Supplementary Figure 1. Coordinate system of Cgg.
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Supplementary Figure 2. JT splitting of Cy; . Eggf) = 50.2 meV is the JT stabilization energy of
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Supplementary Figure 3. Ground state energy of K3Cgo. The total energy E, of fcc K3Cgq is
plotted as a function of the Jahn-Teller deformation ¢ and U} (in meV). For each Uj, the energy
E,4 at ¢ = 0 is subtracted from Ej;. The red points show the ground state for each Uj. For small U,
the JT distortion is suppressed, whereas for U} 2 > 0.75 eV, the JT distortion is favored. Therefore,
in the former region of U, the orbitals are degenerate and equally populated in the ground state,
while in the latter region, the LUMO levels are completely split and orbital disproportionation

arises.

Supplementary Figure 4. Structure of bet K4Cgg. The green balls are fullerene Cgg and the red
spheres are K atoms which locate at a(1/2,0.218152,0) and equivalent positions with respect to

the central Cg.



Supplementary Figure 5. The first Brillouin zone of bct lattice. The band is plotted along the
path Z = (0,0, (1 + (a/c)?)c/(2a)) — T = (0,0,0) - M = (1,0,0) — P = (1/2,1/2,¢/(2a)) —
M=(0,1,0) - T - X =(1/2,1/2,0) - P - N =(1/2,0,¢/(2a)) - Z —- N = (0,1/2,¢/(2a))

— P — Z in the unit of 27/a.
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Supplementary Figure 6. The effect of the interorbital hybridization on the LUMO band. (a) The
band structures and (b) the density of states (DOS) of bet K4Cgo with and without hybridization.
The Jahn-Teller splitting is not taken into account. (a) The red and blue dots indicate the presence
and the absence of the hybridization between the z orbital and the other orbitals, respectively. (b)
The gray dashed line is the total DOS with hybridization, the black solid line is the total DOS

without hybridization, the red, green, and blue dashed lines indicate the partial DOS.



a
o0

Bad) o
3 - Y AT T
66 [ -." 3
—_ 6 47 3 Qe "oagent” i
>
N
> 6.2 T, -,
an O
E) FT- . o,
R [ "-«...‘ {assroos,
5600 .
o o T o) Y f)"r--....m N
5.8¢ 4 T T
5.6¢ T

z I' M P M I' XPNZNP Z

Supplementary Figure 7. The effect of the hybridization on the split LUMO band. The band
structure with the splitting of the orbital levels. The hybridized (red) and non-hybridized (blue)

band structures are similar to each other.



Supplementary Table 1. Transfer parameters of bet K4Cgop. The LUMO levels (eV) and transfer

parameters (meV) of bet K4Cgp derived by fitting the DFT calculations into model Hamiltonian.

€z €y €z 2 tyy e, tzy tyz tox
4.849 4.715 4.847 13.4 32.1 17.0 —-17.1 14.6 0.0
t;gcac tyljgj/ tlzgjz ;yx t;}% éllz tg:zac t;jy t,zzz
14.4 7.5 —-9.0 —2.6 6.1 14.8 51.3 8.8 19.8

Supplementary Table 2. Static Jahn-Teller effect of Ci, anions. Jahn-Teller distortion in polar
and Cartesian coordinates, occupation numbers, and JT stabilization energies (meV) of Ci; . For
the calculations of the Cartesian coordinates, we set the three Euler angles ~, 8, ¢ zero, leading to

e =qyp=qc = 0.

n (¢, ) (99, qe) (n1,n2,n3) Ejr
1 (9,0) (9.0) (0,0,1) Efy
2 (29,0) (29, 0) (0,0,2) 4E(Y)
3 (v39.7/2) (0.7/39) (2,0,1) o
4 (29, ) (—2g,0) (2,2,0) 4B
5 (9,7) (~9,0) (2.2,1) Efy




SUPPLEMENTARY NOTE 1

Jahn-Teller effect of isolated Cgy

Isolated Cgo molecule (I, symmetry) has triply degenerate ¢, LUMO level. The t4,
orbital couples to two nondegenerate a, normal vibrational modes and eight five-fold degen-
erate h, normal vibrational modes. In this work, we omit the a;, modes and use effective h,

mode. The Jahn-Teller (JT) Hamiltonian of Ci; (n =1 —5) is written as

Fio %qe - \/T?:QE —\/73% _\/quU é:ca
2 2 ~ ~ ~ N
Hyr = Z B3 (pv + qv) + ﬁWZ (C:Tcw Cztw Cia) _\/T§QC %% + \/Tg% _\/quﬁ Cyo | »
2l g ~
_\/75%7 _\/quf —ds Czo

where w is the frequency, ¢ is the dimensionless vibronic coupling constant, (gg, e, ge, ¢y, 4¢)
are the dimensionless mass-weighted normal vibrational coordinates which transform as
222 —x? —y? 2® —y? yz, zx, 2y, respectively, under symmetric operations (for the definition
of the coordinates see Supplementary Figure 1) and p, (v = 0,€,£,7n,() is the conjugate
momentum of ¢,. The components 0, ¢,&, 1, of h, mode are denoted 1,4,5,2,3, respectively,
in Ref. 1.

The h, normal coordinates can be transformed into polar coordinates (g, o, 7, 6, ¢).! Un-

der appropriate rotation of the electronic coordinates A = x, vy, z,

é;o' = Z Sl)\(’)/a 6)’ qﬁ)é;oﬂ (2)
N=xy,z
with
Sin(7,0,9) = [Bp(v)Cr(0)Dp(d)]y (3)

we obtain adiabatic electronic states [ = 1,2, 3. Here, the rotation matrices Bp, C'p, Dp are
the same as in Ref. 1 (angle § and the component é of h, coordinate are different from each

other). By the unitary transformation
Hyr = STHypS, (4)

the potential term of the JT Hamiltonian (1) becomes diagonal:

hew
Ust = 7(]2 + hwgq XU: [cos (a + g) N1y + COs (oz — g) Ny — COS AMN3y | . (5)

7



The range of « is 0 > o < m/3 or equivalent range in the configuration space.

Minimizing Eq. (5) under the condition of 2(n; 4+ ny + ng) = n, the JT deformation and
the JT stabilization energy are obtained as follows.? Here, n; is an occupation number of
electron (n; = 0,1). For example, when there is one electrons in the LUMO orbitals (Cg,),

the amplitude of the JT coordinates at the minima of the adiabatic potential energy surface

(5) is

(g, ) = (9,0), (6)

with the occupation numbers
(nl,nz,ng) = (0,0, 1) (7)

The JT stabilization energy (the gain by the deformation) is

hwg?

Eyr = By} = 5

(8)

In the case of Cgy anion, the effective g = 1.07 and w = 87.7 meV, the stabilization energy
E§}F) = 50.2 meV.

By the same procedure, we obtain the JT deformations, occupations, and JT stabilization
energies for all cases (Supplementary Table 2).

In the strong JT coupling limit (¢ — o0), the ground state is well described in the space
of the ground adiabatic state. Within the approximation, the kinetic term of Eq. (4) can be
separated into radial and rotational parts in the configuration space of the h, mode.* In the
case of n = 1,2,4,5, there are three dimensional radial part and two dimensional rotational

part (Egs. (12) and (24) in Ref. 1): for n = 1,5,
KB "9 | g2 0q 1 dq ¢2sina Oa o ¢2 sin? o 92
hw | 1 0 (. 0 1 02
62 [Sin 00 (SIHG%) * sin2987¢21 ’ (9)
and for n = 2,4,

~ ho |1 0 5 0 1 0 _ 0 1 0? hw
HKE:_7 = |\ = |+ sima— | + ———— + —

% sin a O ¢2sin® o 02 3q?
0 1 02
2 (sinoZ )+ —_ 2| 1
S0 90 (Sm ae) * sin2ea¢2] (10)
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Here, the coordinates ¢, o, y are the radial coordinates and #, ¢ are the rotational coordinates.
Therefore, in the strong coupling limit, the ground state is described by the product of the

radial and rotational wave functions,

Ty = f(a, 7,0, )¢ (¢, @0, 7)™ (0, ), (11)

and the ground eigen energy of Hyr is
3
EO = —EJT + §hw (12)

The first term of the right hand side is the stabilization by the static JT distortion, whereas
the right hand side includes the effect of the JT dynamics. Compared with the ground
energy of the five-dimensional Harmonic oscillator, 5hw/2, the JT dynamics stabilizes the
system by Aw because of the two rotational modes in the minima of the adiabatic potential
energy surface.

On the other hand, when n = 3, there are two dimensional radial part and three dimen-

sional rotational part (Eq. (32) in Ref. 1):

~ hw [1 0 0 1 0? 9 hw

Hxg=——F|——=— [ q¢=— — = = (AN AN N 13
where A\;, A\, A, are the angular momenta described by angles 7, 6, ¢.! In the ground state,
the eigenstate of Hyr (vibronic state) is written as the product of the radial vibration around

the minima and the
Uy = ©F (. 7,6, 0)0"(q, @)¢™ (7,6, 0), (14)
and the ground eigen energy of Hyr is
Ey = —Ej7 + hw. (15)

Compared with the zero vibrational energy of the five-dimensional Harmonic oscillator, there
is gain by 3hw/2 due to the JT dynamics. In Ref. 3, the gain by the JT dynamics 3hw /2
is evaluated ca 90 meV for C;. On the other hand, the frequency for the effective mode
is 87.7 meV, and the dynamical component of the ground energy 3fw/2 = 132 meV. The
discrepancy is due to the intermediate strength of the orbital vibronic coupling constant
g of Cgy anion. In the main text, we assume that, however, the relative strength of the

dynamical JT stabilization is the same, and estimate the gain of Cg, .

9



SUPPLEMENTARY NOTE 2

Fzxact solution for orbitally disproportionated state and the one-particle exciations in

A4 Cgo with non-hybridized LUMO bands

In bet K4Cgp, the effect of the interorbital hybridization of LUMO bands is weak. This is
directly observed replacing the interorbital transfer parameter with zero. As an example, we
replace the one between the x orbital and the y, z orbitals, (¢,,,t.,). Supplementary Figure
6a shows the hybridized (red) and non-hybridized (blue) band structures. One finds that
these two bands are close to each other in almost all k-points and except for around the
X point (Supplementary Figure 5). By neglecting the hybridization, the split levels of the
hybridized band (around 4.6 eV and 4.9 eV) become quasi-degenerate (around 4.7-4.8 eV).
Consequently, the total density of states (DOS) for the non-hybridized band is enhanced
around the range of 4.7-4.8 eV and is reduced around 4.6 eV and 4.9 eV (Supplementary
Figure 6b).

This hybridization effect is diminished by the splitting of the band due to the Jahn-Teller
effect and Coulomb repulsion (Supplementary Figure 7). Here, we consider the Jahn-Teller
distortion which would give the largest gain of the energy, i.e., x is unstabilized and y and
z are stabilized, and Uy = 0.5 eV. Therefore, bct K4Cgo can be treated as a non-hybridized
band system in a good approximation.

We show the band state and electron- and hole-quasiparticle states of non-hybridized

multiband Hubbard Hamiltonian:

H= Z ExnNine + Z

Ako m
+ UL ("m14Mm2) + M1y omat)

Z Ullﬁm/\Tﬁmx\i + (UJ_ - J) (ﬁmnﬁmm + ﬁmuﬁmu)
A

+ Y T (élméjm oyt el G iémmﬂ : (16)
A£N

where, €, is the band energy.

For simplicity, we first consider that each site has two orbitals A = 1, 2, then consider the
case with three orbitals A = 1,2, 3.

We assume that the ground state of the system is band insulator type, and orbitals

A =1 are doubly occupied and orbitals A = 2 are empty for all k. The ground state of the

10



Hamiltonian is given by
o) H (g1 |0 (17)
= H Cmi100); (18)

where, n is the number of electrons in the system. The ground energy Ej is directly calcu-

lated:

H|®p) = (Z €11 +ZU||> D), (19)

therefore,
Ey =) 26aq+ NUj. (20)
k
Now, we add one electron to empty band orbital 2k:
@) = i, | P0). (21)
This state is also an eigenstate of H (16):
H|®5,) = Bax| Pia)- (22)

Moreover, as in the previous case, Eq. (21) is an eigenstate of each term of the Hamiltonian

(electron transfer and bielectronic parts). The first part is obtained as

Hy|®f,) = > €woxionoriify,|Po)
k' N o’

_ o A L
= Qyoy ex1M 10| Po) + €x2Nkao o, | Po)
k/o-/

= (Z 2€k’1 + €k2> |q)i20'>’ (23)
k/
where H, is the first term of Eq. (16). The second part is calculated as
Hyi| @fesy) = o, Hii| ®0) + [, s, ]| o), (24)
where Hy; is the second term of Eq. (16). The first term is

akQJ Z Z Ujjfrmtfomny | Po) = ak2aNUH Do)

m

= NU)|Piess)- (25)
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The second term is

tk-m
A . [ A .
[Hbia CLL20_] = z : \/N [Hbi7 CInQU]

ik-m

= Zm: i {U | [Prm2t fimay, Ege] + (UL — J) <(5T0nmlTCin2T + 5¢anm1¢cin2¢>

+U, <5¢aﬁmlTéIn2 s 5¢aﬁm1¢51nm)

N . 5 N s oAb s
+J (le?cmu (001 Cm2t — 051Cm2]) — 01Crna| Cin1yCmi) — 60¢Cm2TCm1¢leT>i| ’

(26)
and thus,
R ot eik~m .
[Hbi, Gea, || Do) = zm: i (2U1 — J)emas|Po)
= (201 = J)|Pia0), (27)

where Hy; is the second term of Eq. (16). Therefore, Eq. (21) is an eigenstate of the

Hamiltonian (16) and the eigen energy Ef, is
Eyy = Eo+ e +2U, — J. (28)
Similar situation arises when one hole is added. The state is written as
|Preto) = dicio| Do) (29)
and the eigenvalue of the Hamiltonian (16) is
Bl = Ey—en — Uj. (30)

From the energies with one electron (28) and one hole (30), the quasi-particle band gap
AFE is obtained as:

AFE = €k2 — €x/1 + UJ_ —3J. (31)

Here, k and k' are the k-points where the energies of the empty and the filled bands are the
minimum and maximum, respectively.
Generalization of the above discussion to the cases with three or more orbitals is straight

forward. In the case of three orbitals, we assume that orbitals A = 1,2 are doubly occupied

12



and orbital A = 3 is empty. The form of the eigenstates are the same as before. The

eigenstate are given in the main text. The energies are

Ey =Y 2(aa + ae) + NQU| +4U, — 2J). (32)
k

ESy = Ey+ e + (AU, — 2J), (33)

Bl = Ey— o — (U + 20U, — J). (34)

Therefore, the energy gap is
AFE =63 — ey + U — 3J. (35)

Here, k and k’\ are taken so that the energies of the empty and the filled bands become the
minimum and maximum, respectively. These formula hold for the systems with hybridization

within the occupied (or empty) bands with slight change.

SUPPLEMENTARY METHODS
Self-consistent Gutzwiller’s approach

We briefly explain the Gutzwiller’s approach to static Jahn-Teller system developed in

Ref. 4. The Gutzwiller’s wave function ®¢ is written as
|Bg) = Pg|®s), (36)

where, ®g is a Slater determinant,

occ.

|@s) = ] ] alu,10), (37)

ako
and Py is Gutzwiller’s projector,
A 1 R R
Po = exp 3 Z Z AT ameMamo | - (38)
m Ao#MNo'!

Here, we assume the translational symmetry of the system, and the state ak is a linear

combination of the localized states Am:

ik-m

R € A
a’:;kcr = Z \/N U')\,akci\mo-’ (39>
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with orbital coefficients uy ox. IV is the number of sites in the system. In Eq. (38), Ay are
real variational parameters. The Gutzwiller’s variational parameter Ay, are orbital specific
in order to adequately treat the split orbitals.

With the use of the Gutzwiller’s wave function (36), the ground state energy per site £,
was calculated. The latter consists of the band energy FEyanq, linear Jahn-Teller energy Uy,

elastic energy U, and bielectronic energy FEy;:

Ey = Eyang + Evi + Ejr. (40)
The band energy is written as
Enand = > GvTav, (41)
Mo

where ¢,y is Gutzwiller’s reduction factor, which has the meaning of quasi-particle weight,®
and 7yy is the A\, X element of the uncorrelated band energy. For the calculation of Eyanq

we used Gutzwiller’s approximation.®” The Jahn-Teller energy for C2; is

hw V3
Eyr =450 — > Tﬁwgq(nx —ny), (42)
and for Cg
By =g - > hwgq(—2n, +ny +n2). (43)
9 x y z

Here, we assume that the Jahn-Teller distortion (Supplementary Table 2) is common to all
of the fullerene sites, and ¢ is the magnitude of the deformation. For the bielectronic energy,
see Ref. 4.
The total energy E, contains two types of the variational parameters: orbital coefficients
u (39) and Gutzwiller’s parameter A (38). The energy E, is minimized with respect to
both v and A. Variational calculations of the energy are performed separately for u an A.
From the variation of the energy with respect to u with fixed A, we obtain Hartree-Fock like
equation for each k:
Z h&‘/\,u,\/,ak = €,k ok, (44)
~
where h¥,, is one-electron Hamiltonian, €, is one-electron eigen energy of the Hamiltonian.

On the other hand, for fixed u, we minimize E, with respect to A:

aEg _
s =0 (45)
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These two equations (44), (45) are solved repeatedly until we obtain the convergence of the
energy. During the self-consistent calculation, the populations n, are fixed, and the ground
state for each set of {n,} was performed. For details of the self-consistent Gutzwiller’s

approach, see Ref. 4.

DFT calculations

Here, we explain tight binding model of bet K4Cgg and tight binding parametrization.
K4 Cgp has body centered tetragonal (bct) structure (Supplementary Figure 4). The primitive

lattice vector is

1 1 1
al - 5(0/7 _a, C)? a2 = 5(&7 a” C), a3 = 5(_a7 _a’ C)’ (46)

where, a and c are the lattice constants. In the present work, the lattice constants were
taken from the neutron diffraction data measured at 6 K (a = 11.827 A, ¢ = 10.746 A).8

Using ay, ag, as, the nearest neighbor sites (Supplementary Figure 4) are described as
Am = tay, tay, £(—a; + as + a3), +as. (47)
The next nearest neighbor sites are
Am = +ae,, tae,, +ce,, (48)

where e, e, e, are the unit vectors along the axes x,y, z, respectively.

Because of the lower symmetry of bet lattice than fcc one, the orbital energy levels of
each site split into three. Thus, the tight-binding model Hamiltonian for the bct lattice is
written as the sum of the orbital energy levels part, the electron transfer part between the

nearest-neighbor (nn) sites and that between next nearest neighbor (nnn) sites:

=303 et + >0 >0 (it + ). (49)

m Ao m o
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where the nearest neighbor term is

4

‘ron E At A Al A Al A
Hma - (tiﬂfcm—&—Amixocml"U + tyycm—i—AmiyacmyU + tZZCm—l—AmizchmZU)
=1

+

(]

(/\7)‘/):(9733)7(3371/)

Al A Al A Al A Al A
txy <_Cm+Am1>\oCm/\/U + Cm—i—Amg)\acm)\'O’ - Cm+Am3>\ocm)\/U + Cm+Am4)\aCm)\'U

N 5 of 5 o 5 of 5
+ tyz <_Cm+Am1)\acm)\/U + Cm+Am2/\Jcm/\/U + CerAmg/\aCm)\/U - Cm+Am4/\acm/\/U

N ;s ot s Ao ,
+ tZil' (Cm—&-Aml/\acmXU + cm+Am2)\acm)\/U Cm+Am3,\ng)\’a Cm+Am4)\aCmXU

(AN
+ H.c.

Il
—

z,x),(x,2)

and the next nearest neighbor term is

‘rnnn _ y/x AT ~ 1z AT ~ 1z At ~
Hma - t:ca;cm-FemmcfchU - tyycm—l-emyffcmyo' - tzzcm—i-emzacmzo'

oy oat A 1y ~t A _ py At A
tzzcm+eyxacm1’0 + tyyCereyyacmyU tzzcm+eyzacm20

1z At A 1z At ~ 1z At ~
o tmxcm+ezwacm$0 - tyycm+ezyacmy0 + tzzcm—l—ezzacmch

+ He. (51)

Here, €, is the orbital energy level, tyy and t,, are the electron transfer parameters between

the nearest neighbors and next nearest neighbors.

We obtained the orbital energy levels ¢ and transfer parameters ¢ from the fitting of the
DFT band structure to the tight-binding model Hamiltonian (49), (50), and (51). The DFT
calculations are described in the Methods and the band structures are shown in Fig. 4a in
the main text. For the symmetric points indicated in Fig. 4a, see Supplementary Figure 5.
Supplementary Table 1 shows the derived parameters. The y orbital energy level is lower
than the quasidegenerate x and z orbital levels by about 130 meV. We also note that the
transfer parameters to the next nearest neighbor sites ¢’ are comparable to the those of
the nearest neighbor ¢. Particularly, the transfer parameter along the z direction t72, is the
largest than the others. This is explained by the smaller distance between Cg, sites than
the other directions (¢ < a). Therefore, the electron transfer parameters to the next nearest

neighbor is crucial to describe the band structure of the bet AyCep.
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