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Pressure is not a state function for generic active fluids
I. DETAILS OF NUMERICAL SIMULATIONS

SUPPLEMENTARY INFORMATION

Time-stepping: Simulations were run using Euler time-discretization schemes over total times
T = 10* or larger (up to T = 10?).

Non-interacting particles: At each time step dt, particles update their direction of motion
0;, then their position r;. For ABPs, §; = \/2D,£(t) where £(t) is a Gaussian white noise of unit
variance. For RTPs, the time At before the next tumble is chosen using an exponential distribution
P(At) = e 2t. When this time is reached, a new direction is chosen uniformly in [0, 27] and
the next tumble time is drawn from the same distribution. This neglects the possibility to have
two tumbles during dt. Both types of particles then move according to the Langevin equation
;i = veg, — VV + /2Dyn(t) where n(t) is a Gaussian white noise of unit variance.

Hard-core repulsion: To model hard-core repulsion we use a WCA potential V(r) =
4[(%)12 — (%)6] + 1 if r < 265 and 0 otherwise. The unit of length is chosen such that
the interaction radius 2'/6¢ = 1. Because of the stiff repulsion, one needs to use much smaller
time steps (dt = 5.107° for the speeds considered in the paper).

Aligning particles: Particles exert torques on each other to align their directions of motion
6;. The torque exerted by particle j on particle i reads F(6; — 0;,r; —r;) = % sin(6; — 6;) if
lr; —rj| < R and 0 otherwise, where A/ (r;) is the number of particles interacting with particle i.
The interaction radius R is chosen as unit of length. For the parameters used in simulations v = 1,
v =2, with a time-step dt = 1072.

Quorum sensing v(p): The velocities of the particles depend on the local density p. The unit
of length is fixed such that the radius of interaction is 1. To compute the local density, we use the
Schwartz bell curve K(r) = + exp(—ﬁ) for r < 1 and 0 otherwise, where Z is a normalization
constant. The average density around particle i is then given by p; = > ; K(|r; —1j]) and the
velocity of particle i is v(p;) = vo(1 — pi/pm) + v1i. We used dt = 5.1073.

Asymmetric wall experiment: The simulation box is separated in two parts by an asym-
metric wall which has a different stiffness Ay and Ay on both sides. At each time step, the total
force F exerted on the wall by the particles is computed and the wall position is updated according
10 Twall = HwallF, Where fiyan = 2. 107% < 1t is the wall mobility.

SI movie 1: Asymmetric wall experiment with non-interacting ABP particles. The particles
are spherical (no torque) for ¢ < 1000 and ¢ > 3000 and ellipses with x = 1 for 1000 < ¢ < 3000.
Wall potentials are harmonic and other parameters are v = 10, D, = 1, A = 10 (external box) and
for the asymmetric mobile wall A = 1 on the left and A = 4 on the right.

II. EQUILIBRIUM PRESSURE

Here, for completeness, we show that in equilibrium 1) the thermodynamic pressure equals the
mechanical pressure given by Eq. (3) of the main text, and 2) that it is independent from the wall
potential. For simplicity we consider a system of interacting point-like particles in one-dimension
where the pressure is a force and we work in the canonical ensemble. The extension to other cases
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is trivial.

The thermodynamic pressure is defined as

oF

where L is the system length, F' is the free energy, and the number of particles IV is kept constant.
Note that since F' is extensive, any contribution from the potential of the wall is finite and will
therefore not influence the pressure. Next, the free energy is given by

1
F=—InZ, 2
5 (2)
where
z - E :675[(7#27; Viei—L)] (3)

is the partition function, § = 1/T with T the temperature, and the sum runs over all micro-states.
The origin of the wall is chosen at x = L, as opposed to x = x,, in the main text. The energy
function of the system is given by H+) . V(x; — L), where V(z; — L) is the wall potential, z; is the
position of particle ¢, and H contains all the other interactions in the system. Using the definition
of P we have

P= —% Zn: Z ALV (z; — L)e PHFL Vie=L) — _ < / dzp(x)dLV (z — L)> , (4)

where the angular brackets denote a thermal average, and p(xz) = >, 0(z — z;) is the number
density. Exchanging 0y, for —3,, we obtain the expression from the main text

P={ [ depz)o,V(z—1L)) . (5)
gl )

III. DERIVATION OF THE PRESSURE FOR NON-INTERACTING SPPS
To compute the mechanical pressure P for SPPs, we first define m,,(z) = fo% cos(nf)P(x,0)dd.
Taking moments of the master equation, Eq. (2) in the main text, we find that in steady state

0= —0z(vmy — upd:V — DiOrp) , (6)
p+ma

27
(Dy + a)my = =0, (U — puymy1 0,V — Dtﬁxml) — / sin O p, I'(x,0)P df . (7)
0

Equation (6) is tantamount to setting d,J = 0, where J is a particle current that must vanish in
any confined system; while Eq. (7) expresses a similar result for the first moment m;. Equation (3)
of the main text and Eq. (6) together imply that

P= / E [vmy1 — DiOyp] dx . (8)
0 Mt

Next, from Eqs. (6,7) we see that, apart from the term involving the torque ', mq(z) is a total
derivative. We can trivially integrate this contribution to Eq. (8), noting that at = 0, isotropic
bulk conditions prevail so that m; = mg = 0, and p = pg (say), while as © — oo, far beyond the
confining wall, p = m; = mg = 0. Restoring the I' term we finally obtain Eq. (4) of the main text.
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Figure 1. An illustration of the axes (&, &) and (&,, &,), and the angle 0.

IV. PRESSURE FOR AN ELLIPSE IN A HARMONIC POTENTIAL

In what follows we first compute the torque applied on an ellipse in a harmonic potential. We
then derive an approximate expression for the pressure, Eq. (5) of the main text, which is valid as
long as the density distribution P(r, ) equals its bulk value as soon as the wall potential vanishes
(at & = zy).

A. Torque on an ellipse

We consider an ellipse of uniform density and long and short axes of lengths a and b respectively.
We define two sets of axes: 1) (&, g) are the real space coordinates with the wall parallel to the
y axis, and 2) (&, 7,) are the coordinates associated with the ellipse so that x, is parallel to its
long axis. The angle between the two sets of coordinates is €, which is also the direction of motion
of the particle (see Fig. 1). For simplicity, we assume that the particle is moving along its long
principal axis.

Since the wall is perpendicular to the Z axis, the force acting on an area element of the ellipse
is given by Fy,(xg+z) = —0;V (zo+ ), where xg is the position of the center of mass of the ellipse
and x the relative coordinate of the area element within the ellipse, both along the & direction.

The torque applied by the force at a point r is then given by

v=r X Fy(xg+ )T, 9)
- (xp) X Fy(xo + xpcosf — y,sinb) ( CO_SQ ) . (10)
Yp —sind

Next, we integrate over the ellipse, taking its mass density to be uniform p(zp,y,) = m/(mwab).
I
! =
switching from (z7,,,) to polar coordinates (r, ), yields

Rescaling the axes as x xp/a and y;, = yp/b to transform the ellipse into a unit circle, and

m
I'= m/d%dyp’y (11)

- ) az’ cos
= /dx;, / dyI',Fw(:Eo + aw} cosf — byll, sin 0) (byi) X <_ sin 9>

2m 1
d 6
= m/ ('0/ drrFy,(zo + ar cos ¢ cos @ — brsin ¢ sin 0) (aTC,OS(p> X < CO.S ) .
o T Jo brsin ¢ —sind
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For a harmonic wall potential Fy,(x) = —Az, the integral can be computed, and we get
A
I = %( 2 p%)sin(20) = Awsin(20) | (12)

which has the expected symmetries: it vanishes for a sphere (a = b), and for particles moving along
or perpendicular to the x-axis. Note that the torque is constant, independent of the position of
the particle as long as the whole ellipse is within the range of the wall potential. In the main text
we assume that this is always the case, which means that the ellipse is very small when compared
to the typical decay length of p(z) due to V. In the simulations, we thus simulated point-like
ABPs with external torques I' = Ak sin 20 for left and right walls. For real systems, the collision
details would clearly be different, hence giving different quantitative predictions for the pressure
P, but the qualitative results would be the same. We set m = 1 for ease of notation and define the
asymetry coeficient x = (a? — b%)/8 as in the main text.

B. Approximate expression for the pressure

We now turn to the derivation of the approximate expression Eq. (5) in the main text for the
pressure. In particular we focus on the case of ABP (« = 0) ellipses confined by a harmonic wall
potential and for simplicity neglect the translational diffusion D; = 0. In that case the contribution
of the torque to the pressure reads

S\U +00 27
C= / dx/ df sin(0) sin(20)P(z,0) , (13)
Ht Jo 0

where we have used expression (12) for I and defined A = p,6\/D,..

We will now expand the pressure P as a power series in . If we make the approximation
P(zy,0) = po/(27), so that the steady-state distribution relaxes to its bulk value as soon as the
system is outside the range of the wall potential, we can resum the series to obtain Eq. (5) of main
text.

We first expand the probability distribution P(z,#) in powers of A

P(x,0) =D  NPi(x.0), (14)
k=0
so that the pressure is given by
P o=V —ﬁicﬂ’@“ (15)
where
00 2
Cr = / da:/ df sin 0 sin(20) Py, (z, 0) . (16)
T 0

1. Computation of the coefficients CY

Cy is known since Py = po/27. Using the hypothesis P (x4, 0) = po/(27), so that Pi>1(zy) = 0,
we can now relate P to Pr_1 and then compute iteratively the Cy’s.
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In steady-state, the master equation gives for & > x,,, order by order in A:

D, .
PET (3 — ) Pi_1) + Dy 0Py, — Dydp(sin(20)Py_y), k> 1 (17)

r

0= —0.(vcosOPy) + D, 03P - (18)

0= —0z(vcos 0Py —

Multiplying Eq. (17) by an arbitrary function f(#) and integrating over # and x, one gets

00 2 00 2
/ daz/ Ao f" Py = —/ daz/ dOf sin(20)Py_1, k>1 (19)
T 0 T 0
/oodx/deHf”P = —1/2ﬂd0vcost9f73 (20, 0) = — L2 [ dfcostf (20)
e Jo T D Jo 0w, B = "o, '
For conciseness, we define the operators T" and T
T(f) :sin(29)/d0f , T(f) :cosﬁ/dG/dHf, (21)
where the integral signs refer to indefinite integrals, to rewrite Eqgs. (19-20) as
o0 27 o0 2m
/ do / d0g(60)Py — — / de / dOT(g(0))Pe_r, k> 1 (22)
2w 2w . vpo N
da: dhg(0)YPy = —— dOvT™(g(0))Po(xw, 0) = ~3-D doT*(g(0)),  (23)
Ty
where g = f” . The C}’s then reduce to the explicit integrals
Cpp = (—1)FH1 220 7 dOT*T* (cos 0) (24)
b 27D, ’

where we use sin 0 sin(260) = T'(cos 6) so that Tk(sinﬂsin(ZH)) = TF+1(cos h).
Let us now compute the Cj’s. By inspection, one sees that T%(cos ) is of the form

(cos0) Z a; cos((2i +1)0) , (25)

where the coefficients ozf obey the recursion

o) =1, ade=0, (26)
k k
ak+1 O40 041 (27)
k:-‘rl 1 l+1 N (28)
i 2\2+3 2z — 1 ’
1 «
k
Oék+1 5 ]{; — (29)
1 ak
k+1 _ k
— 30
Ut T Tk 41 (30)
which solution is
1241 £
N Gl G 'Hk‘—l—l—z. (31)

T k+1(k+j+1)

NATURE PHYSICS | www.nature.com/naturephysics 5

© 2015 Macmillan Publishers Limited. All rights reserved



SUPPLEMENTARY INFORMATION DOI: 10:1038/NPHYS3377

After the application of 7% in Eq. (24), the only term that contributes to Cj in T*(cosf) is
af = ﬁ, because [ df cosf cos[(2i + 1)6] = 0 for i > 0. One thus finally gets

Cp = (—1)k 2P0 2ﬂd0ak+1cos2(9):(—1)k¢ (32)
F 27D, o 0 2D, (k+2)!

2. Approzimate expression for the pressure

The series (15) can now be resummed to yield

v2 0 N A 1— e
P = 1— E -1 =P——, 33
21Dy po k:o( ) (k+2)! DY (33)

where Pj is the ideal gas pressure. As expected, the pressure tends to Py as A — 0.
As can be seen in the right panel of Fig. 1 in the main text, the approximation that the wall
does not affect the probability density for z < x,, is not satisfied when \ is large. However, this

happens only when P()) is already very small, so that the analytic formula Eq. (33) compares very

well with the P(\) curve obtained numerically, as shown in Figure 1 of main text.

V. NON-BOLTZMANN DISTRIBUTION

While the analytical computation of the full distribution for RTPs and ABPs in two dimensions
is beyond the scope of this paper, here we show explicitly that the steady—state density is not a
Boltzmann distribution for 1D RTPs. The master equation for the probability densities of right
and left-movers (P4 (x,t) and P_(x,t)) is given by (see Ref. (26) of the main text)

0Py = —0y (v — V) — % (P —P),
OP- = =0, (v — udsV) = 5 (P- = Py) . (34)
Note that Dy = 0 for this system. The equation for the steady-state density then reads
0x [(v* = 17 (9:V)) p] + apu(0,V)p = 0. (35)
First, rescale the potential so that the equation reduces to
00 [(1=@:7)2) o] +9(@.V)p =0, (36)
with ¢ = a/v and V = Vp,/v. The steady state distribution is then given by

p(x) = poe (37)
and

g&r/f/(x’)
L@@

Q =1In[l1 — (8,V(x))?] + /093 da’ (38)

The probability distribution is non-local inside the wall and not given by a Boltzmann distribution.
(Note that particles are confined within the region [0, z*] where (9,V)? < 1 and p(z) = 0 outside.)
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Despite the absence of a Boltzmann distribution, the pressure is well defined (as for the 2D
case considered in the text). To see this explicitly in one dimension consider the expression for the

pressure
v [T
P=— [ 0.V(z)p(z), (39)
He Jo
with 0,V (z*) = 1. Then using the explicit expression of the steady-state distribution, P can be
written as
x* _ zd ’ BIIV(I/)
P=—pp— dz0ye 9l =G vy , (40)
gkt Jo
so that
z* ’ az/V(I,)
P=—p [ WraveE _q) | (41)
grt
Now, since at the upper bound of the integral within the exponential the integrand diverges we
have
2
v v
P = PO— = pP0— . (42)
grt Qb

VI. ANISOTROPIC PRESSURE

We consider spherical particles whose speeds depend on their direction of motion . As discussed
in the main text, such situations could arise, for example, when the motion takes place on a
corrugated surface. For simplicity, we consider only run—and-tumble particles (D, = 0). The case
of active Brownian particles can be treated following the same argument.

In steady—state, the master equation yields
o

0= —0;[(v(#) cos — 110,V — D:0,) P(6,x)] — aP + o

/ do'P(¢',x) . (43)
We want to restrict ourselves to cases where the bulk currents along any direction vanish (the
system is therefore uniform in the bulk), which we achieve by assuming that v(f + 7) = v(6).
Following the same steps that lead to Eq. (4) in the main text, we get in steady state

0= —0x(m1 — pup0yV — Diyp) , (44)
27
0=—0; {/ v(0)% cos?(0)Pdl — 1140,V iy — Dydyinny | — amny (45)
0
where we have defined m; = fo% v(0) cos(#)Pdh (which differs from m; in section III because it
includes the speed).

From these two equations, we can express the mechanical pressure as a function of the bulk
density and v(6), as

(46)

it 2may

‘l - 2w 2 2
z = L[ dOv=(6 0
/ p(x)0,Vdx i (11 — DyOyp) = (Dt o dOv*(0) cos*( )> N
0 +Jo ;
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This holds for a wall perpendicular to the & axis. For a wall tilted by an angle ¢, one obtains the
anisotropic pressure

2 2 2 B
P(g) = <Dt+ o v () cos™0 ¢)>po, (47)
ot TCefhy

which is Eq. (9) of the main text.

VII. INTERACTING ACTIVE BROWNIAN PARTICLES

In the following we study ABPs with aligning interactions (Section VII A) and quorum-sensing
interactions (Section VIIB). In particular, we derive exact expressions for the pressure P in terms
of microscopic correlators evaluated near the wall. These show P to depend explicitly on the details
of the interaction with the wall, hence forbidding the existence of equations of state.

A. Aligning particles

We consider a system of N spherical ABPs which can exert torque on each other, for instance
to promote the alignment of their directions of motion, but which do not feel any wall-torque. The
positions and orientations of the particles evolve according to the Ito-Langevin equations

dr;
dt

dTZ = vy F(6; — 0,1i,15) + /2D, (1) (49)
j

=V — w0V +\/2Dn(t) (48)

where n; and & are uncorrelated Gaussian white noises of unit variance and appropriate dimen-
sionality. F'(f; — 6;,1;,1;) is the torque exerted by particle j on particle 4.
We now define a microscopic density field P(r, ) as

N

P(r,0) => 6(r —1:)3(6 — 6;) (50)

=1

Following [1], its evolution equation is given by

OP(r,0) = —V[(v — V'V (2))P(r,0) — D,VP(r,0)] + V - ( 2Dt7377) + <\/2D,~73§)
— Oy {u,, / dr’ / 7 do'F(0' —6,r,v')P(r, 9)79(#,9')} + D, 93 P(r,0) (51)

where the integral f dr’ is performed over all space.

We then follow the same reasoning as for non-interacting particles to derive an expression for
the pressure. We first average Eq. (51) in steady-state, assuming translational invariance along v,
to get

2
0= —0:[(v — 0.V (x))(P) — D10, (P)] — g {,ur/dr’/o dOF(0 —0,r,0')(P(r,0)P(r',0))
+D,05(P)  (52)
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Figure 2. Lack of equation of state for ABPs with interparticle alignment interactions but no wall torques.
The mechanical force per unit area P exerted on the wall is equal to its theoretical expression (56) and
depends on the stiffness A of the wall potential. The torque exerted by particle j on particle i is F'(6; —
0i,r;,r;) = ﬁsm(@j — ;) if |r; — r;| < R and 0 otherwise, where N (r;) is the number of particles
interacting with particle i. (v =1, D, =1, D; =0 and v = 2.)

where the brackets (-) denote averaging over noise realisations. Note that the noise terms average
to zero due to our use of the Ito convention.
Multiplying Eq. (52) by 1 and cosf and then integrating over 6 gives the analog of Eq. (6)

and (7)
0= —0z[vm1 — p(0, V) — DOy p) (53)
D,my = —0, [vp tma urmy (0, V) — Dt&pml]
2m 2m
o / sing [ @' [ dOF@ —0,v,)(P(x,0)P,0)) (54)
0 0

where m,(z) = fo% cos(nf)(P(x,0))df and p(z) = 027r(73(x,9))d0.
Inserting Eq. (54) in Eq. (53) allows us to rewrite the pressure P = [ dzpd,V exactly as

v? Dy vl
— - d d d d9'F(9 — 0 "Ysin @ 0 N
[z + Rt e [ [0 [ o0 [[rro - omsysmorpisoppie.
(55)
We see that, just as in Eq. (4) in main text, the mechanical pressure depends explicitly on the

density P(r,0) close to the wall, which in turn depends on the detail of the interaction V(x)
between the particles and the wall. There is thus no equation of state.

Using the microscopic definition of P, Eq. (50), one can rewrite the integral in Eq. (55) as a
sum over all particles, more suitable to numerical measurements:

v? D, Vb N
- E F(0; — 0i,ri,r;)sin0,0(x;
[QMD + } Po (z > (0 — 0;,r;,1r;)sin6;0(z;)) (56)

where O(z;) = 1 if ; > 0 and zero otherwise. In Fig. 2, we compare measurements of P from
the force applied on the confining wall and from Eq. (56), for a particular choice of F'. They show
perfect agreement, thus confirming Eq. (55).
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B. Quorum-sensing interactions

A similar path can be followed to compute the pressure exerted by ABPs that adapt their swim
speed to the local density computed through a coarse-graining kernel p(r) = > . K(|r —r;|), where
the sum runs over all particles. The dynamics of the system is now given by the Ito-Langevin

equations

dri
dt

@i — aD) (58)

As before, the dynamics of the density field can be obtained using It6 calculus [1]

=v(p)e; — 0V + /2Dymi(t) (57)

OP(r,0) = -V -[(v(p)eg — uVV(2))P(r,0) — D,VP(r,0)] + Dré?gp(r, 0) (59)

+V - (V2DiPn) + 0y (V2D P¢)

By the same procedure as for aligning particles (except that we first multiply Eq. (59) by v(p)
for the second equation) we get the two relations

0 =—=0:[(v(p)r1) — pp(02V) — DiOep] (60)
s _ P+ 1ma . .
D, (v(p)my) = — <v(p)(9x {v(p) — 1 (0, V) — Dtaxm1:| > (61)
where m,(x) = f027r cos(nf)P(x,0)dd and p(z) = 027r P(x,0)do are fluctuating quantities whose

averages are my, and p.
We can now rewrite the pressure using these two equalities:

p— / depdV = — [ da [(0(5)) — Dydap) (62)
0 Kt Jo
D1 _ Pty B A
= 00 Do /o dx <v(p)8x [v(p) 5 pemy (0;V) Dtawml] > (63)

Integrating by part the last integral, we obtain

((p)*(p+12))o  Di(v(p)dsrini))o | Dy
2pe Dy pg Dy ot

[ e {00000 o9 "5"  pin@,) ~ Didwn | )

P =

_l’_

Drﬂt

where the brackets (-)g denote an average done in the bulk of the system.
As for aligning particles, one can use Eq. (50) to obtain a “microscopic expression” for P which
is more suitable for numerical evaluation:

N
Dy <<v(ﬁi)2(1 + cos(20;)))o . 2D¢(0z,v(p;) cos Gi)0>
P=""p + + : 65
e po ZZ; 2 Dy e Dy (65)
N
1 1 20;
+ ; @(xz)m <8miv(pi) [U(pi)—+_C(;S() — it COS Hi((?xV)] + Dt(aiv(ﬁi)) cos 0¢>
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Here, for ease of notation, we have written p; = p(r;). Again this exact formula shows that no
equation of state relates the mechanical pressure to bulk properties of the system.

[1] Farrell, F. D. C., Tailleur, J., Marenduzzo D. and Marchetti M. C. , Pattern formation in self-propelled
particles with density-dependent motility, Phys. Rev. Lett. 108, 248101 (2012)
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