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Estimate of the magnetic breakdown field. We consider the possibility of magnetic break-
down, which would create large breakdown cyclotron orbits at sufficiently high magnetic fields.
We find an estimate for the magnetic field where magnetic breakdown would occur by using the

Blount criteria [1], given by

mh k2 1/2
Hbreakdown = ?(CL ‘ib ) (1)

Here 1/a, and 1/b, are the radii of curvature of the two closest Fermi surface sections (neigh-
bouring ellipsoids) and £, is their separation in reciprocal space. Applying this expression for
the 300 T ellipsoids we have a separation of one quarter of the Brillouin zone, k, ~ 3.8 nm™",
and a radius of curvature 1/a, = 1/b, ~ 1 nm™!, taken from Table 1. This gives a giant mag-
netic breakdown field of ~ 11000 T, which is well above the magnetic field we access in the
laboratory.

Static metallic islands considered as a possible explanation for quantum oscillations. A
possibility to be considered is that static metallic islands such as those induced by frozen-in dis-
order are present in Kondo insulating SmBg. In order to explain our results, however, a major
fraction of the crystal would need to comprise such metallic islands, given the comparable size
of measured quantum oscillations in the infinite field quantum limit in SmBg to metallic LaBg
(Figs. 1d-e); yet no signature of significant metallic inclusions is indicated in SmBg, which
would be expected to be manifested for instance as a reduction in charge gap size [2], or finite
electrical conductivity in measurements such as electrical transport or optical conductivity mea-
surements [3, 4, 5,6, 7, 8,9, 10, 11, 12]. The high quality of single crystals measured in this
study is confirmed by the measured phonon peak in thermal conductivity at 10 K, which is sig-
nificantly larger than in previous generations of single crystals [13] (Supplementary Fig. S11).

Furthermore, a static magnetic moment would be expected to accompany metallic behaviour in
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SmBg, as predicted within the traditional Kondo lattice model [14], and indeed observed in the
case of metallic SmBg under pressure [15, 16, 17]. In contrast, single crystals of SmBg from
similar growths that produced the single crystals on which quantum oscillation measurements
are performed show no evidence for a static magnetic moment in measurements such as muon
spin resonance [ 18], neutron scattering [19], nuclear magnetic resonance [20] and magnetisation
(Supplementary Fig. S2).

Absence of quantum oscillations in organic spin liquids. In the organic spin liquid materials,
EtMe3Sb[Pd(dmit);]s and k-(BEDT-TTF),Cuy(CN)3, the lack of evidence of quantum oscilla-
tory effects might seem at first puzzling within a spin liquid scenario [21, 22]. One possibility
to explain the lack of observed quantum oscillations in the organic spin liquid materials is the
formation of Condon domains, as proposed in ref. [21]. Another possibility is due to the large
size of the charge gap ~ 50 meV in these materials, compared to the size of the charge gap
~ 3 meV in the case of Kondo insulating SmBg [2, 3,4, 5, 6,7, 9, 10, 11, 12]. The mechanism
of diamagnetism arising from virtual charge fluctuations would result in an enhanced damping
of the quantum oscillation amplitude compared to the infinite field limit; consequently, a larger
charge gap would render such oscillations even more challenging to observe experimentally.
The positioning of SmBg closer to the edge of the insulator-metal transition would result in en-
hanced virtual charge fluctuations, increasing the expected size of time-averaged diamagnetism
and associated quantum oscillations in an applied magnetic field. Furthermore, solely high
quantum oscillation frequencies corresponding to the single band Fermi surface are expected
in the organic spin liquids, with a considerably higher effective mass expected from the signif-
icantly larger size of the linear specific heat coefficient [23, 24, 25] in the organic spin liquids
compared to SmBg, which would make quantum oscillations more challenging to detect. The
situation is therefore rendered more conducive to the observation of quantum oscillations in

Kondo insulating SmBg within the theoretical scenario of a neutral Fermi surface.
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Figure S1: a, Capacitive torque as a function of magnetic field measured in LaBg,
showing the background magnetic torque and quantum oscillations that appear at high
fields. b, Capacitive torque as a function of magnetic field measured flux-grown SmBg,
measured with an identical setup, showing the background magnetic torque and quan-
tum oscillations that appear at high fields. ¢, Quantum oscillations as a function of
magnetic field measured in LaBg, corresponding to a low exponential damping factor
exp(—By/B) where B, ~ 1 T for the lowest frequency. d, Quantum oscillations as a
function of magnetic field measured in SmBg, corresponding to a significantly higher
exponential damping factor exp(—B,/B) where B, ~ 30 T for the lowest frequency.
To obtain ¢ and d a smooth 3rd order and 2nd order polynomial background was sub-
tracted respectively.
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Figure S2: a, The magnetisation measured for floating zone-grown SmBg in a su-
perconducting magnet using capacitive Faraday magnetometry shows weak feature-
less magnetic susceptibility. b, Quantum oscillations observed in the magnetisation on
subtraction of a 4th order polynomial background. ¢, The frequencies found from the
Fourier transform are similar to the characteristic frequencies in Fig. 1b.
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Figure S3: a, Quantum oscillations extracted from the magnetic susceptibility mea-
sured in pulsed magnetic fields for floating zone-grown SmBg¢ by averaging four con-
secutive pulses. b, The Fourier transform reveals frequencies that are similar to the
characteristic frequencies denoted by p and ¢ in Fig. 1b.
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Figure S4: a, The FFTs of field sweeps taken at different angles for flux-grown SmBg,
used to identify the p frequencies shown in main text Fig. 1b, and also indicated in b by
vertical dashed lines for each shown angle. The observation of all frequency branches
over the entire angular range provides evidence for a three-dimensional Fermi surface
model, rather than a two-dimensional Fermi surface model, in which case the Fermi
surface orbits would be open for certain tilt angles.
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Figure S5: The temperature dependence of quantum oscillation amplitude for each
of the quantum oscillation frequencies in floating zone-grown SmBg observed for a
magnetic field applied along ~ [110] for temperatures down to 20 mK for the dominant
F = 330 T frequency, and down to 0.4 K for all other frequencies. Effective masses
are extracted for a magnetic field window of 21 to 40 T and a temperature range of
1 Kto 30 K, while the temperature dependence is found to adhere to Lifshitz-Kosevich
behaviour down to ~ 1 K. For 7" < 1 K, an anomalous increase in quantum oscillation
amplitude that displays a marked departure from the Lifshitz-Kosevich form is observed
in the majority of observed quantum oscillation frequencies, The error in the amplitude
corresponds to the noise floor of the Fourier transform.
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Figure S6: a, The size of the oscillatory magnetisation arising from the highest fre-
qguency oscillations measured in floating zone-grown SmBg between magnetic fields
of 21 to 40 T applied along ~ [110] (also shown in Fig. S5). b, The derivative of the
amplitude of the oscillatory magnetisation with respect to temperature.
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Figure S7: a, A magnified view of the measured angular dependence of the low fre-
quency quantum oscillation branches (labelled p) shown in Fig. 1b of the main text, in
a single crystal of flux-grown SmBg. Four distinct branches are observed, with angular
dependences for the [011]-[001] rotation plane that display the signature characteristics
of an ellipsoidal Fermi surface model [1], corresponding to twelve ellipsoidal pockets
aligned along the <110> directions, as illustrated in b.
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Table S1: Measured dHVA frequencies and effective masses, and the relative ratios of the semi-
principal axes of the ellipsoidal Fermi surfaces denoted by a, b and ¢ as obtained from fitting
to the angular dependence of the quantum oscillatory magnetisation of SmBg shown in Fig. 1b
of the main text and in ref. [2]. These quantities enable the estimation of the contribution of
each Fermi surface sheet to the linear specific heat coefficient 7, to be compared with the value
obtained from the heat capacity.

Sheet  Fin (T) m* (m.) ako(mm™Y)  b/a c/a  ~ (mJ-mol~1-K~?)

o 7750(90) 0.70(4)  4.85(3) 1 1.36(2) 3.1(4)
p  309(14) 0.18(1)  1.00(2)  0.94(4) 2.3(1) 1.1(3)
P 31(6)  0.12(1)  023(2)  1.2(2) 3.9(5) 0.3(2)
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Figure S8: Measured specific heat capacity of SmBg in magnetic fields up to 14 T
and down to 700 mK in temperature for the floating zone-grown crystal (for which zero
magnetic field data are shown in the inset to Fig. 2a of the main text).
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Figure S9: Thermal conductivity of floating zone-grown single crystals (a-b) and a flux-
grown single crystal (¢) of SmBg; also shown in d is the thermal conductivity of a flux-
grown single crystal from ref. [26]. The thermal gradient is applied along the [100]
direction, with perpendicular magnetic field applied along [001].
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Figure S10: a, Electrical resistivity, as a function of temperature at 0 T (green line)
and at 12 T (pink line) measured on the same single crystal of floating zone-grown
SmBg for which thermal conductivity results are reported in the main text Fig. 3a.
The inverse electrical resistivity ratio between 2 K and 300 K is found to be ~ 3 -
10%. The current is applied along the [100] direction, with perpendicular magnetic field
applied along [001]. b, Comparison of the enhancement in low temperature thermal
conductivity at 12 T compared to 0 T, with that expected from the enhancement in the
electrical conductivity based on the Wiedemann-Franz law (red line). The observed
enhancement in low temperature thermal conductivity is found to be a factor of 10*
larger than the Wiedemann-Franz expectation.
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Figure S11: The large size of the thermal conductivity peak in a floating zone-grown
SmBg crystal reported in this work in zero magnetic field, compared to that of a previ-
ously reported SmBy; sample [13] indicates the high quality of our crystals, which are
characterised by longer phonon mean free paths.
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Figure S12: a, Measured specific heat capacity of SmBg, also shown in main text Fig. 2,
and the phonon contribution for a Debye temperature of ©, = 373 K, the value calcu-
lated from elastic constants for SmBs [27]. The inset shows the linear coefficient ~,
which is found to be finite at low temperatures, unexpected for an insulator. b, Thermal
conductivity of a floating zone-grown single crystal in zero magnetic field, compared
with the thermal conductivity calculated in the low temperature limit for phonon trans-
port for a Debye temperature of ©p = 373 K [27]; good agreement is seen at low
temperatures.
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