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I. TRANSPORT MEASUREMENTS

In this section we present the transport properties of our highly disordered amorphous InO
films. The temperature evolution of the resistivity for the three samples studied in this work are
shown in Fig. S1. All films show the insulating trend: the resistivity increases as T is lowered
from room temperature. Despite this clear signature of electron localization, the films undergo a
superconducting transition with critical temperature 1 —2 K (see inset of Fig. S1). The continuous
decrease of the critical temperature upon increasing disorder is the hallmark of the disorder-driven

superconductor-insulator transition that occurs in our InO films.

II. SCANNING TUNNELING MICROSCOPY AND SPECTROSCOPY OF
AMORPHOUS INDIUM-OXIDE FILMS

Scanning tunneling spectroscopy was performed in a home-built scanning tunneling microscope
thermally anchored to the mixing chamber of an inverted dilution refrigerator. It is likely that a
native layer of over-oxidized InO, forms at the film surface when sample is exposed to air when
transferred into the STM cryostat. Nevertheless one can achieve good tunneling conditions as
shown by the topographic image in Fig. S2. The r.m.s. roughness of 7A demonstrates surface
flatness.

At low temperature, the quality of the STM junction yields excellent tunneling spectroscopy as
seen by the superconducting spectra shown in Fig. 1, Fig. S3, Fig. S4 and Fig. S5. The observation
of a full gap is characteristic of a good tunneling barrier: it signals that superconductivity is not
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FIG. S1: Resistivity versus temperature of amorphous indium oxyde films. Thicknesses of the
samples are 150 A for low disorder sample and 300 A for high and intermediate disorder samples. Inset:
superconducting transitions measured during the cooling of the STM setup. The critical temperatures
defined as the vanishing resistance (see main text) are 1.7 K, 1.4 K and 1.2 K for low, intermediate and high

disorder sample respectively.

FIG. S2: Surface topography. Topographic image (200 x 200nm?) of sample low disorder obtained at

room temperature. The r.m.s. roughness of the surface is 7A.

weakened at the surface of the InO films due to air exposure. A damaged metallic surface coupled
to the film with a proximity-induced superconducting DoS would have led to a reduced A/T. ratio
as well as a non-zero DoS at the Fermi level. The large A/T, ratio (shown in Fig. 4a) and the lack
of states at the Fermi level in our measurements imply very good tunneling conditions. In addition
we note that the diffusive length in the millivolt range is of the order of few nanometers ensuring
that tunneling electrons probe the physical properties of the film (to estimate the diffusion length

we use the density of states’ v ~ 102! (eV)~tem ™3 that gives the diffusion coefficient D ~ 1cm?2s™1
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and thus the diffusion length [ ~ 8 nm at 1 meV).

III. SPATIAL FLUCTUATIONS OF THE LOCAL DENSITY OF STATES
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FIG. S3: Fluctuations of gap and coherence peak height. Individual raw tunneling spectra measured
at different locations on low disorder (a-d) and on high disorder (e-h) samples. In the locations where
coherence peaks are pronounced, a fit with the theoretical s-wave BCS DoS (ref. [2]) can be used to
evaluate the gap amplitude. Beyond the gap, the tunneling conductance increases slowly upon an increase
in the bias voltage V leading to a discrepancy with the BCS fit. This increasing spectral weight has also
been observed in TiN films® and in quench condensed Bi films*. It might be due to a contribution of the
disorder-enhanced Coulomb interaction which yields a depression of the DoS that is maximum at zero bias
and extends up to energies much higher than the energy scale probe in this study, the effect known as

zero-bias anomaly®.

In this section we focus on the spatial evolution of the spectral properties. All spectroscopy data
presented in this work were obtained by measuring the differential conductance of the tunneling
junction in a scan area of 3 x 3 um?. For instance, the statistical analysis presented in Fig. 2 results
from a collection of individual spectra acquired systematically at different locations in such area.
To illustrate the different spectra that contribute to the statistical analysis, we show in figure S3
a set of typical spectra measured at 50mK for samples of low and high disorder that exhibits
strong variations in the gap amplitude and coherence peaks height. For instance the spectra a and
d, with gap values of 470 ueV and 660 peV respectively, represent one of the smallest and one of
the largest gaps observed in the low disorder sample (Fig. 2a). We observe that despite such a

remarkably large variation, no change in the overall shape of the gap occurs except the coherence
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peaks height. Fig. S3e-h show typical spectra observed in the high disorder sample where the local
density of states is dominated by gaps with small peaks or with no peaks at all.

Our statistical analysis shows that the areas characterized by incoherent spectra take over the
superconducting ones upon approaching the SIT. To give a feeling on the spatial structure of
these areas, we show in Fig. S4 two traces of spectra acquired over 400 and 300nm lines on the
low disorder sample. Both gap and coherence peaks height fluctuations are clearly visible. One
observes the intervals of the order of 50 — 100nm where coherent peaks are absent while the gap
at the Fermi level remains. We believe that in these areas the electrons are bound in Cooper-pairs
but are not coherently coupled to the surrounding superconducting condensate.

The length scale over which coherence peaks decrease is the relevant microscopic length scale
for the loss of the superconducting coherence. We estimate from figure S4 that this length is of
the order of 20 — 50 nm. On the other hand, there is no typical length scale associated to the gap
fluctuations since they occur both at low scale (~ 20nm) and at medium scale (~ 100 nm) as seen
by the black lines of the contour plots in Fig. S4, and as expected if the measurement probes the

electrons characterized by the wave function of fractal nature.
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FIG. S4: Visualization of localized Cooper-pairs area. a, Three-dimensional plot of 50 spectra acquired
at 50mK over a line of 400nm. The tunneling conductance is plotted versus bias voltage and the tip
displacement. b, Two-dimensional view of the tunneling conductance for a different line of 300 nm long. The
colorscale corresponds to the one in a. In both figures, black lines correspond to iso-differential conductance

curves that emphasize the gap and coherence peaks height fluctuations.
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IV. APPEARANCE OF COHERENCE PEAK AT T,cq

Data presented in Figure 4 come from a set of temperature evolutions of the DoS measured
at separate locations on the samples. The measurements were performed by controlling the tem-
perature of the sample with a resistive heater and a RuQO- thermometer that are glued onto the
STM sample holder. Starting from the base temperature with the STM tip at a fixed location,
the samples were warmed up in small steps at which the differential conductance of the tunneling
junction was measured. The small thermal coupling between the STM sample holder and the
mixing chamber of the dilution refrigerator allowed us to reach the temperatures up to 6 K for
a short period of time. The total acquisition time of a T-evolution from 50 mK up to 6K was
about 2 hours for about a hundred spectra, followed by the time required to recover the base T
Unfortunately, our dilution refrigerator setup precludes measurements at fixed temperatures above
1 K during long periods of time due to instabilities of the fridge that occur when the heat load is
held on for a long period of time.

In figure S5 we show an additional set of temperature evolutions of the DoS that were used to
determine the temperature Tpeqr below which coherence peaks start to grow (plotted in Fig. 4a).
The figures (a-d) and (e-f) show the data for the high disorder and low disorder samples respectively.
Notice that for low disorder sample two locations corresponding to Fig. 1la and in Fig. S5e were
measured are 600 nm far apart, thus excluding any correlations that could explain the coincidence
of their Tpeqr. The spectra measured at T, are highlighted by the black dashed lines in Fig. S5.
They clearly coincide with the beginning of the coherence peaks growth at T)..; independently of
the gap value, the coherence peaks height or the STM tip location.

V. SUMMARY OF THE THEORY OF SUPERCONDUCTIVITY CLOSE TO THE
MOBILITY EDGE

Here we sketch the main ingredient of the theory developed in Ref. 6-9 and its application
to the data. In the range of a strongly developed pseudogap Ap > T, electron “orbitals” ;(r)
are populated by either zero or two electrons at low 7T’s. In this case the whole Hilbert space
of the electronic problem reduces to the “pseudospin” subspace described by operators formally

equivalent to spin—% variables S]j-c, Sj associated with each orbital: S;T = c? jcf ; is the pair creation

operator and 25;- = c{ O —i—ct L~ 1; this representation was proposed originally by Anderson'®.
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FIG. S5: T-evolution of the tunneling spectra. Temperature evolution of the normalized tunneling
conductance G measured in sample high disorder (a-d), and in sample low disorder (e,f). Each set shows
the spectra are measured at a single location on the sample surface without any averaging. The black dashed
lines show the spectra measured at T,. The gap values A, the ratios 2A /T, and Tpeqr/Te are respectively:
(a,b) 600 ueV, 11.3, 1.09, (c,d) 450 peV, 8.6, 1.02, and (e,f) 500 peV, 6.6, 0.99.

The development of superconducting coherence is described by the pseudospin Hamiltonian

HPSZQZGJ'S;—gZMij(S;_Sj_‘i‘Si_S]—"_)y (1>
J ij
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with matrix elements M;; = [ d3r1/1i2(r)1/1]2-(r) and coupling constant g. On-site energies €; are
distributed over wide band with bare DoS vg. The pseudogaped regime Ap > T, is realized®”
when typical level spacing inside localization volume, § ~ 1/ 1/051306, is the largest energy scale,
d > Ap. The local pairing fields h;(7") determine the average transverse pseudospin component

via (S7) = (hi/2E;) tanh(E;/T); they obey self-consistency equation

h; E;
h; = QZMijf].tanhfj, Ej = 1/h§+6?. (2)
2 r E; T

At very large 4, long-range coherence is not established even at T' = 0, and insulating ground state
takes over. The quantum phase transition between the ordered state with non-zero (S™¥) # 0
and disordered one with (S*¥) = 0 was studied in Ref.®? within the simplified model defined by
the Hamiltonian (1) on the Bethe lattice with coordination number K and all nonzero couplings
M;; = 1/K. The model is characterized by dimensionless coupling A = gy < 1. The result of
this study is that in the limit K > K; = Ae!/?* usual BCS-like mean-field theory works well and

uniform superconducting state occurs below T, = v le=1/A,

In particular, below T,y nonzero
thermal average h;(1T') appear.

Fluctuations become important at K < K; = Ae!/?*. They lead to two effects: the critical
temperature T,(K) start to drop down with K decrease and the order parameter h;(T") becomes
strongly inhomogeneous as a function of the site number ¢ and cannot be expressed in terms of
local energy €; only. Eventually, the transition temperature vanishes at K = Ky = Ael/eX | the
ground-state at K < K3 is a many-body insulator, with discrete spectrum of low-lying excitations.

In the whole region Ko < K < Kj on the superconducting side of quantum phase transition,
a nonzero order parameter hj(T") appears below the well-defined global transition temperature
T.(K) and leads to the growth of coherence peaks seen in the tunneling spectra, Fig. la,c. At
the same time, the relative heights of these peaks are proportional to the values of h;(T) for
the electron orbitals ;(r) which have considerable weights near the tip position r. The values
of h; fluctuate strongly between different sites j with very close local energies €;. The strength
of these fluctuations is characterized by the distribution function P(h) with a long tail: close to
the transition line T.(K') the distribution is P(h) ~ (1/ho)(ho/h)® in a wide range of h/hg. The
exponent « decreases with the decrease of K, i.e. in physical terms, with the increase of disorder.
In particular, at Ko < K < K the exponent 1 < a < 2 was found®?, indicating that a simple
average hq, = (h) and typical value hyy, = exp((log(h))) differ qualitatively, with hyyp < hay ( Reyp
characterizes behaviour of almost any specific sample, whereas h,, corresponds to a contribution

of extremely rare fluctuations in the ensemble average over many samples). We show in Fig. 3
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theoretical results for two nearby values of the coordination number K = 5 and K = 6, both at
the dimensionless coupling constant A = 0.128. While the values of the critical temperature are
close in these two cases (T.(K = 5)/T.(K = 6) ~ 0.9), the shape of P(h) distribution changes
considerably: the ”tail” with h < hyy;, becomes much more pronounced for the K = 5 case that
corresponds to stronger disoder. This theoretical result is in good agreement with our observations
shown in Fig. 2b,d: distribution of peak heights is moderately narrow in the less disordered sample
shown in Fig. 2b and becomes very broad (like the P(h) distribution function at K < K1) for the

more disordered sample in Fig. 2d.
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