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Supplementary Note 1. More Details on the 141D Inversion-invariant
Example

In this part, we show more details on the 1+1D two-band inversion-invariant example.

A. Model Hamiltonian

We consider a 1D lattice with lattice constant being 1, and each lattice site consists of two orbitals at the same
position: one spinless s orbital and one spinless p orbital. As we consider the noninteracting cases, we only care about
the single-particle Hilbert space, which is spanned by localized states |R,a) with a = s,p and R the lattice vector.
The symmetry group G of interest is spanned by the 1D lattice translations and the inversion symmetry. Owing to
1D lattice translations, it is convenient to use the Fourier transformation of |R, a) as the bases

[ra) = %ﬁ "R, a)e R 1)
R

where A = 1 is chosen henceforth, % is the momentum, N is the total number of lattice sites. Throughout this section,
k € 1BZ is always implied, unless k € R is explicitly specified. The bases |¢x) = (|¢ks), |¥k,p)) have three key
properties: (i) they are orthonormal (¢ q|¥k o) = Okk0aar, (i) |Yrt+a) = |tx) for all reciprocal lattice vectors G,

and (iii) the periodic parts e ¥ |y ) = (1/VN) 3, |R, a) are smooth functions of k € R. Here we have chosen the
localized |R, a) to realize #|R,a) = R|R,a).
The bases allow us to express the single-particle Hamiltonian as

H(t) =Y o) H (k) (W] (2)
k

where t is time. Since we care about the Floquet crystals, we set
H(k,t+T)= H(k,t) (3)

with 7' > 0 the time period. Within one period, we choose H(k,t) as the following

1 (k) sin(27 %) ,0<t< T
Hk,t) = U @)
My(k)sin2np —m) , 5 <t<T

where M (k) = d(k) + t1sin(k)o,, Ma(k) = d(k)/2 + tasin(k)oy, d(k) = Ey + By cos(k) + (E2 + By cos(k))o., and
Oz,y,- are the 2 x 2 Pauli matrices.
Furthermore, the inversion symmetry P is represented as

Plw) = [—r)up (k) (5)
with
up(k) =0, . (6)
The inversion invariance of the system, [H(t), P] = 0, is then represented as

up (k) H (k, t)ul, (k) = H(—k,t) . (7)



B. Time-evolution Matrix and Quasi-energy Band

The corresponding unitary time-evolution operator

Ut) = [u)Uk, )l , (8)
k
where U (k, t) is the time-evolution matrix given by Dyson series

Uk, t) = Texp [i / t dt/H(k,t/)] , )

0

and 7T is the time-ordering operator. Throughout this work, the initial time is set to zero without loss of generality
(Supplementary Note 7). Owing to the time-periodic nature of H(k,t), U(k,t + T) is related to U(k,t) via

Ulk,t +T) = Uk, t)U(k,T) (10)

meaning that all essential information of the dynamics is embedded in one period. For concreteness, we in the rest of
this section choose the following parameter values for U(k,t)

T =2m, E; =0.05, E5 = 0.65, B; = 0.2, (1)
By =12, t1 =—0.5, t2 =0.6 .

The eigenspectrum of the unitary U(k,t) is important for our later discussion. Diagonalizing U(k,t) results in
two eigenvalues exp[—idm, ()] with m = 1,2, and the real phase ¢, () is known as the phase band [1] of U(k,t),
which by definition has a 27 ambiguity. Thereby, we can always fix the phase bands in a time-independent 27 range:
Gk (t) € [Pk, P, + 2m), where [y, Py + 27) is called the phase Brillouin zone (PBZ) and we call &, the PBZ lower
bound. In this work, we restrict the PBZ to be time-independent, which is different from the time-dependent PBZ
in Ref. [1]. In particular, the quasi-energy bands &, i, also known as the Floquet bands, are derived from the phase
bands at the end of a driving period

Emh = %%(T) . (12)

We plot the quasi-energy spectrum for U(k,t) in Fig.2(a), where the PBZ lower bound is chosen as &, = —.
The band index m is assigned to the two quasi-energy bands within the PBZ always following an ascending order:
&1k < & The quasi-energy bands are separated by two quasi-energy gaps in the PBZ, which are essential for
defining topological equivalence for Floquet crystals [1].

The parameter values in Supplementary Eq. (11) give us one specific Floquet system; if we change the parameter
values or even add more symmetry-preserving terms to the two-band Hamiltonian, we would get a different G-invariant
Floquet system with a new time-evolution operator U’(t) and a new time-evolution matrix U’(k,t). Throughout this
section, two Floquet systems are considered to be topologically equivalent if and only if (iff) they are connected by a
continuous deformation that preserves the symmetry group G and both quasi-energy gaps.

In terms of the terminology adopted in Supplementary Note 2, we choose both quasi-energy gaps to be relevant
gaps [2, 3] that must be preserved during any topologically equivalent deformation (Fig. 2(a)). Then, the time-evolution
matrix U(k,t) in Supplementary Eq. (9)—equipped with the time period T, the relevant gap choice in Fig. 2(a), the
symmetry group G, and the symmetry representation of G like Supplementary Eq. (6)—is called a Flogquet gapped
unitary (FGU), which is in short denoted by U(k,t). U’(k,t) stands for another FGU that has the same G as U(k,t).
On the other hand, the time-evolution operator U (t) in Supplementary Eq. (8)—equipped with T, the relevant gap
choice in Fig. 2(a), and G—is called a Floquet crystal, which is in short denoted by U(t). U’(t) stands for another G-
invariant Floquet crystal. The above topological equivalence can be defined for both FGUs and Floquet crystals, while
the difference is that since a Floquet crystal consists of a FGU and the corresponding bases, topological equivalence
among Floquet crystals requires both equivalent FGUs and equivalent bases. It means that topologically distinction
among FGUs must infer topologically distinction among the underlying Floquet crystals, and thereby all topological
invariants of FGUs apply to Floquet crystals. Therefore, to avoid dealing with the deformation of bases, we will focus
on the FGUs, unless Floquet crystals are explicitly specified. (See Supplementary Note 2 for details.)



C. Symmetry Data of Quasi-energy Band Structure

As the first step of our topological classification, let us describe the symmetry data for the quasi-energy band
structure of the FGU U (k,t).
First, owing to the inversion invariance, U(k,t) commutes with up (k) at an inversion-invariant momentum kg as

up (ko)U (ko, t)uh (ko) = U(ko, 1), (13)

where kg is T' (k = 0) or X (k = 7). Then, the eigenvectors for the quasi-energy bands at kg (or equivalently
the eigenvectors of U(ko,T')) have definite parities o = %, as shown in Fig.2(a). For each quasi-energy band &, i,
we can count the number of eigenvectors carrying parity « at each kg, denoted by Mo o As a result, we have a
four-component vector for the m-th quasi-energy band as

Ap = (nﬁ%n%—vnnXl,%n}l,—)T ) (14)
of which the values can be read out from Fig.2(a) as
Ay = (1,0,1,007 | Ay = (0,1,0,1)T . (15)
The symmetry data is the matrix A that has A; and A, as its two columns
A= (A Ay) . (16)

We emphasize that the four components of A, in Supplementary Eq. (14) are not independent, as they satisfy the
following compatibility relation [4, 5]

npy +npr o =nk  +nk (17)
or equivalently
CA,, =0 (18)
with the compatibility matrix C as

c=(11-1-1). (19)

For a given choice of PBZ (as in Fig.2(a)), the derivation of symmetry data for the quasi-energy band structure
is exactly the same as that for a static crystalline system [4, 5]. However, the freedom of choosing PBZ for Floquet
crystals leads to an additional subtlety in determining the symmetry data, which is absent in dealing with static
crystals. As shown in Fig.2(b), we can legitimately shift the PBZ lower bound to ®; = 7/4, which relabels the

quasi-energy bands as 1 — 2 and 2 — 1. As a result, the new Zm for &y = /4 is related to Supplementary Eq. (15)
as A; = Ay and As = A, and the new symmetry data A is related to Supplementary Eq. (16) by a cyclic permutation

01
A=A for @, =7/4 . (20)
10

Therefore, the symmetry data of a Floquet crystal depends on the artificial choice of PBZ. This is in contrast to the
static case where the symmetry data of a given static crystal is uniquely determined by the Fermi energy.

We remove this artificial PBZ-dependent ambiguity by defining an equivalence among symmetry data of different
FGUs. Recall that we use U’ (k,t) to label another G-invariant two-band FGU. We define U’(k,t) and U(k,t) to have
equivalent symmetry data iff we can find PBZs to make their symmetry data exactly the same. In practice, we can first
pick a PBZ lower bound @/, for U’(k,t) and get its symmetry data A’. Then we check whether A’ = A (Supplementary
Eq. (16)) or A’ = A (Supplementary Eq. (20)); if one of them is true, U’(k,t) and U(k,t) have equivalent symmetry
data, otherwise inequivalent. Here we use the fact that Supplementary Eq. (16) and Supplementary Eq. (20) are the
only two possible symmetry data for U(k,t), since the symmetry data is invariant under 27n-shift of the PBZ lower
bound (n is any integer).

Despite the ambiguity of the symmetry data, whether two FGUs have equivalent symmetry data or not is indepen-
dent of the artificial PBZ choice. The equivalence reflects the inherent topological property of FGUs. If two FGUs
U'(k,t) and U(k,t) have inequivalent symmetry data, they must be topologically inequivalent. Therefore, we can per-
form a topological classification for FGUs—therefore for Floquet crystals—solely based on the symmetry data, similar
to what we did for static crystals. However, such symmetry-data-based classification only involves the time-evolution
matrix at ¢ = T, missing essential information about the quantum dynamics. In other words, even if U’(k,t) and
U(k,t) have equivalent symmetry data, different quantum dynamics can still make them topologically distinct [1, 6].
Thus, we require the dynamical information on the entire time period to classify the dynamics of Floquet crystals
with equivalent symmetry data.



D. Winding Data

A direct visualization of the quantum dynamics for the given FGU U(k,t) is its phase band spectrum ¢y, x(t) of
the time-evolution matrix (Supplementary Eq.(9)). In particular, we focus on the phase bands at two inversion-
invariant momenta, which we plot in Fig.2(c) for &, = —7. Owing to Supplementary Eq. (13), the eigenvectors for
the phase bands at I'/X can have definite parties. We plan to construct a quantized index that can capture the key
information of the quantum dynamics at I'/X. For this purpose, it turns out to be inconvenient to directly use U (k, t)
in Supplementary Eq. (9) or phase bands in Fig. 2(c), which are not time-periodic. We need a periodized version of
them.

The time-periodic return map [1, 3] Uc(k,t) is what we seek. To construct it, we first expand U (k,T) as

Uk,T) =Y e €T P (T) (21)

m=1
—i&

where Py, (T) is the projection matrix given by the eigenvector of U(k,T') for e~¢m:xT With the above expression,

the return map reads

Uclk,t) = Uk, t) [U(k, T)].7T (22)
where
2
Uk T =3 exp H log,, (¢ n4T)| Py (T). (23)

Here € serves as the branch cut of the logarithm [7] by requiring ilog,, () € [eg, €, +27) for all z € U(1). Throughout
this work, we always set the branch cut to be equal to the PBZ lower bound (i.e., ¢ = ®) unless specified otherwise.
Then we have

i10g,, _g, (77 4T) = Ep 4T, (24)
Furthermore, Supplementary Eq. (22) shows that U—g(k,t + T) = Ue=a(k, 1), Ue=a(k + G,t) = Ue=s(k,t) for all

reciprocal lattice vectors G, and U.—g(k, t) is a continuous function of (k,t) € R x R.
The return map also commutes with the inversion symmetry representation at kg = I'/X

up (ko) Ueza (Ko, t)ub (ko) = Uea (Ko, t) - (25)

Combined with the representation of inversion symmetry in Supplementary Eq. (6), the return map at ko has two
blocks with opposite parties

Ue:‘b,ko,+ (t)

Ue=o (ko,t) = (26)
Ue=a ko, (1)
Then we can define the following U(1) winding number for each block
i /7
Vo = 5 /0 0t Tr [UL_g 5, o (D0 Tect (1)) € Z (27)

with o = £ again labelling the parity. In particular, the integer-valued nature of v, , directly comes from time-
periodic nature of the return map. Similar to the symmetry data, we can calculate all four quantized winding numbers
for our model (kg =I'/X and o = %) and further group them into a vector

V= (VF,+’VF,77VX,+7VX,7)T = (17 _17070)T . (28)

Here we used ®;, = —n for the second equality. We call V' the winding data of the given FGU U (k,t) for &) = —7.
Pictorially, the winding number v}, o, can be understood in the following way. Similar to the time-evolution unitary,
the return map U, (k, t) is also unitary. Thereby, its eigenvalues are U(1) numbers exp[—ige m i (t)] with m = 1,2, and
¢e,m.k(t) are the phase bands of the return map. Supplementary Eq. (25) suggests that the eigenvectors for the phase
bands of the return map at kg also have definite parities, as shown in Fig. 2(e) for & = —7. Compared with phase



bands in Fig.2(c), the time-periodic phase bands in Fig. 2(e) can be naively viewed as pushing the quasi-energies in
Fig. 2(c) to zero. The pictorial meaning of vy,  is simply the total winding (along ¢) of the phase bands of U.=4 (ko, t)
with parity a. Then the calculated values of vy, o in Supplementary Eq. (28) can be directly read out from Fig. 2(e).

Furthermore, as exemplified by Supplementary Eq. (28), the four winding numbers satisfy a compatibility relation

vr4+ +uvr— =vx 4+ +vx,—, (29)

since the total winding of all phase bands at each momentum is the same. As a result, the winding data share the
same compatibility relation as that of the symmetry data (see Supplementary Eq. (18))

CV=0, (30)
indicating that the winding data takes value in the following set
{V}=Z"NkerC
- 3 (31)
={(q1,42,93. 01 + 42 — q3)" |q1, 92,93 € Z} = Z* .

The same compatibility relation for the winding data and the symmetry data holds for all crystalline symmetry groups
in all spatial dimensions (up to three), which is discussed in Supplementary Note 3 and Supplementary Note 8.

Shifting the PBZ changes the winding data. For example, if we shift the PBZ lower bound from ®; = —n to
&) = 7/4, the phase bands of time-evolution unitary and return map become Fig. 2(d-f), and from Fig. 2(f), we know
the winding data becomes

V=(00-1,-1,00" =V -4 . (32)
Unlike the symmetry data, a 2m-shift of the PBZ ®; — & + 27 can also change the winding data

VoV-11,1,0)T=vV-A (33)
where

A=A+ A4, =(1,1,1,1)7 . (34)

Supplementary Eq. (33) suggests that the given FGU U (k,t) can have an infinite number of different winding data,
which explicitly depend on the artificial choice of PBZ. This is different from the fact that U (k, t) only has two (which is
finite) different symmetry data. Such difference makes it hard to directly generalize the equivalence among symmetry
data to define an equivalence among the winding data, since finding a single proper PBZ among an infinite number
of possible choices is not straightforward. Nevertheless, Supplementary Eq. (32) and Supplementary Eq. (33) indicate
that the infinitely many winding data are related by the symmetry data (which will also be generally demonstrated
in Supplementary Note 3). This relation inspires us to define the quotient winding data below, in order to resolve the
infinity problem.

E. Quotient Winding Data

For the given FGU U (k, t), the number of different symmetry data is finite because the symmetry data is invariant
under 27n-shifts of the PBZ. Then, in order to have a finite number of different quotient winding data, we can define
the quotient winding data to be invariant under all PBZ shifts that keep the symmetry data. Specifically, we define
the quotient winding data Vg by modding out A (Supplementary Eq. (34)) from the winding data,

Vo =V mod A (35)

In practice, the modulo operation can be taken for the first nonzero component of A as discussed in the following.
Supplementary Eq. (34) shows that the first nonzero element of A is the its first element Ap = 1, and then Vg =
V + jA with integer j satisfying
Vor+ =vr+ +jAry =vrpmodAry =0. (36)
For the two winding data in Supplementary Eq. (28) and Supplementary Eq. (32) given by two PBZ lower bounds, we
have
Vo =VmodA = (0,-2,—1, -7 for &) = -7,

Vo = Vmod 4 X (37)
Vo =VmodA=(0,-1,-1,0)" for &, =n/4.



As 2mn-shifts of the PBZ can only change V by multiples of A according to Supplementary Eq. (33), Vg defined in
Supplementary Eq. (35) is indeed invariant under 2wn-shifts of the PBZ, just like the symmetry data. As a result, the
FGU U (k,t) only has two different quotient winding data in Supplementary Eq. (37), which are related by

Vo =Vo— A modA . (38)

We emphasize that although A used in Supplementary Eq. (35) happens to be the sum of all columns of A in this
specific 1 + 1D example, A in general might only involve a portion of columns of the symmetry data since sometimes
PBZ shifts other than 27n-shifts also leave the symmetry data invariant, as discussed in Supplementary Note 3.

We have shown that U(k,t) has only two different quotient winding data given by changing the PBZ, and next we
show how to remove the remaining PBZ-dependent ambiguity by defining an equivalence among quotient winding data
of different FGUs. Recall that the quotient winding data is introduced for a classification of FGUs with equivalent
symmetry data, since inequivalent symmetry data already infers topological distinction. Then, let us suppose that
the two different FGUs U(k,t) and U’(k,t) have equivalent symmetry data. According to Supplementary Note 1 C,
we can always pick PBZ choices ®; and ®, for U’(k,t) and U(k,t), respectively, such that they have exactly the same
symmetry data A" = A. Then, we check whether the quotient winding data of U’(k,t) for @) is the same as that
of U(k,t) for ®y; if so (not), we call U'(k,t) and U(k,t) have equivalent (inequivalent) quotient winding data. The
above equivalence among quotient winding data is defined only for FGUs with equivalent symmetry data, and we
will not attempt to compare the quotient winding data when the PBZ choices for U’(k,t) and U(k,t) yield different
symmetry data, since the quotient winding data can be changed by the PBZ shift that changes symmetry data.

Given two FGUs with equivalent symmetry data, the artificial PBZ choice has no influence on whether they have
equivalent quotient winding data or not. In particular, they must have equivalent quotient winding data if they are
topologically equivalent, meaning that inequivalent quotient winding data provide a topological classification of FGUs
(and thereby of Floquet crystals) with equivalent symmetry data.

To illustrate the classification, let us consider all FGUs that have symmetry data equivalent to the given FGU
U(k,t), indicating that the symmetry data of each FGU is either A in Supplementary Eq. (16) or A in Supplementary
Eq. (20) depending on the PBZ choice. Based on the winding data set {V} in Supplementary Eq.(31) and A in
Supplementary Eq. (34), the quotient winding data of those FGUs take values in the following set

v
Vol ={(0,92,93, 92 — g3)" a2, 93 € Z} ~ % ~ 72, (39)

where AZ = {qA = (q,q,q,9)"|q € Z}. To compare the quotient winding data, we always choose the PBZs to yield the
same symmetry data for all those FGUs. With this requirement, we still have two inequivalent types of PBZ choices:
(i) the PBZ choices that yield A in Supplementary Eq. (16) for all those FGUs, and (ii) the PBZ choices that yield A
in Supplementary Eq. (20). For the type-A PBZ choices, the quotient winding data of each FGU would take a unique
value in {V}, since the quotient winding data is invariant under the PBZ change that keeps the symmetry data. In
this case, if two FGUs have different quotient winding data, they must be topologically inequivalent according to the
above discussion, meaning that {V} serves as a topological classification for those FGUs. Similarly, for the type-A
PBZ choices, {V} also serves as a topological classification. Since the quotient winding data for the two types are
related according to Supplementary Eq. (38), the two topological classifications for two types are equivalent, i.e., the
quotient winding data of two FGUs are the same for the type-A PBZ choices iff they are the same for the type-A
PBZ choices. As a result, {Vg} provides a topological classification for all FGUs (and thus for all Floquet crystals)
that have equivalent symmetry data to the given FGU U (k,t), as long as the comparison of Vy is done for the PBZ
choices that yield the same symmetry data for all those FGUs.

Up to now, we have shown the scheme shown in Fig. 1(a), which suggests that the symmetry data and the quotient
winding data together provide a classification of FGU and thereby of Floquet crystals. We emphasize that in general,
it is possible that two FGUs with equivalent symmetry and quotient winding data are topologically distinct, indicating
that the corresponding classification is not necessarily complete.

F. DSI

While the (A, V)-based classification can tell the relative topological distinction between two FGUs, it fails to tell
which FGU is essentially static and which has obstruction to static limits. Here static limits are Floquet crystals that
have time-independent Hamiltonians, and picking bases for a static limit can give a static FGU. (See more details in
Supplementary Note 2D.) The obstruction to static limits means the given Floquet crystal (FGU) with crystalline
symmetry group G is topologically distinct from the all G-invariant static limits (static FGUs). If picking bases for a



G-invariant Floquet crystal gives a FGU that has obstruction to static limits, the Floquet crystal must be topologically
distinct from all G-invariant static limits and thereby must have obstruction to static limits. Thereby, we can focus
on the obstruction for FGUs to derive sufficient indices. In this part, we will define DSI that can sufficiently indicate
the obstruction for the FGU U(k,t) (and thereby for the underlying Floquet crystal U(t)).

To determine the obstruction to static limits for our example, we only need to consider the G-invariant static FGUs
that have symmetry data equivalent to U(k,t), since U(k,t) must be topologically distinct from all other G-invariant
static FGUs. We then check whether U(k,t) has quotient winding data equivalent to any of those static FGUs; if not,
U(k,t) must have obstruction to static limits.

To be more specific, recall that we compare quotient winding data by choosing PBZs to yield the same symmetry
data. Let us focus on the PBZ choice @) = — for U(k,t), which yields symmetry data A in Supplementary Eq. (16),
winding data V' in Supplementary Eq. (28), and quotient winding data Vg in Supplementary Eq. (37). In the following,
we will try to find the set {Vg s1} of all quotient winding data of all static FGUs that have equivalent symmetry data
to U(k,t), under the constraint that their PBZ choices yield symmetry data equal to A. Then, we can check whether
Vo is in {V, s} or not; if not, the given FGU U (k, t) must have obstruction to static limits.

To achieve this, let us first consider a subset of those static FGUs, which satisty Usy, (k,t) = exp[—ihsr (k)t] with

2
27

hsi (k) = mzzjl(sm,k + tm =) Pem(T) (40)

where q1,q2 € Z, and &, and Py, (T) are shown in Supplementary Eq.(21). The above equation suggests

Usr(k,T) = U(k,T), meaning that Ugr(k,t) has the same quasi-energy band structure as U(k,t). By choosing

the PBZ lower bound for Ugy,(k,t) to be the same as &, = —n for U(k,t), the symmetry data of Ugr(k,t) become

equal to A in Supplementary Eq. (16). The return map of Ugy,(k,t) with the PBZ lower bound ®; = —m reads

2
Uspe=a(k,t) = Y e 75 P () (41)
m=1
As a result, the winding data of static FGUs in the chosen subset with ®; = —7 must take the form
Vsp = 1AL+ @A = (q1, 02,1, ¢2) " (42)
and the static winding data set reads
Vsr} ={q141 + g2 As|q1, 2 € Z} (43)

where A; and As are two columns of A in Supplementary Eq. (16). We can see that {Vsz} only depends on the
symmetry data, and thus {Vsr} stays invariant even if we include all static FGUs that have equivalent symmetry
data to U(k,t), as long as we choose their PBZs to yield symmetry data equal to A. (See a more general and rigorous
derivation in Supplementary Note 3D and Supplementary Note 9.)

Based on {Vgr,}, we can further derive the desired set of quotient winding data as

{Va.s} =1{(0,¢,0,q)"lq € Z} . (44)

Then, we can check whether the quotient winding data Vg of U(k,t) for &, = —n (Supplementary Eq. (37)) is an
element of {V 5.}, and we find that the answer is no, meaning that U (k, t) must have the obstruction to static limits.
Supplementary Eq. (43) suggests that {Vsr} is invariant under the relabelling of the quasi-energy bands (i.e. 1 <> 2)
due to a shift of @, indicating that {Vi sr.} does not depend on the PBZ choice ®j. Therefore, we are allowed to
adopt any PBZ choice for U(k,t) to check the above criterion, i.e., allowed to use either Vg or 17Q in Supplementary
Eq. (37), and we will get the same result that U(k,t) has the obstruction to static limits.

The above procedure can be greatly simplified by noting that Vg ¢ {Vg s} is equivalent to V' ¢ {Vs}. Here we
use V and Vj to respectively label the winding data and quotient winding data of the 1+1D U (k, t) for a generic PBZ
choice @y, and the equivalence can be derived from Supplementary Eq. (31), Supplementary Eq. (39), Supplementary
Eq. (43) and Supplementary Eq. (44). In fact, the ®;-independent nature of {Vsy} suggests that {Vsr} contains all
winding data of all G-invariant static FGUs that have symmetry data equivalent to U(k,t), regardless of the PBZ
choices for those static FGUs; then V' ¢ {Vsr} means that V cannot exist in any of those static FGUs, and thus
sufficiently indicates that U (k,t) has obstruction to static limits. To exploit this fact, we define the DSI to take values
from the following set X

_ {3
*= {Vsr}

~{vry —vx g €L}, (45)
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Supplementary Fig. 1. Relations among the key concepts.

where the last step uses Supplementary Eq. (31) and Supplementary Eq. (43). Specifically, the DSI for U (k, t)—as well
as all other FGUs that have symmetry data equivalent to U(k,t)—is (vr 4+ — vx,+). Nonzero DSI means V ¢ {Vgr}
and thus infers the obstruction to static limit, which is equivalent to the above procedure of comparing quotient
winding data. According to Supplementary Eq. (28), Supplementary Eq. (32) and Supplementary Eq. (33), U(k,t) has
PBZ-independent vr 4 —vx 4+ = 1, coinciding with the above conclusion that U(k,t) has obstruction to static limits.

It turns out that even for a generic FGU, the evaluation of DSI is independent of PBZ as discussed in Supplementary
Note 3D. We emphasize that a zero DSI does not rule out possible obstruction for a FGU, as shown in Fig. 1(b),
meaning that DSI is a possibly-incomplete topological invariant. Different DSI values infer topological distinction for
FGUs with the same crystalline symmetry group and equivalent symmetry data. Although the classification given
by DSIs is a subset of that given by quotient winding data (like this 14+1D inversion-invariant case), DSIs have the
advantage of being PBZ-independent.

At the end of this part, we would like to compare our proposed formalism of DSIs for FGUs (and thus for Floquet
crystals) to that of the symmetry indicator [4] for static crystals. To construct the symmetry indicator, Ref. [4]
focused on two sets: the set of all possible symmetry contents for a given crystalline symmetry group, and its subset
that is given by the atomic limits. Ref.[4] first extended the two sets to two groups by artificially adding negative
numbers of bands, and then took the quotient between the two resultant groups to derive the symmetry indicator,
which indicates the Wannier obstruction (or equivalently obstruction to atomic limits). In this work, the quotient
in the construction of DSIs is taken between the winding data set Supplementary Eq. (31) and its subset given by
static limits Supplementary Eq. (43), in order to indicate the obstruction to static limits. As the winding number
can naturally take negative values, Supplementary Eq. (31) and Supplementary Eq. (43) themselves are groups, and
thereby we do not need to extend them. In short, although both Ref. [4] and our work used the mathematical concept
of quotient group, the quotient is taken for completely different physical quantities and the resultant indicators have
completely different physical meanings: the symmetry indicator in Ref. [4] is for static band topology while our DSI
is for periodic quantum dynamics.

G. Section Summary

The key concepts introduced in this section are summarized in Supplementary Fig. 1. We start by defining a set of
bases Supplementary Eq. (1) for the time-evolution operator U(t), which gives us the time-evolution matrix U(k,t)
in Supplementary Eq. (9) and the symmetry representation of the crystalline symmetry group G like Supplementary
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Eq. (6). We choose both the quasi-energy band gaps to be relevant for the topologically equivalent deformation,
resulting in the Floquet crystal U(t) and the FGU U (k, t).

On one hand, we combine U(k,T') with the inversion representation Supplementary Eq. (6) to derive the symmetry
data A in Supplementary Eq. (16) for a PBZ lower bound ®;, = —7. On the other hand, we combine the return map
Uc—a(k,t) in Supplementary Eq. (22) with the inversion representation Supplementary Eq. (6) to obtain the winding
data V in Supplementary Eq. (28). To resolve the infinite ambiguity of the winding data, we construct A from A and
mod A out of the winding data V, resulting in the quotient winding data Vg in Supplementary Eq. (37). We can use

the symmetry and quotient winding data to distinguish U(k,t) (U(t)) from other FGUs (Floquet crystals) with the
same crystalline symmetry group according to Fig. 1(a).

From the symmetry data, we further derive the static winding data set {Vsz} in Supplementary Eq. (43), and we
combine {Vsy} with the winding data V' to obtain the DSI. The nonzero value of the DSI indicates the obstruction to
static limits (Fig. 1(b)). The evaluation of all indices—including symmetry data, quotient winding data, and DSI—is
computationally efficient as they only involve two inversion-invariant momenta in 1BZ.

Supplementary Note 2. More Details on General Definitions

In Supplementary Note 1, we use a two-band inversion-invariant example in 1+1D to illustrate the main idea of the
topological classification and DSI. In this and next section, we will describe the general framework for the topological
classification and DSI, which is applicable to Floquet crystals living in arbitrary spatial dimensions (up to three) with
an arbitrary crystalline symmetry group. We start with the basic definitions in this section. Although most of the
concepts have been introduced in Supplementary Note 1, we, in this section, will re-discuss them in a general and
detailed manner.

We are interested in noninteracting Floquet crystals described by single-particle Hamiltonians H (t) that satisfy

H(t)=H(t+T) (46)

with the time period T' > 0 (always chosen to be positive throughout the work), and their unitary time-evolution
operators have the form

t

U(t) = T exp [—i / dt’ﬁ(t’)} : (47)
0

where this time-ordered form should be replaced by the more general Dyson series when ¢ < 0. For convenience,

we throughout this work imply that all expressions hold for all values of unspecified parameters, e.g., the above two

expressions are implied to hold for all t € R. Owing to Supplementary Eq. (46), U(t + T) is related to U(t) as

Ut+T)=U@t)U(T) . (48)

Thus, as mentioned in Supplementary Note 1, all essential information of the dynamics is included in one time period
t € [0,T]. We set the underlying single-particle Hilbert space, in which the operators H(t) and U(t) are defined, to
be time-independent.

H (t) may have various types of symmetries, such as space-time symmetries [8], crystalline symmetries, and internal
symmetries that define the ten-fold way [1-3, 7]. In this work, we only consider the time-independent crystalline
symmetries of H (t), which form a time-independent crystalline symmetry group G, and allow all other symmetries
to be freely broken while preserving the particle number and keeping the underlying single-particle Hilbert space
well-defined. In terms of the ten-fold way [1-3, 7], we only consider the symmetry class A. Then, for any element ¢
in G, g can always be expressed as a combination of a point group operation R and a translation by 7, denoted by
g ={R|7} [9]. The time-evolution operator U (¢) is also invariant under G, i.e.,

l9,U(t)] =0 (49)

for all g € G, and again we only care about the symmetries of U (t) within G. G contains a lattice translation subgroup,
and we denote the number of primitive lattice vectors by d. d is no larger than the spatial dimension of system, and
together with the extra time dimension, we call the system d + 1D. In this work, we require the spatial dimension
of the system to be no larger than 3, thus d < 3; examples of G include spatially-three-dimensional space groups,
spatially-two-dimensional plane groups, and spatially-one-dimensional line groups.
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Owing to the lattice translation symmetry, the Bloch momentum k € 1BZ is a good quantum number. Then, we
can choose the orthonormal bases of the underlying Hilbert space as |tk o) with a taking N different values for all
other degrees of freedom like spin, orbital, and so on. In this work, we require N to be a finite number, and we
always imply k € 1BZ unless k € R? is explicitly specified. As the underlying Hilbert space is time-independent,
we always choose |1k ,) to be independent of time. We further choose |tk ) = |¥k+G,a) to hold for all reciprocal
lattice vectors G. To study the topology, we require the periodic parts of |¢k ), exp[—ik - ]|Y)kq), to be smooth
functions of k € R%. Such smooth choice always exists in one spatial dimension; in two and three spatial dimensions,
the smooth choice exists when the total Chern numbers of all bands are vanishing [10]. The above requirements for
bases can always be satisfied by a proper Fourier transformation of the real-space bases of any tight-binding model,
just like Supplementary Eq. (1) in Supplementary Note 1. Nevertheless, our discussion includes the case where the
bases cannot be reproduced by physical atomic orbitals or equivalently do not form a band representation [5]. Owing
to the smoothness requirement, |1k o) may not be the eigenstates of H (t) or U (t), and thus they are in general called
quasi-Bloch states [10, 11]. For convenience, we define a row vector [¢x) = (..., |tk,qa), --.)-

With |¢x) as bases, U(t) can be represented as

Ut) =" [ U (k, 1) (¢l (50)
k

with [U (K, )]aa’ = (Vx.a|U(t)|[Yx.a’). We extend the domain of k in U (k, t) from 1BZ to R? by U(k + G, t) = U(k, ),
and the same convention is implied for all other matrix representations furnished by |¢y) in this work. We require
U(k,t) to be a continuous (not necessarily smooth) function of (k,t) € R? x R, though the matrix representation of
the Hamiltonian can be discontinuous along time [6]. Supplementary Eq. (48) suggests

Ulk,t +T) = Uk, )U (k,T) . (51)

The time-evolution matrix U (k, t) for the 141D example in Supplementary Note 1 is shown in Supplementary Eq. (9).
For any g = {R|T} € G, g is represented as

9lvi) = v, Jug(k) (52)

where k, = Rk and u,4(k) is unitary. In the remaining of this work, all symmetry representations (like u,4(k) above)
are implied to be unitary. Owing to the periodicity in reciprocal lattice vectors and the smoothness requirement of
the bases, u,(k+ G) = u,(k), and uy(k) is a smooth function of k € R%. As a representation of G, u,(k) also satisfies

Ugy ga (k) = Ug, (kgz)ugz (k) Vg1, g2 € g. (53)
Furthermore, Supplementary Eq. (49) infers
ug(K)U (k, t)uf (k) = Ulkg, 1) - (54)

For the 1+1D example in Supplementary Note 1, we only show the symmetry representation for ¢ = P in Supplemen-
tary Eq. (6), as the representations of other symmetry operations in G can be derived from it using Supplementary
Eq. (53).
|x) has a U(N) gauge freedom:
V) = [ W (k) (55)

where the U(N) gauge transformation matrix W (k) is a time-independent U(/N) matrix that satisfies W(k + G) =

W (k) and is a smooth function of k € R?. To make sure that U (t) and g are invariant under the gauge transformation
Supplementary Eq. (55), U(k,t) and ug4(k) should simultaneously transform as

U(k,t) — W)U (k,t)W (k)

(56)
g (k) = W (kg Jug (k)W (k)

Any physical or topological property of the system should be gauge-invariant.

A. Phase Band and Quasi-energy Gap

We label the eigenvalues of the unitary _U(k,t) as e mx(®) with m = 1,2,...,N, and the quasi-energy bands
are Enx = Omi(T)/T. By definition, e T are the eigenvalues of U(k,T). Throughout this work, we only
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Supplementary Fig. 2. Schematic quasi-energy band structures for a 141D 4-band model, where the blue solid lines are
the quasi-energy bands within the PBZ and the numbers on the blue solid lines stand for the m index. In (a), the lower and
upper dashed lines are ®x and Py + 27, respectively, and the orange-shaded region is the PBZ. The gray solid lines are their
redundant copies shifted by multiples of 27. In (b), we only show the quasi-energy bands in the PBZ, and the dashed lines
mark the boundary of the PBZ. “R.G.”, “I.G.”, and “I.S.” stand for relevant gap, irrelevant gap, and isolated set, respectively.

consider U (k, t) with at least one quasi-energy gap, i.e., there exists ®y such that (i) @y is a real continuous function
of k € RY, (ii) Purg = Px, (il) Pk, = Pk, and (iv) e P« # e EmxT for all m and for all k (or equivalently
det[e®x — U(k,T)] # 0 for all k). The 27 redundancy of phase bands, as well as the 27/T redundancy of quasi-
energy bands, can be removed by requiring ¢,, k(t) to take values only in the PBZ [®g, Pk + 27). Two k-independent
examples of @y have been shown in Fig.2(a-b), and here we show a schematic k-dependent @y for a 14 1D 4-band
U(k,t) in Supplementary Fig. 2(a).

As exemplified by Supplementary Fig. 2(a), we can always order the band index m according to the values of &, k
in the PBZ as &,41x = Emk. With this convention, we would have &, xic = Emks Emk, = Emx, and Emk
is continuous in RY. Furthermore, a quasi-energy gap exists between two quasi-energy bands Emx and Ep_qx iff
Emx > Em—1x for all k, where & x = Enx — 27/T. In general, U(k,t) can have more than one quasi-energy gaps in
the PBZ, and ®y can be chosen to lie in any of them. For example, Supplementary Fig. 2(a) shows three quasi-energy
gaps: one at the PBZ lower bound, one between the bands 1 and 2, and one between the bands 3 and 4. While the
choice of the PBZ should have no influence on any physical and topological properties of the system, a good choice
would simplify the derivation, and thus we, in this work, always set the PBZ lower bound in one of the relevant gaps
as carefully discussed below.

B. Topological Equivalence

The topology in Floquet crystals is related to the topology in static crystals [12, 13], and thereby let us start with a
brief review on the latter. The static crystals are governed by Bloch Hamiltonian, and we care about the symmetry-
preserving continuous deformation of the Bloch Hamiltonian. The deformation may close certain Bloch band gaps,
and the key question is whether such a deformation drives a static insulator to a new phase with the same symmetry
but different band topology. The answer lies in a special band gap, which is the gap between the valence (highest
occupied) band and conduction (lowest unoccupied) band. Only this gap is relevant, while all other gaps, either
between two occupied bands or between two unoccupied bands, are irrelevant. As long as the symmetry-preserving
continuous deformation of the Bloch Hamiltonian does not close the relevant band gap, the band topology must stay
unchanged no matter how many irrelevant gaps are closed [14].

1. Floquet Crystal and FGU

Based on the above brief review, we can see the relevant gaps play a crucial role in the topological equivalence. So
to define the topological equivalence for Floquet crystals, we need to first define the relevant gaps for them. In Floquet
crystals, we care about the deformation of time-evolution operator/matrix instead of the Hamiltonian. Unlike the
static case, it is unintuitive to define the occupied quasi-energy bands for a Floquet crystal that is not in equilibrium.
In this case, we may choose certain number L of the quasi-energy gaps in a PBZ to be the relevant gaps [2, 3], and the
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rest of the quasi-energy gaps are irrelevant. In the schematic example Supplementary Fig. 2(b), we choose two of the
three quasi-energy gaps to be relevant, resulting in L = 2. For the two-band 1+1D example in Supplementary Note
1, we choose both quasi-energy gaps in Fig.2(a,b) to be relevant, also resulting in L = 2. If we know the relevant
gaps for one PBZ and then change the PBZ choice, the new quasi-energy gaps in the new PBZ must be unique
2mn-shifted copies (for n € Z with n = 0 corresponding the unshifted case) of those in the original PBZ, and then
a new quasi-energy gap is relevant iff the corresponding original one is relevant. As a result, the number of relevant
gaps is always L for any PBZ choice.

The L relevant gaps in a PBZ separate the quasi-energy bands into L isolated sets, labeled by [ = 1,2,..., L.
Throughout the work, when we talk about a set of bands, we strictly mean a multiset of bands since two degenerate
bands are counted as two instead of one. We emphasize that the quasi-energy bands in each isolated set might not
be fully connected due to the possible existence of irrelevant gaps, but quasi-energy bands in different isolated sets
must be disconnected owing to the relevant gaps. As mentioned above, we always set the PBZ lower-bound in one
of the relevant gaps in this work. With this convention, the L isolated sets can be ranked such that the [ + 1th set
always has higher quasi-energies than the /th set at the same k, and the /th relevant gap is right beneath the lth
isolated set. In the schematic example Supplementary Fig. 2(b), the first and second isolated sets contain m = 1 and
m = 2,3,4 quasi-energy bands, respectively, and the first (second) relevant gap is right beneath the first (second)
isolated set of quasi-energy bands. For the two-band 141D example in Supplementary Note 1, either of the two
isolated sets in Fig. 2(a,b) contain only one quasi-energy band. By definition, an irrelevant gap can only exist between
two quasi-energy bands within the same isolated set.

After picking the relevant gaps, we now are ready to provide explicit definitions for the Floquet crystal and the
FGU.

Definition 1 (Floquet Crystals). A Floquet crystal is defined to be a time-evolution operator U(t) (Supplementary
Eq.(47)) equipped with a time period T (Supplementary Eq. (48)), a relevant gap choice, and a crystalline symmetry

group G (Supplementary Eq.(49)), which is in short denoted by U (t).

In the definition of a Floquet crystal, we have implied (and will always imply) that U (t) is unitary and its matrix
representation for any bases is continuous.

Definition 2 (FGUs). A FGU is defined to be a time-evolution matriz U(k,t) (Supplementary Eq. (50)) equipped with
a time period T (Supplementary Eq. (51)), a relevant gap choice, a crystalline symmetry group G, and a symmetry
representation ug(k) (Supplementary Eq. (53) and Supplementary Eq. (54)), which is in short denoted by U (k,t).

In the definition of a FGU, we have implied (and will always imply) that U(k, t) and u,(k) are unitary, continuous
(smooth for uy(k)), and invariant under the shift of k by reciprocal lattice vectors. By choosing bases for a Floquet
crystal, we naturally get a FGU with the same time period, relevant gaps and crystalline symmetry group as the
Floquet crystal. When referring to the gauge transformation of FGU, we mean the simultaneous gauge transformation
in Supplementary Eq. (56). So FGUs given by the same Floquet crystal with different choices of bases are related by
gauge transformations.

We emphasize that changing the relevant gap choice would give a different Floquet crystal or FGU, even if we
keep all other parts (including time-evolution operator/matrix) invariant, since it would dramatically change the
topological properties as discussed in Supplementary Note 2 B I1. Moreover, the specified G does not need to include
all crystalline symmetries of a Floquet crystal or a FGU, meaning that the crystalline symmetries outside G are
allowed to be broken for the study of topology. The choice of G depends on the physics of interest.

II. Topological Equivalence Among FGUs

With the definition of relevant gaps and FGUs, we next discuss the topological equivalence. Before addressing
the topological equivalence among Floquet crystals, let us first focus on the topological equivalence among FGUs.
Suppose we have two FGUs Uk, t) (with T, relevant gaps, G, and uy(k)) and U’(k, t) (with T, relevant gaps, G, and

!

Uy (k)). Note that the two FGUs are invariant under the same crystalline symmetry group G. In analogy to the static

case, we can operationally define the topological equivalence for FGUs as the following.

Definition 3 (Topological Equivalence for FGUs). The two FGUs U(k,t) and U’ (k,t) are defined to be topologically
equivalent under the crystalline symmetry group G iff there exists a continuous deformation that connects them,
preserves G and preserves all relevant gaps.

As long as the crystalline symmetry group G for the topological equivalence is specified, we may refer to “topolog-
ically equivalent under G” as “topologically equivalent” in short. The topological equivalence defined in Def. 3 is an
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Supplementary Fig. 3. A schematic plot of topologically equivalent continuous deformation Us(k, t) for U(k, t) and U’ (k, t)
having three relevant gaps (R.G.). The orange dashed lines are ®y s and @k s + 27. In (a), we schematically plot the quasi-
energy bands given by Us(k,Ts) at a fixed s with three deformed relevant gaps (D.R.G.). Here we assume that all gaps are
indirect at each s, while in general direct gaps are enough. In (b), we show the quasi-energy range of the quasi-energy bands
in (a) by the purple region. The nonzero width of the purple region is given by the dispersion of the quasi-energy bands with
respect to k, while the white parts indicate the deformed relevant gaps. We group the (b)-type plots for all values of s to get
(¢). In (c), the three purple regions show how three isolated sets of quasi-energy bands evolve along s, and the white regions
stand for three deformed relevant gaps which are not closed during the entire deformation. The indirect gaps allow us to always
make Pk s independent of k (thus of zero width in the quasi-energy).

equivalence relation. Specifically, a FGU is always topologically equivalent to itself; if a FGU U(k,t) is equivalent
to another FGU U’(k,t), then U’(k,t) is equivalent to U(k,t); if U(k,t) is equivalent to U’(k,t) and U’(k,t) is
equivalent to U”(k,t), then U(k,t) is equivalent to U”(k,t). The relation between Def.3 and the related previous
literature [1-3, 7] will be addressed in Supplementary Note 2 BIV. In the rest of this part, we elaborate on each part
of Def. 3.

A continuous deformation between U(k,t) and U’(k,t) is a unitary matrix function Us(k,t) with s € [0,1] such
that (1) Us(k+ G, t) = Us(k,t) and Us(k,t+Ts) = Us(k, t)Us(k, Ts), (ii) Us(k, t) is a continuous function of (k, ¢, s) €
R? x R x [0,1] and Ty > 0 is continuous in [0,1], and (iii) Ts=o = T, Ts=1 = T’, and there exist U(N) gauge
transformation matrices Wy 1 (k) such that

Wi (k)U (k, 1) Wo (k)
Wi K)U' (k, )Wy (K) .

Us 0 (ka t)
. (57)

Us:l (k, )

The existence of Uy infers that U(k,t) and U’ (k,t) must have the same matrix dimension.

Preserving G means that there exist unitary us 4(k) such that (i) us 4 (k) is a continuous function of (k, s) € R%x [0, 1]
and us g(k + G) = us 4(k), (ii) us,q(k) satisfies Supplementary Eq. (53) for each value of s, (iii)

s g (K)Us(k, t)ul (k) = Us(kg, 1) (58)
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and (iv)

Us=0,q(k) = Wg (kg)ug(k)Wo (k)

(59)

Us=1,4(k) = Wf(kg)u;(k)WI (k) .
Owing to Supplementary Eq. (57) and Supplementary Eq. (59), the topological equivalence between FGUs is U(N)
gauge invariant.

Preserving all relevant gaps first requires that there exist a proper ®i s that allows us to plot the quasi-energy
bands given by Us(k,Ts) within (®k s, Pk s + 2m). Then, preserving all relevant gaps further requires that if we
track the relevant gaps of U(k,t) as varying s from 0 to 1, (i) none of the relevant gaps close and (ii) the deformed
relevant gaps of U(k,t) would exactly coincide with the relevant gaps of U’(k,t) as s reaches 1. To be more specific,
a proper ®y , is required to satisfy that Pxygs = Pks, it is a real continuous function of (k,s) € RY x [0, 1],
Py, s = Dis, det(e s — Uy(k,Ty)) # 0, and Py s—o is a PBZ lower bound of U(k,t). If the relevant gaps are
preserved, ®i s—1 must lie in a relevant gap of U’(k,t). Owing to this requirement, two topologically equivalent
FGUs must have the same number of relevant gaps. Supplementary Fig. 3 schematically shows an example of the
topologically continuous deformation for the case with three indirect relevant gaps, though in general direct gaps
are enough. In particular, the three white regions in Supplementary Fig. 3(c) show that the three relevant gaps of
U(k,t) keep open as s continuously increases and eventually become the three relevant gaps of U’'(k,t). A more
mathematical but equivalent way to express this requirement is that U(k,t) and U’(k,t) have L relevant gaps, and
for any PBZ lower bound @k of U(k,t), there exists ®;x s with | = 1,2,..., L such that (i) @, s is a continuous
function of (k,s) € R? x [0,1] and satisfies @ x1q.s = P ks and Qi x,.s = Pri,s, (i) Pr i s=0 lies in the [th relevant
gap of U(k,t) and ®q x s—0 = Py, (iii) ®;k,s=1 (I = 1,..., L) respectively lie in all L relevant gaps of U’ (k,t), and (iv)
det (e‘iq’lvkvs — Us(k, TS)) # 0. Another equivalent statement can be obtained by replacing “for any PBZ lower bound
Dy of U(k,t)” by “for at least one PBZ lower bound @y of U(k,t)” in the above requirement.

We emphasize that the choice of relevant gaps is crucial for determining whether two FGUs are topologically
equivalent according to Def.3. Even if two FGUs have exactly the same time-evolution matrix U(k,t) = U'(k,1),
different choices of relevant gaps can make them topologically distinct. As mentioned above, if we choose different
numbers of relevant gaps for U(k, t) and U’(k, t), they must be topologically distinct since no continuous deformation
can change the number of relevant gaps without closing any of them.

Even if we choose the same number of relevant gaps for U(k,t) = U’'(k,t), it is still possible to make them
topologically distinct by choosing different quasi-energies for the relevant gaps. Let us consider two 0+ 1D two-band
FGUs with trivial G, and suppose they have the same time-evolution matrix U(t) = U’(t) (the Bloch momentum is
not needed) as schematically shown in Supplementary Fig.4(a). Suppose we only pick one of the two quasi-energy
gaps to be relevant. If we choose different relevant gaps for the two FGUs, it is impossible to establish the topological
equivalence between them according to Def. 3, since it is impossible to continuously deform the relevant gap of U into
the relevant gap of U’ without closing it. In reality, choosing the relevant gaps normally requires careful consideration
based on the physics of interest. One common choice is to treat all quasi-energy gaps as relevant, just like the 141D
example in Supplementary Note 1. In the remaining of this work, we will not address the issue of choosing the relevant
gaps, and we always discuss FGUs with relevant gaps already specified, unless specified otherwise.

III. Topological Equivalence Among Floquet Crystals

Now let us turn to the topological equivalence among Floquet crystals. Suppose we have two Floquet crystals U(t)
(with T, a relevant gap choice, and G) and U’(t) (with 7", a relevant gap choice, and G). Similar to Def. 3, we have
the following definition for Floquet crystals.

Definition 4 (Topological Equivalence for Floquet Crystals). The two Floquet crystals U(t) and U'(t) are defined to
be topologically equivalent iff there exists a continuous deformation that connects them, preserves G and preserves all
relevant gaps.

Specifically, the deformation that connects U(t) and U’(t) is a unitary operator Us(t) depending on s € [0,1] such
that (i) Us—o(t) = U(t) and Usy(t) = U'(t), (i) Us(t + Ty) = U (t)U(T,) with T, > 0 satisfying To—g = T and
To—1 = T'. The deformation being continuous means that there exist ¢k s) serving as bases of U, (t) at each value
of s (thus satisfying all requirements for bases at each value of s) such that (i) 1BZ is independent of s and the
periodic part of the bases e "¢y () is a continuous function of (k, s) € R? x [0, 1], and (ii) the matrix representation
of Us(t), denoted by Us(k,t), is a continuous function of (k,t,s) € R* x R x [0,1], and (iii) T, is continuous in

[0,1]. The deformation preserving symmetry means that [U,(t), g] = 0 and g|¢x s) = [k, s)us (k). The deformation
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Supplementary Fig. 4. Schematic plots of the phase bands for 0+1D class-A models. “R.G.” and “I.G.” stand for relevant
gap and irrelevant gap, respectively. In (a), we consider two 0+ 1D class-A 2-band FGUs with the same time-evolution matrix
U(t) = U'(t). Due to the different choices of the relevant gaps, the two FGUs are topologically distinct according to Def. 3.
In (b), we schematically show the continuous deformation described in Supplementary Eq.(61) for a 0 + 1D class-A case:
Us(t) = e %M with ¢,(t) = ¢(t) + 2mst/T. From blue to red, s varies from 0 to 1. The deformed PBZ [®,, ®; + 27) (bounded
by the dashed orange lines) is given by &, = ¢s(T") — 7, which always lies in the only quasi-energy gap. The quasi-energy gap
is kept open along the deformation as ¢s(7") — ®s cannot pass through 0.

preserving the relevant gaps means that after choosing the relevant gaps of Us—o(k,t) (Us=1(k,t)) to be the same as
U(t) (U'(t)), the relevant gaps of Us—o(k, t) are kept open as s increases from 0 and eventually becomes the relevant
gaps of Us—1(k,t) as s reaches 1.

The defined topological equivalence between two Floquet crystals is a equivalence relation, i.e., (i) a Floquet crystal
is always equivalent to itself, (ii) U(¢) being equivalent to U’(t) infers that U’(t) being equivalent to U(t), and (iii)
U(t) being equivalent to U’(t) and U’(t) being equivalent to U”(t) infer that U(t) being equivalent to U (t).

As discussed in Supplementary Note 2BII, we can naturally define a FGU for any given Floquet crystal upon
choosing bases. If two Floquet crystals are topologically equivalent, they must have topologically equivalent FGUs
for any bases choices, where the equivalence between the FGUs is established by Us(k,t) (together with Ty) and
us,¢(k) furnished by |tk s) in the above discussion. Therefore, the topological distinction among FGUs must infer the
topological distinction among the underlying Floquet crystals, and all topological invariants of FGUs can be applied
to Floquet crystals. As we do not require the completeness of the topological invariants, we in this work focus on the
topological equivalence among FGUs unless specified otherwise.

IV. Comparison to Previous Literature

Def. 3 for FGUs is similar to the definition in Sec.2 of Ref.[1], except the following two key differences. First,
Def. 3 allows the deformation to deviate from the topologically equivalent FGUs by U(N) gauge transformations
(Supplementary Eq. (57) and (59)) so that the defined topological equivalence is gauge invariant. Second, Def.3
allows the symmetry representation and time period to vary along the deformation, and also allows the symmetry
representation to depend on momenta. Next, we discuss the possible difference between the topological classification
based on Def. 3 and the classification in Ref.[2, 3, and 7].

For the topological equivalence defined in Def. 3, the PBZ is allowed to continuously evolve along with the defor-
mation Us(k,t) (e.g., Supplementary Fig. 3), or in other words the quasi-energy bands (times T5) given by Us(k, T%)
do not need to be confined in a s-independent 27 range (like [—m,7)). The reason for us to adopt this definition is
demonstrated by the following deformation.

Let us consider a Floquet Hamiltonian in class A parametrized by s € [0,1] as

s, (60)

where H(t +T) = H(t) and different values of s just correspond to different calibrations of the energy (or different
global energy shifts). We emphasize that even in the Fock space for many-body Hamiltonians, 27s/T should still be
proportional to the identity operator instead of the particle-number operator, and thus it does not change the particle



17

number. Therefore, varying s in H s(t) should not change any physical property (like the crystalline symmetry group
G) or topological property (like topological distinction).
We can choose a set of s-independent bases, and then the corresponding time-evolution matrix reads

Us(k,t) = Up(k, t) exp <i2;5t> , (61)
and the representation of G reads u,(k). Let us focus on Uy(k,t) and Uy (k,t). Since Uy(k,T) = Ui(k,T), we can
choose the same relevant gaps for Uy(k, t) and Uy (k,¢). Then, we have two FGUs Uy(k, t) and U; (k,t) with the same
T, same relevant gap choice, same G, and same u,(k), provided that all other requirements are satisfied. U,(k,t) in
Supplementary Eq. (61), together with Ty = T and u, 4(k) = u4(k), establishes the topological equivalence between
Up(k,t) and Uy (k,t), since the relevant gaps are preserved and all other conditions are satisfied. Specifically for the
relevant gaps, suppose @y is a PBZ lower bound of Uy(k, T'), and we can choose the deformed PBZ lower-bound during
the deformation to be @y s = Pk + 27s, resulting in the deformed quasi-energy bands &, \ = 52171( + 27s/T within
[®k s, Pk,s + 2m)/T. Then, varying s can only shift all quasi-energy bands simultaneously by the same amount and
thus cannot close any of the quasi-energy gaps. Moreover, Sﬁfﬁ = 82171( + 27 /T means that the quasi-energy gaps at
s = 1 are nothing but 27-shifts of those at s = 0. As a result, the relevant gaps of Uy(k, t) are kept open and eventually
coincide with the relevant gaps of Uy (k,t) as s reaches 1, since Uy(k,t) and U, (k,t) have the same relevant gaps.
The topological equivalence between Uy (k, t) and Uy (k, t) according to Def. 3 coincides with above statement that the
global energy shift should not change any physical or topological property in class A. As all quasi-energy bands are
continuously shifted by 27/T as s changes from 0 to 1, no bands (times Ts) can be confined in a s-independent 27
range during this deformation.

Owing to Def. 3, the topological classification that we obtain might differ from the previous classification [2, 3, 7].
One example would be 0 4+ 1D one-band class-A case without any crystalline symmetries. In this case, the Bloch
momentum is not needed, and we consider a FGU with a 1 x 1 time-evolution matrix Uy(t) = e~ '¢(), where ¢(t)
is real and Uy(t + T) = Uy (t)Uo(T). For the PBZ lower bound ® = ¢(T") — m, we have only one quasi-energy ¢(7T)
and only one quasi-energy gap—the one between ¢(T') and ¢(T') — 2r—which we have chosen to be relevant. Let
us again shift the global energy to give a deformation U, (t) = e~ '?()=127st/T ith s € [0,1], which is a special case
of Supplementary Eq. (61). As schematically shown in Supplementary Fig.4(b), the deformation indeed does not
close the quasi-energy gap, and thereby Up(t) is topologically equivalent to Uy (¢) as long as we also choose the only
quasi-energy gap of Up(t) to be relevant, according to Def. 3 and the above discussion. In contrast, according to the
classification in Ref. [2, 3, and 7], Uy(t) and U; (t) are topologically distinct since they have different winding numbers
if we impose the same branch cut for their return maps. Such a difference arises from the different definition of
topological equivalence in Ref.[2, 3, and 7].

C. Return Map

The definition of the return map has been discussed in Supplementary Note 1 D. Here we just need to generalize
it from the 1 4 1D two-band case to a N-band FGU U (k,t) with T, a relevant gap choice, a generic G, and u,(k).
Specifically, we replace k by k and replace 2 bands by N bands in Supplementary Eq. (21)-(23) to get the return map

Uc(k,t) = Uk, t) Uk, T)]."" (62)
where
al t
— T —i
Uk, )" = > exp {—Tlogek(e EmaTy | P (T (63)
m=1
and Py ,,,(T') is the projection matrix given by the eigenvector of U (k, T') for e €mxT  Under the gauge transformation
Supplementary Eq. (56), Uc(k, t) transforms as
Uc(k,t) = WH(k)U. (k,t)W (k) . (64)

Recall that we always choose the PBZ lower bound ®y as the branch cut e = ®y unless specified otherwise. Then,
Uao(k,t +T) = Ua(k,t), U—s(k, ) is a continuous function of (k,t) € R x R, Uc—g(k + G,t) = U.—a(k, t), and
Uec—g(k,t) is G-invariant

tg(K)Ueo (k, t)uf (k) = Ueea (kg 1) - (65)
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(See more details in Supplementary Note 8.) Since the PBZ lower bound ®y is required to lie in a relevant gap,
Ue—a(k,t) is continuously deformed under any topologically equivalent continuous deformation of U (k,t), as long as
we continuously deform the PBZ lower bound along with the deformed relevant gap.

D. Obstruction to Static Limits

Def. 3 only defines the relative topological equivalence, but it does not tell us which side is topologically nontrivial.
In static crystals, the obstruction to the atomic limits is used to define the topologically nontrivial systems [4, 5]. As
mentioned in Supplementary Note 1 F, here we are interested in the obstruction to static limits for the characterization
of Floquet dynamics. Specifically, a Floquet crystal U(t) has obstruction to static limits iff given any continuous
deformation that starts from U(t) and ends as the time-evolution operator of a static Hamiltonian, the deformation
must break certain symmetries or close certain RGs of U (t). It turns out that for later derivations, it is more convenient
to use an equivalent formal definition of obstruction to static limits based on a formal definition of static limits, which
are discussed below.

The explicit definition that we adopt for static limits and static FGUs in this work is the following.

Definition 5 (Static Limits and Static FGUs). A static limit is a Floquet crystal with static Hamiltonian; a static
FGU is a FGU with static matriz Hamiltonian.

As a static limit (static FGU) satisfies the definition of Floquet crystal (FGU), we can study its topological properties
according to proposed definition of topological equivalence. .
_Now we discuss how to construct static limits given a static Hamiltonian Hgz. The time-evolution operator
Usr(t) = exp(—iHgrt) and crystalline symmetry group G can be naturally determined from Hgy,. However, to make
it a static limit that satisfies the definition of a Floquet crystal, we need to have the time period and the relevant
gaps. This is where a subtlety appears. When we refer to the period T' of a Floquet crystal, we actually mean
the fundamental period—the smallest positive T' that satisfies H(t + T) = H(t). Static Hamiltonians do not have
a fundamental period since they are invariant under any time shift. To resolve this issue, we can assign a period
Tsy, > 0 to a given Ugy (), and determine the quasi-energy bands and pick the relevant gaps according to Ugr,(Tsy,)-
Another way to fix this issue is to add an infinitesimal drive with period Ty, to the static Hamiltonian and define the
Floquet crystal based on the resultant driven Floquet system. Both ways are equivalent, and we, in this work, stick
to assigning Ty, to Ugr(t). The resultant static limit is just the time-evolution operator Usy (t) = e 51t with the
assigned Tz, the relevant gaps chosen according to Us 1(Ts1), and the crystalline symmetry group G of Hgy. The
same procedure can be applied to a static matrix Hamiltonian Hgy, (k) with a crystalline symmetry group G and the
representation u,(k), resulting in a static FGU as Ugy,(k,t) = e 52! with the assigned Tz, the relevant gaps
chosen according to Usyr(k,Tsr), G, and ug(k). A static FGU can be naturally given by picking bases for a static
limit. We emphasize that different assigned Tsy’s or different relevant gap choices by definition give different static
limits (or static FGUs).

Definition 6 (Obstruction to Static Limits). A Floquet crystal (a FGU) with G is defined to have obstruction to
static limits iff it is topologically distinct from all static limits (static FGUs) with G.

According to the definition, it seems that we need take into account all possible choices of Ts; to determine
the obstruction. It turns out that given a FGU with time period T and crystalline symmetry group G, we can
neglect static FGUs with Tsy, # T in order to determine the obstruction for the FGU. It is because for any static
FGU Usy(k,t) = e st with Tgy, relevant gap choice, G, and u,(k), we always have another static FGU

Usr(k,t) = e iHs (055 with T, relevant gap choice same as Usyr, G, and u,4(k), such that Ugy(k,t) and Ug; (k, t)
are topologically equivalent. The same relevant gap choice is allowed by Usr,(k, Tsr.) = Ug; (k, T'), and the topological
equivalence is established by U,(k,t) = e M with s € [0,1], Ty = (1 — 8)Tsr + sT, Hy(k) = Hsr(k)Tsz,/Ts,
and us 4(k) = ug(k). In other words, to have obstruction to static limits, a G-invariant FGU with period T must
and only need to be topologically distinct from all G-invariant static FGUs with Tsy, = T. The same conclusion can
also be drawn for the Floquet crystals. Furthermore, if a FGU of a G-invariant Floquet crystal for certain bases has
obstruction to static limits, the Floquet crystal then must be topologically distinct from all G-invariant static limits,
and thus has obstruction to static limits. Therefore, in the remaining of this work, we will focus on the obstruction
of FGUs, and when determining the obstruction for a FGU with period T', we always assign Tsy, = T to all static
FGUs unless specified otherwise.

In contrast to Def.5 adopted in this work, the static limit was sometimes implied as the 7" — 0 limit in previous
literature [15]. According to Def.5, T" — 0 is just one way to make a Floquet crystal (or FGU) static, while there
are infinite many other ways, including continuously decreasing the driving amplitude to zero while fixing T'. In this
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work, if a Floquet crystal (or FGU) has the obstruction to static limits, all continuous deformations that make it
static are forbidden (or equivalently must break certain symmetries or close certain relevant gaps).

Supplementary Note 3. Details on General Framework

In this section, we follow Supplementary Fig.1 to introduce the symmetry data, the quotient winding data, and
the DSI for class-A d + 1D FGUs (and thus for Floquet crystals) with a generic crystalline symmetry group G and
d < 3. Henceforth, when we discuss different FGUs, we always imply that they have the same crystalline symmetry
group G.

A. Symmetry Data of Quasi-energy Band Structure

We start with introducing the symmetry data of the quasi-energy bands. We first follow Ref. [4, 5, and 9], and then
discuss the subtlety that is absent in static crystals.

Let us first consider a generic FGU U (k, t) with time period T, a relevant gap choice, a generic crystalline symmetry
group G and a symmetry representation uy(k). According to Supplementary Eq. (52), an element g = {R|7} of the
crystalline symmetry group G can change the Bloch momentum k to k, = Rk. Iff there exists a reciprocal lattice
vector G such that k, = k4 G, we say g leaves k invariant. For any k €1BZ, all elements of G that leave k invariant
form a group, which is called the little group [9] of k and denoted by Gx. Gx must contain all lattice translations in G;
if Gy contains more than lattice translations, such as the little groups for I and X discussed in Supplementary Note
1C, we call k a high-symmetry momentum [9].

Now we focus on Gix. When restricting g € G, the representation u,(k) satisfies a simpler version of Supplementary
Eq. (53), which reads

Ugygo (k) = Ug, (k)ugz (k) v.glv g2 € gk ) (66)

where the Bloch momenta other than k are not involved. Supplementary Eq. (66) suggests u,(k) with fixed k is
a representation of Gy, which is called a small representation of Gx. In particular, the small representation ug(k)
commutes with the time-evolution matrix U(k, t):

ug(K)U (k, t)ul (k) = U(k,t) Vg € Gi . (67)

Supplementary Eq. (67) suggests that each eigenvector of U(k,T') participates in furnishing a definite small irreducible
representation (irrep) of Gy, and thereby we can associate each quasi-energy band in a given PBZ with a small irrep
of gk.

Let us now pick a generic PBZ lower bound ®y for the given FGU U (k,t). Recall that the quasi-energy bands in
the ®-PBZ are separated into isolated sets by the relevant gaps. For each small irrep a of Gyx, we can count the
number of quasi-energy bands in the Ith isolated set that are associated with it, labelled as ﬁ{( , where a ranges

over all 1nequ1valent small irreps of Gyx. For convenience, we do not directly use nk but use the number of copies of

irreps, which is nk = nk /d, with d,, the dimension of the small irrep « of Gx. In the 1 4 1D example discussed in
Supplementary Note 1 C, ‘the small i irreps at high-symmetry momenta are labelled by the parity and have dimension
1, resulting in n{(a = n{(a ni( is invariant under the gauge transformation Supplementary Eq. (56), since it is
derlved from the trace of symmetry representations.

For the given crystalline symmetry group G, we do not need to include all momenta in 1BZ for the study of n}__. To
see this, we classify the momenta in 1BZ into a finite number of types based on the following definition. T'wo momenta
k and k' in 1BZ are defined to be of the same type iff there exists a symmetry g € G, a reciprocal lattice vector G,
and a continuous path ks with s € [0,1] such that (i) ks—o = k, + G and k,—; = Kk, and (ii) Gk,_, = Gk._, C Ok..
There are two elementary cases: (i) G = 0 and g is identity, meaning that k,—o = k and k,—; = k', and (ii) k, = k’
is constant in s, meaning that k, + G = k’. Note that the path k, is allowed to take values outside of 1BZ if
needed. Moreover, we allow Gy, to be larger than Gy _, and Gy, _, (e.g., even if Gy, _, and Gk _, only contain lattice
translations, the path is allowed to pass a mirror plane), though we typically do not need a larger Gy . According
to the definition, being in the same type is an equivalence relation, and thereby the types of momenta are just the
corresponding equivalence classes. It turns out n{ga = n{(,’a as long as k and k' are of the same type, and thus we

only need to consider one representative in each type of momenta.
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Now turn to the symmetry data of the given FGU U (k, t) for the given PBZ choice ®y. The symmetry content for
the [th isolated set of quasi-energy bands is the vector

A= (el )T (68)

where k and « respectively range over all types of Bloch momenta and all inequivalent small irreps of Gi. All
components of A; are non-negative integers. As exemplified by Supplementary Eq. (19), not all components of A; are
independent, as they satisfy the compatibility relation C

CA =0 . (69)

The compatibility relations of all crystalline symmetry groups (spatial dimensions up to three) can be found on the
website of Bilbao Crystallographic Server [5]. Owing to the compatibility relation, we are allowed to omit certain
types of momenta (especially those whose little groups are not maximal subgroups of G) without affecting the results.
As aresult, only a small number of high-symmetry momenta are included in general, like the 1+ 1D example discussed
in Supplementary Note 1 C; if G has no high-symmetry momenta, we only need to pick one generic momentum. After
picking the momentum types, the number of components of A; is fixed for the given G, which we label as K. Then,
combined with Supplementary Eq. (69), we have

A; € {BS} =NX nkerC . (70)
The symmetry data A of U(k,t) for ®y is the K x L matrix with A4; as its columns

A= (4 Ar o AL) (71)

where L is the total number of isolated sets in any PBZ.

The above discussion of symmetry data is for a fixed PBZ choice, which is the same as the discussion for static
crystals [4, 5]. As discussed in Supplementary Note 1 C, the freedom of choosing PBZ for FGUs leads to a subtlety
that is absent in static crystals. Specifically, changing the artificial PBZ choice might change the symmetry data by
a cyclic permutation. Nevertheless, a given FGU can only have a finite number of different symmetry data given by
varying PBZ choices, as discussed below. B

Suppose Py is another possible PBZ lower bound of the given FGU U(k,t), which yields symmetry data A. To
relate A to the ‘symmetry data A given by ®x, we can consider a continuous deformation (1 — s)®y + s<I>k which

connects Pk to <I>k as s continuously evolves from 0 to 1. We define L as the number of isolated sets of quasi-energy
bands, as well as their 2mn-copies (with n integer), swept through by the deformation as s continuously increases from

0 to 1. When L # 0, sgn(L) = sgn(®y — Py ). For _examples, L = 0 iff ®y lies in the same relevant gap as ®x, L = nL
if <I>k = O + n2w, and L=1-1 (l=2,..,L)iff (I)k lies in the /th relevant gap in the PBZ defined by ®y. With this
convention, we say Py is given by a L- shlft of @y, and then 27wn-shifts are equivalent to nL-shifts. For example, the
PBZ lower bound in Fig. 2(b) is given by a 1-shift of that in Fig. 2(a). In general, a Ly-shift followed by a Ly-shift is
always equivalent to a (L, + Lg) shift.

Suppose Py is given by a L-shift of ®, with 0 < L < L. Then, Py lies in the (L+ 1)th relevant gap of the ®y-PBZ,
and the first isolated set of quasi-energy bands in the ®,-PBZ would be the (L + 1)th isolated set of quasi-energy
bands in the ®-PBZ. As a result, the symmetry data A for &)k should have AZ 41 @s its first column and reads

A=(Agyy o AL AL A7) (72)

Furthermore, adding nL to Lis equivalent to further shifting &)k by 27n, which leaves the symmetry data invariant.
Then, for general L € Z, we have

A=Ap;, (73)
where P; is a L x L cyclic permutation matrix taking the form

[PZ]ij = 6i,j+(i mod ) T 5i,jfL+(Z modL) * (74)
As shown by Supplementary Eq. (74), the symmetry data for ®y is determined by L and the symmetry data for
Py, without caring about the detailed forms of @y and ®y. It is because the symmetry data is invariant under any

deformation of PBZ lower bound within one relevant gap. Supplementary Eq. (74) also suggests that

P; Py =P = P; P;

L1+Lo Ly’ (75)
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(a) all gaps are relevant (b) all gaps are relevant
2 27T

Supplementary Fig. 5. Two schematic quasi-energy band structures for 1 + 1D inversion-invariant FGUs. In both (a) and
(b), all quasi-energy gaps are relevant, and + indicate the parities. The orange and purple dashed lines indicate two different
choices of PBZ that yield the same symmetry data, and there are four isolated sets of quasi-energy bands (each set has one
band) for each choice of PBZ. In (a), moving a PBZ lower-bound through Lxsp = 1 isolated set (purple arrow) leaves the
symmetry data invariant. In (b), moving a PBZ lower-bound through 2 isolated sets (purple arrow) leaves the symmetry data
invariant while moving through 1 isolated set fails, resulting in Lxsp = 2.

which coincides with the additive nature of PBZ-shifts. ~
For the given FGU U (k,t), we focus on the smallest positive L that satisfies A = APy, which we label as Lxsp

with “KSD” short for keeping-symmetry-data. An L-shift of @ leaves A invariant iff Lmod Lxsp = 0, because if

AP(Zmod Lisp) = A holds for 0 < Lmod Lgsp < Lixsp, Lxsp cannot be smallest. Thus, the number of different

symmetry data given by changing PBZ is just Lxsp. For examples, Lxgp = 1 for Supplementary Fig. 5(a), Lxsp = 2
for Supplementary Fig.5(b), and Lxsp = 2 for the 1+1D example discussed in Supplementary Note 1 C. Although
we derive Lggp from the symmetry data A given by the PBZ lower bound ®y, Lk gp is in fact independent of PBZ
choices, owing to the commutation relation of the cyclic permutations in Supplementary Eq. (75). It coincides with
the fact that the number of different symmetry data possessed by a FGU should not rely on specific PBZ choices.

The finite L gp allows us to define the equivalent symmetry data to remove the artificial ambiguity of the symmetry
data brought by changing PBZ, as discussed in Supplementary Note 1 C. We define two FGUs U(k,t) and U’(k, )
to have equivalent symmetry data iff there exist PBZ choices that yield exactly the same symmetry data for them.
Alternatively, we can define [A] to be the set of all symmetry data of U(k,t) given by varying PBZ, similarly [A’] for
U’(k,t). Then, having equivalent symmetry data is equivalent to [A] = [A’]. Based on this equivalent statement, the
equivalence among symmetry data of FGUs does not depend on specific PBZ choices, and is an equivalence relation.

As shown in Supplementary Fig. 3, given two topologically equivalent FGUs U (k, t) and U’ (k, t), we can always pick
a PBZ lower bound ®y o for U(k,t), and continuously deform ®y o into a PBZ lower bound ®; for U’(k, t) without
touching the deformed quasi-energy bands. Since no relevant gaps are closed during the deformation, we know
the symmetry data are exactly the same for U(k,t) with ®x o and U’(k,¢) with ®k 1, meaning that topologically
equivalent FGUs must have equivalent symmetry data. As the contrapositive, inequivalent symmetry data infers
topological distinction among FGUs (thus among Floquet crystals) and provides a topological classification that only
involves the time-evolution operators at t = T. For two FGUs with equivalent symmetry data, they must have the
same number of bands and the same number of relevant gaps, but the dynamics can still make them topologically
distinct. Next, we will introduce the quotient winding data that can help classify the dynamics of FGUs (thus of
Floquet crystals) with equivalent symmetry data.

B. Winding Data

To introduce quotient winding data, we first discuss the winding data for a generic FGU U (k, t) with time period
T, a relevant gap choice, a generic crystalline symmetry group G and a symmetry representation ug (k). By picking a
generic PBZ lower bound @y, Supplementary Note 3 A suggests that we can derive the symmetry data A of U(k,t).
As exemplified in Supplementary Note 1D, the winding data is derived from the return map U.—q¢(k,t). Since the
return map is invariant under G as discussed in Supplementary Note 2 C, we have

ug(K)Ueo (k, )t} (k) = Uea (k, t) Vg € Gy . (76)
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It enables us to simultaneously block diagonalize Uc—s (k,t) and u4(k) (for all g € Gk) according to inequivalent small
irreps of Gy:

ng Ui (ka t)ng = U6:<I>,k,04(t)

W, ug(K)Wg, = 2 (k) :

where Wg, is a unitary matrix, and Ucs x.o(t) and @ (k) are the blocks of the return map and the symmetry
representation that correspond to the small irrep a of Gy, respectively. Specifically, ug (k) is a small representation

of Gy that can be unitarily transformed to 1,, , ® ug(k) in a g-independent way, where uZ (k) is the small irrep a of

Ok, Nk,a = Zle nf()a is the total number of copies of small irrep « that occur in u4(k), and L is the total number of
isolated sets in any PBZ. For the 141D example in Supplementary Note 1 D, Wy, happens to be an identity matrix.
Based on Supplementary Eq. (77), we can define the following U(1) winding number

T
AT 4 o (00Ut rea(t)] (78)

i1
Vo = 21 da 0
where d,, was defined as the dimension of small irrep « in Supplementary Note 3 A. We emphasize that this expression
of vk o requires Ue—g ko (t) to be a piece-wise differentiable function of ¢, while a more general definition of vy , is the
winding number of the continuous phase angle of det[Ue=¢ ko (t)] divided by d,. The integer-valued vy , is invariant
under the gauge transformation Supplementary Eq. (56) and Supplementary Eq. (64), as discussed in Supplementary
Note 8.

Interestingly, vk o = Vi o if k and k' are in the same type, and vy , has the same compatibility relation as the
symmetry content A; in Supplementary Eq. (69). (See more details in Supplementary Note 8.) Therefore, we can pick
the same momentum types as the symmetry data, and get the winding data of the given FGU U(k,¢) for the given
PBZ choice ®y as

V= (s Vea )b, (79)

where k and « respectively range over all chosen types of Bloch momenta and all inequivalent small irreps of Gy. As
a result, V' has the same number K of components as the symmetry content A;, and the compatibility relation reads

cV=0. (80)

However, unlike A;, the components of V' are allowed to take negative values.
Besides the compatibility relation, there is a possible extra constraint on V' imposed by the symmetry data A,
which is

Nk,a = 0= Vk,a = 0. (81)

Specifically, nk,o = 0 means that the block-diagonalized u4 (k) in Supplementary Eq. (77) has no blocks for the small
irrep « of Gk, and thereby Ue—g ko (t) has zero dimension, resulting in vk o, = 0. This extra constraint can be expressed
in terms of a diagonal matrix D

DV =0, (82)

where a diagonal element of D is 0 (1) if the corresponding ny  is nonzero (zero). Combining Supplementary Eq. (80)
with Supplementary Eq. (82), the winding data takes value from the following group {V'}

{(V}=7ZX nkerCNkerD . (83)

As K, C, and D are independent of PBZ choices, so is {V'}. Therefore, all winding data of all FGUs with equivalent
symmetry data should belong to the same {V'}.
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P.G. pl p2 pm pg cm p2mm p2mg p2gg c2Zmm p4 pdmm pdgm p3 p3ml p3lm p6 p6bmm
{V'} for spinless P.G.|Z Z* 7* 7z 7* 7° z* 7* 7% z* 7° 7° 7" 7° 7Z° 7° Z®
{V} forspinful P.G.|Z Z° z* z z* 7 z* 7* 7* 7% 7* z* Z" 7° Z7Z° Z7° Z7*

Supplementary Table 1. The largest winding data sets {V} (Supplementary Eq.(84)) for all spinless and spinful plane
groups. “P.G.” means plane group. Note that {V'} does not provide a topological classification, while the quotient group
{V}/AZ does as shown in Supplementary Eq. (89).

In general, for a given crystalline symmetry group G, the largest winding data set {V'} occurs when the FGUs of
interest contain all inequivalent small irreps of Gy for all chosen momenta k. In this case, the constraint Supplementary
Eq. (82) disappears, and the winding data set {V'} becomes {V} as

{V}=7ZX nkerC. (84)

This is what happens for the 141D example Fig. 2(a) discussed in Supplementary Note 1 D, where we do not need to
consider the D constraint. We further list {V'} for all spinless and spinful 2D plane groups in Supplementary Tab. 1,
which can be reproduced by artificially allowing the negative numbers of band in the { BS} set [4, 16] (Supplementary
Eq. (70)).

qN(eve)r)theless, as mentioned in Supplementary Note 1 D, {V'} does not give topological classifications since different
the PBZ choices can result in different winding data. Specifically for the given FGU U(k,t), a L-shift of the PBZ
lower bound ®y leads to

Lmod L

L— (LmodL) &
Vo V- T ;Al* ; A (85)

where A; are labelled according to the original ®y. (See more details in Supplementary Note 8.) Therefore, a FGU
has infinitely many different winding data given by varying the PBZ, causing difficulty for comparing winding data
to determine topological distinction. Next, we introduce the quotient winding data to resolve this issue.

C. Quotient Winding Data

The quotient winding data is defined as the following. Let us consider a FGU U (k, t), and by choosing a PBZ lower
bound @y, we can derive symmetry data A and winding data V of U(k,t). As discussed in Supplementary Note 3 A,
the symmetry data is invariant and only invariant under nL g gp-shifts of @y (with n integer). Then, similar to the
discussion in Supplementary Note 1E, we want to make the quotient winding data V(g also invariant under all the
nL g sp-shifts. According to Supplementary Eq. (85), we can achieve the invariance for Vg by defining

Vo =VmodA, (86)

where
A=>" 4. (87)

By exploiting Supplementary Eq. (74), one can show that A is independent of PBZ choices, and in fact A is the same
for all FGUs with equivalent symmetry data. The modulo operation in Supplementary Eq. (86) can be taken for the
first nonzero component of A as specified in Supplementary Note 1 E. In contrast to the winding data, the given FGU
U(k,t) only has Ligp different quotient winding data upon changing the PBZ, just like the symmetry data. As
discussed in Supplementary Note 1 E, we can then define an equivalence among quotient winding data of FGUs with
equivalent symmetry data as the following.

For two FGUs with equivalent symmetry data, we define them to have equivalent quotient winding data iff they
have the same quotient winding data for all PBZ choices that yield the same symmetry data. We do not compare
the quotient winding data when the PBZ choices yield different symmetry data, since the quotient winding data
can be changed by any artificial PBZ shift that changes symmetry data. In the following, we provide two other
equivalent definitions for equivalent quotient winding data. Given a FGU U(k,t), we can pick a PBZ lower bound
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Py to get the symmetry and quotient winding data (A, Vg); similarly, for another FGU U’(k,t), we have (A’, V()
for a ®,.. Then, U(k,t) and U’(k,t) have equivalent symmetry and quotient winding data iff there exist ®x and
@) such that (A,Vg) = (A, V). Moreover, by varying the PBZ lower bound &y of U(k,t), we can get a set
[(A,Vq)] of all symmetry and quotient winding data of U(k,t); similarly [(A",V{))] for U'(k,?). Then, U(k,t) and
U’(k,t) have equivalent symmetry and quotient winding data iff [(4,Vg)] = [(4",V{))]. The equivalence among the
three definitions relies on the correlated changes of the symmetry data Supplementary Eq.(74) and winding data
Supplementary Eq. (85) given by the PBZ shifts.

The first two definitions provide an efficient way to determine equivalent quotient winding data. Provided that
U(k,t) and U’(k,t) have equivalent symmetry data and we have picked ®y and @} to yield A = A’, then the first
definition suggests that Vg # Vé infers inequivalent quotient winding data, and the second definition suggests that
Vo = V{, infers equivalent quotient winding data. The third definition shows that having equivalent symmetry and
quotient winding data is independent of the specific PBZ choices and is an equivalence relation.

As discussed in Supplementary Note 1E, the equivalence of the quotient winding data should be related to the
topological equivalence. Suppose the above-mentioned U(k,t) and U’(k,t) are topologically equivalent. Then, ac-
cording to Supplementary Fig. 3, we have a continuously evolving in-gap ®y s with ®x ;—¢ = Pk, and we can always
pick @y s—1 as @ . With this choice, we would have A = A’ and the same winding data V = V| resulting in A = A’
and Vg = Vé. Therefore, two topologically equivalent FGUs have equivalent symmetry and quotient winding data.
The contrapositive suggests if two FGUs have equivalent symmetry data but have inequivalent quotient winding data,
they must be topologically distinct.

The quotient winding data does not lose any essential information compared to the winding data, because if two
FGUs have equivalent symmetry and quotient winding data, there must exist PBZ choices for them to have the
same symmetry and winding data. To be more specific, when PBZ choices give the same symmetry and quotient
winding data for two FGUs, the two FGUs must have the same A, L and Lxgsp, always allowing us to compensate
the difference in winding data by performing a nL g sp-shift on the PBZ lower bound of one FGU without changing
the symmetry data. Nevertheless, the quotient winding data has the advantage of directly providing a topological
classification for FGUs (and thus for Floquet crystals) with equivalent symmetry data, as discussed in the following.

Let us consider all FGUs that have symmetry data equivalent to a given FGU U (k, t), and we can always choose PBZs
for them such that they have the same symmetry data. As mentioned in Supplementary Note 1 E and Supplementary
Note 3 A, we still have L gp different types of the PBZ choices, which respectively yield the L gp different symmetry
data of U(k,t) for all those FGUs. For each type of PBZ choices, the quotient winding data of each FGU takes a
unique value in the following set

{Vo} = {Vmod A|V € {V}}

_{V}  ZFnkerCnkerD (83)

T Az AZ ’
where AZ = {qA|q € Z}. As different Vg in this case infers topological distinction, {V} serves as a topological
classification of those FGUs for each type of PBZ choices. Since the winding data given by different PBZs are related
(Supplementary Eq. (85)), the quotient winding data for different types of PBZs are also related, suggesting that the
{V}-based classifications for different types of PBZ choices are equivalent. Specifically, for any two types of PBZ
choices, two of those FGUs have the same quotient winding data for one type iff they have the same quotient winding
data for the other type. Therefore, {Vo} provides a topological classification for FGUs with equivalent symmetry
data, as long as the comparison of Vg is done for the PBZ choices that yield the same symmetry data.

The classification Supplementary Eq. (83) given by {Vi} is fully determined by the symmetry group G and the
PBZ-independent A of the FGUs with equivalent symmetry data. To see the reason, recall that D is determined
by whether the copy number ny o of each small irrep o at each k is zero, and then ng = (L/LKSD)AKQ suggests
that D can be fully determined by A. Supplementary Note 3 A further suggests that K and C are determined by G,
resulting in the above statement. It is worth mentioning that if the FGUs contain all inequivalent small irreps at all
chosen momenta like Fig. 2(a), we have D = 0, and the classification becomes

{V} Z¥NkerC
Az, Az
As discussed in Supplementary Note 1 E; the symmetry data and quotient winding data together provide a topolog-
ical classification of FGUs (and thus of Floquet crystals). However, the classification is not necessarily complete, i.e.,
if two FGUs have equivalent symmetry and quotient winding data, they can still be topologically distinct. We do not
resolve this completeness issue in this work as it is in general highly nontrivial. On the other hand, Supplementary
Eq. (88) only gives a relative classification without telling us which side is nontrivial. Next, we will resolve this issue
by constructing the DSI.

(89)
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D. DSI

In this part, we will construct the DST to sufficiently indicate the obstruction to static limits for a given FGU U (k, t)
with G its crystalline symmetry group.

In order to determine the obstruction to static limits, we only need to consider G-invariant static FGUs with
symmetry data equivalent to U(k,t) since inequivalent symmetry data must infer topological distinction. Then,
based on the classification in Supplementary Note 3 C, if all those G-invariant static FGUs have quotient winding
data inequivalent to U(k,t), then U(k, ¢) must have obstruction to static limits. Specifically, we can pick a PBZ lower
bound ®y for the FGU U(k,t) to get its symmetry data A, winding data V, and quotient winding data V. We
further enumerate all winding data Vg, and quotient winding data Vi sy, of all those static FGUs for all PBZ choices
that yield symmetry data Agy, = A, resulting in a static winding data set {Vsz} and a static quotient winding data
set {Vg,sr}. Then, if Vo ¢ {Vg s}, we know U (k, t) has obstruction to static limits.

It turns out for the obstruction to static limits, we can use the winding data instead of the quotient winding data
owing to

Vo ¢{VosLt =V ¢{VsL}, (90)

which saves us from an extra modulo operation. The reasoning is the following. Since the static FGUs have symmetry
data equivalent to U(k,t), the static FGUs have the same A as U(k,t). If V = Vg, we have Vg = Vmod A =
Vs mod A = Vg s1; if Vo = Vg s1, the difference in the winding data can always be compensated by a PBZ shift for
the static FGU without changing the symmetry data, as discussed in Supplementary Note 3 C. Therefore, a sufficient
condition for U (k, t) to have the obstruction to static limits is V' ¢ {Vs}, which is the underlying idea for constructing
DSI. As discussed in Supplementary Note 1 F, besides indicating obstruction to static limit, DSI is also a topological
invariant—its different values infer topological distinction for FGUs (and thus for Floquet crystals) with equivalent
symmetry data—though the resultant classification is a subset of that given by quotient winding data. Although
the idea of constructing DSI is the same as Supplementary Note 1 F, there are some subtleties in the construction of

{Vsr} and the derivation of DSI, which will be discussed below.

I. Positive Affine Monoid and Hilbert Bases

To derive {Vs} for the given FGU U (k, t) with ®y, let us first discuss several properties of the symmetry contents
A; of isolated sets of quasi-energy bands. As shown in Supplementary Eq. (70), the symmetry content compatible
with the given crystalline symmetry group G always takes value from the set {BS}. We call a nonzero element in
{BS} irreducible [17] if it cannot be expressed as the sum of any two other elements in {BS}; otherwise, it is called
reducible. If an isolated set of quasi-energy bands has an irreducible symmetry content A;, the quasi-energy bands in
the isolated set must be connected, since if there is a gap that splits the isolated set into two isolated subsets of bands,
the symmetry contents of the two subsets, labeled as A4; ;1 and A; 2, would satisfy 4; = A;1 + A;2 and A4;;1 # A; and
Aj2 # Ay, violating A; being irreducible. We further define the symmetry data A of U(k,t) for ®x to be irreducible
if all its columns are irreducible symmetry contents; otherwise, A is reducible.

For the given G, the irreducible symmetry contents form a unique set of bases of {BS} [17, 18]. Mathematically
speaking, {BS} is a monoid because { BS} has an identity for the addition and the addition is closed and associative
in {BS?}, while all symmetry contents have non-negative integer components and thus typically have no inverse. More
specifically, { BS} is a positive affine monoid [17, 18], whose irreducible elements form a unique minimal set of bases
of the monoid. Here “affine” means the monoid is a finitely generated submonoid of Z¥X, “positive” means that only
the zero element in the affine monoid has inverse, and “bases” means that any element of the positive affine monoid
can be expressed as the linear combination of the bases with non-negative integer coefficients. The irreducible bases
are called the Hilbert bases, and all irreducible symmetry contents are just the Hilbert bases of the {BS}, labeled as
a; with ¢ = 1,2, ...,I. Here I is the total number of distinct Hilbert bases. For the 141D inversion-invariant case in
Supplementary Note 1 C, there are four Hilbert bases given by four ways of assigning + parities to I’/ X, which read

)

)
( )
az = (1,0,0,1)" | (01)
( )

In general, we can obtain the Hilbert bases using the SageMath software [19], together with the 4ti2 package [20] and
the data [5] of atomic limits from Bilbao Crystallographic Server. We have obtained the Hilbert bases for all spinless
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and spinful 2D plane groups as mentioned in Tab. 1-2 and listed in Supplementary Note 10. Next we will discuss how
we use the Hilbert bases to construct the {Vgy} and DSL

II.  DSI for Irreducible Symmetry Data

We start with the case where the symmetry data A of the given FGU U(k, t) for the PBZ choice @y is irreducible,
such as Fig.2(a). Owing to the irreducible symmetry data, each isolated set of the quasi-energy bands is connected;
thereby, there are no irrelevant gaps and all quasi-energy gaps are relevant. In this case, the static winding data set
{Vsr} in Supplementary Eq. (90) has the following expression

L
{Vs.} =D Awla € Z} (92)

=1

where A; is the Ith column of A and L is the number of isolated sets (or equivalently the number of relevant gaps) in
any PBZ. (See Supplementary Note 9 for details.)

Supplementary Eq. (92) can be simplified. For A; = Ay, q4; + @Ay = (¢ + qv)A; means that only the sum
(q1 + qiv) contributes to the winding data, allowing us to only include the distinct columns of A for {Vsy}. Then, we
can list all different A;, relabeled as a; with j taking J different values in {1,2,..., I}, which are the Hilbert bases
involved in the irreducible symmetry data of U(k,t). Here I is the total number of distinct Hilbert bases for G. As a
result, Supplementary Eq. (92) is simplifed to

{Vsi} = {Z a;jqjla; € Z} . (93)

Combined with the winding data set {V'} in Supplementary Eq. (83), the DSI takes values in the following quotient
group

W
Y= ey ®

Strictly speaking, each element of X is a set of winding data; for the given winding data V of U(k,t) for @y, we can
find the = in X such that V € z, and then z is the DSI of U(k,t). We label z in X" as zero iff z contains 0. Then, the
zero DSI for U(k,t) means V — 0 € {Vsr}; nonzero DSI infers V' ¢ {Vsr} and thus infers the obstruction to static
limits for the FGU (and thus for the underlying Floquet crystal). Normally, we can use certain simple index to label
x, just like the expression used for the 141D example in Supplementary Eq. (45).

Recall that the symmetry data A is derived after a PBZ lower bound ®y is picked for U(k,t). Therefore, the
above discussion is for a particular PBZ choice @y for U(k,t). If we change @y, {Vsr} stays invariant since any
cyclic permutation of columns of A leaves Supplementary Eq. (92) invariant. In other words, all winding data of all
G-invariant static FGUs with symmetry data equivalent to the given FGU U (k, t) belong to the same {Vs}, even if
the PBZ choices for static FGUs yield symmetry data Agy, # A. Combined with the fact that {V'} is PBZ-independent
(Supplementary Note 3B), we know X is PBZ-independent. The change of the winding data brought by changing
®y is a linear combination of symmetry contents (Supplementary Eq. (85)), which is contained in {Vgy}. Therefore,
the evaluation of DSI is independent of PBZ choice ®x for U(k,t).

Supplementary Eq. (93) suggests that {Vsz} only depends on the set of Hilbert bases {a;} involved in the irreducible
symmetry data. On the other hand, as the vanishing components of ), A; are the same as the vanishing components
of 37, aj;, the D constraint in Supplementary Eq.(83) is also determined by the set {a;}. Specifically, a diagonal
element of D is 0 (1) if the corresponding component of >, a; is nonzero (zero). Therefore, if two FGUs have the
same G and have irreducible symmetry data that involve the same set of Hilbert bases, they have the same {Vsy},
{V}, and X, no matter whether the two FGUs have equivalent symmetry data. This simplification allows us to
enumerate all possible DSI sets for irreducible symmetry data by considering all possible combinations of Hilbert
bases of a given crystalline symmetry group G. All possible combinations of Hilbert bases can be enumerated by
considering the presence and absence of each Hilbert basis, resulting in 27 — 1 nontrivial combinations, where the only
trivial one corresponds to the absence of all bases. We emphasize that not all the combinations of Hilbert bases can
be reproduced by FGUs since certain symmetry contents are forbidden for isolated sets of bands [21]. Nevertheless,
the above derivation can guarantee none of the physical combinations of Hilbert bases are missed.

We perform this derivation for the 1+ 1D inversion-invariant class-A FGUs with irreducible symmetry data, and
obtain only two nontrivial DSI sets. One is for the case where the irreducible symmetry data is spanned by a; and
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a4 in Supplementary Eq. (91), which is just Fig. 2(a) and the DSI is shown in Supplementary Eq. (45). The other one
is for the irreducible symmetry data spanned by as and ag in Supplementary Eq. (91), and the DSI set reads

X~{vwr4—vx_€Z}. (95)

We further derive the DSI sets for all nontrivial combinations of Hilbert bases for all spinless and spinful 2D plane
groups, and list the numbers of nontrivial DSI sets in Tab. 1-2. We do not list the exact forms of DSIs since the paper
would be too long otherwise, but we present in Supplementary Note 9 the detailed method that we adopt to obtain
Tab. 1-2. Rigorously speaking, the final results given by the method are not exactly equal to the DSI sets, but there
are one-to-one correspondences (bijections) between them.

III. DSI for Reducible Symmetry Data

In this part, we discuss the DSI for the case where the symmetry data A of the given FGU U (k, t) for ®y is reducible.
As we can see below, the DSI sets for irreducible symmetry data actually serve as elementary building blocks for the
construction of DSIs for reducible symmetry data.

Two examples of reducible symmetry data for 1+1D inversion-invariant case are shown in Supplementary Fig. 6.
Suppose the Ith isolated set of quasi-energy bands of U(k, t) has reducible symmetry content A; and contains irrelevant
gaps. The irrelevant gaps separate the [th isolated set into isolated connected subsets, and we label the symmetry
content of the r;th connected subset as A;,,, which satisfies A4; = Zrl Air,. As a result, the relevant gaps and
irrelevant gaps together reduce the symmetry data A into a finer matrix (...A; r,...), and we call (...A;,,...) a reduction
of A. We emphasize that the definition of a reduction (...A;,...) of A requires and only requires that > A, = A4,
and A;, € {BS} is nonzero, while we do not require that (...A4;,,...) can be reproduced by a FGU. A is also a
reduction of A, since 7; is allowed to take only one value. Supplementary Fig.6 provides two different reductions
of the same reducible symmetry data. Owing to the existence of the reduction of A, the winding data Vs of any
G-invariant static FGU with any PBZ yielding symmetry data A takes value in the following set

{Vsi} = U O Al €2} (96)

(...Al,”..‘) reduces A [,m

and we have
{Vsr} c{Vse} . (97)

(See Supplementary Note 9 for more details.)

Unlike Supplementary Eq. (92) where each A; is reproducible by an isolated set of bands since it appears in the
given FGU, it is possible that not all reduction of A can be reproduced by FGUs, and thus it is possible that {Vsr}
is strictly larger than {Vs}. Nevertheless, for the winding data V of the FGU U(k,t), V ¢ {Vsp} infers V ¢ {Vsr}
and thus sufficiently indicates the obstruction to static limits. Since we only require DSIs to be sufficient indices for
obstruction to static limits, we in this part use {Vsr} instead of {Vsr}.

{Vsr} can be simplified by the irreducible inductions of A, i.e., each column of those reductions is irreducible. For
each irreducible induction of A, the story becomes similar to Supplementary Note 3 DII. We can use {a;} to label
the set of all distinct columns of an irreducible reduction (...A4;,...) of A, and then

{ZAlmCIl,rz |ql7Tz €L} = {Z qjaj‘qj €L} (98)

L,y J

similar to Supplementary Eq. (93). The {a;} is a set of Hilbert bases, and we say {a;} spans A since {a;} consists
of all distinct columns of an irreducible reduction (...A;,,...) of A. Suppose A; = A; + Aj/, then A,Z C {1 A; +
q2Aj/|q1, g2 € Z}, indicating that {3, . Air @ |@,, € Z} constructed from a reducible reduction must be a subset

of that constructed from certain irreducible reduction. Then, {Vsy} can be simplified to

Vsrt= U O wajlyez}. (99)

{a;} spans A J

Similar to the discussion in Supplementary Note 3 DII, {Vgy} is actually independent of the PBZ choice ®y for
U(k,t), and contains all winding data of all G-invariant static FGUs with symmetry data equivalent to the given FGU
U(k,t), regardless of the PBZ choices for static FGUs.
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Supplementary Fig. 6. The schematic quasi-energy band structure (blue) for two 1+ 1D inversion-invariant FGUs with the
same reducible symmetry data. “R.G.”, “I.G.”, and “I.S.” stand for relevant gap, irrelevant gap, and isolated set, respectively.
The dashed lines mark the boundary of the PBZ, and + mark the parity. In either (a) or (b), there is one isolated set of quasi-
energy bands with symmetry content A; = (1,1,1,1)”, which is separated into two connected subsets by one irrelevant gap. The
symmetry contents for the connected subsets are A;;; = (0,1,0,1)7 and A; 2 = (1,0,1,0)T for (a), and are A;; = (0,1,1,0)T
and A1 2 = (1,0,0,1)7 for (b).

Let us take Supplementary Fig. 6 as an example. The reducible symmetry data shown in Supplementary Fig. 6 has
four irreducible reductions (a; a4), (a4 a1), (a2 as3), and (a3 az), where a; are shown in Supplementary Eq. (91). As a
result, only two sets of Hilbert bases—{a1, a4} and {as, a3}—span the symmetry data, and {Vg} for Supplementary
Fig. 6 would just be

sz} = Wy UVar) (100)

where

—_—
{(Vsr} ={qa1 + easlqi,q2 € Z}

., (101)
{Vsr} =A{qias + qaslq1,q2 € Z} .

(See Supplementary Note 9 for a general method of determining Hilbert bases sets that span symmetry data.)

If all irreducible reductions of the reducible A correspond to the same set of Hilbert bases (or equivalently only one
set of Hilbert bases that spans A), then {Vgy} is still a group for addition and we can calculate the DSI according
to Supplementary Eq. (94). If more than one sets of Hilbert bases are involved, it is very likely that {Vsz} is not a
group anymore. In this case, we can define the DSI set for each set of Hilbert bases {a;} that spans A as

W
Ml =5 galg ey (102)

Since the DSI for one set of Hilbert bases has been addressed in Supplementary Note 3 D I1, we only need to find out
all distinct sets that span A to specify {a;} for Supplementary Eq. (102). For example, we know {a1,as} and {a2, a3}
are the two sets of Hilbert bases that span the symmetry data for Supplementary Fig. 6, and the corresponding DSI
sets X[{a1,a4}] and X[{az,as}] are given in Supplementary Eq. (45) and Supplementary Eq. (95), respectively.

We focus on the direct product of the DSI sets for all sets of Hilbert bases that span A, which reads

X= I  Hay}]
{a;} spans A (103)

— X[{a;}] x Xl{az}] x Xlfago}] x ...

It means that element Z in X is a vector, and each component of # is an element of Supplementary Eq. (102). Similar
to the irreducible case Supplementary Note 3 DII, X and the evaluation of Z are independent of the PBZ choice ®y
for the given U(k,t). Moreover, X provides a topological classification for FGUs with equivalent symmetry data.
The given FGU (and thus its underlying Floquet crystal) must have obstruction to static limits if all components of
its Z are nonzero. Then, we can define the DSI for the given FGU as the product of all components of its Z, meaning
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that nonzero DSI infers obstruction to static limits. (If certain components of Z are vectors, we can treat both numbers
and vectors as matrices, and use the more general Kronecker product to define DSI.) For Supplementary Fig. 6, the
X set is

X~ {vrs —vxy € L} x {vr+ —vx,— €L}, (104)

and then the DSI is (vp 4+ — vx,+)(vr4+ — vx,—). Then, a 141D inversion-invariant FGU with the symmetry data
shown in Supplementary Fig. 6 must have obstruction to static limits if (vp 4+ —vx 4)(vr 4+ —vx,—) # 0.

Supplementary Note 4. Details on DSI For A 2+1D Anomalous Flo-
quet First-order Topological Insulator

In this section, we construct a 2+1D model with plane group p2, which has chiral edge modes in the absence of
nonzero Chern numbers. Plane group p2 is spanned by a two-fold rotation Cs and the 2D lattice translations. Since
spinless p2 is equivalent to spinful p2, we will focus on the spinless p2 in the following, i.e., G = spinless p2. We will
use the DSI to indicate its obstruction to static limits.

We consider a 2D square lattice with lattice constant being 1, and each lattice site consists of one spinless s orbital
and one spinless p orbital at the same position. We use |R, a) to label the Wannier bases, where a = s,p and R the
2D lattice vector, and then the Bloch bases are

ltha) = \/Lﬁ SOIR, a)eR | (105)

With |¢x) = (|¢k,s), |¥k,p)), C2 is represented as
uc, (k) =0, , (106)

according the Supplementary Eq. (52).
The Floquet Hamiltonian that we choose has the form

H(t) = v H (k1) (vx] (107)
k
with
Hik 1) 1[1—2cosk, —2cosky — 2cos(ky + ky)lo. , 0<t <L (108)
1[sin(kg)oy + sin(ky)oy] , L<t<T

The construction of the above model is inspired by the quantum-anomalous-Hall-effect model in Ref.[13]. The
time-evolution matrix U(k,t) can be derived from Supplementary Eq.(108) based on Supplementary Eq. (47). For
concreteness, we choose T' = 27 in the following.

As shown in Supplementary Fig. 7(a), the system has two quasi-energy bands, and we choose both quasi-energy
gaps to be relevant. Then, the two quasi-energy bands are separated into two isolated sets, of which each contains
one band. According to Bilbao Crystallographic Server [5], we only need to consider four C-invariant momenta for
p2 in the study of the symmetry data, namely I'(0,0), X (x,0), Y(0,7), and M (m, 7). Then, the symmetry content
of each isolated set should have the form

l l l l l l l l T
Al = (nM,+7nM,77nX,+7nX,fﬁnF,+7nF,—vnY7+vnY7—) 9 (109)

where [ = 1,2 labels the isolated sets of quasi-energy bands, and n{((y represents the number of parity-« states at k
in the Ith set of quasi-energy bands. According to Supplementary Fig. 7(a), we have the symmetry data A of U(k,t)
for & = —7m as

A= (Al A2) : (110)
where

4y =(0,1,0,1,0,1,0,1)"

111
Ay =(1,0,1,0,1,0,1,0)T . (1)
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Supplementary Fig. 7. The symmetry data, winding data and boundary modes for the 2+ 1D anomalous Floquet first-order
topological insulator (Supplementary Eq. (108)). “R.G.” and “I.S.” stand for relevant gap and isolated set, respectively. In (a),
we plot the two quasi-energy bands in [—7, 7). Both quasi-energy gaps are chosen as relevant gaps, resulting in two isolated sets
of quasi-energy bands, and ®x = —m is the PBZ lower bound. The Csz-parities for each band at I'; X, Y and M are marked.
In (b), we plot the phase bands of the return map at I', X, Y and M for ex = ®x = —m. The dashed lines label the boundary
of the PBZ. In (c), we plot quasi-energy bands for open boundary condition along y with N, = 20 layers along y. The orange
(green) lines mark the chiral modes at y = 20 (y = 1). The dashed lines label the boundary of the PBZ.

Then, according to the list of HBs in Supplementary Note 10 for plane group p2, the symmetry data is irreducible.
(When comparing to Supplementary Note 10, we should perform X — B, M — A, + — 1 and — — 2 on our
convention to match the convention in Supplementary Note 10.)

As discussed in Supplementary Note 3 B, the momenta and irreps for winding data V' are the same as those for the
symmetry data, and we derive the winding data from the return map at those momenta. Based on Supplementary
Eq. (78), we have the winding data of U (k,?)

V = (UM UM =y VX VX, = VD VD s Uy Y, ) (112)
which can be intuitively read out from the winding of the phase bands of the return map for each irrep. Then,
Supplementary Fig. 7(b) suggests

V =(0,0,0,0,-1,1,0,0)T (113)

for &, = —7. Indeed, direct calculation based on Supplementary Eq. (78) also yields Supplementary Eq. (113). With
this preparation, we next derive the DSI.
According to Bilbao Crystallographic Server, the compatibility relation for spinless p2 reads

nb o +nh_=nk 40k _=nb +nb_=nl +nb (114)
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or equivalently the compatibility relation matrix C reads

11 -1-10 0 0 O
C=1110 0 —-1-110 0] (115)
110 0 0O O -1 -1
According to Supplementary Eq. (110), U(k,t) contains all inequivalent small irreps, and thereby the D matrix in

Supplementary Eq. (83) is zero. Then, all winding data of all G-invariant FUGs with symmetry data equivalent to
U(k,t) belong to the following set

vr.+
vr,—

{(V}=27Z%NkerC = (A2 A1 Vecs Vecy Vecs) UM+ — VD4 || VD4 VD= UX s VY 4, VMt €L (116)

VX,+ —Vr+

VY4 — U+

where Vecz = (1,—1,0,0,0,0,0,0)”, Vecy = (0,0,1,—1,0,0,0,0)", and Vecs = (0,0,0,0,0,0,1,—1)7. Since the
symmetry data is irreducible, according to Supplementary Eq. (92), all winding data of all G-invariant static FGUs
with symmetry data equivalent to U(k,t) belong to

Vsr} ={q141 + q2A2|q1,q2 € Z} . (117)
As a result, the DSIs for all G-invariant FUGs with symmetry data equivalent to U (k,t) take values in

v
Y= ey

~{(vm4+ —Vr 4, Vx4 — V4, Vy,y —Ur4) € 7*} (118)

meaning that the DSI is (v — vr 4,Vx + — Vr+, Vy.+ — Vr.+). In fact, this is one example for the Z* DSI set of
spinless p2 in Tab. 1. Then, according to Supplementary Eq. (113), we know the DST of the FGU U (k, t) is (1,1,1) # 0,
indicating the obstruction to static limits.

One signature of the obstruction to static limits is the anomalous edge modes shown in Supplementary Fig. 7(c).
The edge modes are anomalous because both bulk bands have zero Chern numbers [22]. The 73 winding number
defined in Ref. [6] is evaluated as W = 1 for the model, where

1

T
=513 /O dt / dkydk, €% (U0, UUT9,,UUI0;, U] (119)
with 4y,i2,43 € {0,1,2}, (0o, 01,02) = (04, 0k,,0k,) and € = & = —m, verifying the anomalous nature of the chiral
modes. Furthermore, we can see in this specific model, all components of the DSI take the same value of the 73
winding number W, implying a relation between the DSI and W. Nevertheless, the evaluation of DSI is more efficient
than that of W, since the former only cares about four Cs-invariant momenta while the latter needs the entire 1BZ.

Supplementary Note 5. Details on DSI For A 241D Anomalous Flo-
quet Higher-order Topological Insulator

In this section, we derive the DSI for the 2+1D model proposed in Ref.[23], which has an anomalous Floquet
higher-order topological insulator phase. We will show that DSI is indeed nonzero in the anomalous phase, even if we
only consider the crystalline symmetries in the model and neglect the internal symmetries like chiral symmetry.

The model in Ref. [23] is a dynamical version of the static quadruple insulator model proposed in Ref. [24], which
is constructed on a square lattice with four sublattices at each lattice site. As a result, we have a 4 x 4 matrix
Hamiltonian [23]
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T

Supplementary Fig. 8. The symmetry data and winding data for the 2 + 1D anomalous Floquet higher-order topological
insulator (Supplementary Eq. (120) with Supplementary Eq. (122)). “R.G.” and “I.S.” stand for relevant gap, and isolated set,
respectively. In (a), we plot the two doubly-degenerate quasi-energy bands in [—m, 7). Both quasi-energy gaps are chosen as
relevant gaps, resulting in two isolated sets of quasi-energy bands, and ®x = —7 is the PBZ lower bound. The black dots label
I, M, and X, and the irreps at the three momenta for each isolated set are marked. In (b), we plot the phase bands of the
return map at I', M, and X for ex = &k = —7. Each phase band is doubly degenerate, and the corresponding irrep is marked.
The dashed lines label the boundary of the PBZ.

Y(Te00 — Tyoy) , t€]o, %]
h(k,t) = Alcos(ky)Ty00 — sin(k,)ry0, — cos(ky)ryoy — sin(ky)7y0,] , t € (£, 28] (120)
Y1200 — Tyoy) , te (%,T)

where h(k,t) = h(k,t + T), 7’s are also Pauli matrices, and the lattice constant is set to be 1. The time-evolution
matrix U(k,t) can be derived from Supplementary Eq. (120) based on Supplementary Eq. (47).

The model effectively has the spinful p4mm plane group as the crystalline symmetry group G, which is spanned by
a four-fold rotation Cy along z, a mirror m, perpendicular to y, and lattice translations. Specifically, C4 and m, are
represented as

ioy,
o0 (121)

U, (k) = —iT,0, .

Ucy (k) =

The model also has other symmetries like the chiral symmetry, but we choose to omit them, meaning that we allow
the continuous deformation of U(k,t) to break chiral symmetry, as well as other symmetries that are not in G. In this
case, the model can be treated as a class-A system with a time-independent crystalline symmetry group G.

For concreteness, we choose

T =2, \/57:%, VoA =1, (122)
for which the model is in the anomalous Floquet higher-order topological insulator phase according to Ref.[23].
We emphasize that the topological properties of U(k,t) determined with Supplementary Eq.(122) should hold for
the entire phase, since other parameter values in the same phase should be topological equivalent to Supplementary
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Eq. (122). With Supplementary Eq. (122), U(k,T') can be analytically diagonalized, and we get two doubly degenerate
eigenvalues +i at each k. In Supplementary Fig. 8(a), we plot the two doubly degenerate flat quasi-energy bands of
U(k,t) in [—7, 7), showing two quasi-energy gaps. According to Ref. [23], both quasi-energy gaps are relevant, and
then combined with time period T', G = spinful p4mm and the symmetry representations like Supplementary Eq. (121),
we have a FGU U(k, t). Furthermore, ®x = — is a legitimate PBZ lower bound for U(k, ) since it lies in a relevant
gap. As shown in Supplementary Fig. 8(a), we have two isolated sets of quasi-energy bands, and each set consists of
one doubly degenerate band.

According to Bilbao Crystallographic Server [5], we only need to consider three momenta for spinful p4mm in the
study of the symmetry data, namely I'(0,0), M (7, 7) and X (0, 7), which are shown as black dots in Supplementary
Fig. 8(a). Here picking X as (0,7) for spinful p4mm is the convention used in Bilbao Crystallographic Server, since
(0,7) and (m,0) are equivalent owing to Cy. At each of the three momenta, the little group only has two-dimensional
small irreps. Specifically, we have two small irreps I'q and T'7 for Gr = G, two small irreps Mg and M for Gy = G,
and one small irrep X5 for Gx = spinful p2mm. Moreover, trace of the representation of Cy distinguishes ig (Tr(Cy) =
—V/2) from i7 (Tr(Cy) = v/2), where i = I', M. As a result, the symmetry content of each isolated set should be
l l LT

e i, %) (123)

_ l l
A= (nfﬁ,nﬂ,n
where [ = 1, 2 labels the two isolated sets, recall that ni(,a labels the copy number of the small irrep « at k in the [th
isolated set, and we do not need to separately label the momentum for each component of A; since the name of each

irrep contains the label of the momentum. According to Supplementary Fig. 8(a), we have the symmetry data A of
U(k,t) for & = —m as

A= (Al Ag) : (124)

where

Al = (07 17 Oa 17 1)T

125
Ay = (1,0,1,0,1)T . (125)

As discussed in Supplementary Note 3 B, the momenta for winding data V' are the same as those for the symmetry
data, and we derive the winding data from the return map at those momenta. Based on Supplementary Eq. (78), we
have the winding data of U(k,t)

T
V = (vr,, Ve, Vit Vi, V) (126)

which can be intuitively read out from the winding of the phase bands of the return map for each irrep. Then,
Supplementary Fig. 8(b) suggests

V =(-1,1,0,0,0)" (127)

for & = —7. Indeed, direct calculation based on Supplementary Eq. (78) also yields Supplementary Eq. (127). With
this preparation, we next derive the DSI.
According to Bilbao Crystallographic Server, the compatibility relation for spinful p4mm reads
1 l l

L _ [
np +np =ngotng =ng o, (128)

or equivalently the compatibility relation matrix C reads

11-1-10
c= . (129)
11 0 0 -1

According to Supplementary Eq. (124), U(k,t) contains all inequivalent small irreps, and thereby the D matrix in
Supplementary Eq. (83) is zero. Then, all winding data of all G-invariant FUGs with symmetry data equivalent to
U(k,t) belong to the following set

{V} =2Z°NkerC = {vp, Az + vy, A1 + (vp, — v37,)(0,0,—1,1,0)" v €z} . (130)

67
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On the other hand, both columns of A in Supplementary Eq.(124) are Hilbert bases according to Supplementary
Note 10, and thereby A is irreducible. Then, according to Supplementary Eq. (92), all winding data of all G-invariant
static FGUs with symmetry data equivalent to U(k, t) belong to

{Vsr} ={@1 A1 + @2 A2|q1, 02 € Z} . (131)

As a result, the DSIs for all G-invariant FUGs with symmetry data equivalent to U(k,t) take values in

v
X = ke~ oy v, 23 (132)
meaning that the DS is vp, — v7,. In fact, this is one example for the Z DSI set of spinful p4mm in Tab. 2. Then,
according to Supplementary Eq. (127), we know the DSI of the FGU U(k,t) in the anomalous Floquet higher-order
topological phase is vr, —vg7, = —1 # 0, indicating the obstruction to static limits.

The above analysis shows that the anomalous Floquet higher-order topological insulator phase in Ref.[23] has
obstruction to static limits as long as the spinful p4mm is preserved, regardless of the chiral symmetry. In other
words, although the chiral symmetry is needed to pin the corner modes in the quasi-energy spectrum, it is not
essential for the “inherently dynamical” nature of the phase. Furthermore, to determine the obstruction, the DSI
only requires three momenta in the 1BZ, saving us from evaluating the quantized dynamical quadrupole momoent
proposed in Ref. [23], which involves all momenta in the entire 1BZ.

Supplementary Note 6. Details on The 3+1D AFSOTI

In this section, we construct a 341D model with space group P1, which has chiral hinge modes in the absence of
nonzero axion angles. P1 is space group #2, and is spanned by the inversion P and the 3D lattice translations. Since
spinless P1 is the same as spinful P1, we will focus on the spinless P1 in the following, i.e., G = spinless P1. We will
use the DSI to indicate its obstruction to static limits.

We consider a 3D cubic lattice with lattice constant being 1, and each lattice site consists of two spinless s orbitals
and two spinless p orbitals at the same position. We use |R,a) to label the Wannier bases, where a = s1, 82, p1, P2,
s1,2 labels the two s orbitals, p; o labels the two p orbitals, and R is the 3D lattice vector. Then, the Bloch bases are

ltha) = \/Lﬁ SR, a)eleR | (133)

With [¥k) = (|¥ks1)s [Vk.sa)s [¥kpy)s [Pk, ps))s the inversion P is represented as
up(k) = .00 , (134)

based on the convention Supplementary Eq. (52). Here 7’s are also the Pauli matrices.
The Floquet Hamiltonian that we choose has the form

H(t) = [un) H (k1) (135)
k
with
Hik.t) = 112+ cosk, + cosky, + cos(k. )| .00 + 0.02(To0, + Tooy + T00-) ,0<t<Z (136)
, 1lsin(ky)my0, + sin(ky)7y0, + sin(k.)7y0.] + 0.02(190, + 190y, + T002) , T <t<T

The time-evolution matrix U(k,t) can be derived from Supplementary Eq. (136) based on Supplementary Eq. (47).
For concreteness, we choose T' = 27 in the following.

As shown in Supplementary Fig.9, the system has four quasi-energy bands, and two quasi-energy gaps at 0 and
m. We choose both quasi-energy gaps to be relevant, and then, the four quasi-energy bands are separated into two
isolated sets, of which each consists of two bands. According to Bilbao Crystallographic Server [5], we only need to
consider eight inversion-invariant momenta for P1 in the study of the symmetry data, namely I'(0,0,0), X (m,0,0),
Y (0,7,0), Z(0,0,7), V(mw,7,0), U(r,0,7), T(0,7,7), and R(w,m, 7). Then, the symmetry content of each isolated
set should have the form

l l l l l i l l l l l l l l l l T
Al = (nF’+7nF$,7nX7+;nx’7;nyri,,ny’f,nZH,,nZ’77’I’LV’+7’l’LV’77nU$+,TLU}777’LT7+,’I’LT’7,TLR}+,TLR’f) s (137)
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Supplementary Fig. 9. The bulk quasi-energy bands for the 3 4+ 1D inversion-invariant AFSOTI (Supplementary Eq. (136))
at k. = 0 in [—7,m). “R.G.”, and “I.S.” stand for relevant gap and isolated set, respectively. Both quasi-energy gaps are
chosen as relevant gaps, resulting in two isolated sets of quasi-energy bands; each isolated set consists of two quasi-energy
bands. ®x = —7 is the PBZ lower bound. Although we only plot the quasi-energy bands at k. = 0, the relevant gap choice,
the separation of isolated sets, and the PBZ lower bound hold for the entire 1BZ.

where [ = 1,2 labels the isolated sets of quasi-energy bands, and nf(’a represents the number of parity-a states at k
in the Ith set of quasi-energy bands. Direct calculation yields the symmetry data A of U(k,t) for & = —7 as

A= (Al Ag) : (138)

where

A1 =(2,0,0,2,0,2,0,2,0,2,0,2,0,2,2,0)"

. (139)
Ay = (0,2,2,0,2,0,2,0,2,0,2,0,2,0,0,2)" .

As discussed in Supplementary Note 3 B, the momenta and irrep labels for winding data V' are the same as those for
the symmetry data, and we derive the winding data from the return map at those momenta. Based on Supplementary
Eq. (78), we have the winding data of U(k,t)

V =(2,-2,0,0,0,0,0,0,0,0,0,0,0,0,0,0)" (140)

for &, = —m. With this preparation, we next derive the DSI.
The compatibility matrix reads

11-1-10 0 0 0 0 0 0 0 O O 0 O
1170 0 -1-10 0 0 0 0 0 O O 0 O
110 0 0 0 -1-10 0 0 0 0O O 0 O
C=l110 0 0 0 0 O -1-10 0 0 0 0 0 (141)
110 0 0 0 0O OO —-1-10 0 00
1170 0 0 0 0 0 0O 0O 0 —-1-120 0
1170 0 0 0 OO 0O 0O 0 0 0 0 —1-1

According to Supplementary Eq. (138), U(k,t) contains all inequivalent small irreps, and thereby the D matrix in
Supplementary Eq. (83) is zero. Then, all winding data of all G-invariant FUGs with symmetry data equivalent to
U(k,t) belong to the following set
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vr+
vr —
Vr4+ —Vx,—
Vr4+ —Vy—
16
{V}=Z"nkerC=(¢ M A Ur 4, Ur,—, VX,—, Vy,—, Vz,—, Vy,—, VU,—, VT, ,VR,— €L } , (142)
vr4+ —Vy,—
vr4+ —lu—
vr4+ —vr,—
VR,— —Vr,—
where
M = <a1 as Vecs Vecy Vecs Vecg Vecy Vecy VeCQ) (143)
with

0,0,1,—1,0,0,0,0,0,0,0,0,0,0,0,0)"
Vee, = (0,0,0,0,1,—1,0,0,0,0,0,0,0,0,0,0)7
0,0,0,0,0,0,1,—1,0,0,0,0,0,0,0,0)"

Vecs = ( )
( )
= ( )
Vecs = (0,0,0,0,0,0,0,0,1,—1,0,0,0,0,0,0)" (144)
( )
( )
( 1)

Vecy =

0,0,0,0,0,0,0,0,0,0,1,—1,0,0,0,0)”

0,0,0,0,0,0,0,0,0,0,0,0,1,—1,0,0)"
T

Vecy; =
Vecg =

Vecy = (0,0,0,0,0,0,0,0,0,0,0,0,0,0, —

According to the compatibility matrix, P1 has 256 Hilbert bases, which are given by the 256 permutations of the
following vector

(1,0,1,0,1,0,1,0,1,0,1,0,1,0,1,0) , (145)

where the 256 permutations are given by permuting any two elements with the same momentum. Then, the symmetry
data Supplementary Eq. (138) is reducible, but it is can be spanned by only one set of Hilbert basis {a1, as}, where

al = (1707 07 1’ 07 1707 17 O’ 17 07 1707 1’ 1’ O)T

. (146)
a2 = (07 17 170’ 17 07 1707 1’ 07 1707 17 O’ O’ 1)

According to Supplementary Eq. (99), all winding data of all G-invariant static FGUs with symmetry data equivalent
to U(k,t) belong to

{Vsr} = {qra1 + qea2|q1, 2 € Z} (147)

where we have used the fact that the symmetry data is spanned by only one Hilbert basis set. Combined with
Supplementary Eq. (103), we have

- vy
{qa1 + qeaz|q1,q2 € Z} (148)
~ 7
~{(vr4 —vx,— VP4 — Vy,— VP4 — Vz_, VP4 — VV,—, Ur 4 — VU,—,Vr4 — VT, VR,— —r,—) €L},
meaning that the DSIis (vp 4 —vx —,Vr+ —Vy,—,Ur,+ —Vz,_,Up 4+ —Vy,_,Ur + —Vy,_,Vr + — Vr,—,VR,— — Vp,_) since

there is only one Hilbert basis set that spans A. In fact, this is one example for the Z7 DSI set of P1. Then, according
to Supplementary Eq. (140), we know the DSI of the FGU U(k,t) is (2,2,2,2,2,2,2) # 0, indicating the obstruction
to static limits.
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One signature of the obstruction to static limits is the anomalous chiral hinge modes shown in Fig.3. The hinge
modes are anomalous because both bulk bands have zero axion angle # mod 27. The axion angle for each isolated set
can be derived from the symmetry data Supplementary Eq. (138) according to the following expression [21, 25, 26]

9 nhe . —nl _
#mod?zg%mod2:0, (149)

where K ranges over all eight inversion-invariant momenta, and #' is the axion angle of the Ith isolated set.

At last of this section, we specify the parameters that we use to plot Fig. 3 of the main text. In Fig. 3(a-b), we choose
N, =11 and N, = 11, where N; is the number of lattice sites along ¢ direction with ¢ € {x,y, 2z}. In Fig. 3(a-b), the red
color is marked when the mode has total probability at (z,y) = (1, N,), (1, Ny —1), (2, Ny), (2, Ny, — 1) larger than 1/2,
and the purple color is marked when the mode has total probability at (z,y) = (N, 1), (N, 2), (N, —1,1), (N, —1,2)
larger than 1/2. In Fig. 3(c), we choose N, = N, = N, = 11.

Supplementary Note 7. Nonzero Initial Time

In this section, we will show that setting the initial time to zero does not lose any generality for the study of
topology. We will focus on the FGUs, since a similar argument can be applied to Floquet crystals.

Consider a time-evolution matrix U(k,t) with zero initial time, time period T, a crystalline symmetry group G,
and a symmetry representation uy(k). It is not a FGU yet since we have not picked the relevant gaps. Let us now
shift the initial time to tg, and the time-evolution matrix then reads

Uk, t + to,to) = Te g d'HOE) (150)

where H(k,t) is the underlying matrix Hamiltonian. By defining Hy, (k,t) = H(k,t + t9), we have an equivalent
expression of Supplementary Eq. (150) as

Uk, t+to, to) = Uy, (k, t) = Te i Jo @' Hig (') (151)

and U(k,t) = Uy—o(k,t). Based on Supplementary Eq.(151), we can view Uy (k,t) as the time-evolution ma-
trix of a new matrix Hamiltonian H,,(k,t) for zero initial time. Uy, (k,t) still has time period T as Uy, (k,t +
T) = U (k,t)Us(k,T), and has crystalline symmetry group G and symmetry representation u,(k) owing to
1y (1)U (k. e} (K) = U (o ).

The quasi-energy bands given by Uy, (k,T’) are the same as those given by U(k,T). To see this, first note that

Uk, T + to, to) = U(k, to + T, T)U (k, T,0)U(k, 0, to) . (152)
Combined with H(k,t+T) = H(k,t) and U'(k,to,t +to) = U(k,t + tg,to), we have
Uk, T + to, to) = U(k, to,0)U (k, T,0)UT (k, t9,0) , (153)
resulting in
Uy, (k, T) = U(k, to)U(k, T)[U(k, to)]" . (154)

Owing to the same quasi-energy bands, we can always choose the same relevant gaps for Uy, (k,t) and U(k,t).
Therefore, we have two FGUs—one is U(k, t) (with T, a relevant gap choice, G, u4(k)) and the other one is Uy, (k, t)
(with T, the relevant gap choice same as U(k,t), G, uqy(k))—which are related by a shift of the initial time.

It turns out Uy, (k, t) is topologically equivalent to U(k,t). The deformation that establishes the topological equiv-
alence is Us(k,t) = U(k,t + sto, sto), Ts = T, and u, 4(k) = uy(k) with s € [0,1]. Since s is just changing the initial
time, Us(k,t) is a continuous function of (k,¢,s) € R x R x [0, 1], and the quasi-energy bands given by U, (k, T) are
the same as those of Us—o(k,t) = U(k,t) for all s € [0, 1]. It means that all relevant gaps of U (k, t) will be kept open as
s continuously increases and eventually become the relevant gaps of Us—1(k,t) = Uy, (k,t). All other requirements of
the continuous deformation for topological equivalence in Def. 3 can be straightforwardly checked. Therefore, shifting
the initial time of a FGU while keeping the relevant gap choice always results in an topologically equivalent FGU. A
similar argument can show that the same conclusion holds for Floquet crystals. Then, for the study of topology of
FGUs and Floquet crystals, we only need to consider tg = 0.
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Supplementary Note 8. Details on Return Map and Winding Data

In this section, we present more details on the return map and winding data. Within this section, we allow the
return map to have branch cut ey different from the PBZ lower bound. We still require the continuous real e (i) to
lie either in a relevant gap in the PBZ or in a redundant 2wn-copy of a relevant gap, (ii) to satisfy exrq = ex for all
reciprocal lattice vectors G, and (iii) to satisfy ex, = ex for all g € G. In other words, ey is required to satisfy the
requirement for PBZ lower bounds.

A. Return Map: Symmetry Properties and Change of Branch Cut

Let us start with the return map of a given FGU U (k, t) with time period T, a relevant gap choice, a crystalline
symmetry group G, and a symmetry representation ug (k). After picking the PBZ lower bound ®y, we can label the
quasi-energy bands and their projection matrices as discussed in Supplementary Note 2. For the convenience of latter
discussion, we relabel the quasi-energy bands and their corresponding projection matrices as & 1.m, and Pk 1m,(T),
respectively, where [ = 1,2, ..., L labels the isolated sets of quasi-energy bands, m; = 1,2, ..., n; labels the quasi-energy
bands in the Ith isolated set, and n; is the total number of quasi-energy bands in the [th isolated set. The relabelling
is required to make sure

Ex i tmigs > Exlmy (155)
gk,l,ml—i-l 2 gk,l,ml .

As mentioned in Supplementary Note 2, each quasi-energy band is a continuous function of k € R?, is G-periodic
(£k+G,l,ml = 5k7177nl)’ and is g—symmetric (51{971-,7"'1 = ng’ml).
With the relabelling, the definition of [U(k,T)]e YT i Supplementary Eq. (62) is re-expressed as

Uk, T)]7
L ny
t B (156)
=303 e[ (e ) B (1)
=1 mlzl
where
ilog, (e &t ™) = &y, T + 27j € [ex, ex + 27) (157)

and j; € Z. j; does not depend on m; or k since €y lies in a relevant gap (or one of its redundant copies) and thus ey
and Ex ;m, are continuous. Then, the return map defined in Supplementary Eq. (62) becomes

L ny
Uck,t) =U(k,t) Y Y etmtHi2mt/Tp o (T) . (158)
=1 ml:1
Since ei€ktm 1 H12m0it/T hag the same degeneracy property as e &xtm T [U(k, T)];t/T should have the same symmetry

and continuity properties as U(k,T'). Therefore, [U(ky,T)]c /T is continuous in RY x R, is G-periodic, and satisfies
ug (k) [U (k, )] Tl (k) = [U(ky, )] Vg €G (159)

As a result, combined with Supplementary Eq. (54), we know U, (k, t) is continuous, is G-periodic, and satisfies
ug(K)Ue(k, t)ul (k) = Uc(kg, t) Vg € G | (160)

which further yields Supplementary Eq. (76) after choosing € = ®.

According to Supplementary Eq. (158), changing the branch cut can only change j;. Specifically, when the branch
cut lies in the Ith relevant gap in the PBZ, denoted by ¢;, j» = 0 for I’ > [ and jir = 1 for I’ < [. If shifting the branch
cut by € — € — 2mg with ¢ integer, then j; — j; — ¢ for all [. As a result, we have

L
Ueiarg (k1) = Ueca (I, )e7027H 37 270000 By (1) (161)
'=1
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where 6(z) =0 for <0, §(x) =1 for > 0,

Poi(T)= 3" Bep (1) (162)

my;=1

and we use U, (k,t) = U.—a(k, t) since the PBZ lower bound ®y lies in the first relevant gap.

B. Winding Data: Gauge Invariance and Change of Branch Cut

In order to show the effect of changing the branch cut, we will focus on the e-dependent winding vector in the
following. First, similar to Supplementary Eq. (77), Supplementary Eq. (160) suggests that we can block diagonalize
Ue(k,t) and ug4(k) simultaneously by a unitary Wg, as

Wng U. (ka t)ng = Ue,k,a(t)
(163)

W ug(k)Wg, = a2 (k) :

where U, ko (t) and ﬁ;‘(k) are the blocks of the return map and the symmetry representation that correspond to the
small irrep a of Gy, respectively. Recall that ag (k) is a small representation of Gy that can be unitarily transformed

to 1, , ®ug (k), where ug (k) is the small irrep a of Gy, and ny o = Zlel nic,a is the total number of copies of small

irrep o that occur in uy(k). Then, we define the following e-dependent U(1) winding number

i1 7
Vo = 52 /0 AU (DO s (1)) (164)

and the e-dependent winding vector
Ve = (o Vedoar )" (165)

with k and « respectively ranging over all chosen types of momenta and all inequivalent small irreps of Gx. The choice
of momenta for the winding vector is based on the fact that v,k . obeys all compatibility relations for symmetry
contents, which will be elaborated in the last part of this section. V. becomes the winding data if the PBZ lower
bound @ is chosen as the branch cut e = .

V. is gauge invariant. The U(N) gauge transformation of U, (k,t) is U.(k,t) — W (k)'U.(k,t)W (k), which can
be canceled by simultaneously performing W (k) — ngW(k) according to Supplementary Eq. (163). However, the
U(N) gauge freedom or the choice of bases is not the only redundancy that we need to consider. After fixing the
U(N) gauge or the choice of bases, the choice of Wg, in Supplementary Eq. (163) allows a new gauge freedom

ng - ng ng,a ) (166)

where W, o is a unitary matrix. Under this gauge transformation, we have
Ue,k,a(t) - ng,aUe,kﬂ(t)ng,a ) (167)

which leaves V. invariant according to Supplementary Eq.(164). Therefore, V. is gauge invariant, and so does the
winding data V._g.
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Now we show the components of V. must be integers. Owing to the gauge invariance of V;, we can always choose
Wg, such that ag (k) = 1, , ® uj (k). Then according to Schur’s Lemma [27], U, x o(t) in Supplementary Eq. (163)
has the form

Usakﬂ(t) = ﬁE,k,a(t) ®1q, , (168)

where ﬁe,k@(t) is a Nk o X Nk o matrix, and d, is the dimension of ug (k). Substituting the above equation into
Supplementary Eq. (164), we arrive at

. T
l o~ ~
Vek,a = 7271'/ dt Te[U] ) ()0 U ko ()] , (169)
0

which must be an integer since it represents the winding number of the continuous phase angle of det[Ue k. (t)] over
one time period. Therefore, the components of V,, as well as the winding data V._s, must be integers.

At the end of this part, we show how V. changes upon changing the branch cut e. Combining Supplementary
Eq. (161) with Supplementary Eq. (163), we have

Uer—amgia(t) = U oo ()e 2T, 4 (1) (170)

where Up o k(t) is given by

I .
Wng Z ei27r0(l7l’)%Pk7l/(T)ng = Ul,a,k(t) . (171)
'=1

Combined with Supplementary Eq. (164), we get

Vei—2mq,k,a = Vk,a +4q Nk, o

TR TdtTr[UT ()01 0 xc(t)] (172)
2’/Tda o l,ak tYUl,ak .

As Ve, —9rq k.o is gauge invariant, we can choose Wy, such that each of its columns not only corresponds to certain
small irrep of Gk but also belongs to a definite isolated set of quasi-energy bands at k, labeled as Y, with

Mya =1, ...,nLada. Then,

Pl(cl,l’(T)}/l?tmlya = 51'1}/;,1m1,a . (173)

We can collect all columns of Wg, belonging to « irrep to form a matrix

Wo = (o Yo, ) (174)
where ... ranges over [, m; . As a result, we have

L
Usoxe(t) = [(WEITY " 20107 B (1YW,
I’'=1
(175)

— 6127rt0(l7l')/T]l .
n

k.ade

Combined with Supplementary Eq. (172), we arrive at

-1
l/
Ve, —2ng.k,a = Vk,a + ¢ Nk,o — § Nk« > (176)
I'=1
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and thereby

L -1
Vecomg =V +qY Ay —> Ay . (177)
I'=1 '=1

The above expression suggests that we do not need to choose branch cut for the winding data different from the PBZ
lower bound since they are related by the symmetry data.

If we choose the PBZ lower bound @y as the branch cut, a new PBZ lower bound 5k given by a L-shift of [0
would be equivalent to €7, , + 2mq with I =LmodL and ¢ = (L — l~)/L (Recall that L is the number of isolated
sets of quasi-energy bands in one PBZ.) Then, the new winding data would be ‘/;[+1+277q, resulting in Supplementary
Eq. (85).

C. Compatibility Relation of Winding Numbers

At the end of this section, we demonstrate that v,k , obeys all compatibility relations for symmetry contents.
Again, we demonstrate it for tunable branch cut e. In the above discussion, when we talk about the small irreps of
Ok, we always imply those small irreps are furnished by bases at k. However, in the remaining of this section, we
sometimes need to consider the small irreps of Gy furnished by bases at another k’. Then, we need complicate our
notation to emphasize the bases: we use ay instead of « to label inequivalent small irreps of Gy furnished by bases at
k, unless specified otherwise.

I. Same Winding Numbers for Momenta of Same Type

We start with showing that the winding number v,k o, is the same for two momenta of the same type. Recall
the definition of two momenta being in the same type discussed in Supplementary Note 3 A: two momenta k and k’
in 1BZ are defined to be of the same type iff there exists a symmetry h € G, a reciprocal lattice vector G, and a
continuous path kg with s € [0,1] such that (i) ks—o = k;, + G and ke—; = k', and (ii) Gx,_, = Gk._, C Gy, for all
s € [0,1]. Note that we do not need to confine k, in 1BZ. Based on the definition, we split the derivation into two
steps below.

First, we show the winding number is the same for ks—¢ and ks—; (in short denoted by kg and k; below, respectively)
in the definition. Since Gk, C Gk, ks is invariant under Gy, and thus u, (k) satisfies

Ugy (ks)ugz (ks) = Ug, g, (ks) v 91,92 € gko . (178)

Therefore, ug(ks) is a small representation of Gy, furnished by bases at k, instead of ko. Recall that we use ay, to
label the small irreps of Gk, at ko. Owing to the continuous path, we are allowed to use the ay, to label the small
irreps of Gk, at ks [9]. Such a correspondence is enabled by tracking the small irreps continuously along the path
(or more mathematically based on the underlying projective representations of Gy, /T with T the lattice translation
group). In this case, we can use a unitary Wg, (ks) to block diagonalize the return map and symmetry representation
at ks according to the inequivalent small irreps of Gy, at ks as

[Wa, (k)] Uk, ) Wo, (k) = Ueies one, (£)
(179)
[ngo (kS)] ' Ug (kS)ngO (ks) = a;ko (ks) J

where g € Gy, Ug(Ks) can be unitarily transformed to 1, . ®uy™ (k) in a g-independent way, and g™ (k) is
’ 0

the small irrep ok, of Gk, at ks. In the above equation, we used the fact that the number of ugk" (ko) in ug(ks) is
equal to nk,,a,, that is the number of g " (ko) in u,(ko) since the symmetry contents respect the momentum type.
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We emphasize that Wg, (ks) is not Wg,  suggested in Supplementary Eq. (163) since Gi, may not equal to Gi,. We
can always choose Wg, (k) to be a continuous of s since the columns of Wy, (ks) that correspond to the same small
irrep of Gy, are sections of a vector bundle with 1D base space, resulting that U x, o, (t) is a continuous function of
(s,t). Based on Supplementary Eq. (179), we can further define

i
Veks,ax, =
ko 27d
Ozko

T
/ AU e, ()0 Uer o, (8] - (180)
0

where we use the fact that the dimension of ug* (k) is equal to da,, that is the dimension of the a, small irrep
of Gk, at ko. Since Ve x,,ay, 18 a continuous function of s and is quantized to integers, we have ve ko, = Veki,au, -
Combined with the fact that Gk, = Gx, and thus oy, can enumerates all small irreps of Gy, at ki, we arrive at

Ve ko,ax, = Veki,axg o (181)

where the same label for small irreps of Gy, and Gy, is given by the continuous path as discussed above.

Second, we show the winding number is the same for kg and k. Owing to kg = kj, + G with h € G, Gx = h™ Gy h
and thereby Gy and Gy, are isomorphic. Then, we know the small irreps of Gy at k are one-to-one corresponding to
those of Gk, at ko, which can both be labeled as a. Specifically, we can choose ug (ko) = uj_., , (k) for all go € Gx,
and all inequivalent «. Suppose we choose unitary Wg, to give

ngug(k)ng = ﬂnk,a ® u;(k)
(182)
WU tlWo, = | Uerea(t)
for g € Gx. Then, owing to uh(k)uhflgoh(k)u;rl(k) = ug, (ko) that holds for all gy € Gy,, we can choose
ngo = uh(k)ng (183)
such that
Wngo Ugq (k())ngo = ]lnk)w &® u‘f:,lgﬂh(k) (184)
for all g9 € Gk, , and
WngO Ue (k07 t)ngO = Ue,k,a (t) . (185)
Owing to ugo (ko) = ug,lgoh(k) and Nk = Nky,a, We know the blocks of return map for ko, and k are equal
Uexo,a(t) = Uc k,o(t). Combined with Supplementary Eq. (164), we arrive at
Ve k,aa = Ve kg, » (186)
where the same label for small irreps of Gy and Gy, is given by the symmetry h € G as discussed above.
Combining two steps, we have
Vek,a = Veko,a = Veki,a = Vek/,a (187)

for all a. Therefore, the winding numbers are the same for two momenta of the same type, and thus we only need to
consider one momentum for each type.
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II.  Winding Numbers Obey All Compatibility Relations for Symmetry Contents

Now, we show that vck o, obeys all compatibility relations for symmetry contents. For symmetry contents, there
are two types of compatibility relations [4, 5]. The first type comes from two momenta ko and k; (in 1BZ) that are
connected by a continuous path ks with s € [0, 1] and satisfy Gk, C Gk, and Gk, C G, for all s. Here we require Gy,
to be strictly larger than Gy, , since otherwise ko and k; become in the same type. In practice, we can try to make
ko and k; infinitesimally close to each other [28].

Suppose that uglkl (k1) is the ay, small irrep of Gy, at k; for g; € Gi,. Owing to Gk, € Ok,, u(g’;‘l (kq) is also a
small representation of Gy, at k; with go € Gi,. uge" (k1) might not be irreducible for Gy, , and then we can express
uge? (kp) as the direct sum of small irreps of Gy, at ki

uget (ki) = 1 L @ ug® (ki) (188)

for all go € Gk,, where the diagonal blocks range over ay,, and a proper gauge is chosen. It is the continuous path
that allows us to use ay,, which is originally the label for the small irreps of Gi, at kg, to label the small irreps of
Gk, at ki as ug,® (k;). In particular, wa, ., is the number of ugy® (k1) in ug,™ (k1), which is determined by o,

Qkys Gk, and Gy, [9, 27]. Ref. [4 and 5] suggests that the symmetry data satisfies

l _ l
Nko,a0ep = E :wakl L S (189)

Okq

where [ labels the isolated set of quasi-energy bands, and nLak was defined in Supplementary Note 3 A.

We want to demonstrate that the relation Supplementary Eq. (189) holds between Ve ko, e, and Ve k, oy, » where
Ve k,oq. Was defined in Supplementary Eq. (164). According to Supplementary Eq. (180), we can construct 2
which is the winding number of the return map block for the ay, small irrep of Gy, at ki, and we have

Ve ko,on, = Veki,ax, (190)

with ak, ranging over all inequivalent small irreps of Gy,. However, since Gy, is strictly larger than Gy,, ok, cannot
be used to label all small irreps of Gy, at ky. Thus, we need to connect Veky,ax, 10 Veki,an, -
To do so, we can use a special unitary Wg, —to give Supplementary Eq. (188) as well as

ngl Ue(ki, t)Wg,, = Ueicr ey (1) ® L

(191)

Wngl Ug, (kl)Wle = 1

where g1 € Gk, . Ve ki ay, 18 given by ('_Nfe,kl’ak1 (t) according to Supplementary Eq. (169). The ni, a,, da,, columns in

Wg,, that furnish the copies of ax, small irrep of Gk, can be labeled as YkO”‘1 With Jiya, = 15 Ny 0,

Liiky,ap, oy,
labels the copies of the small irrep and ia,, = 1,...,dq,, labels the components for each copy. Owing to the Sup-

plementary Eq.(188), the i, index can be relabeled as (i, Jon,,ams targ) With Jag o, = Lo ooy Way, on, and
. _ (2 SRS ) . . catiafui
tay, = L, ..., day, - Then, we have Ykl)jkL&k1 o ey viengg 8 columns of Wg, —satistying
k., 0k Qq , Ok 77
Ucky, )Y 10 .:§Y1°. U, )],/ ;
5( L ) K1k oy, ok, kg ok, ) km{(l,ak1 Jage, ok ,zako[ E’kl’akl( )]Jkl,akljklvakl
Ty, 0
’ 1
gy (k1) Vi 1™ . =2 Yo o [uge® (k0)liy, ia, 90 € Gic 1e2)
90 kl’-jkl’akl 7-70‘1(170‘1(0 ﬂako kl;]kl,akl 7J‘¥k1*ak0 7"{11(0 9o 1ak01ak0 0 -

i/
3
ak(J
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We can then regroup Ylf 1 2%k with the same ak, together and give a unitary Wg, (k1) that satisfies

Lk oy WJage sakg ok

Wngo (kl)ugo (kl)ngO (kl) = ]1n,k1,ak0 ® u;‘:o (kl) Vgo € gko
(193)
Wi, k)Uelks, OWa,, (k1) = | Ussey g (8) :
where 1y, = Zakl Way,, ony M1, 1S the number of ug;‘o (k1) in ug,(k1), and
Uﬁ,klvako (t) = ﬁé,kl,akl (t) & ]]-wakl e dotk0 . (194)
Oékl
We then have
Z/E,kl,ako
i1 7 ; 5
= %dako 0 dt Tr[Ue,ko,ocko (t) tUQkO#XkO (t)]
. T
i ~ ~ (195)
= Z Wayy, »Qkq 27 / dt Tr[UeT,kl,ak (t)atU€7k17akl (t)]
Y8 0 1
Ozkl
- Z Wone, sanep Ve ke, oy
akl
Combined with Supplementary Eq. (190), we arrive at
Ve ko, = Veki,ax, = Z Warye, o Ve, ka,amg (196)

Otkl

which is the same as Supplementary Eq. (189) for symmetry contents.

The first type of compatibility relation is enough for all symmorphic crystalline groups. For non-symmorphic
crystalline groups, we need to include the second type. To introduce the second type, first note that Gy = Gx+c. The
compatibility relation arises when k and k + G can be connected by a continuous path kg with s € [0, 1] such that
ko =k, ki = k+ G, and Gx C Gk, for all s. Then, according to the first part of the definition of the momentum
type, the small irreps of Gxtq at k + G can be labeled by oy (originally for the small irreps of Gk at k) based on the
continuous path, and we know

Ve k,ax — Ve k+G,on - (197)

With this convention, for certain momentum k whose little group Gk contains non-symmorphic symmetries, the oy

small irrep of Gk at k + G, labeled as ug*(k + G), may not equal to the ay small irrep of Gy at k, labeled as

ugk (k) for g € Gk = Gk+q; instead they satisfy (up to a g-independent unitary transformation)

ud* (k + G) = ube (@ (k) (198)
for all g € Gk, where pg labels a permutation of the small irreps. As a result, we have

Ve k+G,ax = Ve k,pa (o) » (199)
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where the G-periodic nature of uy(k) and Uc(k,t) is used. Combining this equation with Supplementary Eq. (197),
we arrive at

Vek,ax = Ve kpa(ax) - (200)

On the other hand the symmetry contents also obey n{(’ak = nf{jpc (o)’ showing that the winding numbers possess
the second type of compatibility relation of the symmetry contents. In short, there are two ways of labelling small
irreps at k + G: one is based on the continuous path, and the other is to make small irreps G-periodic. The second
type of compatibility relation is nothing but the result of compromising these two ways.

Since the winding numbers obey all compatibility relations for the symmetry contents, we can choose the same
types of momenta for the symmetry data and winding data.

Supplementary Note 9. Details on Static Winding Data Set and DSI

In this section, we present more details on the static winding data set {Vsr} for a given FGU U(k,t) with time
period T', a relevant gap choice, a crystalline symmetry group G, and a symmetry representation uy(k) of G. Then,
we elaborate the core method for the calculation of the DSI set given the Hilbert bases. At last, we discuss how to
determine the Hilbert bases sets that span a given symmetry data.

A. {Vsr}

In this part, we show how to construct {Vg} for the given FGU U(k,t). Let us pick a PBZ choice for U(k,t) that
yields symmetry data A. As discussed in Supplementary Note 2D and Supplementary Note 3D, we only need to
consider the G-invariant static FGUs with time period Ts;, = T and symmetry data equivalent to U(k,t), labelled as
Usr(k,t) = e~ st with the corresponding relevant gap choice and symmetry representation.

Hgy (k) can always be expanded by the projection matrices as

R M,
HSL(k) = Z Z Ek,r,mrpk,r,mr 5 (201)
r=1m,=1

where Py, ., is the time-independent projection matrix onto the subspace corresponding to the band Ei ;. ,, . Here
we use r to label the isolated connected set of bands and use m, to label the bands in the rth isolated connected set.
Being connected means the for any m, < M., there exist ko such that Ey, ;.11 = Ekg,rm,. We can always choose
Ex rm, to be continuous in R?, G-periodic, and G-symmetric for all 7, m,., and we also choose Exri1,men > Exrm,
and Ex ym,+1 > Ek rm,. Then, the time-evolution matrix reads

Usp(k,t) =Y e Pormtp (202)

My

The relevant gaps of the static FGU are picked based on the quasi-energy band structure given by Usy(k,T). We
further choose a PBZ lower bound ®g;, x for the static FGU. As a result, we can have the quasi-energy bands as

i i 2m
gkﬂ'J”r = T 10g6k=¢>SL7k € Bierome T = Ek,r,mr + ?Qr , (203)

where g, € Z realizes & m, T € [®srk, Psrx + 2m). Here ¢, is independent of m, and k because (i) gy k lies
in a gap of Usr(k,T), (ii) ®srk and Fx ,.m,, are continuous functions of k, and (iii) Ex ym, (m, = 1,...,M;) is a
connected set for each r. Although & ;. p, and &, m/, have no definite relations for ~ # 7’ before determining g,
Ex,r,m, With m, =1,..., M,, denoted by &y, must alwarys be a connected set. Then, each connected set &, must lie
in a unique isolated set of quasi-energy bands of Ugy, (k,t), and thereby we can relabel the index r as (I,7;), where [
labels the isolated set of quasi-energy bands in which &y , lies, and r; is the index of & , in the [th isolated set. With
this notation, the bands of Hgr, (k) are now labeled as Ex1,r,m, ,, With (I,7;) still labelling the isolated connected set
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of bands of Hgr,(k), and we have

L
Hgr (k) = E Ekylﬂ“lymz,rl Pk,l,rz,mz,”
I=171,m,r,
L
—itEx 1,r;,my (204)
Usp(k,t) = e D & R T
=1 ri,mi,my
27
gkvlﬂ"lvml,rl = Ek»l77’l7ml,rl + thﬁ :

To derive the corresponding Vg, we need to make sure the relevant gap choice and the PBZ choice give Agy = A.
Since (I,7;) labels the isolated connected set of bands of Hgr(k), Pxir, = Zml Py om " provides a nonzero
\T ’

symmetry content A;,, € {BS}, which is also the symmetry content of &, ,. Owing to As;, = A, we have
Z” A, = A, and therefore (...4; ,...) is a reduction of A. (See the definition of reduction in Supplementary Note
3DIIL.) On the other hand, Vg, is directly derived from the return map, which is given by Supplementary Eq. (62)
as

Usr,e=as; (k,t) = Z TP, (205)

L,y

Based on a derivation similar to Supplementary Eq. (175), we have

Vs = — qu,rlAl,rl . (206)

L,y

Since (...A;r,...) is a reduction of A and —gq;,,, € Z, we arrive at
{Vsr} c{Vsr} (207)

with {Vg} defined in Supplementary Eq. (96).

The above derivation does not specify whether A is irreducible or not. (Recall that we define the symmetry data
A of a FGU to be irreducible if all its columns are irreducible symmetry contents; otherwise, A is reducible.) If A is
reducible, it is possible that {Vg } is strictly larger than {Vs } since certain reduction of A might be not reproducible
by isolated sets of bands. If A is irreducible, then we only have one reduction of A, which is A itself, and this reduction
can be reproduced by isolated sets of bands since U (k, ) has it, resulting in Supplementary Eq. (92).

B. DSI Set for Irreducible Symmetry Data

In this part, we will derive Supplementary Eq. (94) from Supplementary Eq. (83) and Supplementary Eq. (93) given
the set of Hilbert bases {a;} with J elements. The derivation will show how to construct the DSI set for FGUs with
irreducible symmetry data.

The winding data set in Supplementary Eq. (83) can be rewritten as

C
{V} =7Z% nker : (208)
D

and Supplementary Eq. (93) gives {Vsr}. Recall that the diagonal D is determined as: a diagonal element of D is 0
(1) if the corresponding component of Y ; @j 1s nonzero (zero). To derive Supplementary Eq. (94), let us first define
a matrix with a; as its columns:

My = (.ay.) (209)

Since M, is a K x J matrix with integer elements, it always has the so-called Smith normal form (SNF) [18, 29], i.e.,
there exists a unimodular K x K matrix Uy, and a unimodular J x J matrix Ug such that

M, = U,AUR , (210)
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where the K x J matrix A satisfies

Ai, t=7€{1,2,..,r
0, otherwise

A1,..r are positive integers, r is the matrix rank of M,, and \;41/A; is a positive integer for all ¢ = 1,...,r — 1. Here
being unimodular means that (i) the square matrix is invertible and (ii) itself and its inverse are all matrices with
integer elements. Then, the DSI set reads

- {V} ~ ZKfFfr

= Vel X Zxy xAg .o X Ar 3 (212)
where 7 is the rank of ; . In the following, we derive Supplementary Eq. (212) explicitly.
Let us focus on the first r columns of Uy, denoted by Uy 1,...,UL -, which form a matrix B
B = (UL,lmUL,r) . (213)
Combining this definition with Supplementary Eq. (210), we have
Maq; = BAvq, (214)
where
A1
A2

A, = . , (215)

q; € Z7, and ¢, € Z" consists of the first r components of Urqy. As q; ranges over Z”, g, ranges over Z", resulting in
{Vsr} = {BAglge '} . (216)
Since the SNF Supplementary Eq. (210) is a special type of singular value decomposition, we have
{Bz|x € R"} = col(M,) , (217)

with col(M,) the column space of M,. Therefore, we have {Bq|q € Z"} C Z¥ N col(M,). On the other hand, since
all columns of Uy, form a set of bases for Z*, all elements in Z* N col(M,) can be expressed as linear combinations
of columns of Uy, with integer coefficients. Since the last K — r columns of Uy, are not in col(M,), all elements in
ZX M col(M,) can be expressed as linear combinations of the first » columns of Uy, with integer coefficients, i.e.,
ZX N col(M,) C {Bql|q € Z"}. Moreover, since {Bqlq € Z"} and Z¥ N col(M,) have the same definition of addition
and scalar multiplication, we have {Bq|q € Z"} = Z* N col(M,). Eventually combined with CM, = 0 and DM, = 0,
we arrive at

{Vsr} € {Bqlq € Z"} = ZX ncol(M,) C {V} . (218)
Supplementary Eq. (218) suggests us to derive the DSI set in two steps based on the following expression

P {V} ~ {V} y ZX N col(M,)
{VsL} ~ ZX Ncol(M,) {Vsr}

(219)

ZX¥ Ncol(M,,)

Vo] from Supplementary Eq. (216) and Supplementary Eq. (218), which reads

In the first step, we derive

7ZX N col(M,)

{VSL} %Z)\lx)\zx...x)w . (220)
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So the second step is to derive

75 N ker

{v} B
ZK Ncol(M,)  ZK Ncol(M,) (221)

To do so, let us first look at the SNF of
D

C
D

= UpAUg . (222)

~ C
The last K — 7 columns of Uy, " spans {V} with 7 the rank of . We label the matrix formed by the last K — 7
D

columns of ﬁgl as S, and label the matrix formed by the last K — r rows of Ur as SL_I, where SZl is the left inverse
of S

S;1S =1k 7. (223)
{V'} can be rewritten as
{V}={Sqlq e 2"}, (224)
we have
vy sV =257 29
col(M,) NZX = S (col(M,) N Z5) = {S;'Bqlq € Z"} ,
resulting in
ZKfF
i . (226)

col(M,) NZK ~ {S;'Bq|q € Z7}

Here 2 means being isomorphic. On the other hand, since S} 'a; € S;'{V} = ZX~7 and the rank of S~1M, is still
r, we have

ZK—F
ZE=T N col(S; ' M,)

~ KT (227)

which can be straightforwardly derived by the SNF of SL_IMG. So as long as we can verify
ST (col(M,) NZK) = 2K ncol(S; ' M,) , (228)
we have

{V} ~ 7 K—T—1r
col(M,)NZK ™ z ’ (229)

which, combined with Supplementary Eq. (220) and Supplementary Eq. (219), gives Supplementary Eq. (212).
To verify Supplementary Eq. (228), let us recall Supplementary Eq. (218). Any element y of Sgl(col(Ma) N ZX)
satisfies

y=S; "M,z and M,z € ZK | (230)

where € R7. Since S;' is a (K — 7) x K integer matrix, M,z € Z¥X infers S;'M,z € ZX~" and thereby
y € ZK"T N col(S; ' M,), resulting in

ST (col(M,) NZK) c 2K~ neol(S; M) . (231)
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On the other hand, for any element y in ZX~"N col(S;lMa)7 y has the form
y=S; M,z and y € ZK°T | (232)
where € R”. Since SSZlv =V for any V € {V'}, we have SSZlMa = M,, resulting in
M,z = Sy € 25X . (233)

Thereby, we have y € S} ' (col(M,) N ZX) and thus ZX~" N col(S; ' M,) C S;*(col(M,) N ZK). Combined with that
fact that ZX "N col(S; ' M,) and S} *(col(M,) N ZK) have the same definition of addition and scalar multiplication,
we have

ZX=" ncol(S; ' M,) = S; *(col(M,) N Z5) . (234)

C. Hilbert Bases Sets That Span Symmetry Data

In this part, we provide a general method of finding all Hilbert bases sets that span any given symmetry data A,
for any given crystalline symmetry group G. In Supplementary Note 3 DIII, a set of Hilbert bases {a;} is defined
to span A iff {a;} consists of all distinct columns of an irreducible reduction of A. However, this definition is not
convenient for general computation. Then, we use the following convenient yet equivalent definition for a Hilbert
bases set to span A. Namely, a set of Hilbert bases {a;} spans A iff there exists c;; € N such that 4; =3 a;c; VI
and ), ¢;i # 0 Vj.

Now we discuss the method. Suppose the given symmetry data A has L columns, and {BS} (the set that contains
all symmetry contents) for G in total has I Hilbert bases, labeled as a; (i =1, ..., I). First, find all solutions to

A= (al e Qe a[)C (235)

for C € N'*Eand label the solutions as C” with 7 the index labelling the solutions. (v should not be confused with
model parameter in Supplementary Note 5.) Second, for each solution C7, find all nonzero rows of C7, and then find
all the corresponding Hilbert bases, forming a set {a;_}. Third, all distinct {a;_ } are all Hilbert bases sets that span
A.

As a demonstration, let us focus on the 141D inversion-invariant case. As shown in Supplementary Eq. (91), we
have in total four Hilbert bases (I = 4), and thus given any symmetry data A, the equation that we should solve is

A= <a1 a2 as a4) C (236)

with C € N**£_ For the irreducible symmetry data A in Supplementary Eq. (16), we have only one solution C' for
Supplementary Eq. (236), namely

10
00

C = , (237)
00

01

which has two nonzero rows—the first and the fourth. It means that only one Hilbert bases set {aj,as} spans A,
coinciding with the conclusion in the main text. As another example, let us consider the reducible symmetry data in
Supplementary Fig. 6, which reads

(238)

— = =



a0

In this case, we have two solutions for Supplementary Eq. (236) as

(239)

o = = O
- o O =

For first solution, the nonzero rows are the second and third, giving us {as, as}; for the second solution, the nonzero
rows are the first and fourth, giving us {a;,as}. Thus, the reducible symmetry data in Supplementary Fig.6 is
spanned by {as,as} or {a1, a4}, coinciding with Supplementary Note 3 D ITI.

At last, we emphasize that if two symmetry data are given by the same FGU with different PBZ choices (thus
related by the cyclic permutation in Supplementary Eq.(74)), the method would give the same spanning Hilbert
bases sets for them. It is because the cyclic permutation can only change the order of columns of C' in Supplementary
Eq. (235), and thus cannot transform a zero row to a nonzero one or vise versa. It coincides with the fact that {Vsr}
in Supplementary Eq. (99) is PBZ-independent.
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Supplementary Note 10. Hilbert Bases for Plane Groups

In this part, we list the Hilbert bases of {BS} for all spinless and spinful plane groups, which are used to provide
Tab. 1-2. We label the small irreps of little groups of chosen momenta according to Bilbao Crystallographic Server [5].
Given a crystalline symmetry group, Bilbao Crystallographic Server sometimes picks more than one momenta in each
type (see the definition of type in Supplementary Note 3 A), but this redundancy can be removed by including extra
compatibility relations (or equivalently by considering a larger compatibility matrix C in Supplementary Eq. (69) and
Supplementary Eq. (80)). Therefore, the Hilbert bases and DSIs derived with a larger C would be equivalent to those
derived by picking one momentum in each chosen type.

In each of the following matrices, the first column label the small irreps of little groups of chosen momenta, and all
other columns show the Hilbert bases. Each component of a Hilbert basis labels the number of involved copies of the
corresponding small irrep.

spinless p1:

spinful p1:

e
[N}
[ T e

spinless p2:

A11]1111111100000000
A2[0 00000001111 1111
B1j1111000011110000
B2/10 0001111000011 11
I'nrf1r100110011001100
I2/0011001100110011
Y1|11010101010101010
Y2101 01010101010101

spinful p2:



o =B O = O = O =

_ O O = O = O =

S = = O O = O =

_ o = O O = o =

O R O = = O O
_ o O = = O O =
S = = O = O O =
_ O = O = O O =
S = O = O = = O
_ O O = O = = O

spinless pm:

Cll1100
C2/001 1
rt{1o1o0
r2(0101
Y1{1 010
Y2(0 101
Z1|1 100
7210011
spinful pm:
C3/1100
C4(0011
T3(1010
T4/0 101
Y31 010
Y4(0 101
731100
7410011

spinless pg:

B1
B2
D1
D2
Il
|
71
72

T = e e e T e T S =

S = = O O = = O

- o = O O = = O

oSO =B O = = O = O

_ O O B R O = O

S = = O = O = O
_ 0o = O = O = O
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spinful pg:

[ = T T S =Gy S U

spinless cm:

rtj1o0
r210 1
Y1|{10
Y2|0 1
Vijil11

spinful cm:

spinless p2mm:

33
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2
'3
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Y2
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o O = O O O = O O O = O O O = o
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I o T = S =
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2
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[ e e == R =T N =
N = T == B e T S S S O s B cu S S S
s B e B O N = ==
(e B e N T e S S e B e

= = e T e = T = N )
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e = = R e R N S o e B e

S O = === O OO == OO O == O O
o O O = O =B O O O O O = o = O o
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L e N e B e B R e e
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