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Supplementary Note 1. Nonlinear electric transport and second-harmonic generation 

(SHG) 

Nonlinear electric transport suggests that the transverse current density Jy under an applied 

longitudinal electric field Ex has a nonlinear response such as 2
yxx xσ E（2） , in addition to the 

conventional linear one yx xσ E（1） : 

                                 2
y yx x yxx xJ =σ E +σ E（1） （2） .                                                       (1) 

The conductivity 
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yx yx yxx x
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J
σ = =σ +σ E

E
（1） （2）

 is thus electric field dependent. Under time reversal 

symmetry, the linear conductivity yxσ（1） vanishes, and the transverse resistivity yx  (considering
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 ) can be expressed as a function of current Ix as 

2 2 2 /ρ ρ ρ ρ L       （2） （2）
yx xx yx xx yxx x xx yxx xx xσ =- σ E =- σ R I                                           (2) 

where L is the length of Hall bar. For 3D TI, only the surface can host nonlinear electric transport 

according to the symmetry analysis. The transverse resistance 

2 /ρ L


     


（2）y y
yx yx xx yxx xx x

x x

V E W
R = = ρ σ R I

I J W
, 

where W is the width of Hall bar. Thus, 2
2

/ρ L  （2） （2）yx y
yxx xx yxx xx

x x

R V
R = =- σ R

I I
, proportional to 

nonlinear conductivity （2）
yxxσ , can be used to quantify the nonlinear transverse transport.                                      

To extract the nonlinear transverse voltage 2
y yxx xV R I （2） , which scales quadratically with 

the applied current, harmonic measurements can be used. When a sinusoidal ac current 

sinI I t   is applied to the device, the transverse voltage 

                               (2 (2) (2)) 2 2 2 21 1
sin sin(2 / 2),

2 2
     y yxx yxx yxxV R I t R I R I t                                        (3) 

consists of a dc, and an out-of-phase SHG term. The SHG amplitude 2 21

2
  （2）

y yxx xV R I  is exactly 

half of the nonlinear transverse voltage. Thus, we can explore the nonlinear electric transport by 

measuring the SHG using the lock-in technique with a high sensitivity. 
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Supplementary Note 2. Skew scattering by screened Coulomb impurities and the Berry 

curvature triple 

The Hamiltonian for the TI surface state is 𝐻୍ ൌ ℏ𝑣൫𝑘௫𝜎௬ െ 𝑘௬𝜎௫൯ 
ఒ

ଶ
ሺ𝑘ାଷ  𝑘ିଷሻ𝜎௭ 

with 𝑘േ ൌ 𝑘௫ േ 𝑖𝑘௬ . When we focus the conduction band and write the eigenstate as |𝒌⟩, the 

energy dispersion is 𝜖𝒌 ൌ ඥℏଶ𝑣ଶ𝑘ଶ  𝜆ଶ𝑘 cos 3𝜃𝒌, and the 𝑧 component of the Berry curvature 

is Ω௭ሺ𝒌ሻ ൌ
ఒ

ℏ|௩|
cos 3𝜃𝒌  𝑂ሺ𝜆ଶሻ with 𝜃𝒌 ൌ arg𝒌. 

The bare Coulomb interaction with a charge carrier and an impurity with charge 𝑄  is 

𝑉ሺ𝑟ሻ ൌ
మொ

ସగఌబఌ
, where 𝜀 is the vacuum permittivity and 𝜀 is the dielectric constant that depends 

on the environment adjacent to the TI surface. We introduce the dimensionless coupling constant 

analogous to the fine-structure constant: 𝛼 ≡ మொ

ସగఌబఌℏ௩
. Then, we consider the Fourier transform of 

the Coulomb interaction 𝑉ሺ𝑞ሻ ൌ
ଶగఈℏ௩


. With the Thomas-Fermi screening at long wavelength, 

the screened Coulomb interaction takes the form 𝑉ሺ𝑞ሻ ൌ ଶగఈℏ௩

ାూ
. Here, 𝑞 is the Thomas-Fermi 

wave vector given at zero temperature: 𝑞 ൌ 2𝜋𝛼𝐷ሺ𝜖ிሻ, which is proportional to the density of 

states at the Fermi energy 𝐷ሺ𝜖ிሻ ൌ
ఢಷ

ଶగℏమ௩మ
 𝑂ሺ𝜆ଶሻ.  We also obtain the matrix element of the 

screened Coulomb interaction on the Fermi surface: 𝑉𝒌𝒌ᇲ ൌ 𝑑𝑟 𝑒ି൫𝒌ି𝒌
ᇲ൯⋅𝒓⟨𝒌|𝑉ሺ𝑟ሻ|𝒌ᇱ⟩ ൌ

ଶగఈℏ௩

|𝒌ି𝒌ᇲ|ାూ
⟨𝒌|𝒌ᇱ⟩ ൌ ଶగఈℏ௩

ಷฬୱ୧୬൬
ഇ𝒌షഇ𝒌ᇲ

మ
൰ฬାూ

ቈ
ଵା

షቀഇ𝒌షഇ𝒌ᇲ
ቁ

ଶ
 ఒಷ

మ

ସℏ|௩|
ቀ1 െ 𝑒ି൫ఏ𝒌ିఏ𝒌ᇲ൯ቁ ሺcos 3𝜃𝒌 

cos 3𝜃𝒌ᇲሻ  𝑂ሺ𝜆ଶሻ, where 𝑘ி is the Fermi wavevector.  

For a semiclassical Boltzmann analysis, we need the scattering rate 𝑤𝒌𝒌ᇲ, which describes 

the transition rate from the Bloch state with 𝒌 to that with 𝒌′. The second-order response can only 

be finite in a noncentrosymmetric medium, so we decompose the scattering rate into symmetric 

and antisymmetric parts under inversion: 𝑤𝒌𝒌ᇲ
ሺௌሻ ൌ ଵ

ଶ
൫𝑤𝒌𝒌ᇲ  𝑤ି𝒌,ି𝒌ᇲ൯, 𝑤𝒌𝒌ᇲ

ሺሻ ൌ ଵ

ଶ
൫𝑤𝒌𝒌ᇲ െ 𝑤ି𝒌,ି𝒌ᇲ൯. 

Note that time-reversal symmetry guarantees 𝑤𝒌𝒌ᇲ ൌ 𝑤ି𝒌ᇲ,ି𝒌. The lowest order contributions to 

𝑤𝒌𝒌ᇲ
ሺௌሻ  and 𝑤𝒌𝒌ᇲ

ሺሻ in perturbative calculations about the impurity potential appear at second and third 

orders, respectively: 𝑤𝒌𝒌ᇲ
ሺௌሻ ൌ 2𝜋⟨|𝑉𝒌𝒌ᇲ|

ଶ⟩ୢ୧ୱ𝛿ሺ𝜖𝒌 െ 𝜖𝒌ᇲሻ ൌ 2𝜋𝑛|𝑉𝒌𝒌ᇲ|
ଶ𝛿ሺ𝜖𝒌 െ 𝜖𝒌ᇲሻ,  𝑤𝒌𝒌ᇲ

ሺሻ ൌ
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െሺ2𝜋ሻଶ 
ௗమ

ሺଶగሻమ
Imൻ𝑉𝒌ᇲ𝒒𝑉𝒒𝒌𝑉𝒌𝒌ᇲൿୢ୧ୱ𝛿ሺ𝜖𝒌 െ 𝜖𝒌ᇲሻ𝛿൫𝜖𝒌ᇲ െ 𝜖𝒒൯ ൌ

െሺ2𝜋ሻଶ𝑛 
ௗమ

ሺଶగሻమ
Imൣ𝑉𝒌ᇲ𝒒𝑉𝒒𝒌𝑉𝒌𝒌ᇲ൧𝛿ሺ𝜖𝒌 െ 𝜖𝒌ᇲሻ𝛿൫𝜖𝒌ᇲ െ 𝜖𝒒൯. Here, we assume that impurities are 

randomly distributed in the sample with the density 𝑛, where ⟨ ⟩ୢ୧ୱ denotes the impurity average. 

We also assume low impurity concentration and expand disorder averages with respect to the 

impurity density 𝑛 to keep the leading-order contributions.  

For the screened Coulomb interaction, we obtain the symmetric part of the scattering rate 

as 𝑤𝒌𝒌ᇲ
ሺௌሻ ൌ ସగయఈమℏమ௩మ

ሺ|𝒌ି𝒌ᇲ|ାూሻమ
൫1  𝒌 ⋅ 𝒌ᇱ൯𝛿ሺ𝜖𝒌 െ 𝜖𝒌ᇲሻ  𝑂ሺ𝜆ሻ, where 𝒌 ൌ 𝒌 |𝒌|⁄  denotes the unit vector. 

It leads to the scattering time 𝜏ିଵ ൌ 
ௗమᇲ

ሺଶగሻమ
𝑤𝒌𝒌ᇲ
ሺௌሻ ൌ గమఈమℏ௩

ಷ
 for 𝑞 𝑘ி⁄ ≲ 1. We can also obtain 

the solution for 𝑞 𝑘ி⁄ ≫ 1, but we should instead consider short-range impurities of the form 

𝛿ሺ𝒓ሻ, which is not the focus here. For the antisymmetric part, the contribution appears from order 

𝜆 and we only consider to the order perturbatively. Since it respects threefold rotational symmetry, 

we expand it in a harmonic series and we find the largest contribution takes the form cos 3𝜃𝒌 

cos 3𝜃𝒌ᇲ. From this observation, we may deduce that 𝑤𝒌𝒌ᇲ
ሺሻ is related to the Berry curvature Ω௭ሺ𝒌ሻ 

to obtain 𝑤𝒌𝒌ᇲ
ሺሻ ≃ െ𝜋ସ𝑛𝛼ଷℏଶ𝑣ଶ𝑐ଵ ቀ

ూ
ಷ
ቁ ሾΩ௭ሺ𝒌ሻ  Ω௭ሺ𝒌ᇱሻሿ

௭̂⋅൫𝒌ൈ𝒌ᇲ൯

ห𝒌ି𝒌ᇲหା
ూ
ೖಷ

𝛿ሺ𝜖𝒌 െ 𝜖𝒌ᇲሻ, where 𝑐ଵ  is a 

coefficient given by 𝑐ଵሺ𝑞௦ሻ ൌ 
ௗఏ𝒌
ଶగ

ௗఏ𝒌ᇲ

ଶగ
ሺcos 3𝜃𝒌  cos 3𝜃𝒌ᇲሻ𝐹ଵሺ𝜃𝒌,𝜃𝒌ᇲ;𝑞௦ሻ  with 

𝐹ଵሺ𝜃𝒌,𝜃𝒌ᇲ;𝑞௦ሻ ൌ 4
ௗఏ𝒒
ଶగ

ଵ

ଶฬୱ୧୬
ഇ𝒒షഇ𝒌ᇲ

మ
ฬାೞ

ଵ

ଶฬୱ୧୬
ഇ𝒌షഇ𝒒

మ
ฬାೞ

 ൈ 
ୡ୭ୱଷఏ𝒌 ୱ୧୬ሺఏ𝒒ିఏ𝒌ᇲሻାୡ୭ୱଷఏ𝒌ᇲ ୱ୧୬൫ఏ𝒌ିఏ𝒒൯

ୱ୧୬ሺఏ𝒌ିఏ𝒌ᇲሻ
െ

cos 3𝜃𝒒൨. The numerical result of 𝑐ଵ is shown in Supplementary Fig. 5, which decays for large 

𝑞 𝑘ி⁄ . We estimate the carrier density of the topological surface state 𝑛ୗୗ ൌ 2.43 ൈ 10ଵଶ cmିଶ 

corresponds to the Fermi wavelength 𝜆ி ൌ ඥ𝜋 𝑛ୗୗ⁄ ൌ 11.4 nm and the Thomas-Fermi screening 

length of the Bi2Se3 surface state ranges from 26 to 90 nm1,2 to find the ratio 𝑞 𝑘ி⁄ ≲ 0.4. 

It is worth pointing out the directional dependence of the scattering rates 𝑤𝒌𝒌ᇲ
ሺௌሻ  and 𝑤𝒌𝒌ᇲ

ሺሻ: 

The former contains the form factor ሺ1  𝒌 ⋅ 𝒌ᇱሻ and the latter �̂� ⋅ ൫𝒌 ൈ 𝒌ᇱ൯, which manifests skew 

scattering. Those form factors, on the other hand, do not reflect the threefold rotational symmetry 

of the model; it appears in 𝑤𝒌𝒌ᇲ
ሺሻ through the Berry curvature Ω௭ሺ𝒌ሻ. Therefore, the magnitude and 

the 𝒌 dependence of the Berry curvature control the strength of skew scattering. To quantify it, we 
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introduce the Berry curvature triple 𝑇 as a convolution of the Berry curvature and the angular form 

factor for threefold rotation symmetry: 𝑇ሺ𝜖ிሻ ൌ 2𝜋ℏ
ௗమ

ሺଶగሻమ
𝛿ሺ𝜖ி െ 𝜖𝒌ሻΩ௭ሺ𝒌ሻ cos 3𝜃𝒌, which has 

a dimension of time. For the TI surface model, the Berry curvature triple is given by 𝑇ሺ𝜖ிሻ ൌ
గఒ

|௩|
𝐷ሺ𝜖ிሻ  𝑂ሺ𝜆ଶሻ, which is a product of the density of states and the Berry curvature on the Fermi 

surface, reflecting the threefold rotational symmetry of the model.  

Since the angular dependence �̂� ⋅ ൫𝒌 ൈ 𝒌ᇱ൯ typically represents skew scattering, we may 

characterize the strength of skew scattering by writing the antisymmetric part of the scattering rate 

as 𝑤𝒌𝒌ᇲ
ሺሻ ≡ 𝑤𝒌𝒌ᇲ

ሺሻ�̂� ⋅ ൫𝒌 ൈ 𝒌ᇱ൯ and we can approximate the skew scattering time �̃� for 𝑞 𝑘ி⁄ ≲ 1 

by �̃�ିଵ ൎ 
ௗమ

ሺଶగሻమ
𝑤𝒌𝒌ᇲ
ሺሻ ൎ 4𝜋ଶ𝑛𝛼ଷ𝑣ଶ𝑐ଵ ቀ

ూ
ಷ
ቁ 𝑇ሺ𝜖ிሻ. Here the numerical factor is determined to 

match the result for unscreened Coulomb impurities �̃�ିଵ ൎ 2𝜋ଶ𝑛𝜆𝛼ଷ𝑘ி ℏ⁄ .3 This equation shows 

the relation between the skew scattering time and the Berry curvature triple in a threefold rotational 

symmetric system.  

One may argue the density dependence of the second-order response from skew scattering using 

the expression 𝜎ሺଶሻ ൌ య௩ఛయ

ℏమఛ
. For 𝑞 𝑘ி⁄ ≲ 1, we find the density dependence of the second-order 

conductivity 𝜎ሺଶሻ ∝ 𝑘ி
ସ ∝ 𝑛ୗୗ

ଶ , which grows quadratically as the carrier density increases. At high 

densities, however, stronger screening of the Coulomb interaction weakens the second-order 

response. Higher-order effects in terms of the warping 𝜆 become stronger. Moreover, the bulk 

states also contribute to screening and interfere the isolated surface states. Recall that the bulk 

remains inversion symmetric. In summary, one expects that 𝜎ሺଶሻ increases as 𝑛ୗୗ
ଶ  at low densities 

and decreases at high densities due to stronger screening effects and the bulk states. 



6 
 

0.0 0.5 1.0 1.5

-9

-6

-3

0
 9 Hz
 21 Hz
 63 Hz
 101 Hz
 263 Hz

R
2 yx
(m


)

I (mA)  
Supplementary Figure 1. Frequency dependence of nonlinear transport. The second harmonic 

transverse resistance 2ω
yxR  versus ac current amplitude I measured at different ac frequencies under 

the conditions of T = 50 K and zero magnetic field, for 20 QL Bi2Se3 with the current along the 

K direction. 
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Supplementary Figure 2. Nonlinear transverse transport under zero magnetic field in 10 QL 

Bi2Se3. a, Schematic of the sample structure. b, Temperature dependence of the longitudinal 

resistivity (xx) under zero magnetic field. c, The second harmonic transverse resistance ( 2ω
yxR ) 

versus current (I). The red line is a linear fit to the data. d, (2)
yxxR  as a function of temperature. e, 

(2)
yxxR  as a function of current direction, showing a three-fold symmetry. The data in panels c,e were 

collected at T = 120 K. f, 2 2/y xE E（ ）  versus the square of the longitudinal conductivity ( 2 ). The 

red line is a linear fit to the experimental data. 
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Supplementary Figure 3. The nonlinear transverse conductivity versus the longitudinal 

linear conductivity in 2-dimension. The total nonlinear conductivity (black) measured in our 

experiment is separated into the contribution of skew scattering (blue) and side jump (red) based 

on their different scaling with the linear conductivity in 20 QL Bi2Se3. 
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Supplementary Figure 4.  2 2/y xE E（ ）  versus the square of the linear conductivity for the whole 

film (black curve) and the surface state (red curve) at the current angle  = 0°. The lines are 

linear fits to the experimental data. We estimate that the surface state contributes to 40% of the 

total linear conductivity by assuming the carrier mobility are similar at surface and bulk states. 

The scaling with the total linear conductivity (black) evaluates the averaged nonlinear transverse 

response of the whole Bi2Se3 film, while the scaling with the surface linear conductivity (red) 

evaluates the nonlinear transverse response of the surface state. The linear slop a in the red fitting 

is 6 times larger than that in the black one, while the intercept b is almost the same for the two 

cases. 
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Supplementary Figure 5. Effect of the Thomas-Fermi screening to skew scattering. The 

coefficient 𝑐ଵ ቀ
ూ
ಷ
ቁ in the antisymmetric scattering rate 𝑤𝒌𝒌ᇲ

ሺሻ and hence the skew scattering time �̃� 

depends on the Thomas-Fermi wave vector 𝑞. Skew scattering becomes weaker with stronger 

screening, i.e., large 𝑞.  
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