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Supplementary Figure 1: The braiding process for L-fermions in the Kitaev Chain model (KCM). It can be reduced to the
process for the final three-fermions, which is represented by the dark blue dashed panes. The spheres with numbers at their
centers represent the Majorana fermions at the corresponding sites. A pair of Majorana fermions bounded by an enclosing ring

represents a normal fermion. The wavy lines between different sites represent the interactions between them.
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Supplementary Figure 2: The mapping of the braiding process. In the Kitaev Chain model (KCM), the braiding is determined
by a set of Hamiltonian, HéVIF, H%VIF, ,HTI\L/IF, Hg/[fl = H(I)V[F. The geometric phases obtained during the process can be
uniquely determined by these Hamiltonians through Bargmann invariants. Under the Jordan-Wigner (JW) transformation,
the geometric phases can be determined in the transverse-field Ising model (TFIM). The states |mp¢) and |kLs) are a basis of

the ground-state space defined in the KCM and in the TFIM (m and k=0 or 1), respectively.
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Supplementary Figure 3: The circuit of one step cooling algorithm. H represents the Hadamard gate operation. R represents

a local phase gate and U is the unitary operation which is dependent on the Hamiltonian Hs.
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Supplementary Figure 4: The one-to-one mapping between different models. The mapping can be constructed between Kitaev

Chain model (KCM) and the Zs symmetry subspace of transverse-field Ising model (TFIM) through the Jordan-Wigner (JW)

transformation.

In the Zg symmetry subspace, the degeneracy of the ground state of TFIM is protected. However, the

degeneracy can be lifted by noises that do not respect the Za symmetry.
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Supplementary Figure 5: Spatial modes of the output states for simulating the exchange of Majorana zero modes. The solid

magenta rings represent the preserved optical modes, and the dashed magenta rings represent the discarded optical modes.

The states indicated near the optical modes represent the corresponding preserved basis in the eight-dimensional space.



input state

Hy (initial)

0000
0000

XXX XXX XXx Xxx

XXX

O ¢

Q
Xxx

Hy (final)

flip error

XXX

XXX

0000
0000

XXX XXX XXx

Supplementary Figure 6: Spatial modes of the output states for the investigation of the flip-error immunity. The solid magenta

rings represent the preserved optical modes, and the dashed magenta rings represent the discarded optical modes. The states

indicated near the optical modes represent the corresponding preserved basis in the eight-dimensional space.
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Supplementary Figure 7: Spatial modes of the output states for the investigation of the phase-error immunity. The solid

magenta rings represent the preserved optical modes, and the dashed magenta rings represent the discarded optical modes.

The states indicated near the optical modes represent the corresponding preserved basis in the eight-dimensional space.



Supplementary Figure 8: Experimental image of the eight optical modes.



a 1% Z (Jxxx)) b . ﬁ Z (Ixxx) c

c 1.0
o
E] _| e o, 0.8
R 9 — w’ % Zo06
g Y Y S 04
: X" X Yy
& .
= : 0.0
@3 B . \ \ ) y
43 () } ) vz % 4 5 8
Final states
Initial states Final states
Z (Jxxx) Z (Jxxx
d ) * () e ) .1 (bxxr) f
c
g 1.0
3
2 __a 6__ 6' 0.8
e - 5¢ P ~~5‘ > 06
s e £
5 7 Y Y o 04
0 [T
§ x X 02
e
s 4 Ls. 0.0 :
8 (75E)) (1555)) T2z ¥ 4 5 8
Initial states Final states Final states

Supplementary Figure 9: Experimental results on simulating local noises immunity. a. and d. The six experimental initial
states (after the first dissipative evolution DEO) with the dark green dots labeled as 1, cyan dots labeled as 2, magenta dots
labeled as 3, dark yellow dots labeled as 4, violet dots labeled as 5 and navy dots labeled as 6 in the Bloch spheres. b.
and e. The corresponding experimental final states (after the second dissipative evolution DEO) with the dark green dots
labeled as 1/, cyan dots labeled 2/, magenta dots labeled as 3’, dark yellow dots labeled as 4’, violet dots labeled as 5, and
navy dots labeled as 6’ in the Bloch spheres for the cases of flip-error protection and phase-error protection, respectively.
The black dots in the poles of the Bloch spheres represent the corresponding theoretical predictions with the states |zzz) (+Z
direction), %(\xwx)—ﬂa’cii)) (-Y direction), |ZZZ) (-Z direction), %ﬂxwm)—&-\ia‘cf)) (+X direction, |03s)), %(|x:cac>+i|a_:ii))
(+Y direction), and %ﬂxmx) — |zzz)) (-X direction, |13s)), respectively. Due to the experimental errors, the coloured dots
(experimental results) are slightly separated from the corresponding black dots. c. and f. the comparison between the fidelities
of the final states (dark yellow columns) and the theoretical prediction (identity, cyan columns) for the cases of flip-error

protection and phase-error protection, respectively.
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Supplementary Figure 10: More experimental results. a. Theoretical predictions (black dots) and experimental results (ma-
genta dots) for the chosen nigh-ground states of Hy (after the first dissipative evolution DEO) in a Bloch sphere. The corre-
sponding theoretical states (corresponding numbers from 1 to 9) are represented as |zzz), %\xmz) + \/%foﬁfi}, %me) +
%h‘:ii}, %(\xmm) + |zzz)), %\zxm) + %ﬁif), \/%Tﬂzm) + \/iro\ﬁf), |zZZ), %ﬂzzz) + i|zzz)), and %(\mmx) — i|ZzT)),
respectively. b. The corresponding fidelities of the states in a. ¢. Theoretical predictions (black dots) and experimental results
(magenta dots) for the nigh-ground states of H; (after dissipative evolution DE1) in a Bloch sphere. The corresponding theoret-
ical states (corresponding numbers from 1 to 9) are represented as |Zzz), \/% |Zxa)y — ﬁﬁa’:i), % |Zxa)y — % |ZZT), %(\Zx:c) —
|zzZ)), %\Zz@ — %EE:E), \/%|me> — \/%\25@}, |zzx), %(lixm) +14|zzz)), and %(ﬁxaz) —1|2ZZ)), respectively. d. The cor-
responding fidelities of the states in c¢. e. Theoretical predictions (black dots) and experimental results (magenta dots) for
the final output states in a Bloch sphere for the investigation of non-trivial statistics (after the second dissipative evolution
DEO0). The theoretical states in e are obtained by rotating the corresponding states in a counterclockwise along the X axis
through an angle of 7/2. f. The corresponding fidelities of the states in e. Due to the experimental errors, the magenta dots
(experimental results) are slightly separated from the corresponding black dots. The error bars for fidelities, which correspond

to the counting statistics, are smaller than the size of the symbols.
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Supplementary Figure 11: The theoretical (solid columns) and experimental (open columns) density matrices of the output

states after dissipative evolution DE2. The corresponding initial states after the first dissipative evolution DEO are a. |zzz),

b. \/iro\:c:ca;) + \/%kiii) c. %|xm> + %h‘:if), d. %(\xwx) + |zzT)), e. %\x:c:c} + %ﬁif), f. \/%mxz) + \/%ﬁf:i),
g. |zzz), h. %(kcmc} + t|zzz)) and i. %(\xwx) — i|zzz)). The left- and right-hand columns in each pane represent the real
(Re) and imaginary (Im) parts of the corresponding density matrices. j. The fidelities of the four-mode output states. The

numbers from 1 to 9 represent the cases from a to i.
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Supplementary Figure 12: Experimental setup for the investigation of the flip-error immunity. The process follows the logical
diagram provided in the pane enclosed by the black solid line, denoted by Logi. The polarization of photons is rotated using
half-wave plates (HWPs), and the spatial modes are separated by beam displacers, each with a beam displacement of either 3.0
mm (BD30) or 6.0 mm (BD60). The state preparation is illustrated in the pane labeled Pre. The dissipative evolution DEO is
illustrated in the pane that contains HWPs and a polarization beam splitter (PBS), the output states of which are treated as
the initial states. The flip-error operation is achieved by six HWPs, a BD30 and a BD60. Two of the eight output modes are
preserved after the second DEO. The initial and final states are measured in the two-mode measurement (TM) setup, in which
the spatial information contained in the states is transformed into polarization information. Four polarization measurements are
required: horizontal polarization (H), vertical polarization (V'), right-hand circular polarization (R) and diagonal polarization
(D). A beam splitter (BS) is used to send the photons to different measurement instruments. A quarter-wave plate (QWP), a
HWP and a PBS are used for polarization analysis. Finally, photons are detected by single-photon detectors (SPDs).
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Supplementary Figure 13: Experimental setup for the investigation of the phase-error immunity. The process follows the logical
diagram provided in the pane enclosed by the black solid line, denoted by Logi. The polarization of photons is rotated using
half-wave plates (HWPs), and the spatial modes are separated by beam displacers, each with a beam displacement of either
3.0 mm (BD30) or 6.0 mm (BD60). The state preparation is illustrated in the pane labeled Pre. The dissipative evolution DEO
is illustrated in the pane that contains HWPs and a polarization beam splitter (PBS), the output states of which are treated
as the initial states. The phase-error operation is achieved by two HWPs and a BD60. Two of the four output modes, with
the first particle rotated by o, are discarded after the second DEO. The other output modes are preserved. The initial and
final states are measured in the two-mode measurement (TM) setup, in which the spatial information contained in the states is
transformed into polarization information. Four polarization measurements are required: horizontal polarization (H), vertical
polarization (V'), right-hand circular polarization (R) and diagonal polarization (D). A beam splitter (BS) is used to send the
photons to different measurement instruments. A quarter-wave plate (QWP), a HWP and a PBS are used for polarization

analysis. Finally, photons are detected by single-photon detectors (SPDs).
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Supplementary Table 1: Comparison between the Kitaev chain and the spin chain

Models Kitaev Chain Model Transverse Field Ising Model
. . . L—1 L L—1 o W L z

Hamiltonian i 22550 yaivzirs + Doy Yei1v2) D0l 0l + 500 05

Symmetry Zy (degeneracy when J > p > 0) Zs (degeneracy in the ferromagnetic
region)

Degeneracy Topological protected Can be lifted by operators without Zo
symmetry

Topological order Yes No

Basis in  the [13) =

2(1000) + |011) + [101) + [011)) |155) = S(| JL)+] L) +] T1)+] 1))
ground space of a [03) = 3(|001) + [010) + [100) + [111)) [0g) = F(| L)+ LA +[ 140 +] 1)

3-particle system

Prepared
initial states Fixed fermion parity (|0s¢) or |1s¢)) Any superposition of |03s) and |134)
Flip error C;‘rczﬂrl ilicloly +olol +ofol, —iofol,,)

Phase error cl-Lci (67 +1)/2
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SUPPLEMENTARY NOTE 1. THE EXCHANGE OF MAJORANA ZERO
MODES IN THE KITAEV CHAIN MODEL

The typical Hamiltonian in the KCM [1] reads as follows: H = w Zle(cj cT)(cj+1+ j+1)

where w represents an experimental parameter and c; (c;) represents the fermionic anni-

hilation (creation) operator. If we introduce the Majorana operators, vg;—1 = c; + ¢

and vyp; = z(cj — ¢;), the Hamiltonian becomes H = iw Z]L:_f Y2jV2j+1 (w is set to
1 in the main text). It can be seen that the Majorana fermions v9; and 7941 are
paired by interactions, but ~; and ~5,, which correspond to two Majoranas, remain
free. The basis of the two-fold-degenerate ground-state space of this system can be

defined as the eigenstates of the operator é}éf (¢y = 2(m + i7ar)), explicitly, |O) =

ST ZL (L-1)/2) Zi<12<_._<i2p“ S cT lvac) (for the superposition of states with odd-

i2p+1
fermion parity) and |lpf) = sns[l + ZLL/QJ Z“<z2< <iny cj% -+ cl JJvac) (for the su-
perposition of states with even-fermion parity). The Zs symmetry and the ground-state
degeneracy of this system are topologically protected. The braiding of the MZMs in a L-site
KCM can be completed by a set of adiabatic processes, as shown in the Supplementary
Figure 1.
For a general L-site KCM model with MZMs (A and B), at the sites 1 and 2L, we can
easily drive the isolated Majorana mode A from site 1 to the site 2K — 1 (K < L determined
by the minimal fermions system to demonstrate the braiding, here K = L —2) by employing

a set of such adiabatic process:

m—1
. 1 A
Hag(A) =i [ > 3 2i-1725 + > o + (1= A emYomer + 2 Yam—172m (1)
j=1 j=m+1

The parameter A adiabatically changes from 0 to 1, the Hamiltonian will change from

m—1 L
. 1
H,, = z< E §’yzj_1’72j + E ’72j72j+1>, (2)
Jj=1 Jj=m

with Majorana mode A located at the site 2m — 1 to the Hamiltonian

Hm+1—l(z 5725-1725 T Z ’Yzﬂzﬁl) (3)

j=m+1

with Majorana mode A located at the site 2m +1. As a result, the Majorana mode A moves
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a step from left to right. With K such processes, Majorana mode A moves from the left

boundary to the site 2K — 1.

As shown in Supplementary Figure 1, the box in the right denotes a small system to
demonstrate the braiding. A four-fermion system has been proposed with a superconducting
wire [2]. After that, more theoretical schemes for an implementation or simulation of the
Kitaev model are proposed [3-5]. Here, without considering a concrete physical realization,
we theoretically proposed that the three-fermion system is also possible to complete the
braiding (details of the braiding processes in the box will be introduced in Supplementary

Note 5).

When the braiding process in the box is finished, Majorana mode B will be located at
2K — 1 and Majorana mode A is located at 2L. Finally, Majorana mode B at site 2K — 1
can be driven back to site 1 to complete the entire braiding process by a set of the inverse

adiabatic evolutions introduced before.

It has been shown that the braiding transformations will introduce different geometric
phases in the basis of the ground-space of the initial system. Measuring the geometric phases
in this basis is a key part in demonstrating the statistical property of the MZMs [6]. Here, we
propose to measure the geometric phases by a set of projective measurements Py, P, --- , P,

[7]. The projective measurement P; is uniquely determined by the Hamiltonian H; as e~ it

with a large time ¢. The operator e~ it

preserves the fermion parity of the initial state which
guarantees the adiabatic condition during the braiding. The projective measurements can

be realized by an imaginary time evolution algorithm, such as, the cooling algorithm in [§].

Unfortunately, in the one-chain fermionic system, the braiding effect (geometric phase
as an overall phase) in this process can not be directly measured, because of the fixed
fermion parity. However, through the Jordan-Wigner (JW) transformation, a general KCM
can be transformed into a 1D transverse-field Ising model (TFIM) [9, 10] whose ground
states can be prepared in any superposition state and the relative geometric phases can be
finally measured. The method to probe the geometric phases in the KCM is presented in
Supplementary Figure 2.
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SUPPLEMENTARY NOTE 2. PRINCIPLE OF THE IMAGINARY TIME
EVOLUTION

Here we explain in detail the basic idea of the imaginary time evolution (ITE) algorithm
based on the cooling algorithm [8]. Each ITE operator can be realized by this method. A
ITE operator can be successfully realized by a set of basic steps with some probability which
is dependent on the character of the Hamiltonian and the initial state. Fortunately, in the
braiding process for the KCM, the ITE operator can be efficiently realized.

The circuit for one step of the imaginary time evolution is shown in Supplementary Figure
3. The key components of the quantum circuit consists of four gates [8]: (a) two Hadamard

gates
H = 25 (10) + 1)) (0] + 5 ([0) — 1)) 1] . (4)
applying to the ancilla qubit (|0) and |1) are the corresponding two levels) at the beginning

and at the end of the quantum circuit; (b) a local phase gate,
R(a) =10) (0] — e [1) (1] , (5)

where the parameter « is chosen to optimize the efficiency of the algorithm; (c) a two-qubit

controlled unitary operation,
1®0) (0] +Ue[1) (], (6)
where 1 is the identity operator, and
U(t) = et (7)

is the real time evolution operator for the system. Hy is the Hamiltonian of the considered
system (L-site KCM here), and t is the time of evolution which is another parameter we can
use to optimize the efficiency of the algorithm. For a many-body Hamiltonian, we can well
approximate the unitary evolution operator U(t) by the product of a set of local unitary
operators through the Trotter-Suzuki expansion [11].

For any given initial state of the system, |¢y,) = Z]kvil Pk D15y Bry lery), where Ny is the
number of the eigenvector subspace of Hamiltonian Hg, ny (Z]kvil ny, = 2%) is the degeneracy
of the k-th eigenvector subspace of the Hamiltonian Hy with eigenvalue Ej, and |ey;) is the

[-th eigenvector in this subspace. The probability to find the state in the k-th eigenvector
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subspace is denoted by py. For each k, > "%, Brilex,) is normalized, ie. > % |Bril? = 1.
Generally, we do not need to know the exact form of |ex;) and the phase between different
eigenvector subspaces are not important in the algorithm.

The quantum circuit then produces the following output state:

Ns N Ns .
1 " —a 1 L .
5;\/177(1 — je Bkt ));5k,l|ek,l> 0) +§;\/ﬁ(1+ze (Et ));5,%”6,@0 11). (8)

A measurement on the ancilla qubit in the computational basis {|0),|1)} yields the states

N Nk
Ao Z VDR(1 — e Frme)y Z Braleri), (9)
k=1 =1

and N
s g
A (L4 e )N " B er), (10)
k=1 =1

respectively, where Ay (A;) is the normalization factor. It is clear that the coefficient of the
eigenvector subspace is modified by the factor (1 —ie™"F¥=%)) or (1 +ie~"Fs~9)) depending
on the results of the ancilla qubit. As a result, the weight of the eigenvector subspace,
especially the weight of the ground-state subspace, will be modified. To clarify this point,

let us consider the module of the factor (1 4 e *(Fkt=2)),
(1 & e " ERt= 2 = 21 £ sin(Ext — a)]. (11)

If the parameters « and t are properly chosen, such that,
—7m/2 < Byt —a <m7/2, (12)

for all the eigenvalue Ej, the function sin(Eyt — ) will increase with the energy. Therefore,
1 —sin(Ext—a) (1+sin(Eyt —«)) will decrease (increase) with the increase of the eigenvalue.
As a result, the weight of ground state of the system will increase along with the measurement
result |0) on the ancilla qubit, and the weight of the ground state will decrease along with
the the measurement result |1) on the ancilla qubit.

To make the parameters satisfy the condition introduced before, we normalize the Hamil-
tonian of the system to make the eigenvalues of the Hamiltonian in the range [—1,1]. The
general Hamiltonian in our braiding processes of MZMs in the L-site KCM can be easily

normalized as

m L
1
, — y — . . . .
H = Z[;; 51251725 T j;mﬂ’hﬂ?ﬁl]/ﬂ (13)
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By setting a = 0 and supposing the parameter ¢ satisfies the condition: Fit < 1, the weight

of the eigenvectors of the Hamiltonian change as
1 — sin(Eyt) ~ e ¥+, (14)

which is the imaginary time evolution operator for small time ¢.

To realize a ITE with a large ¢, we divide it into k steps, where each step satisfies the
condition introduced before. Thus, a total of k steps of ITE introduced before are applied
on the initial state (we make no measurement during the cooling; we measure the qubits at

the end of the manipulation). The final state we obtain is

o) =Y\ ( X VRIZF @ T2 al Y fudeasles), (19

where |pj;) is a properly normalized state of the ancilla. a; = %sin(Eit —«a) and a = 0.

After the manipulations, we make measurement on the ancilla. The probability to get j |0)
(the number of the success cooling manipulation) is,

2"1

CL> pil1/2+ a7 (1/2 - a;). (16)

i=1
This is a mixture of several binomial distributions with the first one corresponding to the
ground state. For a standard binomial distribution: C,Zp] (1—p)*~J, the expected value is kp
and the variance is np(1 — p). Thus, the concentration interval of the binomial distribution
is between k((2 —a;) — \/LE 1 —a?) and k(5 — a;) + \/LE‘ /3 — a?). In order to prepare the
ground state of the system, the intersection between different binomial distribution should

be very small. In other words

1 1 1 1 1 1
k((é —ay) — ﬁ Z—a%) >>k((§—a2)+ﬁ 1 —a3), (17)
which is equivalent to
1
VE(az — a1) > = — (af + a3). (18)

2
It should be noted that the other binomial distribution corresponding to higher energy have
much less intersection with the distribution corresponding to ground states. Under the

condition Byt < 1 (k=1,2,---,2L), we have

1
= —(af + a3) =

1
5 ,9 — a1 = §At, (19)
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and the intersection condition can be simplify to
VEAL > 1, (20)

where A is the gap of the system. If this condition is satisfied, the binomial distribution of
the ground state is sufficiently separated from the others, and the number of |0) outcomes
during the measurement on the ancilla will be concentrated at k(1 — %al) with probability
p1- Thus, the number of measurements that successfully obtain the ground state of the
system scale as X

m. (21)
The gap of the Hamiltonian during the braiding decreases polynomially with L. In addition,
the overlap between the ground state of HM" and Hzl\fr}f is independent on L. Therefore, the

—H;t

ITE operator e with large ¢ is polynomial scaled with L in the KCM Braiding situation.

SUPPLEMENTARY NOTE 3. THE RELATION BETWEEN KITAEV CHAIN
MODEL AND TRANSVERSE-FIELD ISING MODEL

The Jordan-Wigner transformation gives a one-to-one mapping between the Kitaev chain
model (KCM) and a subspace of the transverse-field Ising model (TFIM) which consists of
all the operators with Z, symmetry. As mentioned in the main text, the geometric phase
due to the braiding in the KCM can be directly mapped into this subspace. In addition, the
information encoded on the ground space of the TFIM is robust against the local noise in
this subspace.

The Zs-invariant Ising model has two-degenerate ground states. There are two zero modes
which are topologically protected by the boundary condition [9, 10]. As an example, the
Ising model J ZZL:_ll oyof,, without Z direction magnetic field has two basis in its ground
state space: | »— --+ =) and | <« --- «). If a local small Z direction magnetic field is
introduced, the local flip of the basis of o, is occurred. These two basis can be connected
in the following manner: | —— -+ —=)-=3| = -+ =4=) —=3 | = - ) —=> -0 -3
| 5= ) - | =4 -+ <) -=» | << -+ <). Thus the transformation between
these two basis states can be induced and the tunneling rate is about e */¢ where L is the

length of the chain and ( is the correlation length. When the length of the chain is very
large, the degeneracy of the spin will be topologically protected.
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Although the KCM and TFIM share the same mathematical structure they are governed
by different physics. The major differences between them include: the initial state in the
TFIM can be prepared in the superposition of |0s) and |114); the degeneracy in the TFIM

can be lifted by noises without Z, symmetry (such as ), o;

#) and the excitations in the

TFIM that corresponds to the MZMs in the KCM are non-local. The relation between
KCM and TFIM is given schematically in Supplementary Figure 4. We further summarize
the similarities and differences between them in Supplementary Table 1.

With the well controlled spin model, the whole system can always be in the degenerate
subspace. Generally, the local noise can induce the tunneling between the MZMs whose
amplitude is exponentially decaying with the distance. In our simulated spin system, the
distance is very short. The tunneling between the MZMs will be induced if all the local
noises are present. Fortunately, the noises in the optical system can be well controlled and
the tunneling can be well suppressed by reducing some local noises. The robustness of
the information encoded in the degenerate subspace against single local noises have been

demonstrated in our experiment.

SUPPLEMENTARY NOTE 4. BARGMANN INVARIANTS AND THE
GEOMETRIC PHASE

Generally, the angle (¢p) obtained from the Bargmann invariant [12] associated with the
three states p1, p2 and p3 in the ray space is arg(tr(pi1paps)) [13-15]. ¢p is gauge invariant
and is equal to the negative geometric phase of ¢, which is associated with the geodesic
triangle of the three states [13]. Actually, following the line of Pancharatnam [16], it can be
extended to the situation with many states.

In KCM system, the geometric phase, associated with the basis |ig) of the ground-state
space of HY¥, obtained during the braiding can be determined by [7]

a0 = —arg((Ogele™ " e M 0g)) (22)
22
g = —arg((Lgrle B e M 1))

where g0 (¢g1) is the geometric phase of the basis |0) (|1)) in the ground space of

H'™t and

Hamiltonian HM¥ and ¢ is a large number, such as 5. The ITE operators e~
e H2""t hoth preserve the fermion parity of the initial state which guarantees the adia-

batic condition during the braiding. Introducing the Jordan-Wigner (JW) transformation
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, 1 _ 1 _ g -1 _ 1 _
Uw as: UwnUpy = of ,UwnUsy = —o7 ,UwnUyy = —ojos  UswnlUsypy =
ooy UswysUpyw = o0ioi0f UmwyUsw = —0i0i0y  where v; represents the corre-

sponding Majorana operator. The geometric phases become

g0 = —arg((Ose| U Unwe ™" Ut Uswe ™ Uiy Usw|03r)) (23)
a1 = —arg((Ly| Uy Uswe ™™ Ui Upwe ™™ Ui Upw| 1))
It can be expressed in the spin model as
Pg0 = _arg(<03s|€_H2t€_H1t|O3S>) ’
(24)
a1 = —arg({Lssle™"'e™M15))

where |035) (|13s)) is the mapping of |0s¢) (|13¢)) under JW transformation, and it is the basis
of the ground space of Hy. All the physical quantities have been transformed into a spin
system.

To determine the geometric phases, we prepare the initial state in |¢g) = a|03s) + [|13s)
with o and f representing the complex numbers (not normalized). We then apply the
operator Uy, = e M2le=Mil to this state. The final state is determined and the relative
geometric phase are obtained. If we prepare the initial state as [03) or |1ss), the state after
the operator U, is still the same which can be used to determine the off-diagonal elements of
the braiding matrix [7]. In this experiment, we perform a tomography to measure the effect
of the operator U, in the ground space of Hy, and the information of the braiding matrix
is thus determined [7]. A benefit of this method is that we can also prepare the initial state

by the imaginary evolution method which needs only the Hamiltonian Hj.

SUPPLEMENTARY NOTE 5. THE ADIABATIC EXCHANGE PROCESS IN
THE SIMPLEST KITAEV CHAIN MODEL

As mentioned in the main text and above, the braiding of two MZMs can be completed
in the three-fermion KCM [10]. Now, we explicitly illustrate the adiabatic braiding process
in this system (see Figure 1 in the main text). Throughout the entire braiding process, the

Hamiltonian can be described in the general form

HF = —tlz(CT — Cl)(C; + 02) — tgg(cg_ — CQ)(C;_ + 03) — itlg(ci_ — Cl)(C; — Cg) + ,ulcfcl, (25)
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where ¢;” and ¢; represent the creation and annihilation fermionic operators at position i. t;;
represents the interaction amplification between the particles in positions ¢ and j. p; (> 0)
represents the chemical potential at site 1.

The Majorana operators can be introduced as follows:

_ +
’}/1—61+Cl R
— (ot
Y2 =i(c; —c1)

_ +
,73_02—’_02 )

(26)
T =i(cg —c2)
Vs =cs+cy
Y6 = i(c3 —c3)
The inverse relations between the Fermi operators and the Majorana operators are
a=mn+in)/2
of =(m—in)/2
ca = (y3+1im)/2 (27)
¢ = (13 —1m)/2
cs=(v+17%)/2
cf = (v —176)/2

The general Hamiltonian can be rewritten in terms of Majorana operators as (overall

constants are ignored)

HMY = §(t197y9y3 + tazyays + tizyeys + %7172)' (28)

The initial Hamiltonian is defined by setting t13 = 0, t12 = t93 = 1 and p; = 0 as follows:

Hy'™ = i(hays +7a%5) - (29)

The ground state of the Hamiltonian H) is two-fold degenerate. The basis denoted by
|03¢) and |13¢) consist of the eigenstates of the operator E}éf (¢y = 5(m +i76)). Explicitly,
103¢) = (] + ¢} + c] + clchel)|Vac) and [15) = 3(1 + chel + el + cheb)|Vac) where |Vac)
denotes the vacuum of ¢;s [2, 17]. The Majorana zero modes (MZMs) ;1 and ~ys are located

at the endpoints of the chain.
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Now we will show that the two isolated MZMs denoted by A and B, located at sites 1
and 6, in the KCM can be driven to complete the braiding transformation. The process
is accomplished by adiabatically tuning the parameters in equation (28), where different
geometric phases will be added to the states |03¢) and |13¢). The entire braiding process can
be divided into the following three components:

(1) Let the parameters in the Hamiltonians described by equations (28) be

1 = A )
tlg = 1 - )\ 5
(30)
t13 - 0 )
t23 == 1
The Hamiltonian then becomes
) A
HM = i[(1 = X2y + 7475 + =) (31)

2
When the parameter A adiabatically changes from 0 to 1, the Hamiltonian will be trans-

formed from H)Y to

, 1
H'™ =il + 5m) (32)

At the same time, the Majorana mode A will move from site 1 to site 3.

(2) Let

M1 = I—=A ’
t23 =1 )
(33)
tis=A
tlg - 0
The Hamiltonians described by equations (28) becomes
HY = ilyys + Mae + —5—m7). (34)

2
When A adiabatically changes from 0 to 1, the Hamiltonian will be transformed from HM¥
to

Hy'™ = i(yavs + 727%)- (35)
The Majorana mode B, initially located at site 6, will be driven to site 1. This adiabatic

process is the key element of the braiding.
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(3) Let
H1 = 0 )
t13 =1-A ’
(36)
t23 =1 )
The Hamiltonians described by equations (28) becomes
HMY = iAoy + 775 + (1= A)yel- (37)

When ) adiabatically changes from 0 to 1, the Hamiltonian will be transformed from HM¥
back to H), and the Majorana mode A will be driven from site 3 to site 6. The braiding
of the MZMs A and B is thus completed. The basis of the ground-state space will develop
various geometric phases, which correspond to the non-Abelian characteristics of MZMs |2,
17].

Currently, the direct implementation of braiding in fermionic systems remains a consid-
erable challenge. In addition, the geometric phases obtained in one chain model can not
be directly measured in fermionic system. By employing the Jordan-Wigner (JW) trans-
formation, we can transform the fermionic Hamiltonian into a spin-1/2 system. In the
three-fermionic KCM, the JW transformation can be written as follows:

o =0/2

a=o0y/2 ,
cfa=07/2+1/2

cf =™tk /9 = _oFaf /2

ey = e Ot /9 = _gF5 /2, (38)
cyea=05/2+1/2 |

of = eI gt 3 = gtoiof 2

cyg = e_”(af/2+”5/2+1)0§/2 =o0j0505 /2

cyes=03/2+1/2

where o) (= of +i0?) and o; (= of — ic!) represent the raising and lowering operators

A i

of the spin at site i. After the JW transformation, a general KCM will be transformed into
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a transverse-field Ising model (TFIM). The ground-state degeneracy in the ferromagnetic
phase of the TFIM correspond to that of MZMs at both ends of the chain [10]. However,
because of the non-local nature of the JW transformation, the MZMs in the KCM correspond

to nonlocal excitations in the spin model, that is,

7= 0y )
]
Y2 = —0q )
z T
V3= —0105 ,
(39)
_ -z Y
Y4 = 0105

_ z =z
V5 = 010203

The braiding of non-local excitations is not well defined. However, the geometric phases and
the braiding matrix corresponding to the braiding of two MZMs in the KCM is invariant
under the JW transformation, and it can be also determined in the spin model (see the
next section). To determine the matrix, the Hamiltonians, corresponding to H)'', HM and

HYF become

Hy = —(0{03 + 0505)

1
H, :—U§U§+§(Uf+1) : (40)
Hy = —(0305 + 0{050%)

It is noted that all the interactions in the KCM are local (three-body next-nearest-
neighbor interaction at most). The ground state of the Hamiltonian Hy is also two-fold
degenerate and the basis in the degenerate space is denoted by |0ss) and |1s5). Explicitly,
03) = (1 1) + 1) + 1 HA) + [ 111) and [1a) = 50 WD) + [ 110 + 11 + [ 141),

where | |) and | 1) represent spin up and spin down, respectively.
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SUPPLEMENTARY NOTE 6. THE IMAGINARY-TIME EVOLUTION FOR
STATES ENCODED IN OPTICAL SPATIAL MODES

For a given Hamiltonian H with a complete set of eigenstates |e;) and the corresponding

eigenvalues Ej, any arbitrary pure state |¢) can be expressed as
|6) = ) axlex). (41)
k

with g representing the corresponding complex amplitude. Here, we focus on pure states,
but the argument is also valid for mixed states. The corresponding imaginary-time evolution

(ITE) operator (U) [18] on the state becomes
Ulp) = exp(—H * 1) ZQk|€k> = exp(—H x5) ZQk|€k> = ZQk exp(—bEy)ler).  (42)
i k i

The evolution time t is chosen to be 5, which is long enough to drive the input state to
the ground state of H in our analysis. After the ITE, the amplitude ¢, is changed to
be g exp(—5E)). We can see that the decay of the amplitude is strongly (exponentially)
dependent on the energy: the higher energy, the faster the decay of the amplitude. Therefore,
only the ground states (with lowest energy) survives this evolution. Furthermore, due to the
fact that the Hamiltonian Hy, H; and H, can be diveded into two commuted parts, we can
separate the ITE operator to two I'TE operators whose eigenvectors are very easy to obtain
(see equation (2) in the main text).

We then show the detailed processes to probe the geometric phases and braiding matrix,
and demonstrate the local noises immunity of MZMs.
Geometric phases and braiding matrix

(1) In our experiment, the state information is encoded in the optical spatial modes. The
basis of a two-level system can be expressed in the eigenstates of ¢* (denoted by |z), with
an eigenvalue of 1, and |z), with an eigenvalue of -1), 0¥ (denoted by |y), with an eigenvalue
of 1, and |g), with an eigenvalue of -1) or o (denoted by |z), with an eigenvalue of 1, and
|z), with an eigenvalue of -1). The eigenstates of Hy(= —(o0703 +0350%)) can be expressed as
{lzzx), |xaz), |zzx), |22T), |Tox), |TxZ), |T22), |T2Z)}. For the term of —ofo, the largest
factor € is obtained when the products of eigenvalues for particles 1 and 2 are equal to 1,
according to the ITE (equation (42)). For the other cases the products of eigenvalues for

particles 1 and 2 are equal to —1. Hence, the added amplitude factor becomes e, which is
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negligible compared to e® (for any state with nonzero ground state probability, we can always
increase its amplitude to arbitrary high level by increasing the efficiency of the ITE, i.e., by
increasing the evolution time from 5 to 0o). As a result, only the terms involving the basis
of {|zxx),|rxZ),|ZZx), |TZT)} are preserved after the projection of e=9192*5. Similarly, after
the projector e~?2%5*>  the largest factor e’ is obtained when the products of eigenvalues
for particles 2 and 3 are equal to 1 and the preserved state would ivolve in the basis of

{|zxx), |zzZ)}. As a result, the ITE for Hy can be written as

|60) = Uol@) = > quexp(—Hy * 5)|ex)
k
= Z qr exp(o305 * 5) exp(oios * 5)ley) (43)
k

~ o|rzx) + [|TTT),
which is normalized with complex coefficients o and 3 (|a|> + |3]* = 1). For simplicity, we

would omit below the normalization of the output states.

(2) |¢o) is then subjected to the follow ITE
Uy = exp(—H; % 5), (44)

with Hy = —o305+4(0i+1). The eigenstates of H; can be expressed as {|zzx), |227), |2Zz), |2ZT),
|Zxx), |ZxZ), |ZZx), |ZZZ) }. The largest amplitudes are obtained when the product of eigen-
values of o%0% is 1 (for the projector of e77275*5) and the eigenvalue of 07 is —1 (for the
projector of e2(iT1)*5) which refer to the terms of |zzz) and |2ZZ). The input state can

be written as (basis rotation)
|bo) = a|zzx) + B|22T) = o|zxx) + a|zZxx) + B|22Z) — B|Z2T), (45)
where the first particle is expressed in the basis |z) and |Z). After the ITE, the state becomes
|01) = a|zax) — flz2T). (46)
(3) The state is then subjected to the ITE of
Uy = exp(—Hs % 5), (47)

with Hy = —(030% 4+ of050Y). We express the first particle back to the basis |x) and |Z).

The input state becomes

|p1) = a|zxx) — B|z22T) = a|rax) — a|Trx) — BlazT) + B|TTT). (48)
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The state |¢1) remains unchanged after the ITE exp(—ojoj x5), for all of the corresponding
amplitudes are imposed with an equal factor of €. For the Hamiltonian —o{o3c}, the cor-
responding eigenstates are {|xzy), |vzy), |vZY), |vzy), |T29), |2Zy), |TZy), |Z2y)}. The input

state of |¢;) expresses on such basis becomes
|p1) = alzzz) — o|Txx) — B|leZT) + B|TTT)

= alzn)|z+2)[(1 +19)[y) +

A1+ )y
HA =)y
HIA =iy

The ITE process preserves the terms with the product of eigenvalues of particles 1, 2 and 3

being 1. As a result, the final state becomes

[92) = Ua|¢n) = (1 — i) — B(1 +0)]|zzy)
+ [a(1414) + 8(1 —i)]|xzy)
+ [—a(l414) + B(1 —i)]|z2y)

+ [—a(l —i) — B(1 +1)]|z2y).

(50)

(4) We now come to the final ITE, where the Hamiltonian turns back to Hy. We need
to express the state |¢y) on the basis {|zxx), |xxZ), |vZx), |22T), |Toe), |ZaT), |T22), |TTT) }

and keep only the terms |zzz) and |zzZ). The final state becomes

|b3) = Up| o) =~ (o — if)|wzx) + (8 — i) |ZZT). (51)

It is more clear if we express the initial state |¢g) and the final state |¢3) in the basis
|z) and |Z). |po) = [ + B, — B, — B, + B, — B, + B, + B,a — f] and |p3) =
[—i(a+ B),a — B,a — B, —i(a+ B),a — B, —i(a + B), —i(a + ), — B3], which shows the
non-Abelian character.
Robustness against perturbation operation of 1(ioto} + olol + ofo§ — iofoy)

(1) For any input state with nonzero amplitude on the ground states of Hy, when it
is subjected to the ITE Uy, the output state is the ground state of Hy with the form of
|po) = a|zzx) + 5|22,



27
(2) After the perturbation operation of 1(io{o} +0{0y 4005 —iofoy), the state becomes
/ L. x x, T - =
[é0) = (o103 +0i0o3 + 070y — ioyoy)(alzax) + Bl2TT))
1
= ;l(afzzz) + Bl727)) — (afez) + Bl727)) + (alzez) + flatt)) — (alzz) + flaat))).
(52)

The simulation of the perturbation operation is realized by the rotation of the half-wave
plates in the corresponding spatial modes.
(3) The same ITE Uj is applied to the state |¢,), where only the terms |zzz) and |7ZZ)

are preserved. As a result, the final state becomes
|of) = a|zzx) + flzzT), (53)

which is the same as the initial state and the protection of local site flip is shown.
Robustness against perturbation operation of (o, + 1)/2

(1) For any input state with nonzero amplitude of ground states of Hy, when it is subjected
to the ITE Uy, the output state is the ground state of Hy with the form of |¢y) = a|zzx) +
plzzz).

(2) The perturbation operation (o7 +1) means that there is a probability of 0.5 to rotate
the particle 1 along ¢ direction and a probability of 0.5 to do nothing. As a result, the

state would becomes
|60) = (alzzx) + BIZTT))up + (a|Z2x) + Bl2TT))pe, (54)

where the subscripts np and pe represent the cases without and with perturbation, re-
spectively. The setup is similar to the case of transforming the basis of particle 1 from
0” to 0%, as expressed in equation (45). However, the four output modes are denoted by
{|zxx), |22Z), |Txx), |x2Z)} for the perturbation operation and {|zzz),|zzz),|22Z), |z2Z)}
for the basis rotation.

(3) The same ITE Uj is applied to the state |¢,), where only the terms |zzz) and |7ZZ)

are preserved. As a result, the final state becomes
|6¢) = alzzz) + BlTTT), (55)

which is the same as the initial state and the property of local phase-error immunity is

shown.
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To illustrate the encoding process more clearly, the cross sections of the output spatial
modes of each process are presented in Supplementary Figure 5 (exchange of MZMs), Sup-
plementary Figure 6 (immunity against flip error) and Supplementary Figure 7 (immunity
against phase error). The solid magenta rings represent the preserved optical modes, and
the dashed magenta rings represent the discarded optical modes. The states indicated n-
ear the optical modes represent the corresponding preserved basis in the eight-dimensional
space. The mapping between the basis of initial states and the optical modes is chosen
to make the measurement of the final states (interference between different spatial modes)

more convenient.

SUPPLEMENTARY NOTE 7. EXPERIMENTAL IMAGE OF THE EIGHT
OPTICAL MODES AND THE DETECTION PROCESS

Supplementary Figure 8 presents an experimental images of the eight optical modes of
equal amplitude. The image was obtained as the output of the Pre setup using a laser with
a central wavelength of 800 nm and a repetition rate of 76 MHz. To investigate the braiding
transformation, the input photon pulses are attenuated and filtered by a single-mode fiber
and a 3 nm interference filter. Two of the eight output modes are preserved and the pho-
tons are detected by single-photon detectors. The number of counts for each measurement
in our experiment is approximately 100K counts/s. The errors on the measured quantities
related to the counting statistics are therefore small. Beam displacers provide stable inter-
ference between different spatial modes [19]. To achieve high visibility of the interference
between different spatial modes, the gradients of the beam displacers are carefully adjusted,
and phase compensation using additional wave plates (not shown in Figure 2 in the main
text or Supplementary Figures 12 and 13) between different spatial modes is applied. In
our experiment, the fidelity for the investigation of the geometric phases is approximately
94.13 £+ 0.04%, and the fidelities for the investigation of flip-error immunity and phase-error
immunity are approximately 97.91 #+ 0.03% and 96.99 + 0.04%, respectively.
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SUPPLEMENTARY NOTE 8. ERROR ESTIMATION

In our experiment, the statistics of each count is assumed to follow a Poisson distribution,
which are determined by the subprogram of PoissonDistribution in Wolfram Mathematica
7.0. The values of each measurement quantity are then calculated from 50 randomly grouped
counting sets, in which the error of the quantity is estimated by the square root of the
corresponding variance. The counts for each measurement in our experiment is about 100K
counts/s. As a result, the variances are small and the error bars are smaller than the size of
the symbols in the figures. In our experiment, the phases are stable in the interferometers
constructed by beam displacers. However, due to the fact that there would be maximal
12 beam displacers involved during the measurement, the misalignments of beam displacers

would limit the fidelity to reconstruct the braiding matrixes and the final states.

SUPPLEMENTARY NOTE 9. MORE EXPERIMENTAL RESULTS

The six experimental initial states (after the first DEQ) are shown in Supplementary Fig-
ure 9a and d. The corresponding final states (after the second DEO) in demonstrating the
flip-error immunity and phase-error immunity are shown in Supplementary figure 9b and e,
respectively. The black dots in the poles of the Bloch sphere represent the corresponding
theoretical predictions with the states |xzz) (+Z direction), \/Li(|x:cx> —i|lzzz)) (-Y direc-
tion), |Zzz) (-Z direction), \%(\xmx)%—ﬁi@) (+X direction, |0s5)), \%(|xmx>+@\fff)) (+Y
direction), and \/Li(|xxm> —|zzZ)) (-X direction, |134)), respectively. The final states after the
flip-error operation and the phase-error operation are almost identical to the corresponding
initial states, respectively. Supplementary Figure 9c. and f. show the comparison between
the fidelities of the final states (dark yellow columns) and the theoretical prediction (identity,
cyan columns) for the cases of flip-error protection and phase-error protection, respectively.

The output states of the first DEO and DE1 in Figure 2 in the main text are shown in
Supplementary Figure 10a and c, respectively. The fidelities, calculated as (Tr/\/peps \/E)Q,
of the corresponding output states are shown in Supplementary Figure 10b and d, where
pe (pt) represents the experimentally reconstructed (theoretically predicted) density matrix.
Supplementary Figure 10e shows the final states after the second DEO and Supplementary

Figure 10f shows the corresponding fidelities. The initial states in the meridian plane of
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the Bloch sphere (Supplementary Figure 10a) is rotated counterclockwise to the equatorial
plane (Supplementary Figure 10e), which clearly demonstrate the non-trivial statistics. The
error bars for fidelities correspond to the counting statistics.

Supplementary Figure 11 shows experimental results for the four-mode measurement
in investigating the geometric phases. Solid and open columns represent the theoretical
and experimental results of the density matrices after DE2. The fidelities are shown in
Supplementary Figure 11j, with the numbers from 1 to 9 representing the cases with the
theoretical initial states of |zxz) (a), \/LTOWWU) + \/LTO]E:Z'E) (b), %\:cx@ + \/Lgﬁf:i'} (c),
F(|zza)+|z2z)) (), Jo|lvax)+Flazw) (e), fglver)+slazr) (f), |222) (8), J5(jwwr)+

z
ilzzz)) (h), and \/ii(|xxx> —i|zzZ)) (i), respectively.

SUPPLEMENTARY NOTE 10. EXPERIMENTAL SETUP FOR SIMULATING
THE EXCHANGE OF MZMS

As shown in the Pre pane in Figure 2 in the main text, the polarization of a single
photon is rotated using a half-wave plate (HWP), and the photon is then sent to a BD30
with a vertical beam displacement of 3.0 mm. Both output beams are further rotated using
HWPs and sent to another BD30 with a horizontal beam displacement of 3.0 mm. There are
now four output beams, which are further rotated using HWPs and pass through a BD60
with a horizontal beam displacement of 6.0 mm. We then obtain eight output beams, and
the distances between neighboring beams are all equal to each other, which facilitates the
measurement of interferences between different optical modes. The relative amplitudes of
the eight beams are controlled using HWPs in the corresponding modes. The eight optical
beams represent the basis of the eight-dimensional space of the systems, which are initially
expressed in the basis of 0@ as {|xxz), |z2Z), |xZx), |2ZT), |Txx), |Z2T), |2T2), |T2T)}.

The precision of the dissipative evolution is theoretically dependent on the scale of the
evolution time ¢. In our protocol using a polarization beam splitter (PBS), it is dependent
on the ratio between the reflected and transmitted parts of the vertical polarization after
the PBS, which can be higher than 500:1. As a result, the optical modes with vertical
polarization are discarded directly after each dissipative evolution process (the reflection of
photons with vertical polarizations is not shown in Figure 2 in the main text). For the first

dissipative evoultion DEO (the projection of exp(cjoj * t)exp(ofod * t)), the normalized



31

output state would have the form of |¢g) = alzzz) + B|zzz). To perform DE1, we must
express the system located at site 1 in the basis of ¢%, which is implemented by BR1, which
contains two HWPs and a BD60. Consider the dissipative evolution of Hy: two HWPs and a
BD30 in BR2 are used to transform the state of the system located at site 1 back to ¢®. The
following setup contains HWPs and a BD60 to transform the state of the system located at
site 2 to o*. To transform the state of the system located at site 3 to ¢¥, two BD30s and two
HWPs with a quarter-wave plate (QWP) are used. An inverse base rotation is implemented

in BR3 to transform the entire state back to ¢* to implement DEO once again.

For the case of two-mode measurement (TM), the two spatial modes are denoted by H
and V', respectively. The amplitudes of the two modes, which correspond to the amplitudes
of the two polarizations, can be measured directly. For the measurement of R and D, the
interference between these two modes is needed. By applying a HWP in the mode denoted
by V., the spatial modes can be combined again using a BD30. The interference of the
optical modes is transformed to the interference of polarizations, which can be measured
using the standard polarization-analysis setup. For the four-mode measurement (FM) case,
the four modes are denoted by HH, VH, HV and VV. Measurements of interference
between the optical modes are carried out using a step-by-step process. For example, the
measurement of RR is obtained by first combining HH and V H to obtain RH and then
combining HV and V'V to obtain RV. RH and RV are then further combined to obtain
RR. As a result, the requirement of the 16 measurement configurations for the standard

two-qubit-state tomography can be achieved.

To fully characterize the behavior of the entire setup, we experimentally performed full
quantum process tomography [20, 21]. By expanding the output state £(p) with a complete
set of basis E,, of the Pauli operators {I(identity), c*(X), oc¥(Y),0*(Z)}, the operation of
the quantum process can be expressed as E(p) = >, anEAmpEfl. The physical process &€
is completely and uniquely characterized by the 4-by-4 matrix x [22]. For simulating the
exchange of MZMs, the final state can be written as \%(a—zﬂ) |zzx)+ \%(ﬁ—ia) |zzZ) when
the initial state is oo|zzz) + 5|z2Z7). The experimental y-matrix for demonstrating non-trivial
statistics is denoted by x¢, while x! represents the theoretical prediction. The fidelity of
the experimental result x¢ is approximately 94.13 4 0.04%, which can be calculated from
(Tr/v/XSxEV/XG)? [22]. The experimental x-matrix for demonstrating the immunity against

flip errors is denoted by xf. x| represents the theoretical prediction, which corresponds to
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identity. The experimental fidelity of x§, which can be calculated from (Try/\/XxExtv/X5)?,
is approximately 97.91 £ 0.03%. Similarly, the experimental y-matrix for demonstrating the

immunity against phase errors is denoted by xj. X; represents the theoretical prediction,
which corresponds to identity. The experimental fidelity of xp, which can be calculated
from (Tr, /\/X_EXE XE)Q, is approximately 96.99 + 0.04%. Optical systems have been used
to simulate a three-spin Ising ring [23] and the XY spin model Hamiltonian [24]. Our
experiment simulates a spin chain that is equal to the Kitaev chain and investigates the
properties of MZMs in this model. This is completely different from the work simulating
the dynamics of a charged Majorana particle by employing a tailored waveguide chip [25].

SUPPLEMENTARY NOTE 11. EXPERIMENTAL SETUP FOR
DEMONSTRATING LOCAL NOISES IMMUNITY

The experimental setup for the investigation of the flip-error immunity is shown in Sup-
plementary Figure 12. Similar to the case for probing the geometric phases, the input state
is prepared by the setup denoted by Pre. The output state after the dissipative evolution
DEO (a|xzz) + f|zzz)) is then treated as the initial state. The flip-error operation is real-
ized by six HWPs, a BD30 and a BD60, in which the initial two optical spatial modes are
transformed into eight spatial modes with the state representation of |zzx) and |zzz) (with
the operation of o{0%), |zZz) and |zxZ) (with the operation of —io{0}), |zzx) and |xZZ)
(with the operation of ic}0%), |ZZz) and |zzZ) (with the operation of o}od). Two of the
eight output modes (|zzz) and |ZZx)) are preserved after the second DEO. The two-mode
(TM) measurement setup is used to reconstruct the initial and final states, in which the
states of spatial information are translated into polarization information. A quarter-wave
plate (QWP), a half-wave plate (HWP) and a polarization beam splitter (PBS) are used for
polarization analysis. Photons are finally detected by single-photon detectors (SPDs).

Supplementary Figure 13 shows the experimental setup for the investigation of the phase-
error immunity, which is similar to Supplementary Figure 8. For the perturbation operator
%(Uf + 1), the initial two-mode states transform into four-mode states, two of which remain
unchanged, while two are rotated by o7f. HWPs and a BD30 are used to implement the
perturbation, using a setup similar to that shown in BR1. The basis of the four-mode states

in BR1 (to express the first qubit in o) are represented by {|zzx),|zZzz),|22%), |Z2T)},
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while the basis of the four-mode states in the case of perturbation are represented by

{lzzz), |22T), |T2), |v2T)}. After the second DEO, only the terms associated to |zxzz) and

TZT) are preserved.
|ZZZ) are p

1]
[2]
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