Mercier [7]).
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• α1 = α2, k2 ≥ k1 and k2 − k1 ≥ ν2 − ν1;

• α2 < α1 and (α1 − α2 + k2 − k1 + ν1 − ν2)2 − 4(α1 − α2)(k2 − k1) ≤ 0;

• α2 < α1 and α1 − α2 + k2 − k1 + ν1 − ν2 ≥ 0

Note that these conditions are given in the assumption and hence, the result is proved. �
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