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SUPPLEMENTARY TABLES

Supplementary Table I. Alternative matrix form of the effective spin Hamiltonian. The “uncoupled” bond basis |S̃z
i , S̃

z
j 〉 is here used.

Hi,j
eff | 12 ,

1
2 〉 | 12 ,−

1
2 〉 | − 1

2 ,
1
2 〉 | − 1

2 ,−
1
2 〉

〈 12 ,
1
2 |

J+Γzz
4 + gzzhz

hx(gxx+igxy)−hy(igyy+gxy)
2

hx(gxx−igxy)−hy(igyy−gxy)
2 − 2Γyy+Γzz

4

〈 12 ,−
1
2 |

hx(gxx−igxy)−hy(−igyy+gxy)
2 − J+Γzz

4
2J+2iD−Γzz

4

hx(gxx−igxy)−hy(igyy−gxy)
2

〈− 1
2 ,

1
2 |

hx(gxx+igxy)−hy(−igyy−gxy)
2

2J−2iD−Γzz
4 − J+Γzz

4

hx(gxx+igxy)−hy(gyy+gxy)
2

〈− 1
2 ,−

1
2 | − 2Γyy+Γzz

4

hx(gxx+igxy)−hy(−igyy−gxy)
2

hx(gxx−igxy)−hy(−igyy+gxy)
2

J+Γzz
4 − gzzhz

Supplementary Table II. Matrix elements of the effective spin Hamiltonian in the coupled basis. The latter is described by the |S̃tot, S̃
z
tot〉

functions. The zero-field couplings are shown in bold.

Hi,j
eff |0, 0〉 |1,−1〉 |1, 1〉 |1, 0〉

〈0, 0| − 3
4J

gxy(hy−ihx)√
2

gxy(−ihx−hy)√
2

i
2D

〈1,−1| gxy(ihx+hy)√
2

J
4 + Γzz

4 −4gzzhz −Γyy
2 − Γzz

4

gxxhx+igyyhy√
2

〈1, 1| gxy(ihx−hy)√
2

−Γyy
2 − Γzz

4
J
4 + Γzz

4 +4gzzhz
gxxhx−igyyhy√

2

〈1, 0| − i
2D

gxxhx−igyyhy√
2

gxxhx+igyyhy√
2

J
4 − Γzz

4

Supplementary Table III. Matrix form of the effective spin Hamiltonian with diagonal isotropic and symmetric anisotropic exchange.
The zero-field couplings are shown in bold.

Hi,j
eff |s〉 |tx〉 |ty〉 |tz〉
〈s| − 3

4J −gxyhy −gxyhx
i
2D

〈tx| −gxyhy
J
4 +

Γyy
2 + Γzz

2 −igzzhz −igyyhy

〈ty| gxyhx igzzhz
J
4 − Γyy

2 igxxhx

〈tz| − i
2D igyyhy −igxxhx

J
4 − Γzz

2

SUPPLEMENTARY METHODS

To better illustrate the nature of the
{
s̃, tx, ty, t̃z

}
states forming the basis of the effective Hamiltonian shown in Table V in

the main text and the different steps followed to arrive to that particular matrix form, we also provide in this section ME’s in (i)
the “uncoupled” |S̃z

i , S̃
z
j 〉 basis (see Supplementary Table I), (ii) the “coupled” |S̃tot, S̃

z
tot〉 basis in which the isotropic exchange

is diagonal (Supplementary Table II) and (iii) the basis {s, tx, ty, tz} that also diagonalizes the symmetric anisotropic exchange
(Supplementary Table III). In the latter case, |s〉= |0, 0〉 and |tz〉= |1, 0〉 while |tx〉 and |ty〉 are antisymmetric and symmetric
combinations of |1,−1〉 and |1, 1〉. The unitary matrix describing the transformation to the form given in Supplementary Table III
reads

UΓ=


1 0 0 0
0 − 1√

2
− i√

2
0

0 1√
2
− i√

2
0

0 0 0 1

 . (S1)

Finally, |s〉 and |tz〉 are to some degree admixed due to the antisymmetric exchange. The resulting states |s̃〉 and |t̃z〉 imply a
“rescaling” of the Zeeman couplings. The Hamiltonian thus takes the form shown in Table V in the main text. The corresponding
transformation matrix reads

UD=


− iD√

J̃(J̃/2−Jx+y)
0 0 iD√

J̃(J̃/2+Jx+y)
0 1 0 0
0 0 1 0√

J̃/2−Jx+y

J̃
0 0

√
J̃/2+Jx+y

J̃

 . (S2)


