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1 Notation for Proofs

For given real-valued functions l and u, we define the bracket [l, u] as the
set of all functions f such that l ≤ f ≤ u. We call a bracket [l, u] an ε-
bracket if d(l, u) < ε for a given constant ε > 0 and a (semi-)metric d. For a
given class of real-valued functions F , the bracketing number N[ ](ε,F , d) is
the minimal number of ε-brackets which is needed to cover F . The covering
number N(ε,F , d) is the minimal number of ε-balls, {g : d(f, g) < ε}, which is
needed to cover F .

For given constant ε > 0, the class of real-valued functions F on Rp × R
and the data Dn = {(Y1, x1), . . . , (Yn, xn)}, we denote Nn

[ ](ε,F) as the minimal

number of partition {F1, . . . ,FN} of F such that

sup
1≤j≤N

1

n

n∑
i=1

Eθ0,η0

[
sup
f,g∈Fj

|f(xi, Yi)− g(xi, Yi)|2
]
≤ ε2.

We define the set of density functions

Hmix :=

{
η(·) =

∫
φσ(· − z)dF(z) : σ > 0, F ∈M[−C ′n,C ′n]

}
(1.1)

for the constant C ′ > 0 used in (??). Recall that F = (F + F−)/2, dF−(z) =
dF (−z) and φσ(z) = (

√
2πσ)−1 exp{−z2/(2σ2)}, for any z ∈ R.
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2 Proofs for Posterior Convergence Rates

Lemma 1 Assume that the prior conditions (2)-(8) hold and η0 satisfies
(D1)-(D4). If log p ≤ n2, then there exists a constant Clower > 0 not depending
on (n, p) such that the Pθ0,η0-probability of the event∫

Θ×Hmix

Rn(θ, η)dΠ(θ, η)

≥ exp
[
Clower{log πp(s0)− s0 log p− λ‖θ0‖1 − nε̃2n}

]
(2.2)

converges to 1 as n → ∞, where ε̃n = n−β/(2β+κ∗)(log n)t0 and t0 = {κ∗(1 +
τ−1 + β−1) + 1}/(2 + κ∗β−1).

Proof Let σ̃β0n = ε̃n(log(1/ε̃n))−1, and define

H̃n :=
{
η ∈ Hmix : Eη0 (log η0/η) ≤ Aε̃2n, Eη0 (log η0/η)

2 ≤ Aε̃2n, (2.3)

σ−2 ≤ σ̃−2
0n (1 + σ̃2β

0n)
}
,

for some constant A > 0, and

Θ̃n :=
{
θ ∈ Θ : ‖θ − θ0‖1 ≤ n−5, Sθ = S0

}
.

Note that∫
Θ×Hmix

Rn(θ, η)dΠ(θ, η) ≥
∫
Θ̃n×H̃n

Rn(θ, η)dΠ(θ, η)

=

∫
Θ̃n×H̃n

Rn(θ, η)dΠ̃(θ, η) ·Π(Θ̃n × H̃n),

where Π̃ = Π |Θ̃n×H̃n is the restricted and renormalized prior on Θ̃n × H̃n,

that is, Π̃(·) = Π(· ∩ Θ̃n × H̃n)/Π(Θ̃n × H̃n). We will show that

Π(Θ̃n × H̃n) ≥ exp
[
C̃1

(
log πp(s0)− s0 log p− λ‖θ0‖1 − nε̃2n

)]
(2.4)

for some constant C̃1 > 0 and all sufficiently large n, and

Pθ0,η0
(∫

Θ̃n×H̃n
Rn(θ, η)dΠ̃(θ, η) ≤ exp(−C̃2nε̃

2
n)

)
≤ 2(A+M2)

(C̃2 −A− 2M)2nε̃2n
(2.5)

for some constant C̃2 > A+ 2M . Then, (2.4) and (2.5) complete the proof by
taking Clower = (C̃1 ∨ C̃2).

To obtain inequality (2.4), because Π(Θ̃n × H̃n) = ΠΘ(Θ̃n)ΠH(H̃n), we

derive lower bounds for ΠΘ(Θ̃n) and ΠH(H̃n) separately. By Lemma 2, we
have

ΠH(H̃n) ≥ exp(−CHnε̃2n) (2.6)
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for all sufficiently large n and some constant CH > 0 not depending on (n, p).
By the definition of ΠΘ, we have

ΠΘ(Θ̃n) =

∫
Θ̃n

dΠΘ(θ) = πp(s0)

(
p

s0

)−1 ∫
Θ̃n

gS0(θS0)dθS0

and ∫
Θ̃n

gS0(θS0)dθS0

≥ e−λ‖θ0‖1
∫
Θ̃n

gS0(θS0 − θ0,S0)dθS0

= e−λ‖θ0‖1
∫
Θ̃n

(
λ

2

)s0
e−λ‖θS0−θ0,S0‖1dθS0

≥ e−λ‖θ0‖1
(
λ

2

)s0
e−λn

−5

∫
{θS0∈Rs0 :‖θS0−θ0,S0‖2≤(s0n10)−1/2}

dθS0

≥ e−λ‖θ0‖1
(
λ

2

)s0
e−λn

−1/2 πs0/2

Γ (s0/2 + 1)
(s0n

10)−s0/2.

Thus, the lower bound for ΠΘ(Θ̃n) is given by

ΠΘ(Θ̃n)

≥ πp(s0)

(
p

s0

)−1

e−λ‖θ0‖1−λn
−1/2

(
λ
√
π

2
√
s0n5

)s0 1

Γ (s0/2 + 1)

≥ πp(s0)p−s0Γ (s0 + 1)e−λ‖θ0‖1−
√

log p

(√
π
√
n/p

2
√
s0n5

)s0 1

Γ (s0/2 + 1)

≥ exp
{

log πp(s0)− s0 log p− λ‖θ0‖1 −
√

log p
}( 1
√
s0n5p

)s0
≥ exp

{
log πp(s0)− s0 log p− λ‖θ0‖1 −

1

2
s0 log p− s0 log(

√
s0n

5p)

}
≥ exp

[
8
{

log πp(s0)− s0 log p− λ‖θ0‖1
}]

for all sufficiently large n because we assume p ≥ n. Thus,

Π(Θ̃n × H̃n)

= ΠΘ(Θ̃n)ΠH(H̃n)

≥ exp
[
8
{

log πp(s0)− s0 log p− λ‖θ0‖1
}]

exp(−CHnε̃2n)

≥ exp
[
(8 ∨ CH)

{
log πp(s0)− s0 log p− λ‖θ0‖1 − nε̃2n

}]
,

which implies (2.4) by taking C̃1 = (8 ∨ CH).
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By the Jensen’s inequality,

Pθ0,η0
(∫

Θ̃n×H̃n
Rn(θ, η)dΠ̃(θ, η) ≤ exp(−C̃2nε̃

2
n)

)
≤ Pθ0,η0

(∫
Θ̃n×H̃n

n∑
i=1

{
log

η(Yi − xTi θ)
η0(Yi − xTi θ0)

}
dΠ̃(θ, η) ≤ −C̃2nε̃

2
n

)
= Pθ0,η0

(√
n(P̃n − P0) ≤ −C̃2

√
nε̃2n −

√
nP0

)
, (2.7)

where P̃n := n−1
∑n
i=1

∫
Θ̃n×H̃n log[η(Yi − xTi θ)/η0(Yi − xTi θ0)]dΠ̃(θ, η) and

P0 := Eθ0,η0 [P̃n]. Note that

−P0 ≤ max
i

Eθ0,η0
[∫

Θ̃n×H̃n
log

η0(Yi − xTi θ0)

η(Yi − xTi θ)
dΠ̃(θ, η)

]
= max

i

∫
Θ̃n×H̃n

Eθ0,η0
(

log
η0(Yi − xTi θ0)

η(Yi − xTi θ)

)
dΠ̃(θ, η)

= max
i

∫
Θ̃n×H̃n

Eθ0,η0
(

log
η0(Yi − xTi θ0)

η(Yi − xTi θ0)
+ log

η(Yi − xTi θ0)

η(Yi − xTi θ)

)
dΠ̃(θ, η)

≤ Aε̃2n + max
i

∫
Θ̃n×H̃n

∫
log

η(yi − xTi θ0)

η(yi − xTi θ)
η0(yi − xTi θ0) dyi dΠ̃(θ, η)

and

∫
log

η(y − xT θ0)

η(y − xT θ)
η0(y − xT θ0)dy

≤ |xT (θ − θ0)|
∫
| ˙̀η(y − xT θ0 + txT (θ0 − θ))|η0(y − xT θ0)dy (2.8)

for some t ∈ [0, 1] by the mean value theorem. Note that for any y ∈ R,

sup
η∈H̃n

| ˙̀η(y)| ≤ sup
η∈H̃n

1
σ2

∫
|y − z|φσ(y − z)dF(z)∫
φσ(y − z)dF(z)

≤ sup
η∈H̃n

1

σ2
(|y|+ C ′n)

≤ σ̃−2
0n (1 + σ̃2β

0n)(|y|+ C ′n)

≤ n2(|y|+ n)

for all sufficiently large n. The above supremum is essentially taken over (F, σ)
satisfying (2.3) because of definitions of (1.1) and (2.3). Thus, the right hand
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side of (2.8) is bounded above by

M
√

log p ‖θ − θ0‖1
∫
n2
(
|y − xT θ0|+ |xT (θ − θ0)|+ n

)
η0(y − xT θ0)dy

≤ M
√

log p ‖θ − θ0‖1n2

×
{∫
|y − xT θ0|η0(y − xT θ0)dy +M

√
log p‖θ − θ0‖1 + n

}
≤ 2M

√
log p n−2 ≤ 2Mn−1

for all sufficiently large n on Θ̃n×H̃n, because we assume condition (D2) and
log p ≤ n2. Therefore, (2.7) is bounded above by

Pθ0,η0
(√

n(P̃n − P0) ≤ −C̃2

√
nε̃2n +

√
n(Aε̃2n + 2Mn−1)

)
≤ Pθ0,η0

(√
n(P̃n − P0) ≤ −(C̃2 −A− 2M)

√
nε̃2n

)
≤ 1

(C̃2 −A− 2M)2nε̃4n

×max
i

Varθ0,η0

[∫
Θ̃n×H̃n

log η(Yi − xTi θ)− log η0(Yi − xTi θ0)dΠ̃(θ, η)

]
≤ 1

(C̃2 −A− 2M)2nε̃4n

×max
i

Eθ0,η0
[∫

Θ̃n×H̃n

(
log η(Yi − xTi θ)− log η0(Yi − xTi θ0)

)
dΠ̃(θ, η)

]2

≤ 1

(C̃2 −A− 2M)2nε̃4n

×max
i

Eθ0,η0
[∫

Θ̃n×H̃n

(
log η(Yi − xTi θ)− log η0(Yi − xTi θ0)

)2
dΠ̃(θ, η)

]
=

1

(C̃2 −A− 2M)2nε̃4n
max
i

∫
Θ̃n×H̃n

Eθ0,η0
(

log
η0(Yi − xTi θ0)

η(Yi − xTi θ)

)2

dΠ̃(θ, η)

for all sufficiently large n and any constant C̃2 > A + 2M . The second and
fourth inequalities follow from the Chebyshev’s inequality and Jensen’s in-
equality, respectively. Note that

Eθ0,η0
(

log
η0(Yi − xTi θ0)

η(Yi − xTi θ)

)2

≤ 2Eθ0,η0
(

log
η0(Yi − xTi θ0)

η(Yi − xTi θ0)

)2

+ 2Eθ0,η0
(

log
η(Yi − xTi θ0)

η(Yi − xTi θ)

)2

≤ 2Aε̃2n + 2Eθ0,η0
(

log
η(Yi − xTi θ0)

η(Yi − xTi θ)

)2
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and ∫ (
log

η(y − xT θ0)

η(y − xT θ)

)2

η0(y − xT θ0)dy

≤ {xT (θ − θ0)}2
∫ ∣∣ ˙̀

η(y − xT θ0 + txT (θ0 − θ))
∣∣2η0(y − xT θ0)dy

≤ M2 log p‖θ − θ0‖21n4
{∫

2y2η0(y)dy + 4M2 log p‖θ − θ0‖21 + 4n2
}

≤ M2n−1

for all sufficiently large n on Θ̃n × H̃n. Thus, we have

Pθ0,η0
(∫

Θ̃n×H̃n
Rn(θ, η)dΠ̃(θ, η) ≤ exp(−C̃2nε̃

2
n)

)
≤ 2(A+M2)

(C̃2 −A− 2M)2nε̃2n

for all sufficiently large n, which completes the proof. �

Lemma 2 Under the conditions in Lemma 1,

ΠH(H̃n) ≥ exp(−CHnε̃2n),

for some constant CH > 0 not depending on (n, p), where H̃n and ε̃n are
defined at (2.3) and Lemma 1, respectively.

Proof We closely follow the steps in the proof of Theorem 4 in ?. We consider
the univariate density case while the original proof in ? considers d-dimensional
case.

By Proposition 1 in ?, there exist constants δ, s0, a0, B0 and K0 not de-
pending on (n, p) such that

dH(η0,Kσh̃σ) ≤ K0σ
β (2.9)

and

Pθ0,η0(Ecσ) ≤ B0σ
4β+2ν+8

for any σ ∈ (0, s0), where Kσh̃σ =
∫
φσ(x − z)h̃σ(z)dz, h̃σ is a probability

density function with support inside (−aσ, aσ), aσ = a0{log(1/σ)}τ and Eσ :=
{x ∈ R : η0(x) ≥ σ(4β+2ν+8)/δ} ⊂ {x ∈ R : |x| ≤ aσ}. Fix b1 > {1 ∨ 1/(2β)}
such that ε̃b1n {log(1/ε̃n)}5/4 ≤ ε̃n. Let Sσ̃0n

= {σ > 0 : σ−2 ∈ [σ̃−2
0n , σ̃

−2
0n (1 +

σ̃2β
0n)]}, where σ̃0n = ε̃

1/β
n {log(1/ε̃n)}−1/β . Suppose that σ ∈ Sσ̃0n .

By Corollary B1 in ?, there exists a probability measure Fσ =
∑N
j=1 pjδzj

satisfying

dH(Kσh̃σ, ηFσ,σ) ≤ Ã1ε̃
b1
n {log(1/ε̃n)}1/4, (2.10)

where N ≤ D0σ
−1{log(1/σ)}1/τ log(1/ε̃n), zi ∈ [−aσ, aσ] (i = 1, . . . , n) and

mini 6=j |zi − zj | ≥ σε̃2b1n , for some universal constants Ã1 and D0 > 0. Note
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that N ≤ D0σ
−1{log(1/σ)}1/τ log(1/ε̃n) ≤ D1σ

−1{log(1/ε̃n)}1+1/τ for some
universal constant D1 > 0.

Let Uj = {x ∈ R : |x − zj | ≤ σε̃2b1n /4} for all j = 1, . . . , N . Then, one can
choose UN+1, . . . , UK such that (i) {U1, . . . , UK} is a partition of [−aσ, aσ],
(ii) each Uj (j = N + 1, . . . ,K) has a diameter at most σ and (iii) K ≤
D2σ

−1{log(1/ε̃n)}1+1/τ for some universal constant D2 > 0. Furthermore,
one can extend this to a partition {U1, . . . , UM} of [−C ′n,C ′n] such that

M ≤ D′2σ−1{log(1/ε̃n)}1+1/τ ≤ D′2ε̃
−1/β
n {log(1/ε̃n)}1+1/τ+1/β and D3σε̃

2b1
n ≤

α(Uj) ≤ 1 for all j = 1, . . . ,M and for some universal constants D′2 and D3 > 0
because of the continuity and positivity of α.

Let pj = 0 for all j = N + 1, . . . ,M . Define Pσ̃0n as the set of probability
measures F on [−C ′n,C ′n] such that

M∑
j=1

|F (Uj)− pj | ≤ 2ε̃2b1n and min
1≤j≤M

F (Uj) ≥
1

2
ε̃4b1n .

Then, we have ε̃2b1n M ≤ D′2ε̃
2b1−1/β
n {log(1/ε̃n)}1+1/τ+1/β ≤ 1 and min1≤j≤M

α(Uj) ≥ D3σε̃
2b1
n ≥ D3ε̃

4b1
n for all large n. By Lemma 10 in ?,

π(Pσ̃0n) ≥ C1 exp
{
− c1M log(1/ε̃n)

}
≥ C1 exp

[
− c1D′2ε̃−1/β

n {log(1/ε̃n)}2+1/τ+1/β
]

for some universal constants C1 and c1 > 0. In fact, C1 = Γ (α([−C ′n,C ′n])),
but it can be replaced with a universal constant not depending on n by con-
sidering Γ (α([−C ′n,C ′n])) ≥ Γ (α([−C ′, C ′])) =: C1. Also note that, by (??),

π(Sσ̃0n) ≥ a6σ̃
−2a4
0n σ̃2βa5

0n exp(−C ′′σ̃2β
0n)

≥ D4 exp
[
−D5ε̃

−κ/β
n {log(1/ε̃n)}κ/β

]
for some universal constant D4 > 0 and some constant D5 > 0 depending only
on C ′′ > 0 in (??). Therefore, by Lemma B1 in ? with Vj = Uj for j = 1, . . . , N
and V0 = ∪Mj=N+1Uj , we have

dH(ηFσ,σ, ηF,σ) ≤ Ã2ε̃
b1
n (2.11)

for any F ∈ Pσ̃0n
, σ ∈ Sσ̃0n

and some constant Ã2 > 0 not depending on
(n, p). Thus, by (2.9)–(2.11),

dH(η0, ηF,σ) ≤ Ã3σ̃
β
0n
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for any F ∈ Pσ̃0n , σ ∈ Sσ̃0n and some constant Ã3 > 0 not depending on
(n, p). Note that d2

H(η0, ηF,σ) = d2
H(η0, ηF−,σ) due to condition (D4) and

d2
H(η0, ηF̄ ,σ) =

∫ (√
η0 −

√
ηF̄ ,σ

)2
dµ

=

∫ (√
η0 −

√
(ηF,σ + ηF−,σ)/2

)2
dµ

=

∫
|√η0−

√
ηF,σ|>|

√
η0−
√
ηF−,σ|

(√
η0 −

√
(ηF,σ + ηF−,σ)/2

)2
dµ

+

∫
|√η0−

√
ηF,σ|≤|

√
η0−
√
ηF−,σ|

(√
η0 −

√
(ηF,σ + ηF−,σ)/2

)2
dµ

≤
∫
|√η0−

√
ηF,σ|>|

√
η0−
√
ηF−,σ|

(√
η0 −

√
ηF,σ

)2
dµ

+

∫
|√η0−

√
ηF,σ|≤|

√
η0−
√
ηF−,σ|

(√
η0 −

√
ηF−,σ

)2
dµ

≤ d2
H(η0, ηF,σ) + d2

H(η0, ηF−,σ) = 2d2
H(η0, ηF,σ).

Therefore, we have

dH(η0, ηF̄ ,σ) ≤
√

2Ã3σ̃
β
0n

for any F ∈ Pσ̃0n and σ ∈ Sσ̃0n .

Note that for any F ∈ Pσ̃0n
, σ ∈ Sσ̃0n

and x ∈ [−aσ, aσ],

ηF̄ ,σ(x)

η0(x)
≥ {sup

t∈R
η0(t)}−1(2πσ̃2

0n)−1/2

∫
exp

{
− (x− z)2

2σ̃2
0n

}
dF̄ (z)

≥ K1σ̃
−1
0n {F (UJ(x)) ∧ F (UJ(−x))} ≥

K1

2
σ̃−1

0n ε̃
4b1

for some universal constant K1 > 0, where J(x) is the index j ∈ {1, . . . ,M}
for which x ∈ Uj . On the other hand, for any F ∈ Pσ̃0n , σ ∈ Sσ̃0n and
x /∈ [−aσ, aσ],

ηF̄ ,σ(x)

η0(x)
≥ K1σ̃

−1
0n

∫
|z|≤aσ

exp
{
− (x− z)2

2σ̃2
0n

}
dF̄ (z)

≥ K1σ̃
−1
0n exp

(
− 2x2

σ̃2
0n

)
F
(
Z : |Z| ≤ aσ

)
≥ K1σ̃

−1
0n exp

(
− 2x2

σ̃2
0n

)
(1− 2ε̃2b1n )

≥ K1

2
σ̃−1

0n exp
(
− 2x2

σ̃2
0n

)
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for all large n. The third inequality holds because F ∈ Pσ̃0n . Define ϑ =
σ̃−1

0n ε̃
4b1
n K1/2, then log(1/ϑ) ≤ K2 log(1/ε̃n) for some constant K2 > 0 de-

pending only on b1. Then, for any F ∈ Pσ̃0n
and σ ∈ Sσ̃0n

,

Eη0
[{

log
( η0

ηF̄ ,σ

)}2

I
(ηF̄ ,σ
η0
≤ ϑ

)]
≤
∫
|x|>aσ̃0n

{
log
( η0(x)

ηF̄ ,σ(x)

)}2

η0(x)dx

≤
∫
|x|>aσ̃0n

[
log
{2σ̃0n

K1
exp

(2x2

σ̃2
0n

)}]2
η0(x)dx

≤ K3

σ̃4
0n

∫
|x|>aσ̃0n

x4η0(x)dx

≤ K3

σ̃4
0n

(
Eη0X8

)1/2

Pη0(Ecσ̃0n
)

≤ K4σ̃
2β+ν
0n

for some constants K3 and K4 > 0 not depending on (n, p) by construction of
Eσ̃0n

. Since ϑ < e−1, it implies that

Eη0
{

log
( η0

ηF̄ ,σ

)
I
(ηF̄ ,σ
η0
≤ ϑ

)}
≤ K4σ̃

2β+ν
0n .

Therefore, by Lemma B2 in ?, for any F ∈ Pσ̃0n
and σ ∈ Sσ̃0n

,

Eη0
{

log
( η0

ηF̄ ,σ

)}
≤ d2

H(η0, ηF̄ ,σ)
{

1 + 2 log(1/ϑ)
}

+ 2Eη0
{

log
( η0

ηF̄ ,σ

)
I
(ηF̄ ,σ
η0
≤ ϑ

)}
≤ 2Ã2

3σ̃
2β
0n{1 + 2K2 log(1/ε̃n)}+ 2K4σ̃

2β+ν
0n

≤ 2Ã2
3(12 + 2K2

2 )ε̃2n

and

Eη0
{

log
( η0

ηF̄ ,σ

)}2

≤ d2
H(η0, ηF̄ ,σ)

[
12 + 2

{
log(1/ϑ)

}2]
+ 8Eη0

[{
log
( η0

ηF̄ ,σ

)}2

I
(ηF̄ ,σ
η0
≤ ϑ

)]
≤ 2Ã2

3σ̃
2β
0n

[
12 + 2K2

2{log(1/ε̃n)}
]

+ 8K4σ̃
2β+ν
0n

≤ 2Ã2
3(12 +K2

2 )ε̃2n.
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Thus, by taking A = 2Ã2
3(12 + 2K2

2 ) in H̃n defined at (2.3), we have

ΠH(H̃n)

≥ ΠH
(
(F, σ) : F ∈ Pσ̃0n

, σ ∈ Sσ̃0n

)
≥ C1D4 exp

[
− c1D′2ε̃−1/β

n {log(1/ε̃n)}2+1/τ+1/β −D5ε̃
−κ/β
n {log(1/ε̃n)}κ/β

]
≥ C1D4 exp

[
− (c1D

′
2 ∨D5)ε̃κ

∗/β
n {log(1/ε̃n)}2+1/τ+κ∗/β

]
≥ exp

{
− (c1D

′
2 ∨D5)nε̃2n

}
for all large n and some constants c1, D

′
2 and D5 > 0 not depending on (n, p).

By taking CH = (c1D
′
2 ∨D5), it completes the proof. �

Proof (Proof of Theorem ??) Suppose λ‖θ0‖1 ≤ Cλs0 log p for some constant
Cλ > 0. Let B := {(θ, η) : sθ ≥ R} for some R > s0 and En be the event (2.2),
then we have

Eθ0,η0Π(B | Dn)

≤ Eθ0,η0 [Π(B | Dn)IEn ] + Pθ0,η0(Ecn)

≤ Eθ0,η0
[∫

B
Rn(θ, η)dΠ(θ, η)∫
Rn(θ, η)dΠ(θ, η)

IEn

]
+ o(1)

≤ exp
[
Clower

{
− log πp(s0) + s0 log p+ λ‖θ0‖1 + nε̃2n

}]
·Π(B) + o(1)

≤ exp
[
Clower

{
(A3 + 1)s0 log p+ s0 log p+ Cλs0 log p+ n

κ∗
2β+κ∗ (log n)2t0

}]
×Π(B) + o(1)

≤ exp
[
Clower(A3 + 2 + Cλ){s0 ∨ n

κ∗
2β+κ∗ (log n)2t0−1} log p

]
·Π(B) + o(1)

by Lemma 1 and condition (??). Note that

Π(B) ≤
p∑

s=R

πp(s0)

(
A2

pA4

)s−s0
≤ 2πp(s0)

(
A2

pA4

)R−s0
≤ exp

{
− (R− s0)

A4

2
log p

}
by condition (??). Thus, we have

Eθ0,η0Π(B | Dn)

≤ exp
[
−
{

(Kdim − 1)
A4

2
− Clower(A3 + 2 + Cλ)

}
×{s0 ∨ n

κ∗
2β+κ∗ (log n)2t0−1} log p

]
+ o(1)

= o(1)



Bayesian inference beyond sub-Gaussian 11

by taking R = Kdim{s0 ∨ n
κ∗

2β+κ∗ (log n)2t0−1} for some large constant Kdim >
1 + 2A−1

4 Clower(A3 + 2 + Cλ), which completes the proof. �

Proof (Proof of Theorem ??) Define

Θn :=
{
θ ∈ Θ : ‖θ − θ0‖1 ≤ p2(p+

√
n) + ‖θ0‖1, sθ ≤ sn/2

}
and for positive constants C1 and C2, which will be described below, define

Hn :=

{
η(·) =

∫
φσ(· − z)dF(z) with F =

∞∑
h=1

πhδzh :

zh ∈ [−an, an], h ≤ Hn;
∑
h>Hn

πh < εn;σ2 ∈ [σ2
0n, σ

2
0n(1 + ε2n)Mn)

}
,

(2.12)

where aa1n = σ−2a2
0n = Mn = n, ε2n = C1sn log p/n andHn = bC2sn log p/ log nc.

We first prove that

Eθ0,η0Π(θ ∈ Θcn | Dn) = o(1) and (2.13)

Eθ0,η0Π(η ∈ Hcn | Dn) = o(1). (2.14)

Suppose λ‖θ0‖1 ≤ Cλs0 log p for some constant Cλ > 0. By Lemma 1 and
Theorem ??,

Eθ0,η0Π(θ ∈ Θcn | Dn)

≤ Eθ0,η0Π
(
‖θ − θ0‖1 > p2(p+

√
n) + ‖θ0‖1 | Dn

)
+ Eθ0,η0Π(sθ > sn/2 | Dn)

≤ Eθ0,η0
[
Π
(
‖θ − θ0‖1 > p2(p+

√
n) + ‖θ0‖1 | Dn

)
IEn
]

+ o(1)

≤ ΠΘ

(
‖θ − θ0‖1 > p2(p+

√
n) + ‖θ0‖1

)
· exp

{Clower(A3 + 2 + Cλ)

2Kdim
sn log p

}
+o(1),

where En is the event (2.2). Note that

ΠΘ

(
‖θ − θ0‖1 > p2(p+

√
n) + ‖θ0‖1

)
≤ ΠΘ

(
‖θ‖1 > p2(p+

√
n)
)

=

p∑
s=1

ΠΘ

(
‖θ‖1 > p2(p+

√
n) | sθ = s

)
πp(s)

≤
p∑
s=1

s · max
1≤h≤s

ΠΘ

(
|θh| > p(p+

√
n)
)
· p−A4sAs2

≤ p · exp
(
−λp(p+

√
n)
)

≤ exp

{
−1

2
(n+ p)

}
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because λp ≥
√
n. Thus, (2.13) holds due to condition sn log p = o(n). On the

other hand, by Proposition 2 of ?,

ΠH(Hcn)

. Hn exp(−C ′′aa1n ) +

{
eα(R)

Hn
log

1

εn

}Hn
+ exp(−C ′′σ−2a2

0n )

+σ−2a3
0n

(
1 + ε2n

)−2Mna3

≤ C2
sn log p

log n
exp(−C ′′n) + exp(−C2sn log p) + exp(−C ′′n)

+ exp(−C1a3sn log p)

≤ exp
{
− (C1a3 ∧ C2)

2
sn log p

}
.

Then, we have

Eθ0,η0Π(η ∈ Hcn | Dn)

≤ Eθ0,η0 [Π (η ∈ Hcn | Dn) IEn ] + o(1)

. ΠH(Hcn) · exp

{
Clower(A3 + 2 + Cλ)

2Kdim
sn log p

}
+ o(1)

≤ exp

[
−1

2

{
(C1a3 ∧ C2)− Clower(A3 + 2 + Cλ)

2Kdim

}
sn log p

]
= o(1)

for some large constants C1 and C2 > 0. Thus, we have proved (2.13) and
(2.14).

By Lemma 2 and Lemma 9 of ?, if for some nonincreasing function ε 7→
N(ε) and some ε′n ≥ 0,

N
( ε

36
, Θn ×Hn, dn

)
≤ N(ε),

for all ε > ε′n, then there exists test functions φn such that

Pθ0,η0φn . exp
(
−n

2
ε2n + logN(εn)

)
and

sup
(θ,η)∈Θn×Hn

dn((θ,η),(θ0,η0))>εn

Pθ,η(1− φn) . exp
(
−n

2
ε2n

)
(2.15)
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for all εn > ε′n. For any (θi, ηi) ∈ Θn ×Hn, i = 1, 2,

d2
H(η1(· − xT θ1), η2(· − xT θ2))

=

∫ (√
η1(y − xT θ1)−

√
η2(y − xT θ2)

)2

dy

≤ 2

∫ {√
η1(y − xT θ1)−

√
η1(y − xT θ2)

}2

dy

+ 2

∫ {√
η1(y − xT θ2)−

√
η2(y − xT θ2)

}2

dy

≤ 2

|xT (θ1 − θ2)|2
∫ (∫ 1

0

η̇1(y + td12)√
η1(y + td12)

dt

)2

dy + d2
H(η1, η2)


≤ 2

{
M2 log p ‖θ1 − θ2‖21

∫ 1

0

∫ (
η̇1(y + td12)

η1(y + td12)

)2

η1(y + td12)dydt

+d2
H(η1, η2)

}
≤ 2
{
M2 log p ‖θ1 − θ2‖21 · n1/a2 + d2

H(η1, η2)
}
,

where d12 := xT (θ1 − θ2). The last inequality holds because

(
η̇(y)

η(y)

)2

η(y) =
{η̇(y)}2

η(y)

≤

{∫ |y−z|
σ2 φσ(y − z)dF(z)

}2

η(y)

≤
∫ (

y − z
σ2

)2

φσ(y − z)dF(z)

by Hölder’s inequality and

∫ (
η̇(y)

η(y)

)2

η(y)dy ≤
∫ ∫ (

y − z
σ2

)2

φσ(y − z)dF(z)dy

=
1

σ2

∫ ∫ (
y − z
σ

)2

φσ(y − z)dydF(z)

=
1

σ2
≤ σ−2

0n = n1/a2 .
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Thus, we have

logN
( ε

36
, Θn ×Hn, dn

)
. logN

(
ε

72Mn1/(2a2)
√

log p
,Θn, ‖ · ‖1

)
+ logN

( ε

72
,Hn, dH

)
≤ log

sn/2∑
j=0

(
p

j

)[p2(p+
√
n) + ‖θ0‖1
ε

72M
√
n1/a2 log p

]j
+K

{
Hn log

( an
σ0nε

)
+Hn log

(1

ε

)
+ logMn

}
≤ log

sn/2∑
j=0

[p{p2(p+
√
n) + ‖θ0‖1}
ε

72M
√
n1/a2 log p

]j
+K

{
Hn log

( an
σ0nε

)
+Hn log

(1

ε

)
+ logMn

}
≤ sn log

(p4

ε

)
+K

{C2sn log p

log n
log
(n1/a1+1/(2a2)

ε

)
+
C2sn log p

log n
log
(1

ε

)
+ log n

}
=: logN(ε)

for some universal constant K > 0 by Proposition 2 of ?. Note that in the
last term, we do not have the term Mnε

2
n while Proposition 2 in ? includes

this term, because they considered d-dimensional densities. It is easy to see
that from their proof, the term Mnε

2
n can be omitted if we focus on univariate

(d = 1) densities. Note that

logN(εn) ≤ 5sn log p+KC2

{
2 + a−1

1 + (2a2)−1
}
sn log p

=
[
5 +KC2

{
2 + a−1

1 + (2a2)−1
}]
sn log p

Thus, by (2.15), there exist test functions φn such that

Pθ0,η0φn . exp

(
−C1

2
sn log p+

[
5 +KC2

{
2 + a−1

1 + (2a2)−1
}]
sn log p

)

and

sup
(θ,η)∈Θn×Hn

dn((θ,η),(θ0,η0))>εn

Pθ,η(1− φn) . exp

(
−C1

2
sn log p

)
.
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Therefore, by Lemma 1, for a large constant C1 > 0 such that C1 > 10 +
2KC2

{
2 + a−1

1 + (2a2)−1
}

and C1 > Clower(A3 + 2 + Cλ)/Kdim,

Eθ0,η0Π
(
dn((θ, η), (θ0, η0)) > εn

∣∣∣∣ Dn

)
≤ Eθ0,η0Π

(
(θ, η) ∈ Θn ×Hn : dn((θ, η), (θ0, η0)) > εn

∣∣∣∣ Dn

)
+ o(1)

≤ Eθ0,η0
[
Π

(
(θ, η) ∈ Θn ×Hn : dn((θ, η), (θ0, η0)) > εn

∣∣∣∣ Dn

)
(1− φn)

]
+o(1)

. sup
(θ,η)∈Θn×Hn

dn((θ,η),(θ0,η0))>εn

Pθ,η(1− φn) · exp
{Clower(A3 + 2 + Cλ)

2Kdim
sn log p

}
+ o(1)

= o(1).

It completes the proof by taking KHel =
√
C1 >

√
Clower(A3 + 2 + Cλ)/Kdim∨√

10 + 2KC2

{
2 + a−1

1 + (2a2)−1
}

. �

Proof (Proof of Corollary ??) Let (Tz(η))(x) = η(x+ z). Note that for any η0

satisfying (D1)-(D4) and η ∈ Hmix,

inf
z∈R

dH(η, Tz(η0)) ≤ dH(η, TxT (θ−θ0)(η0))

=

[∫ (√
η(y)−

√
η0(y + xT (θ − θ0))

)2
dy

]1/2

=

[∫ (√
η(y − xT θ)−

√
η0(y − xT θ0)

)2
dy

]1/2

= dH(η(· − xT θ), η0(· − xT θ0)),

thus

inf
z∈R

dH(η, Tz(η0)) ≤

[
1

n

n∑
i=1

d2
H(η(· − xTi θ), η0(· − xTi θ0))

]1/2

= dn((θ, η), (θ0, η0)).
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For any z ∈ R,

d2
H(η0, Tz(η0)) =

∫
(
√
η0(y + z)−

√
η0(y))2dy

≤ z2

∫ (∫ 1

0

η̇0(y + tz)√
η0(y + tz)

dt

)2

dy

≤ z2

∫ ∫ 1

0

(
η̇0(y + tz)

η0(y + tz)

)2

η0(y + tz)dtdy

= z2

∫ 1

0

∫ (
η̇0(y + tz)

η0(y + tz)

)2

η0(y + tz)dydt

= z2Eη0
( η̇0

η0

)2

≤ z2Eη0
( |η̇0|
η0

)2β+ν

≤ z2C2β+ν

for some constant C2β+ν > 0 depending only on (β, ν) because of condition
(D3) on η0 and 2β + υ ≥ 2.

If |z| ≤ dH(η, η0)/(2
√
C2β+ν), then

dH(η, Tz(η0)) ≥ dH(η, η0)− dH(η0, Tz(η0))

≥ dH(η, η0)−
√
C2β+ν |z|

≥ 1

2
dH(η, η0),

and otherwise, if |z| > dH(η, η0)/(2
√
C2β+ν)

dH(η, Tz(η0)) ≥ 1

2
dV (η, Tz(η0))

= sup
B
|η(B)− Tz(η0)(B)|

≥
∣∣∣∣ ∫ ∞

0

η(y)dy −
∫ ∞

0

η0(y + z)dy

∣∣∣∣
=

∣∣∣∣ ∫ ∞
0

η(y)dy −
∫ ∞
−z

η0(y + z)dy −
∫ −z

0

η0(y + z)dy

∣∣∣∣
=

∫ |z|
0

η0(y)dy (2.16)

≥
{∫ 1

0

η0(y)dy
}
∧
{

(2
√
C2β+ν)−1dH(η, η0) inf

0≤y≤1
η0(y)

}
,

where (2.16) holds due to the symmetric assumption (D4) and η ∈ Hmix.
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Thus, we have

KHel

√
sn log p

n
≥ dn

(
(θ, η), (θ0, η0)

)
≥ inf

z∈R
dH(η, Tz(η0))

≥
[1

2
∧
{ 1

2
√
C2β+ν

inf
0≤y≤1

η0(y)
}]
dH(η, η0)

because sn log p = o(n), which completes the proof by taking Keta = KHel

[
1
2 ∧{

1

2
√
C2β+ν

inf0≤y≤1 η0(y)
}]−1

. �

3 Proofs for Bernstein von-Mises Theorem

We first present three lemmas (Lemma 3, Lemma 4 and Lemma 5), which
directly appear in the proof of Theorem ??. Other auxiliary results used to
prove these lemmas will be provided in Section 5.

Lemma 3 Assume that the prior conditions (??), (??) and (??)-(??) hold.
Let

H′n =

{
η(·) =

∫
φσ(· − z)dF(z) with F =

∞∑
h=1

πhδzh :

zh ∈ [−an, an], h ≤ Hn;
∑
h>Hn

πh < εn;σ2 ∈ [σ2
0n, log n ∧ {σ2

0n(1 + ε2n)Mn})

}
,

where an = (log n)
2
τ , ε2n = C1sn log p/n, Hn = bC2sn log p/ log nc, σ−2a2

0n =
sn log p, Mn = n for some positive constants C1 and C2, and define

H∗n :=
{
η ∈ H′n : dH(η, η0) ≤ Keta

√
sn log p/n

}
. (3.17)

Then,

Eθ0,η0Π (η ∈ (H∗n)
c | Dn) = o(1)

for any η0 satisfying (D1)-(D5).

Proof We have

Eθ0,η0Π (η ∈ (H∗n)
c | Dn)

≤ Eθ0,η0Π
(
η ∈ (H′n)

c | Dn

)
+ Eθ0,η0Π

(
dH(η, η0) > Keta

√
sn log p

n

∣∣∣Dn

)
. (3.18)
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Note that Lemma 1 still holds for the prior ΠH with the support conditions
(??) and (??) because the proof of Theorem 4 of ? can be easily modified for
the priors with the restricted support with (??) and (??). Thus,

Eθ0,η0Π
(
η ∈ (H′n)

c | Dn
)

≤ Eθ0,η0
[
Π
(
η ∈ (H′n)

c | Dn

)
IEn
]

+ o(1)

≤ ΠH
(

(H′n)
c )

exp
{Clower(A3 + 2 + Cλ)

2Kdim
s̃n log p

}
+ o(1),

where En is the event (2.2), s̃n = 2Kdim{s0 ∨ n
κ∗

2β+κ∗ (log n)2t0−1} and t0 =
{κ∗(1 + τ−1 + β−1) + 1}/(2 + κ∗β−1). With a slight modification of the proof
of Proposition 2 in ?,

ΠH
(

(H′n)
c )
. Hn exp

{
− C ′′aa1n

}
+
{eα(R)

Hn
log
( 1

εn

)}Hn
+ exp(−C ′′σ−2a2

0n ) + σ−2a3
0n (1 + ε2n)−2Mna3

≤ exp
{
− 1

2
(C1a3 ∧ C2 ∧ C ′′)sn log p

}
.

Thus,

Eθ0,η0Π
(
η ∈ (H′n)

c | Dn
)

. exp
{
− 1

2
(C1a3 ∧ C2 ∧ C ′′)sn log p+

Clower(A3 + 2 + Cλ)

2Kdim
s̃n log p

}
+ o(1)

= o(1)

for some large constant Kdim > 1. Furthermore, it is easy to see that Corollary
?? also holds for for the prior ΠH with (??) and (??), which implies that (3.18)
is of order o(1). �

Lemma 4 Suppose that (sn log p)1+ 8
a2 = o(n1−ζ) holds for some constant

ζ > 0. Further assume that ψ(sn) is bounded away from zero. Let AS := {h ∈
R|S| : ‖h‖1 > Mnsn

√
log p} for some sequence Mn such that

√
log p = o(Mn).

Then

sup
S∈Sn

sup
η∈H∗n

∫
AS

exp
(
hTGn,η,S − 1

2h
TVn,η,Sh

)
dh∫

R|S| exp
(
hTGn,η,S − 1

2h
TVn,η,Sh

)
dh

= oP0(1), (3.19)

where H∗n defined at (3.17) and

Sn :=

{
S : |S| ≤ sn

2
, ‖θ0,Sc‖2 ≤

Ktheta

ψ(sn)

√
sn log p

n

}
.

Proof Note that

Eθ0,η0

(
sup
S∈Sn

sup
η∈H∗n

‖Gn,η,S‖∞

)
. log p
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by Lemma 12 and |hTGn,η,S | ≤ ‖h‖1 · ‖Gn,η,S‖∞. Also note that

hTVn,η,Sh = νη · hTΣSh

=
νη
n
· ‖XSh‖22

≥ νη · φ2(sn)‖h‖21 ·
1

sn
≥ νη · ψ2(sn)‖h‖21 ·

1

sn
.

Thus, we have

sup
S∈Sn

sup
h∈AS

sup
η∈H∗n

|hTGn,η,S |
hTVn,η,Sh

. sup
S∈Sn

sup
h∈AS

sup
η∈H∗n

‖h‖1 · ‖Gn,η,S‖∞ · sn
νηψ2(sn) · ‖h‖21

≤ oP0
(1),

because
√

log p = o(Mn) and νη0 & 1 holds by Lemma 7 and assumptions on
η0. It implies that

sup
S∈Sn

sup
η∈H∗n

∫
AS

exp

(
hTGn,η,S −

1

2
hTVn,η,Sh

)
dh

≤ sup
S∈Sn

sup
η∈H∗n

∫
AS

exp
(
−ChTVn,η,Sh

)
dh

≤
∫
AS

exp
(
−C̃‖h‖22

)
dh

≤
(√
πM2

nsn log p
) sn

2 exp

(
−1

3
C̃ ′M2

nsn log p

)
for some positive constants C, C̃ and C̃ ′, and all sufficiently large n with Pθ0,η0-
probability tending to 1. It is easy to show that∫

exp

(
hTGn,η,S −

1

2
hTVn,η,Sh

)
dh

= (2π)
|S|
2 |Vn,η,S |−

1
2 exp

(
1

2νη
‖HSL̇n,η‖22

)
,

where HS = XS(XT
SXS)−1XT

S and L̇n,η =
(

˙̀
η(yi − xTi θ0)

)n
i=1
∈ Rn. There-

fore, the log of the left hand side of (3.19) is bounded above by

sn
2

log
(√
πM2

nsn log p
)
− 1

3
C̃ ′M2

nsn log p− |S|
2

log(2π) +
1

2
log |Vn,η,S |

− 1

2νη
‖HSL̇n,η‖22

≤ sn
2

log
(√
πM2

nsn log p
)
− 1

3
C̃ ′M2

nsn log p+
sn
4

log
(
M2
nνη
)

with Pθ0,η0 -probability tending to 1. The last term tends to −∞ as n → ∞,
thus we get the desired result. �
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Define

Θ∗n :=

{
θ ∈ Θ : Sθ ∈ Sn, ‖θ − θ0‖1 ≤ Ktheta

sn
φ(sn)

√
log p

n
, (3.20)

‖θ − θ0‖2 ≤ Ktheta
1

ψ(sn)

√
sn log p

n
, ‖X(θ − θ0)‖2 ≤ Ktheta

√
sn log p

}
,

and let MnΘ
∗
n be the variant of Θ∗n with MnKtheta instead of Ktheta.

Lemma 5 (Misspecified LAN: version 1) Suppose that s6
n(log p)11 =

o(n1−ζ), (sn log p)1+ 15
a2 = o(n1−ζ) and (sn log p)

6+ 5
4a2 (log p)

5
2 = o(n1−ζ) hold

for some constant ζ > 0. Further assume that ψ(sn) is bounded away from
zero. Define Θ∗n and H∗n as (3.20) and (3.17), respectively, and let

rn(θ, η)

:= Ln(θ, η)− Ln(θ0, η)−
√
n(θ − θ0)TGn ˙̀

θ0,η0 +
n

2
(θ − θ0)TVn,η0(θ − θ0).

Then, we have

Eθ0,η0

(
sup

θ∈MnΘ∗n

sup
η∈H∗n

|rn(θ, η)|

)
= o(1)

for any η0 satisfying (D1)-(D5) and some sequence Mn such that
√

log p =
o(Mn).

Proof Define r̃n(θ, η) as in Lemma 11. Note that

Eθ0,η0

(
sup

θ∈MnΘ∗n

sup
η∈H∗n

|rn(θ, η)|

)

≤ Eθ0,η0

(
sup

θ∈MnΘ∗n

sup
η∈H∗n

|rn(θ, η)− r̃n(θ, η)|

)

+Eθ0,η0

(
sup

θ∈MnΘ∗n

sup
η∈H∗n

|r̃n(θ, η)|

)
,

and, by Lemma 11,

Eθ0,η0

(
sup

θ∈MnΘ∗n

sup
η∈H∗n

|r̃n(θ, η)|

)

.
M2
ns

2
n

φ2(sn)
log p ·

√
sn(log p)3 + (sn log p)

3
a2 (log p)4

n
(sn log p)

ζ′

+
M3
nsn

φ(sn)

√
log p

n
· sn(log p)

3
2

= o(1)
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for some small constant ζ ′ > 0 and some sequence Mn when (sn log p)1+ 15
a2 =

o(n1−ζ) and (sn log p)
6+ 5

4a2 (log p)
5
2 = o(n1−ζ). Thus, it suffices to show that

Eθ0,η0

(
sup

θ∈MnΘ∗n

sup
η∈H∗n

|rn(θ, η)− r̃n(θ, η)|

)
= o(1).

By the definition of rn(θ, η) and r̃n(θ, η),

|rn(θ, η)− r̃n(θ, η)| ≤
√
n
∣∣∣(θ − θ0)TGn

(
˙̀
θ0,η − ˙̀

θ0,η0

)∣∣∣ (3.21)

+
n

2

∣∣(θ − θ0)T (Vn,η − Vn,η0)(θ − θ0)
∣∣ . (3.22)

The supremum of (3.22) is easily bounded above by

sup
θ∈MnΘ∗n

sup
η∈H∗n

n
∣∣(θ − θ0)T (Vn,η − Vn,η0)(θ − θ0)

∣∣
= sup

θ∈MnΘ∗n

sup
η∈H∗n

|νη − νη0 | · ‖X(θ − θ0)‖22

. sup
θ∈MnΘ∗n

sup
η∈H∗n

ε
2
5−

ζ
2

n M2
nsn log p

by Lemma 8, where εn = Keta

√
sn log p/n, which is of order o(1) under the

assumption s6
n(log p)11 = o(n1−ζ). Note that

√
n
∣∣∣(θ − θ0)TGn

(
˙̀
θ0,η − ˙̀

θ0,η0

)∣∣∣ ≤ √n‖θ − θ0‖1 · ‖Gn( ˙̀
θ0,η − ˙̀

θ0,η0)‖∞

.
Mnsn
φ(sn)

√
log p · sup

η∈H∗n
‖Gn( ˙̀

θ0,η − ˙̀
θ0,η0)‖∞.

Define

Ln,j :=
{
Mnsn

√
log p · eTj

(
˙̀
θ0,η − ˙̀

θ0,η0

)
: η ∈ H∗n

}
and Ln := ∪pj=1Ln,j , where ej is the jth unit vector in Rp. Then Ln(x, y) :=

M
√

log p ·Mnsn
√

log p · supη∈H∗n |
˙̀
η(y)− ˙̀

η0(y)| is an envelop function of Ln,
and

‖Ln‖n . Mnsnlog p ·
{
Eθ0,η0

[
sup
η∈H∗n

(
˙̀
η(Y )− ˙̀

η0(Y )
)2]} 1

2

. Mnsnlog p ·
(
sn log p

n

) 1
5−ζ

by Lemma 8. We will use Corollary A.1 in ?, which implies

Mnsn
√

log p · Eθ0,η0

(
sup
η∈H∗n

‖Gn( ˙̀
θ0,η − ˙̀

θ0,η0)‖∞

)

.
∫ ‖Ln‖n

0

√
logNn

[ ](ε,Ln)dε.
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Note that

Nn
[ ](ε,Ln,j) ≤ N[ ]

(
ε

MMnsnlog p
,Gn, L2(Pη0)

)
,

where Gn := { ˙̀
η : η ∈ H∗n}, and

logN[ ] (ε,Gn, L2(Pη0)) ≤ logN[ ] (εγ ,H∗n, dH)

≤ logN[ ] (εγ ,Hn, dH) .
(3.23)

Let an = (log n)
2
τ , b1n = (sn log p)

− 1
2a2 and b2n =

√
log n. By Lemma 3 of ?,

logN (ε,Hn, ‖ · ‖∞) .
an
b1n
· log

1

ε
·
(

log
1

ε
+ log

an
b1n

)
.

Now we use the similar argument to the proof of Theorem 6 of ?. Define

H(x) = b−1
1n φ

(
x

2b2n

)
I(|x| > 2an) + b−1

1n φ(0)I(|x| ≤ 2an),

where φ is the density function of the standard normal distribution. H is an
envelop function for Hn. For some % > 0, let g1, . . . , gT be a %-net for ‖ · ‖∞,
li := (gi − %) ∨ 0 and ui := (gi + %) ∧ H. Then, the brackets [li, ui] cover

Hn. Let % = Cε2(anb2n)−1[log(1/ε)]−
1
2 for some constant C > 0, then for

Dn = 2anb2n[log(1/ε)]
1
2 > 2an,∫

(ui − li) dµ . ‖ui − li‖∞ ·Dn +

∫
|x|>Dn

1

b1n
φ

(
x

2b2n

)
dx

. % ·Dn +
b2n
b1n

exp

(
− D2

n

8b22n

)
. ε2 +

b2n
b1n
· εca

2
n

. ε2

for some constant c > 0 and any ε < 1. The second inequality follows from the
Chernoff’s inequality. Thus,

logN[ ] (ε,Hn, dH) ≤ logN[ ]

(
ε2,Hn, ‖ · ‖1

)
≤ logN

(
C · ε2

anb2n

[
log

1

ε

]− 1
2

,Hn, ‖ · ‖∞

)

.
an
b1n
·

[(
log

1

ε

)2

+ (log n)
2

]
,

and by (3.23),

logNn
[ ] (ε,Ln) ≤ log p+ logN[ ]

(
ε

MMnsnlog p
,Gn, L2(Pη0)

)
. log p+ (sn log p)

1
2a2 [log n]

2
τ ·

[(
log

1

ε

)2

+ (log n)
2

]
.
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Then by Corollary A.1 in ?, we have

Eθ0,η0

(
sup
η∈H∗n

‖Gn( ˙̀
θ0,η − ˙̀

θ0,η0)‖∞

)
· Mnsn
φ(sn)

√
log p

.
∫ ‖Ln‖n

0

√
logNn

[ ](ε,Ln)dε

.
∫ ‖Ln‖n

0

√
log p+ (sn log p)

1
4a2 [log n]

1
τ ·
(

log
1

ε
+ log n

)
dε

. ‖Ln‖n
√

log p+ (sn log p)
1

4a2 [log n]
1
τ +1 ·

∫ ‖Ln‖n
0

log
1

ε
dε

. Mnsnlog p ·
(
sn log p

n

) 1
5−ζ

′ {√
log p+ (sn log p)

1
4a2 [log n]

1
τ +1
}

(3.24)

because
∫ u

0
log(1/ε)dε ≤

∫ u
0
ε−1+ζ′′dε . u1−ζ′′ for any small ζ ′′ > 0 and

0 < u < 1. (3.24) converges to zero as n → ∞ under the assumptions

(sn log p)
6+ 5

4a2 (log p)
5
2 = o(n1−ζ) and s6

n(log p)11 = o(n1−ζ) for some con-
stant ζ > 0. Thus, we have shown (3.21), and this completes the proof. �

Now, we prove Theorem ?? using the above results (Lemma 3, Lemma 4
and Lemma 5) and posterior convergence rate results (Theorem ??, Corollary
?? and Corollary ??).

Proof (Proof of Theorem ??) Let Θ∗n and H∗n be defined as (3.20) and (3.17),
respectively. Define Π̆Θ := ΠΘ |MnΘ∗n and Π̆H := ΠH |H∗n as the restricted

and renormalized priors on MnΘ
∗
n and H∗n, respectively. Let Π̆(·|Dn) be the

posterior distribution corresponding to the prior Π̆ = Π̆Θ×Π̆H. We first prove
that

dV

(
Π̆(·|Dn), Π(·|Dn)

)
= oP0

(1) and (3.25)

dV

(
Π̆∞(·|Dn), Π∞(·|Dn)

)
= oP0

(1), (3.26)

where Π̆∞(·|Dn) := Π∞(·|Dn) |MnΘ∗n
. Note that for any measurable set A ∈

Θ ×H,

Π̆(A | Dn) =
Π(A ∩ [MnΘ

∗
n ×H∗n] | Dn)

Π(MnΘ∗n ×H∗n | Dn)

=
Π(A | Dn)−Π(A ∩ [MnΘ

∗
n ×H∗n]c | Dn)

Π(Θ ×Hmix | Dn)−Π([MnΘ∗n ×H∗n]c | Dn)

= Π(A | Dn) + oP0(1)

by Corollaries ??, ?? and Lemma 3, which implies (3.25). Define

Sn :=

{
S : |S| ≤ sn

2
, ‖θ0,Sc‖2 ≤

Ktheta

ψ(sn)

√
sn log p

n

}
, (3.27)
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Θ∗S := {θS ∈ R|S| : θ̃S ∈MnΘ
∗
n} and HS :=

√
n(Θ∗S − θ0,S) for some sequence

Mn such that
√

log p = o(Mn) and

sup
θ∈MnΘ∗n

sup
η∈H∗n

|rn(θ, η)| = oP0(1),

where rn(θ, η) is defined in Lemma 5. Then,

dΠ̆(θ | Dn) =
∑
S∈Sn

w̃S · dQ̃S(θS)dδ0(θSc),

dΠ̆∞(θ | Dn) =
∑
S∈Sn

w̃∞S · n−
|S|
2 dÑn,S(hS)dδ0(θSc),

where Q̃S = QS |Θ∗S and Ñn,S := Nn,S |HS are the restricted and renormalized
distributions,

w̃S :=
QS(Θ∗S)∑

S′∈Sn wS′QS′(Θ
∗
S′)
· wS ,

w̃∞S :=
Nn,S(HS)∑

S′∈Sn wS′Nn,S′(HS′)
· wS ,

and hS =
√
n(θS − θ0,S) ∈ HS . It is easy to show that

sup
S∈Sn

∣∣∣∣1− wS
w̃∞S

∣∣∣∣ = oP0(1) and (3.28)

sup
S∈Sn

dV

(
Nn,S , Ñn,S

)
= oP0

(1) (3.29)

hold by Theorem ?? and Lemma 4. Then, by Lemma 4.5 in ?,

dV

(
Π̆∞(·|Dn), Π∞(·|Dn)

)
≤ 2dV (w̃∞, w) +

∑
S∈S

wSdV (Ñn,S , Nn,S)

≤ 2
∑
S∈Sn

w̃∞S

∣∣∣∣1− wS
w̃∞S

∣∣∣∣+
∑
S∈Sn

wS · sup
S∈Sn

dV (Ñn,S , Nn,S)

+ 4
∑
S∈Scn

wS ,

where w = (wS)S∈S and w̃∞ = (w̃∞S )S∈Sn . It implies that (3.26) holds by
(3.28), (3.29) and Theorem ??.

Now we have (3.25) and (3.26), so it suffices to prove that

dV

(
Π̆(·|Dn), Π̆∞(·|Dn)

)
= oP0

(1). (3.30)
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Again by Lemma 4.5 in ?, if we show that

dV (w̃, w̃∞) = oP0
(1) and (3.31)

sup
S∈Sn

dV (Q̃S , Ñn,S) = oP0
(1), (3.32)

where w̃ = (w̃S)S∈Sn , it implies the desired result, (3.30). Note that

dV (w̃, w̃∞) =
∑
S∈Sn

|w̃S − w̃∞S |

=
∑
S∈Sn

∣∣∣∣1− w̃S
w̃∞S

∣∣∣∣ · w̃∞S
=
∑
S∈Sn

∣∣∣∣1−QS(Θ∗S)
wS
w̃∞S

(1 + oP0(1))

∣∣∣∣ · w̃∞S
=
∑
S∈Sn

|1−QS(Θ∗S)(1 + oP0(1))| · w̃∞S

≤ sup
S∈Sn

(1−QS(Θ∗S)) + oP0(1) = oP0(1).

The third and fourth equality hold by Theorem ??, Corollary ?? and (3.28),
respectively. Thus, we have proved (3.31). For any measurable set B,

Π̆(θS ∈ B | Dn, η, Sθ = S)

=

∫
B∩Θ∗S

exp
(
Ln(θ̃S , η)− Ln(θ0, η)

)
· gS(θS)/gS(θ0,S) dθS∫

Θ∗S
exp

(
Ln(θ̃S , η)− Ln(θ0, η)

)
· gS(θS)/gS(θ0,S) dθS

=

∫
B∩Θ∗S

exp
(√
n(θS − θ0,S)TGn,η0,S − n

2 (θS − θ0,S)TVn,η0,S(θS − θ0,S)
)
dθS∫

Θ∗S
exp

(√
n(θS − θ0,S)TGn,η0,S − n

2 (θS − θ0,S)TVn,η0,S(θS − θ0,S)
)
dθS

+oP0
(1)

by Lemma 5 and

sup
S∈Sn

sup
θS∈Θ∗S

∣∣∣∣log
gS(θS)

gS(θ0,S)

∣∣∣∣ = sup
S∈Sn

sup
θS∈Θ∗S

∣∣∣∣ log exp (λ‖θ0,S − θS‖1)

∣∣∣∣
. sup

S∈Sn
λ · Mnsn

φ(sn)

√
log p

n
= o(1)

for some sequenceMn such that
√

log p = o(Mn) because we assume λsnlog p =
o(
√
n). Then,

Q̃S(hS ∈ B) =

∫
H∗n

Π̆(hS ∈ B | Dn, η, Sθ = S)dΠ̆(η | Dn, Sθ = S)

=

∫
H∗n

Ñn,S(B)dΠ̆(η | Dn, Sθ = S) + oP0
(1)

= Ñn,S(B) + oP0
(1),

which implies supS∈Sn dV (Q̃S , Ñn,S) = oP0
(1). �
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4 Proof for Strong Model Selection Consistency

Proof (Proof of Theorem ??) Define Sn and Π̆ as in the proof of Theorem
3.5. Define the set S ′n = {S ∈ Sn : S ) S0}, then it suffices to show that
Π̆(Sθ ∈ S ′n | Dn) −→ 0 by (3.25). Note that

Π̆(Sθ = S | Dn, η)

=
πp(|S|)

(
p
|S|
)−1 ∫

Θ∗S
exp

(
Ln(θ̃S , η)− Ln(θ0, η)

)
gS(θS)dθS∑

S∈Sn πp(|S|)
(
p
|S|
)−1 ∫

Θ∗S
exp

(
Ln(θ̃S , η)− Ln(θ0, η)

)
gS(θS)dθS

.

Then, by Lemma 5,

Π̆(Sθ ∈ S ′n | Dn, η)

=

∑
S∈S′n

πp(|S|)
(
p
|S|
)−1 ∫

Θ∗S
exp

(
Ln(θ̃S , η)− Ln(θ0, η)

)
gS(θS)dθS∑

S∈Sn πp(|S|)
(
p
|S|
)−1 ∫

Θ∗S
exp

(
Ln(θ̃S , η)− Ln(θ0, η)

)
gS(θS)dθS

≤
∑
S∈S′n

ŵS
ŵS0

e2ξn

.
sn/2∑

s=s0+1

πp(s)

πp(s0)

(
s

s0

)(
λ
√
π√

2νη0

)s−s0

×max
|S|=s

[
|XT

S0
XS0
|1/2

|XT
SXS |1/2

exp

{
1

2νη0
‖(HS −HS0

)L̇n,η0‖22
}]

for any η and some sequence ξn → 0, where

ŵS

∝ πp(|S|)
(
p

|S|

)−1

×∫
Θ∗S

exp
(√

n(θS − θ0,S)TGn,S −
n

2
(θS − θ0,S)TVn,S(θS − θ0,S)

)
gS(θS)dθS .

Note that, by the condition on πp and the definition of ψ2(s), πp(s)/πp(s0) ≤
As−s02 p−A4(s−s0) and |XT

S0
XS0
|/|XT

SXS | ≤ (nψ2(sn))|S|−s0 for any S ∈ S ′n.
Thus, it suffices to prove that

Pη0
( 1

2νη0
‖(HS −HS0

)L̇n,η0‖22 > Ksel(s− s0) log p, for some S ∈ S ′n
)

= o(1) (4.33)

for some positive constant Ksel depending only on η0 such that A4 > Ksel.
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The left hand side of (4.33) is bounded above by

sn/2∑
s=s0+1

(
p− s0

s− s0

)
Pη0
(
‖(HS −HS0

)L̇n,η0‖22 > 2νη0Ksel(s− s0) log p
)

≤
sn/2∑

s=s0+1

(
p− s0

s− s0

)
e−t·2νη0Ksel(s−s0)(log p−νη0K

−1
sel ) × Eθ0,η0et‖(HS−HS0 )L̇n,η0‖

2
2

for any t > 0, where HS = XS(XT
SXS)−1XT

S . Note that ˙̀
η0(yi − xTi θ0) is a

sub-Gaussian by assumption. By Lemma B.2 in ? (Hanson-Wright inequality),

Eθ0,η0et0‖(HS−HS0 )L̇n,η0‖
2
2 . eC(|S|−s0)

for some positive constants C and t0 depending only on η0. Thus, if we choose
Ksel = (νη0t0)−1, the left hand side of (4.33) tends to zero as n→∞. �

5 Auxiliary Lemmas

We first introduce Lemma 6, which is used to prove lemmas 7, 8 and 9.

Lemma 6 Let B be a subset of R and for given ε > 0, p and q be probability
densities on R such that d2

H(p, q) ≤ ε2. Suppose M2
δ :=

∫
B
p(p/q)δ < ∞ for

some δ ∈ (0, 1). Then,

∫
B

p

(
log

p

q

)2

≤ 20ε2
[

1

δ

(
1 ∨ log

Mδ

ε

)]2

.

Proof The main strategy for the proof is similar to the proof of Theorem 5 in
?. Note that∫

B

p

(
log

p

q

)2

≤
∫

0<p/q≤K2

p

(
log

p

q

)2

+

∫
B∩(p/q>K2)

p

(
log

p

q

)2

for any K > 0. Let Kδ = e ∨ (Mδ/ε) > 1 and r =
√
p/q − 1. Then,

∫
0<p/q≤K2

p

(
log

p

q

)2

=

∫
−1<r≤K−1

q(r + 1)2(2 log(r + 1))2

=

∫
−1<r≤K−1, r 6=0

qr2

(
r + 1

r

)2

(2 log(r + 1))2

≤ 16

∫
−1<r≤K−1, r 6=0

qr2(logK)2 ≤ 16ε2(logK)2
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because (x + 1)/x log(x + 1) is increasing for x > −1, x 6= 0 and
∫
qr2 =

d2
H(p, q) ≤ ε2 by assumption. On the other hand,

∫
B∩(p/q>K2)

p

(
log

p

q

)2

=

∫
B∩(p/q>K2)

p

(
p

q

)δ (log p
q )2

(pq )δ

≤
∫
B∩(p/q>K2)

p

(
p

q

)δ
(2 logK)2

K2δ

≤ 4M2
δ

(logK)2

K2δ
,

because log x/xδ is decreasing for x ≥ e1/δ. Thus, we have

∫
B

p

(
log

p

q

)2

≤ 16ε2(logK)2 + 4M2
δ

(logK)2

K2δ

≤ 20ε2
[

1

δ

(
1 ∨ log

Mδ

ε

)]2

by the definition of K. �

The following lemma gives a (uniform) convergence rate for the score function,
which plays an important role in proving the BvM theorem. This lemma is
used to prove lemmas 4 and 12.

Lemma 7 Let εn = Keta

√
sn log p/n and assume that (sn log p)2 = o(n). For

any constant ζ > 0, there exists a constant Kζ > 0 not depending on (n, p)
such that

∫
sup
η∈H∗n

(
˙̀
η(y)− ˙̀

η0(y)
)2

dPη0(y) ≤ Kζ (εn)
4
5−ζ (sn log p)

16
5a2

for any η0 satisfying (D1)-(D5) and all sufficiently large n, where H∗n defined
at (3.17).
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Proof We first state some inequalities that we frequently use in the proof. For
any η ∈ H∗n and any y ∈ R,

|`η(y)| =
∣∣∣ log

{∫
(2πσ2)−1/2 exp

(
− (y − z)2/(2σ2)

)
dF(z)

}∣∣∣
≤
∣∣∣ log

{
(sn log p)

1
2a2 exp

(
− (y2 + (log n)

4
τ )(sn log p)

1
a2

)}∣∣∣
≤ 1

a2
log(sn log p) +

{
y2 + (log n)

4
τ

}
(sn log p)

1
a2

≤ 2
{
y2 + (log n)

4
τ

}
(sn log p)

1
a2 ,

| ˙̀η(y)| =
∣∣∣∫ −(y−zσ2 )φσ(y − z)dF(z)∫

φσ(y − z)dF(z)

∣∣∣
≤ 1

σ2

{
|y|+ (log n)

2
τ

}
≤
{
|y|+ (log n)

2
τ

}
(sn log p)

1
a2 ,

|῭η(y)| =
∣∣∣ η̈(y)

η(y)
−
{ η̇(y)

η(y)

}2∣∣∣
≤ |η̈(y)|

η(y)
+ | ˙̀η(y)|2

≤ 1

η(y)

∣∣∣ ∫ 1

σ2
φσ(y − z)dF(z) +

∫
(y − z)2

σ4
φσ(y − z)dF(z)

∣∣∣
+2
{
y2 + (log n)

4
τ

}
(sn log p)

2
a2

≤ 1

σ2
+

2

σ4

{
y2 + (log n)

4
τ

}
+ 2
{
y2 + (log n)

4
τ

}
(sn log p)

2
a2

≤ 5
{
y2 + (log n)

4
τ

}
(sn log p)

2
a2

and

|
...
` η(y)| =

∣∣∣ ...η (y)

η(y)
− η̇(y)η̈(y)

{η(y)}2
− 2 ˙̀

η(y)῭
η(y)

∣∣∣
≤ 1

η(y)

{∫ (y − z)
σ4

φσ(y − z)dF(z) +

∫
2|y − z|
σ4

φσ(y − z)dF(z)

+

∫
|y − z|3

σ6
φσ(y − z)dF(z)

}
+
{
|y|+ (log n)

2
τ

}
(sn log p)

1
a2 3

{
y2 + (log n)

4
τ

}
(sn log p)

2
a2

+2
{
|y|+ (log n)

2
τ

}
(sn log p)

1
a2 5

{
y2 + (log n)

4
τ

}
(sn log p)

2
a2

≤ 43
{
|y|3 + (log n)

6
τ

}
(sn log p)

3
a2 .
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Assume that a small ζ > 0 is given. LetA = {y ∈ R : |y| ≤ C1 (log(1/εn))
1
τ }

for some large constant C1 > 0. Note that∫
Ac

sup
η∈H∗n

(
˙̀
η(y)− ˙̀

η0(y)
)2

dPη0(y)

.
∫
Ac

sup
η∈H∗n

(
˙̀
η(y)

)2

dPη0(y) +

∫
Ac

(
˙̀
η0(y)

)2

dPη0(y).

It is easy to show that∫
Ac

sup
η∈H∗n

(
˙̀
η(y)

)2

dPη0(y)

.
∫
y>C1(log 1

εn
)
1
τ

(
y2 + [log n]

4
τ

)
e−by

τ

dy · (sn log p)
2
a2

. (εn)
b
2C

τ
1 · (sn log p)

2
a2 (log n)

4
τ . εn

for some constant large C1 > 0 by the assumption (sn log p)2 = o(n). Since∫
Ac

(
˙̀
η0(y)

)2

dPη0(y) .
∫
y>C1(log 1

εn
)
1
τ

(|y|γ1 + 1)e−by
τ

dy

. εn

for some large constant C1 > 0, we have∫
Ac

sup
η∈H∗n

(
˙̀
η(y)− ˙̀

η0(y)
)2

dPη0(y) . εn.

Thus, it suffices to prove∫
A

sup
η∈H∗n

(
˙̀
η(y)− ˙̀

η0(y)
)2

dPη0(y) ≤ Kζ (εn)
4
5−ζ (sn log p)

16
5a2

for some positive constants ζ and Kζ not depending on (n, p).
Define for any x and y ∈ R,

dη(x, y) :=
`η(y + x)− `η(y)

x
− `η0(y + x)− `η0(y)

x
,

then we have that∫
A

sup
η∈H∗n

(
˙̀
η(y)− ˙̀

η0(y)
)2

dPη0(y)

.
∫
A

sup
η∈H∗n

(
˙̀
η(y)− ˙̀

η0(y)− dη(x, y)
)2

dPη0(y) (5.34)

+
1

x2

∫
A

sup
η∈H∗n

(x dη(x, y))
2
dPη0(y). (5.35)
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One can obtain the upper bound for (5.34) using

| ˙̀η(y)− ˙̀
η0(y)− dη(x, y)| ≤

∣∣∣∣ ˙̀η(y)− `η(y + x)− `η(y)

x

∣∣∣∣
+

∣∣∣∣ ˙̀η0(y)− `η0(y + x)− `η0(y)

x

∣∣∣∣
≤ |x| ·

{
|῭η(y1)|+ |῭η0(y2)|

}
. |x| ·

{
y2 + (log n)

4
τ

}
(sn log p)

2
a2

. |x|(sn log p)
2
a2 (log n)

4
τ

for any η ∈ H∗n, y ∈ A, small |x| and some |y − y1| ∨ |y − y2| ≤ |x| by the
Taylor expansion. Thus,∫
A

sup
η∈H∗n

(
˙̀
η(y)− ˙̀

η0(y)− dη(x, y)
)2

dPη0(y) . x2 · (sn log p)
4
a2 [log n]

8
τ .(5.36)

Note that |x dη(x, y)| ≤ |`η(y + x)− `η0(y + x)|+ |`η(y)− `η0(y)| and∫
A

sup
η∈H∗n

(`η(y + x)− `η0(y + x))
2
dPη0(y)

=

∫
A

sup
η∈H∗n

(`η(y + x)− `η0(y + x))
2
η0(y + x) · η0(y)

η0(y + x)
dy

.
∫
A

sup
η∈H∗n

(`η(y + x)− `η0(y + x))
2
η0(y + x) · eb

′|y|τ
′

dy

provided that |x| is small, by condition (D5). To calculate the upper bound for
(5.35), we first find an upper bound for fη(y) := (`η(y)−`η0(y))2η0(y) on y ∈ A
and η ∈ H∗n. Let δn := εn log(1/εn) andB :=

{
y ∈ R : |y| ≤ 2C1(log(1/δn))

1
τ

}
,

so that A ⊂ B for all sufficiently large n. By the triangle inequality and the
definition of H∗n,

|ḟη(y)| =
∣∣∣ 2(`η(y)− `η0(y))( ˙̀

η(y)− ˙̀
η0(y))η0(y) + (`η(y)− `η0(y))2η̇0(y)

∣∣∣
.
√
fη(y)

√
η0(y)

(
| ˙̀η(y)− ˙̀

η0(y)|+ |`η(y)− `η0(y)| · | ˙̀η0(y)|
)

.
√
fη(y) (sn log p)

1
a2 (log n)

4
τ ,

(5.37)

and

|f̈η(y)|

. η0(y)

{(
˙̀
η(y)− ˙̀

η0(y)
)2

+ |῭η(y)− ῭
η0(y)| · |`η(y)− `η0(y)|

+ |`η(y)− `η0(y)| · | ˙̀η(y)− ˙̀
η0(y)| · | ˙̀η(y)|+ (`η(y)− `η0(y))

2 |῭η0(y)|
}

. (sn log p)
3
a2 (log n)

8
τ

(5.38)
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for any η ∈ H∗n and y ∈ R. By the Taylor expansion,

|fη(y + x)− fη(y)|

. |x|
√
fη(y) (sn log p)

1
a2 (log n)

4
τ + x2 (sn log p)

3
a2 (log n)

8
τ

. (sn log p)
1
a2 [log n]

4
τ

{
|x|
√
fη(y) + x2 (sn log p)

2
a2 (log n)

4
τ

}

for any y ∈ R and small |x|. If we take |x| ≤ C (sn log p)
− 3

2a2 (log n)−
4
τ

√
fη(y)

for some small constant C > 0, it implies |fη(y + x) − fη(y)| ≤ fη(y)/2 for
any y ∈ R and small |x|. Therefore, for any fixed y0 ∈ A, we have fη(y0 +

x) > fη(y0)/2 for any |x| ≤ C (sn log p)
− 3

2a2 (log n)−
4
τ

√
fη(y0) for some small

constant C > 0. Then,∫
B

fη(y)dy ≥
∫
|y−y0|≤C(sn log p)

− 3
2a2 [logn]−

4
τ
√
fη(y0)

fη(y)dy

& (sn log p)
− 3

2a2 (log n)−
4
τ (fη(y0))

3
2 (5.39)

for any y0 ∈ A and η ∈ H∗n. On the other hand,

1/η(y) . (log n)
1
2 exp{2(sn log p)

1
a2 (log n)

4
τ }

for any y ∈ B and η ∈ H∗n, which implies∫
B

{η0(y)

η(y)

}δ
η0(y)dy .

∫
B

η0(y)1+δ(log n)
δ
2 exp{2δ(sn log p)

1
a2 (log n)

4
τ }dy

. 1

by taking δ = (sn log p)−
1
a2 (log n)−

4
τ . Thus, by Lemma 6, we have∫

B

fη(y)dy . δ2
n (sn log p)

2
a2 [log n]

12
τ (5.40)

for any η ∈ H∗n. By combining (5.39) and (5.40), it implies that

fη(y0) . δ
4
3
n (sn log p)

7
3a2 [log n]

32
3τ (5.41)

for any y0 ∈ A and η ∈ H∗n.

Next, we claim that if fη(y) . δd1n (sn log p)
d2 [log n]d3 for some d1, d2 and

d3 > 0, then we have fη(y) . δ
1+ 3

8d1−ζ
n (sn log p)

3
8d2+ 3

2a2 [log n]
3
8d3+ 7

τ for any

y ∈ A and η ∈ H∗n. Suppose that fη(y) . δd1n (sn log p)
d2 [log n]d3 on y ∈ A

and η ∈ H∗n for some positive constants d1, d2 and d3. Due to (5.41), there
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exist constants d1 = 4/3, d2 = 7/(3a2) and d3 = 32/(3τ) satisfying fη(y) .
δd1n (sn log p)

d2 [log n]d3 . Note that for any small constant ζ > 0,

| ˙̀η(y)− ˙̀
η0(y)|

√
η0(y)

. |x|
(
|῭η(y1)|+ |῭η0(y2)|

)√
η0(y)

+
|`η(y + x)− `η0(y + x)|+ |`η(y)− `η0(y)|

|x|
√
η0(y)

(5.42)

. |x| (sn log p)
2
a2 [log n]

4
τ +

e
b′
2 |y|

τ′

|x|
· δ

d1
2
n (sn log p)

d2
2 [log n]

d3
2

. |x| (sn log p)
2
a2 [log n]

4
τ +

1

|x|
δ
d1
2 −4ζ
n (sn log p)

d2
2 [log n]

d3
2

for some |y − y1| ∨ |y − y2| ≤ |x|, thus

| ˙̀η(y)− ˙̀
η0(y)|

√
η0(y) . δ

d1
4 −2ζ
n (sn log p)

d2
4 + 1

a2 [log n]
d3
4 + 2

τ (5.43)

on y ∈ A and η ∈ H∗n, by taking |x| = δ
d1
4 −2ζ
n (sn log p)

d2
4 −

1
a2 [log n]

d3
4 −

2
τ .

Then, by (5.37),

|ḟη(y)| . δ
3
4d1−2ζ
n (sn log p)

3
4d2+ 1

a2 [log n]
3
4d3+ 2

τ

for any y ∈ A and η ∈ H∗n, which implies that

fη(y + x) ≥ 1

2
fη(y)

for any y ∈ A, η ∈ H∗n, |x| ≤ C3δ
− 3

4d1+2ζ
n (sn log p)

− 3
4d2−

1
a2 [log n]−

3
4d3−

2
τ fη(y)

and for some small constant C3 > 0, by the first-order Taylor expansion. Thus,
similar to (5.39),∫

B

fη(y)dy & (fη(y0))
2
δ
− 3

4d1+2ζ
n (sn log p)

− 3
4d2−

1
a2 [log n]−

3
4d3−

2
τ ,

for any y0 ∈ A, η ∈ H∗n and small ζ > 0. Again by (5.40),

fη(y) . δ
1+ 3

8d1−ζ
n (sn log p)

3
8d2+ 3

2a2 [log n]
3
8d3+ 7

τ , (5.44)

for any y ∈ A, η ∈ H∗n and small ζ > 0.

Note that the upper bound (5.44) is obtained from the assumption supη∈H∗n
fη(y) . δd1n (sn log p)

d2 [log n]d3 . Thus, by applying the claim repeatedly, one

can check that supη∈H∗n fη(y) . δ
8
5−2ζ
n (sn log p)

12
5a2 [log n]

56
5τ for any y ∈ A and

a given small constant ζ > 0.
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Therefore, we finally obtain the following upper bound∫
A

sup
η∈H∗n

(
˙̀
η(y)− ˙̀

η0(y)
)2

dPη0(y)

. x2 · (sn log p)
4
a2 [log n]

8
τ

+
1
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∫
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(`η(y + x)− `η0(y + x))
2
η0(y + x) · eb
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dy

. x2 · (sn log p)
4
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8
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δ
8
5−2ζ
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12
5a2 [log n]

56
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x2

by (5.36). By taking |x| = δ
2
5−

ζ
2

n (sn log p)
− 2

5a2 [log n]
4
5τ ,∫
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sup
η∈H∗n

(
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η(y)− ˙̀

η0(y)
)2

dPη0(y) ≤ Kζδ
4
5−ζ
n (sn log p)

16
5a2 [log n]

48
5τ

≤ Kζε
4
5−2ζ
n (sn log p)

16
5a2

for some constant Kζ > 0 not depending on (n, p). �

This lemma gives slightly faster convergence rate, under stronger condition,
compared with Lemma 7, and is used to prove the misspecified LAN (Lemma
5). Although Lemma 8 seems similar to Lemma 7, we stated them separately
to avoid assuming redundant conditions for Lemma 7.

Lemma 8 Let εn = Keta

√
sn log p/n. For any constant ζ > 0, there exists a

constant Kζ > 0 not depending on (n, p) such that∫
sup
η∈H∗n

(
˙̀
η(y)− ˙̀

η0(y)
)2

dPη0(y) ≤ Kζ (εn)
4
5−ζ

for any η0 satisfying (D1)-(D5) and all sufficiently large n, provided that

(sn log p)
1+ 15

a2 = o(n1−ζ), where H∗n defined at (3.17).

Proof Assume that a small ζ > 0 is given. Let ϕn := ε
4
5−ζ
n (sn log p)

6
5a2 [log n]

4
τ ,

A′ := {y ∈ A : η0(y) & ϕ2
n} and B′ := {y ∈ B : η0(y) & ϕ2

n}, where A and B
are defined in Lemma 7. Note that∫

(A′)c
sup
η∈H∗n

(
˙̀
η(y)

)2

dPη0(y) .
∫
Ac

sup
η∈H∗n

(
˙̀
η(y)

)2

dPη0(y)

+

∫
A∩{y: η0(y).ϕ2

n}
sup
η∈H∗n

(
˙̀
η(y)

)2

dPη0(y)

. εn + ϕ2
n (sn log p)

2
a2 [log n]

4
τ ·
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2
a2 [log n]

7
τ

. ε
4
5−ζ
n ,



Bayesian inference beyond sub-Gaussian 35

provided that (sn log p)
1+ 11

a2 = o(n). Similarly, it is easy to check that∫
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sup
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η0(y)

)2
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Hence, it suffices to show that∫
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η∈H∗n

(
˙̀
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η0(y)
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for some positive constants ζ and Kζ .
Note that similar to (5.42),
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3
a2 [log n]
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1
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5−ζ
n (sn log p)

8
5a2 [log n]

4
τ

for some |y − y1| ∨ |y − y2| ≤ |x| on y ∈ A′ and η ∈ H∗n by (5.43). Then, by
taking appropriate |x|, we have

|῭η(y)− ῭
η0(y)|

√
η0(y) . δ

1
5−ζ
n (sn log p)

23
10a2 [log n]

5
τ (5.46)

. (sn log p)
4
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on y ∈ A′ and η ∈ H∗n, because we assume that (sn log p)
1+ 15

a2 = o(n1−ζ). Sup-

pose that supη∈H∗n |
῭
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K
and supη∈H∗n fη(y) .
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d2 [log n]d3 on y ∈ B′ for some positive constants K, d1, d2 and d3.

Note that from the proof of Lemma 7 and the definition of B′,

η0(y)

η(y)
. exp

(
ϕn√
η0(y)

)
. 1

for any y ∈ B′ and η ∈ H∗n, then, similar to (5.40), it is easy to show that∫
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fη(y)dy . δ2
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by Lemma 6. Applying (5.42),

| ˙̀η(y)− ˙̀
η0(y)|

√
η0(y) . δ

d1
4 −ζ
n (sn log p)

d2
4 +K

2 [log n]
d3
4 (5.48)

for any y ∈ A′ and η ∈ H∗n. Then by (5.47) and the similar arguments to the
proof of Lemma 7, we have
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3
8d2+K

4 [log n]
3
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for any y ∈ A′ and η ∈ H∗n. By a recursion, one can check that d1, d2 and d3

converge to 8/5− ζ, 2K/5 and 0, respectively. Thus, by (5.48), we have

| ˙̀η(y)− ˙̀
η0(y)|
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. (sn log p)
3
10K

for any y ∈ A′ and η ∈ H∗n by (5.45). Thus, we obtain supη∈H∗n |
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῭
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ζ′
on y ∈ B′ by repeatedly

applying the above arguments. Finally, by (5.49),(
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η0(y)
)2

η0(y) . δ
4
5−ζ
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for some given constant ζ > 0, any y ∈ A′ and η ∈ H∗n. Therefore,∫
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η0(y)
)2

dPη0(y) ≤ Kζ (εn)
4
5−ζ

for some positive constants ζ and Kζ not depending on (n, p). �

Lemma 9 If (sn log p)1+ 11
2a2 = o(n1−ζ) for some constant ζ > 0, we have

sup
η∈H∗n

∫ (
˙̀
η(y)− ˙̀

η0(y)
)2

dPη0(y) = o(1)

for any η0 satisfying (D1)-(D5), where H∗n defined at (3.17).

Proof Note that∫ (
˙̀
η(y)− ˙̀

η0(y)
)2

dPη0(y) = −
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−
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follows from the integration by parts. By Lemma 6, (5.43) and (5.46), one
can show that the absolute value of the above equality is bounded above by

ε
6
5−ζ
n (sn log p)

33
10a2 for some constant ζ > 0, up to some constant not depending

on η, which implies the desired result. �

The following lemma is used to prove Lemma 10.
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Lemma 10 Let sn be a sequence of positive integers. Define

Θn,1 := {θ ∈ Rp : sθ ≤ sn, ‖θ − θ0‖1 ≤ 1}

and fθ,θ̄,η := (θ − θ0)T ῭̄
θ,η(θ − θ0). If we assume (sn log p)

1+ 15
a2 = o(n1−ζ) for

some constant ζ > 0, then for any small constant ζ ′ > 0,

Eθ0,η0

(
sup

θ,θ̄∈Θn,1
sup
η∈H∗n

1√
n

∣∣∣∣Gnfθ,θ̄,η∣∣∣∣
)

.

(
sn(log p)3 + (sn log p)

3
a2 (log p)4

n

) 1
2

(sn log p)
ζ′

(5.50)

for any η0 satisfying (D1)-(D5) and all sufficiently large n, where H∗n defined
at (3.17).

Proof Without loss of generality, we assume that θ0 = 0. For a given ζ ′ > 0,
define

F̃n :=
{
f̃θ,θ̄,η = (sn log p)

−ζ′
(log p)−1 · fθ,θ̄,η : θ, θ̄ ∈ Θn,1, η ∈ H∗n

}
. (5.51)

Then for any f̃θ,θ̄,η ∈ F̃n,

|f̃θ,θ̄,η(x, y)|

≤ sup
θ,θ̄∈Θn,1

sup
η∈H∗n

(xT θ)2|῭η(y − xT θ̄)| (sn log p)
−ζ′

(log p)−1 =: F̃n(x, y).

F̃n is an envelop function of F̃n such that Eθ0,η0 F̃ 2
n(xi, Yi) . 1 for any i =

1, . . . , n because

Eθ0,η0 F̃ 2
n(x, Y )

=

∫
sup

θ,θ̄∈Θn,1
sup
η∈H∗n

(xT θ)4|῭η(y − xT θ̄)|2η0(y)dy · (sn log p)
−2ζ′

(log p)−2

.
∫
A′

sup
θ̄∈Θn,1

sup
η∈H∗n

|῭η(y − xT θ̄)|2η0(y)dy · (sn log p)
−2ζ′

+

∫
(A′)c

sup
θ̄∈Θn,1

sup
η∈H∗n

|῭η(y − xT θ̄)|2η0(y)dy · (sn log p)
−2ζ′

. (sn log p)
−2ζ′

+

∫
Ac

sup
θ̄∈Θn,1

sup
η∈H∗n

|῭η(y − xT θ̄)|2η0(y)dy · (sn log p)
−2ζ′

+

∫
A∩{y:η0(y).ϕ2

n}
sup

θ̄∈Θn,1
sup
η∈H∗n

|῭η(y − xT θ̄)|2η0(y)dy · (sn log p)
−2ζ′

. (sn log p)
−2ζ′

+ (sn log p)
4
a2 ϕ2

n (sn log p)
−2ζ′ . (sn log p)

−2ζ′
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provided that (sn log p)
1+ 15

a2 = o(n), where A,A′ and ϕn are defined in the

proof of Lemma 8. Thus, ‖F̃n‖2n = n−1
∑n
i=1 Eθ0,η0 F̃ 2

n(xi, Yi) . (sn log p)
−2ζ′

.
We will use Corollary A.1 in ?, which implies

Eθ0,η0

(
sup

θ,θ̄∈Θn,1
sup
η∈H∗n

1√
n

∣∣∣∣Gnfθ,θ̄,η∣∣∣∣
)

.
∫ ‖F̃n‖n

0

√
logNn

[ ](ε, F̃n)dε · (sn log p)
ζ′

√
n

log p. (5.52)

Now, we calculate Nn
[ ](ε, F̃n) defined at (5.52). For θj , θ̄j ∈ Θn,1 and ηj ∈

H∗n, j = 1, 2, write

f̃θ1,θ̄1,η1 − f̃θ2,θ̄2,η2 ≡ f̃1 + f̃2 + f̃3,

where f̃1 := f̃θ1,θ̄1,η1 − f̃θ2,θ̄1,η1 , f̃2 := f̃θ2,θ̄1,η1 − f̃θ2,θ̄2,η1 and f̃3 := f̃θ2,θ̄2,η1 −
f̃θ2,θ̄2,η2 . It is easy to show |f̃1(x, y)| . ‖θ1−θ2‖1 ·

(
y2 + 1

)
(sn log p)

2
a2 [log n]

4
τ

and |f̃2(x, y)| . ‖θ̄1−θ̄2‖1 ·
(
|y|3 + 1

)
(sn log p)

3
a2 [log n]

6
τ

√
log p. Then, we have

Eθ0,η0

(
sup
θ1,θ2

sup
η1,η2

|f̃θ1,θ̄1,η1(x, Y )− f̃θ2,θ̄2,η2(x, Y )|2
)

. sup
θ1,θ2
‖θ1 − θ2‖21 (sn log p)

6
a2 [log n]

12
τ log p+ Eθ0,η0

(
sup
θ1,θ2

sup
η1,η2

|f̃3(x, Y )|2
)
.

To deal with f̃3, define

G̃Kn :=
{

῭
η · I[−Kn,Kn] : η ∈ H∗n

}
and H̃Kn := supη∈H∗n maxk=0,1 sup|y|≤Kn |῭

(k)
η (y)| for some Kn > 0. Then,

Theorem 2.7.1 of ?, which implies for every ε > 0,

logN(ε) := logN(ε, G̃Kn , ‖ · ‖∞)

. Kn · H̃Kn ·
1

ε

. Kn ·K3
n (sn log p)

3
a2 (log n)

6
τ

1

ε
.

By the definition of the covering number, there is a partition {Hl : 1 ≤ l ≤
N(ε)} of H∗n such that∫

|y|≤Kn−M
√

log p

sup
θ∈Θn,1

sup
η1,η2∈Hl

|῭η1(y − xT θ)− ῭
η2(y − xT θ)|2dPη0(y)

.
∫
|y|≤Kn−M

√
log p

ε2dPη0(y) ≤ ε2.
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Let Kn = C(log(1/ε))1/τ + C(log n)1/τ + M
√

log p for some constant C > 0,
then ∫

|y|>Kn−M
√

log p

sup
θ∈Θn,1

sup
η∈H∗n

|῭η(y − xT θ)|2dPη0(y)

.
∫
|y|>Kn−M

√
log p

y4e−b|y|
τ

dy · (sn log p)
4
a2 [log n]

8
τ

. e−
b
4K

τ
n · (sn log p)

4
a2 [log n]

8
τ ≤ ε2.

Thus, we have ∫
sup

θ2,θ̄2∈Θn,1
sup

η1,η2∈Hl
|f̃3(x, y)|2dPη0(y) . ε2,

for some constant C > 0 and any 1 ≤ l ≤ N(ε).
By the above arguments,

logNn
[ ](ε, F̃n) . logN(ε) + logN

(
ε (sn log p)

− 3
a2 [log n]−

6
τ [log p]−

1
2 , Θn, ‖ · ‖1

)
. K4

n (sn log p)
3
a2 (log n)

6
τ · 1

ε
+ sn log p+ sn log

1

ε

. ε−
3
2 · (sn log p)

3
a2 (log n)

6
τ (log p)2 + sn log p+ sn log

1

ε
.

Hence, by (5.52), we get the inequality (5.50). �

The following lemma is used to prove Lemma 5.

Lemma 11 (Misspecified LAN: version 2) Let sn be a positive integer
sequence and εn be a sequence such that εn → 0. Define Θn,εn := {θ ∈ Θ : sθ ≤
sn, ‖θ−θ0‖1 ≤ εn} and r̃n(θ, η) := Ln(θ, η)−Ln(θ0, η0)−

√
n(θ−θ0)TGn ˙̀

θ0,η+

n(θ−θ0)TVn,η(θ−θ0)/2. If we assume that (sn log p)
1+ 15

a2 = o(n1−ζ) for some
constant ζ > 0, then

Eθ0,η0

(
sup

θ∈Θn,εn
sup
η∈H∗n

|r̃n(θ, η)|

)
. nε2n · ρn + εn

√
log p · sup

θ∈Θn,εn
‖X(θ − θ0)‖22, (5.53)

for any η0 satisfying (D1)-(D5) and all sufficiently large n, where H∗n defined
at (3.17) and

ρn :=

(
sn(log p)3 + (sn log p)

3
a2 (log p)4

n

) 1
2

(sn log p)
ζ′

for a given constant ζ ′ > 0.
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Proof By the Taylor expansion, where θ(t) := θ0 + t(θ − θ0),

Ln(θ, η) = Ln(θ(1), η)

= Ln(θ0, η) +
∂

∂t
Ln(θ(t), η)

∣∣
t=0

+

∫ 1

0

∂2

∂t2
Ln(θ(t), η)(1− t)dt.

Since Eθ0,η0 ˙̀
θ0,η = 0 for every η by (D4), we have that

∂

∂t
Ln(θ(t), η)

∣∣
t=0

=
√
n(θ − θ0)TGn ˙̀

θ0,η

and

∂2

∂t2
Ln(θ(t), η) = n(θ − θ0)TPn ῭

θ(t),η(θ − θ0).

Define

An1(θ, η) := n

∫ 1

0

(1− t) 1√
n
Gn(θ − θ0)T ῭

θ(t),η(θ − θ0)dt,

An2(θ, η) :=

∫ 1

0

(1− t)

n∑
i=1

[
(θ − θ0)TEθ0,η0

{
῭
θ(t),η(xi, Yi)− ῭

θ0,η(xi, Yi)
}

(θ − θ0)
]
dt,

An3(θ, η) :=
1

2

n∑
i=1

(θ − θ0)TEθ0,η0 ῭
θ0,η(xi, Yi)(θ − θ0),

then, it is easy to show that∫ 1

0

∂2

∂t2
Ln(θ(t), η)(1− t)dt = An1(θ, η) +An2(θ, η) +An3(θ, η).

Since

1√
n
Gn(θ − θ0)T ῭

θ(t),η(θ − θ0) =
‖θ − θ0‖21√

n
Gn

(θ − θ0)T

‖θ − θ0‖1
῭
θ(t),η

(θ − θ0)

‖θ − θ0‖1
,

we have

Eθ0,η0

(
sup

θ∈Θn,εn
sup
η∈H∗n

∣∣∣An1(θ, η)
∣∣∣) . nε2n · ρn

by (5.50) in Lemma 10, provided that (sn log p)
1+ 15

a2 = o(n1−ζ) for some ζ > 0.
Since An3(θ, η) = −n/2 · (θ − θ0)TVn,η(θ − θ0), if we only need to show that

sup
θ∈Θn,εn

sup
η∈H∗n

∣∣∣An2(θ, η)
∣∣∣ . εn

√
log p · sup

θ∈Θn,εn
‖X(θ − θ0)‖22,
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where θ(t) := θ0 + t(θ − θ0) for 0 ≤ t ≤ 1. To show the above inequality, it
suffices to prove that

(θ − θ0)T
{
Eθ0,η0 ῭

θ(t),η(xi, Yi)− Eθ0,η0 ῭
θ0,η(xi, Yi)

}
(θ − θ0) (5.54)

. |xTi (θ − θ0)T |2
√

log p‖θ − θ0‖1

for any i = 1, . . . , n. Note that (5.54) is bounded above by

|xTi (θ − θ0)|2
∣∣∣Eθ0,η0 (῭

η(Yi − xTi θ(t))− ῭
η(Yi − xTi θ0)

)∣∣∣
. |xTi (θ − θ0)|2

√
log p‖θ − θ0‖1 ·

∣∣Eθ0,η0 ...
` η(Yi − xTi θ(t1))

∣∣ ,
for some constant 0 ≤ t1 ≤ t. Also note that∣∣Eθ0,η0 (...` η(Y − xT θ(t1))−

...
` η0(Y − xT θ(t1))

)∣∣
=

∣∣∣∣∫ (...` η(y − xT θ(t1))−
...
` η0(y − xT θ(t1))

)
η0(y − xT θ0)dy

∣∣∣∣
=

∣∣∣∣∫ ( ˙̀
η(y − xT θ(t1))− ˙̀

η0(y − xT θ(t1)
)
η̈0(y − xT θ0)dy

∣∣∣∣
≤
[∫

( ˙̀
η(y)− ˙̀

η0(y))2η0(y)dy

] 1
2

×

[∫ (
η̈0(y − xT θ0)

η0(y − xT θ0)

)2
η0(y − xT θ0)

η0(y − xT θ(t1))
η0(y − xT θ0)dy

] 1
2

.

The above equality follows from the integration by parts, and the last in-
equality follows from the Hölder’s inequality. The last term is of order O(1)
by Lemma 9. Since

∣∣Eθ0,η0 ...
` η0(Y − xT θ(t1))

∣∣ . 1, it completes the proof for
(5.53). �

Finally, the following lemma is used to prove Lemma 4.

Lemma 12 Suppose that (sn log p)1+ 8
a2 = o(n1−ζ) holds for some constant

ζ > 0, then

Eθ0,η0

(
sup
η∈H∗n

‖Gn ˙̀
θ0,η‖∞

)
. log p

for any η0 satisfying (D1)-(D5), where H∗n defined at (3.17).

Proof Without loss of generality, we assume that θ0 = 0. Define

Fn :=
{
eTj

˙̀
θ0,η (log p)−

1
2 : 1 ≤ j ≤ p, η ∈ H∗n

}
,

where ej is the jth unit vector in Rp. Then,

sup
η∈H∗n

‖Gn ˙̀
θ0,η‖∞ = sup

f∈Fn
|Gnf |

√
log p.
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We first show that Fn(x, y) := supη∈H∗n |
˙̀
η(y)− ˙̀

η0(y)|+ | ˙̀η0(y)| is an envelop

function of Fn and Eθ0,η0F 2
n(xi, Yi) . 1 for any i = 1, . . . , n. Note that for any

f ∈ Fn and x = (x1, . . . , xp)
T ,

|f(x, y)| =
∣∣∣eTj ˙̀

θ0,η(x, y)
∣∣∣ (log p)−

1
2

=
∣∣∣xj · ˙̀

η(y)
∣∣∣ (log p)−

1
2

. sup
η∈H∗n

| ˙̀η(y)− ˙̀
η0(y)|+ | ˙̀η0(y)|.

By Lemma 7, we have Eθ0,η0F 2
n(xi, Yi) . 1 if (sn log p)1+ 8

a2 = O(n1−ζ) for
some ζ > 0. Then, we have

Eθ0,η0

(
sup
η∈H∗n

‖Gn ˙̀
θ0,η‖∞

)
.
∫ ‖Fn‖n

0

√
logNn

[ ](ε,Fn) dε
√

log p

.
∫ ‖Fn‖n

0

√
ε−1 + log p dε

√
log p . log p,

where the second inequality follows from Corollary 2.7.4 of ?. �
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