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Supplementary Note 1: A path integral approach to the asymmetric SK model

In this Supplementary Note, we compute the generating functional of the asymmetric kinetic Ising model averaged
over the quenched couplings with Gaussian distributions, known as the configurational average.
The probability density of a specific trajectory of the kinetic Ising model, so.; = {sg,s1,...,8¢}, is defined as

t

p(SO:t) = H p(su | Su—l)p(sO)

u=1
=exp BZsi,uhLu — Zlog [2 cosh [Bh; 4]] | p(s0), (S1.1)
7,U iU
where
P =Hj o + Z JijSju—1- (51.2)
J
Here the summation over u is taken for w = 1,...,¢. For simplicity, we will assume that p(sg) only contains one

possible value, that is, the initial distribution is a Kronecker delta po(s) = [],  [ss, 5i,0]. Although this enables us to
ignore the term, the next steps are generalizable to any initial distributions.

The dynamics above straightforwardly describes a synchronous kinetic Ising model under time-dependent fields
H;, and asymmetric couplings J;;. In Supplementary Note 2, we will show how this model and its solution can be
generalized to cover both synchronous and asynchronous dynamics.

In equilibrium systems, the partition function provides the statistical moments of the equilibrium distribution.
Here, to find the statistical properties expected from ensemble trajectories of the asymmetric SK model as well as
its steady-state entropy production (Eq. 18), we introduce the following generating functional or dynamical partition
function:

Zi(g) =Y _ p(so:) exp [Z Gi,uSi,u

S0:¢

+ ng (88iuhiw —log [2 cosh [Bh; 4]]) + ngr (5si,u,1h;u —log [2 cosh [ﬂh:uﬂ) 1

i,u i,u

= Z exp [Z si,uﬁhi,u - log [2 cosh [ﬂhl,uﬂ + Z 9iuSiu

S0:t i, iU

+ ng (Si,uBhin —log[2cosh [Bh; 4]]) + ngr (si,u,lﬁh;u — log [2 cosh [ﬁh:u“) ] , (51.3)

7,u i,u



where h:u =H;,+ Zj JijSju = Nius1 + Hi — Hiyq1. Note that h; ., have to be defined up to ¢ + 1 to recover the
backwards trajectory. The terms g; , are designed to obtain the moments and other statistics of the system, and g3
and g2 are for its conditional and reversed conditional entropy terms at time u.

We will use this generating functional to calculate the statistical moments of various random variables. We will
denote them using an average function described as:

e = ZP(So;t)f(') exp Z Gi uSiu

So:t

+ ng (Bsiuhin —log[2cosh [Bhiu]]) + Zgiw (ﬁsi,u,lhau —log [2 cosh [ﬁh:u]]) . (S1.4)

7,U B,

For simplicity, we will denote (f(-)), simply as (f(-)), recovering the statistical moments of the original system.

The configurational average over Gaussian couplings (Eq. 38) of the generating functional is computed as
Ze)s = [ [Tdsntr)Zi(e) (S15)
i.J

The configurational average can be solved using a path integral method. To obtain the path integral form, we first
insert an appropriate delta integral for the effective fields of each unit for the time steps u = 1,...,t+ 1 to the above
equation:

1= / do H 1) [97,7u — 6hi,u]

1 R .
:m/d&w exp Zlei,u(ei,u — /BHZ"U — BZ Jiij.ufl) N (816)
(2m) iu j
where 8 is the N (t+ 1)-dimensional vector composed of the effective fields 6;,, (i =1,...,Nandu=1,...,t+1). §is
the N(t + 1)-dimensional conjugate effective field, and we used a Dirac delta function § [z — a] = & [7_e!¢(==a) 4¢.
Note that, from now on, all summations and products involving the conjugate effective field 0 (as well as the order
parameters we introduce later) will be performed over the range u = 1,...,¢t + 1. Next, we replace Sh;,, in Eq. S1.3
with the auxﬂlary variable 0; ,, as well as Sh] ,, of the reversed couphngs at time u w1th an auxiliary variable 9; ,, =
91 u+1 + B( - HZ u+1), and place them 1n51de the integral with respect to 6 (i.e., we perform the operation,
= [ f(x)d [x — a] dz). The configurational average is written as
[Z:(2)]5 :()Nm/dedBHdJ”p Jij)
i,

Z exp lz Siu(giu + 0i0) —log [2cosh b, ,] + Z 95 (850w — Z log [2 cosh 6, ,])

S1.¢ 7,U U
+Zgu Szu lﬁzu 10g [QCOShﬁzu +Zlezu 7, 6qu ﬁZJUSJ,u 1)‘| (817)
iU iU J
Using the Gaussian integral formula | dx\/ﬁr exp [ax — (ngcf} = exp {ac + %Zb}, the expectation of exp [aJ;;] is

computed as

2
/dJijp(Jij)exp [aJ;;] = exp {aJo/N + C;AJZ/N] . (51.8)



Hence the integral related to J;; in Eq. S1.7 is computed as

/ [H dJijp(Jij)] exXp [ - Z iéi7uﬁ Z Jiij)u_1‘|

9 iU
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BJOZ.A ﬁQAJzz.A .5
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3 u u,v

Using this result, the Gaussian integral form of the partition function is given as

[Z:(8)l5 :Wl(tﬂ) /dadé ZGXP [Z Siu(Giu + Oiu) — Zlog [2cosh 6); ]

Si:t iU 7,

+ Z 95 (8i.ubiu — log[2cosh 6 ,]) + Z 95" (Siu_19iu — log [2cosh¥; ,,])

+ Y 160:u (050 — BHi W) — Y NBJy (% > iéi,u) (% > sj,u_l)
7,U u i J
+ 522?\;]2 (iéi,uy + Y NBAJS? (% Ziéi,uiéi,v) (% > sj,u_lsj,v_l)] . (S1.10)
iU u>wv i J

Note that, for the term of summation over u, v, we separated the u = v terms from the rest, resulting in elimination
of the spin variables because s;,—15j,u—1 = 1.

S1.1. Gaussian integral and saddle node approximation

We will evaluate the aforementioned expression with a Gaussian integral and a saddle node approximation, and
show that the saddle node solutions become order parameters. For this goal, we first give an outline of the derivation,
and then apply the steps to the above equation.

Let C be a real value, and x and y be complex values. Eq. S1.10 contains the term in the form of exp [Czy]. We
can represent this term by a double Gaussian integral (a pair of the Gaussian integral formulas) with the form:

explCanl =exp | (540 + i )2

C c/ 1 1 i
=~ /dZRdZ] exp {2 (—2,212% - iz? +(x+y)zr +i(z — y)z[)]

1

¢ C 1 . _
0 /dszzI exp [2 (—22?3 — 52? +x(2r +1iz21) + y(zr — 1,21))] . (S1.11)

Because the integrand is an analytic function, we can change the contour of the path integral in the complex space so
that it includes the saddle-point solution. This contour integration produces the original value, exp [Czy]. Therefore,
zgr and zj are no longer real values but can be complex values.

When z and y are random variables, we can approximate the expectation of exp [Czy] by the saddle node solutions
when the constant C' is large:

C 1 1
[ vty exp Cayl dody ~exp [2 {—Qz;f — et g [ pleny) expla(ep +127) + y(eh — 157) dxdyH . (SL12)
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where z};, and 2] are the saddle-point solutions that extremize the contents of the braces {} in Eq. S1.12. These
solutions are given by the following self-consistent equations:
zp=(x+vy), (S1.13)
2] =iz —vy), (S1.14)

where the bracket () represents

oy = 4 P y)exp [p(zh +127) +y(ek — 127)] f (2, y) dady
(@) [ p(z,y) exp [x(z5 +iz2}) + y(z5 — iz})] dzdy (81.15)

We reiterate that for the saddle-point solution zj is derived from substituting the exponent by its Taylor expansion
around the minimum, i.e., f(z7) = f(2}) + 3 f"(2})(zr —i(z — y))*> + O((z1 — i(z — y))?), which in this case has an
imaginary value.

To obtain a more intuitive saddle-point solution, we can perform a change of variables

1 . R R
2} :5(4‘24-1%)7 2 zi(zR—lzI) (S1.16)
2h =21 + 25, 2] =i(z] — 23), (S1.17)

resulting in

C
/p(x,y) exp [Cxy] dedy =~ exp [2 {—zi‘z; + log/p(x, y) exp [zz] + yz3] d:cdy}] , (S1.18)
and
2 =), (51.19)
2y = (x) (51.20)

In summary, the process previously described consists of 1) introducing a pair of Gaussian integrals, 2) finding a
saddle-point solution, and 3) performing a change of variable to recover a solution in terms of expectations of the
original variables. We now repeat the process for the integral of the partition function.

(i) Gaussian integrals. First, we introduce Gaussian integrals by applying Eq. S1.11 to the quadratic terms

in the partition function. Using C = NBJy, xy_1 = % Zj Sju—1 and y, = f% > ;16 u, we obtain

exp | S2NBI) (5 Y i0) (5 Y1)

w .

= Hexp [Cxy—1Yu]

c\' C( 1 1
= <M> /HdM;dMu— exp [2 (—2(Mu+)2 = (M) @y (M +1My) + yu (M, — iM,j))} ,  (S1.21)

where M| and M, are real-valued integral variables. Similarly, using C' = INB2AJ? 2411 = & > Sju—15j,0-1

_ 1 io4
Yuw = 57 2_; 0i,ubi,v, we have

Y L N |
exp ;Nﬂ 5 (NZ 0i,ul€i,u> (ﬁzsj’u_lsjv“_l)

? J

= H exp [CTy—1,0—1Yu,v)

u>v
C t(t—1)/2 B C 1 1 B o o
= <47T) /}:[de;r,deu,v exp |:2 (2( ;r,v)z - i(Qu,v)Q + Iu—lﬂ)—l(Qer,v + lQu,v) + yu,v(Q;v - 1Qu,1))>:| s
(S1.22)
where Q;f’v and @), , are real values. Note that the products over u and v are performed over the range 1,...,¢ + 1.



With these double Gaussian integrals and defining dM = [[, dM,fdM,; and dQ =[], , dQ; ,dQ;, , we can rewrite
the partition function as

NBJ, tN QAJQt(t—l)/Q M+2 M_2
[Zt(g)].] :( B 0)(4(L7r)f(t+1)/2) /deQ exp [— NBJy Z M

u

+ )2 - )2
+ R .
. NﬁzAJQ Z (Qu,v) . (Qu,v) +10gz/dedeeé(sm,B}g)+Q(0,0,g) , (81.23)

u>v S1:t

where the remaining terms related to the random variable s and 8, 6 from the Gaussian integral can be separated
into the terms

(I)(SO:h 0, g) = Z (gi,u + ez,u) Si,u - Z IOg [2 COSh [ez,u]]

RN 7,

+ Z 92 (8i.ubiu —log[2cosh 6 ,]) + Z 95" (Siu_19iu — log [2cosh; ,,])

M} +iM; Qi ., +iQy
+ Zzu:ﬂjo%&,u_l +i;U,82AJ2wSi,u_18im_1, (8124)
A Mt —iM; -
Q(ev 0, g) = Z(ez,u - 5Hi,u - BJO%)lei,u
BQAJQ :h 2 2 2 Qj,v_i T:,U.A A
+55 Zu: (i0:0) +52A0 i;@ O, i — N(t+ 1) log (2], (S1.25)

Now, the next two steps for solving the integral is to find a saddle-point solution and perform a change of variables.
In the next section, we find that the solutions result in the order parameters of the system.

(ii) saddle-point integral solution. The exponent of the integrand above is proportional to N, making it
possible to evaluate the integral by steepest descent, giving the saddle-point solution as

- + 2 — 2
Zu(@)]; —exp H sy I @)y o Q) (@)

u>v

+1log ) / d0dGc®(0:+-0:8)+9(0.0.8) H : (S1.26)

S1:t

where the optimal values M(g), Q(g) are chosen to extremize (maximize or minimize) the quantity between the braces
{}. We introduced the dependence with g to denote the optimal values as the solution of M, Q will be different for
different values of g. As in the solutions in Eqs. S1.13 and S1.14, the solutions M, (g),Q; ,(g) and M, (g),Q, ,(g)

) u,v
are combinations of the average statistics of the variables of interest (multiplied by the imaginary unit for the latter).
(iii) Change of the variables. Having order parameters in this form can be cumbersome. We simplify them

to directly capture the average statistics of the system by performing a change of variables at the saddle-point solution
as exemplified in Eq. S1.16, resulting in:

1 (g) _ M7 (g) ZiMJ (g)’ 1 (g) _M;(g) —QiMJ(g), (S1.27)
pn(E) = wo(8) ZiQ;U(g>, oo (@) = ww(8) ;iQ;U(g)’ (51.28)
or equivalently
M (g) =mu-1(8) + tu(8), M, (g) =i(mu-1(g) — pu(g)), (51.29)
50(8) =qu—1,0-1(8) + pu,v(8), Quv(8) =1(qu-1,0-1(8) — Pu,u(8)), (51.30)

where now we expect all m(g), u(g), q(g), p(g) to be real-valued.



This results in

[Zt(g)]J = €exXp [{ - NBJO Z Mu(g)mu—l(g) - Nﬁ2AJ2 Z Pu,v (g)Qu—l,v—l(g)

u>v

+1log ) / d0dHe®(>0:+-0:8)+9(0.0.8) H (S1.31)

S1:t

where now m(g), u(g),a(g), p(g) are chosen to extremize the quantity between the braces. Also, we define the terms

(I)(SO:tv 07 g) = Z (gz,u + az,u) si,u - Z IOg [2 COSh ez,u] + Z gf (si,ugi,u - IOg [2 COSh gz,u])

i,u i,u iU

+ Z gf’" (Si,uflﬁi,u - 10g [2 cosh ﬁz,u]) + Z BJOFLU (g)si,ufl + Z ﬂzAJ2pu,v (g)si,uflsi,vfh

7,U R L, Uu>U
(S1.32)
0(6,0,8) = (i — BHi . — BIomu—1(g))ibi
+ FAT > (ié- )2+B2AJ2 > (£)i0; 4ib;., — N(t 4 1) log [27] (S1.33)
2 i 7,U = Gqu—1,0—1\8 z,utVi,v g . .
Note that the summation of uw or v related to the order parameters are performed over the range 1,...,¢t 4+ 1. Also

note that integration over disordered connections has removed couplings between units and replaced them with same-
unit temporal couplings p(g) and varying effective fields, which are also independent between units, resulting in a
mean-field solution where the activity of different spins is independent.

In the next section, we specify the conditions of the extrema, from which we find that some of the extrema are the
order parameters.

S1.2. Introduction of the order parameters

To obtain the values of the order parameters, we extremize the contents of the braces, finding

OlelZtels _py, (Z (i)~ Nmu<g>) “O ) = Xl (5130

Oput1(8) - i
dlog[Zi(g)l; A . 1 s
W —BJO <— zl: <10i7u>*,g — Nﬂu(g)> =0 ﬂu(g) = —N i <10Z7u>*,g , (81.35)
010g [Zt (g)]J Y 2 ‘ . _ N B l ‘ |
Opurtori(®) =B°AJ (; (SiuSi), g Nqu,v(g)> =0 que(®) = ; (SiuSin)y g (S1.36)

- 8
i

Olog[Zi(@)ly _g2p 2 (Z (ifiuibin) - Npu,v(g)> =0, pus(®) = %Z (ifiibi) ;o (813D)

where we define
S, [ d0dBf (e 08+ 0.8)
: S, [ d0dfc® (008106 0.8)
=1Z(8)5" ) / 06 f(-)e® (50408 +2B.0.8)~NBI) T, (B)mo 1 (8)~NF* AT Ty £ (@)u—1,0-1(8).

S1:t

(S1.38)

These equations are in concordance with Egs. S1.19, S1.20. Here, m(g), u(g), a(g), and p(g) provide the saddle-point
solution of the configurational average integral.



On the other hand, the configurational average of the generating functional holds relations similar to Eqs. 24, 25:

(ﬂg;fi)h = [<Sz’,u>gL : (S1.39)
m = [<3i7u3j,v>g]:l ; (S1.40)
where
(F()g =D F()p(so) exp [Z GiuSiu
+ Z 95 (Bsi,uhi,u — log [2cosh [Bh]]) + Z 95" (Bsiu—1h},, —log [2cosh [BR],]]) ] : (S1.41)

In addition, we have the following identities that will be helpful in eliminating spurious solutions

(w =5 ([(si)g], — [tramt i) ) (51.42)
N T

Note that the equations above are equal to zero for g = 0.

To derive the order parameters, we calculate the same partial derivatives using Eq. S1.31. The order parameter of
the system given by Eq. S1.39 is calculated directly as

01Z:(g)]y _

O (8)
8gi,u <Si7u>*7g + BJO ; “0g; . va—l(g) N ; <5j,v—1>*,g

a v, w
+52A']22pa;® NQU—l,w—l(g) - Z <3j,'u—13j,w—1>*7g

v J

r gy Yot ® (o) S 0000., | | 120,

v agi,u 5
= (Siu), ¢ [Z:(8)]5- (S1.44)
Similarly, we obtain
9Z(g)ly _ =
“oh =B (i) 1) ($1.45)
s [Zt(g)].]
D900y (Si,uSj)e g [Zt(8)]5 (S1.46)
PZi@s _s0/5 .5
O, WDH,y <19i,u19j,v>*’g [Z:(8)]5 (S1.47)

Here we should note that, as there is no coupling between units, for ¢ # j we have a factorized solution [(s; ;)] =
<Siausj7'u>*7g = <S7;7u>*,g <s.jﬂ]>*,g'



Finally, by comparing the above derivatives with Eqgs. S1.39, S1.40, S1.42, and S1.43 we obtain the order parameters:

m.u(g) = Z:(g)l;" Z [<si,u>g} . (S1.48)

0 (8) = 2@ 2 [(siusinly) (S1.49)
p(8) = [Zi@))5 " Y ({50, — |(Gamn [BReul)] ). (S1.50)

0 <Si,u>g 0 (tanh[ﬁhl;u})g
puﬁv(g)Z[Zt(g)]}lzﬂ‘l {aHML_[ T, L. (S1.51)

Note that, at g = 0, 1,(0) = p,(0) = 0. As well, notice that [Z;(0)]; = 1, retrieving activation rates and delayed
self-correlations as the order parameters of the system m,(0), gy »(0). Below, we will drop the parenthesis for the
order parameters at g = 0, referring to these quantities as my, gy.»-

Similarly, the forward and reverse entropy rates are calculated from the functions

5[259(?% _ Z ($i.u05,0 — log [2coshb,.,]), , [Z:(8)]
=3 [ (51— log[2cosh0:,), | . (S1.52)
9 [g;i%)]J = " {(siu-10iu — log[2coshd; ), , [Z:(g)];

_ Z [((siyu_lﬁm ~log[2 cosh 19i7u])>g} g (S1.53)

evaluated at g = 0.

S1.3. Mean-field solutions

After solving the saddle-point integral, we have the following expression for computing relevant quantities in the
system

Zi()l; = / d0dGe® (so1:0.8)+2(0.0.8) (S1.54)

S1:t

At this point, we want to remove the effective fields @ and effective conjugate fields 6. For this goal, (i) we first
remove the effective conjugate fields ] by recovering the delta functions from their integral forms. Then, (ii) we revert
the effective fields @ by removing the delta function. This results in the mean-field (factorized) generating functional,
from which we obtain the mean-field solutions of order parameters, conditional entropy, or entropy production.

(i) Removing effective conjugate fields = We first remove the conjugate fields by recovering a delta function.
We rewrite

2AJ? RPN
ﬂ 2 un—l,v—l(g)lei,uleiﬂ) B (8155)

u u,v

~ 1 A
69(9,978) — H m exXp Z(Ql’u — /BHl,u — ﬁJomu_l(g))IQLu +

defining gy—1,4u—1 = 1 and ¢u—1,4,—1 = Qu—1,u—1 to obtain a symmetric matrix. Note that the saddle-node solution
Eq. S1.36 was defined only for u > v.

We can remove the quadratic terms of € by applying N (¢ 4+ 1)-dimensional multivariate Gaussian integrals of the
form

1
o} T Kunuzy _

7%Zu_ﬂ Kuwzuzot o, , KuvTuze, (8156)

1
—— dze
v (2m)t K /



for x, = —ﬂAJiéZ—,u and K, , = qu-1,0-1(g). Similarly, we can remove the quadratic terms of 9 by applying N
univariate Gaussian integrals, obtaining

A 4 1 ~
Q(8,6,0) _ ] [
/d@e ( )_(27T)N(t+1) . /dadZP(Z)

+ €Xp [Z lé’Lu(H’Lu - ﬂHz',u - BJOmu—l) - 5AJZ Qu—l,v—l(g)iéz’,uzv

u,v

= H/dzp(z) H6 [0, — Bhiu(z)], (S1.57)

where z = (z1, ..., z41), and the distribution p(z) = N(0,X) is a multivariate Gaussian with zero mean and inverse
covariance 37! = q(g), and

Ri(2) =H; o + Jomu—1(8) + AT Y 2uqu—1.0-1(8), (S1.58)

We can simplify the expressions above into
R (&) =Hiu + Jomau-1(8) + AT, (S1.59)
with &, = >, Zoqu—1,0-1- Let & = (&1, ..., &+1), then it follows p(€) = N(0,q). Similarly, we can derive

i, u(fqul) ) u(Eu) + Hz [ Hi7u+1 = Hi,u + Jomu + AquJrl- (8160)

(ii) Removing effective fields ~ We now revert the effective fields 6; ,, to 8h; ., (2z) by removing the delta function,
which replaces the original 8h;, with the mean-field equivalent.
Introducing the equivalences in the previous sections, we have

P(s0:1,0.8) H exp Z Siu gz wt 91 u Z IOg [2 cosh 01,“] + Z ﬁsiﬂi*lff“vufl

+ ng (8iubiu —log[2coshb;,]) + ngr (Siu—19i 4 —log[2cosh?; ,]) |, (S1.61)
with
z aw—1 — Z JONu + Z 5AJ pu v( )si,v71~ (8162)
u>v

Note that for g = 0, Eitu,l terms disappear.
This leads us to the mean-field solution of the configurational average of the generating functional

Zi(e J—/dBZeq)(s‘”’ ’gl‘[/dsp 30 ) ISR

S1:t

_H Z /dﬁp €xXp [Zszu Giu +ﬁhzu fu ZIOg2COSh [ﬁhz u(gu)}

i Sl

+ Bsiu—1hiu—1+ > B9 siwhi () + 95 siu-1hu(Sutr))

- Z ( log [2cosh [Bh; . (&)]] — g2 log [2 cosh [/BE:’U(£M+1):|1|) ] . (S1.63)

The summation over UJE taken for the range from 1 to t. With & defined in the range v = 1,...,t 4 1, we can recover
the values of h; , and h;,, for all time steps.
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Similarly, statistical moments are obtained as

ofHZ/dep ) exp lst (i + Bl u(€u)) Zlogzcosh 87 (0)]

1 Si,1:t

+ Z /BSi,u—lﬁi,u—l + Z Bgs siuhi () + g5 Sz‘,u—lhi,u(fuﬂ))

= > (95108 [2cosh [BRi(€0)]] — g5 log [2cosh [BR] , (¢us1)]]) ] . (S1.64)

From this equation, we can derive the mean activation rate and the equal-time correlation of the ith unit. We note
that the diagonal of the covariance matrix of £ is equal to 1, hence we arrive at

(sialy = (550 = [ D tanh [GFcn(2)] (51.65)
[(si,usi,0)ly = (SiuSiw)y o = /ny(q“”v“*l) tanh [Bh; ()] tanh [Bh; ., (y)] (S1.66)
where
Dz =3 (S1.67)
z = e 2 R .
V2T
1 _2244y% 2qay
Day(@ = e 20-¢) (S1.68)

Finally, we obtain order parameters

M, :% Z [(siu)ly = % Z/thanh (B (H;u + Jomu—1 + AJ2)], (51.69)

1
Qu,v :N Zz: [<Si7u81 v J N Z/ny(qu b 1) tanh [6( i,u + JOmu 1 + AJ%)] tanh [6( 7,V + JOmv 1 + AJ:U)]
(S1.70)
Note that magnetizations m,, are independent of ¢, ,,. This is consistent with findings of the asymmetric SK model

lacking a spin-glass phase [25].

The conditional entropy results in
[Su|u—1]J = Z (si,ubi,u —log[2coshb;.]), o
= Z/ tanh /th u(gu)] ﬁﬁz,u(fu) — log [2 cosh [Bﬁz,u(fu)“ )

=— Z/ tanh B (Hiw + Jomu—1+ AJE)] B (Hiw + Jomy—1 + AJE)

—log [2cosh [B (Hiy + Jomyu—1 + AJTE,)]] )
S / D2 (8 (Hia + Jomu1) tanh [8 (Hi + Joma 1 + AJ2))

+ B2AJ?(1 — tanh® [ (H; ., + Jom,_1 + AJ2)])
—log[2cosh [B (H; + Jomy—1 + AJ2)]] ) (S1.71)
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Similarly, the reversed conditional entropy results in

(St :Z ((510-103 — log [2cosh 9u]),
=37 [ () e [5s-2(60)] 60 ~ 0 [2cosh [ 601)]])

=- Z/ tanh B (Hiu—1 + Jomu—z + AJEu_1)] (B (Hiu + Jomy + AquJrl)))
~ log [2cosh 3 (Hi, + Jomu, + AJéui1)]])
-y / Dz ((8H; + BJyrma) tanh [8 (Hi -+ Jyma > + AJ2))

+ /BQAJun,u_Q(l — tanh2 [/8 (H7;7u_1 + J()mu_Q + AJZ)])
—log [2cosh [ (H;y + Jomy, + AJ2)]] ) (S1.72)

where &,41 is decomposed as a conditional Gaussian distribution for a given &,_1 as ut1 = Quu—28u—1 +

1—¢2 ,_oCut1 where (y4+1 is a normalized Gaussian independent of &,_; and the term g, ,—2 the covariance
between variables.

Note that if the fields are constant H;, = ©;, the system will converge to a steady state with m, = m and ¢, , = ¢
the entropy production simplifies to

o]y =B2AT2(1 Z / Da(1 — tanh® [3 (©; + Jym + AJ=)]), (S1.73)

where m and ¢ are the steady-state solutions of Eqs. 5S1.69 and S1.70 respectively. Note that, since every g, , depends
only on m,, and m,, all g, , converges to the same solution ¢ under the steady state.
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Supplementary Note 2: Solution of the asynchronous asymmetric SK models

The kinetic Ising system is sometimes written in the form of a continuous-time master equation with an asyn-
chronous, stochastic update of spins [54]. Here we extend the discrete-time kinetic system with the synchronous
updates in Supplementary Note 1 to the continuous-time model with asynchronous updates. We find the dynami-
cal mean-field equation for the order parameters is effectively unchanged in the limit of long-term correlations, but
short-term correlations decay slowly and the steady-state entropy production rate requires slight modification from
the discrete counterpart.

First, we show that a system with (partially) asynchronous updates is equivalent to defining the time-dependent
fields as a doubly stochastic process using independent Bernoulli random variables, 7; ,, € {0, 1}, which restrict updates
of each spin ¢ only to the times in which 7; , = 1. Namely, we define a synchronous, discrete-time master equation

plsu) = Y p(su|Su—1)p(su-1) (S2.1)

Su—1

driven by the following transition probabilities with time-dependent stochastic fields:

€xXp [ﬂ51 uhv u]
=115 ST 2.2
P(Sulsu-1) 1:[ 2cosh [Bh; )’ (52.2)
hiw =Hiu + Z JijSju—1; (52.3)
J
Hiw =0 + (1 = Ti,u) Ksiu—1- (S2.4)

where 7; ,, are binary random variables independently following a Bernoulli distribution with rate o, i.e., p(7;, = 1) =
a. When 7; ,, = 1, the spin updates normally with the field ©; ,,. When 7, , = 0, the field is Ks;,_1, i.e., coupled to
the previous spin value with a strength K. If K is large, the current state is tightly coupled with the previous state.
This means that the spin state is unchanged from the previous state in the limit X — oo. In this limit, the transition
probability results in

P(Siu |Su—1) =TiwW(Siu [ Su—1) + (1 = Tiu)d [Siyus Siju—1] - (S2.5)
where w(s; | Su—1) Is a transition rate given by

exp [5sz,uhll7u]
2cosh [Bh},]

zu: ZU+ZJZJSJU 1- (827)

’LU(SZ',u | Sufl) = <S26)

We note that o = 1 recovers the synchronous update in Supplementary Note 1. However, for a small a (such that
Na < 1), only one spin can update at a time and the system becomes equivalent to a single-spin update dynamics.
Thus, we can model both the synchronous and asynchronous updates by these doubly-stochastic time-dependent
fields.

Since only one spin can be updated at each time-step for a small probability « with the transfer rate w(s; 4 | Su—1),
the master equation (equivalent to Eq. 7 in this condition) expected over 7, ,, is described as

p(su) = Z p(su | Sufl)p(sufl)

Su—1

=Pu—-1 Su + Z Su|su 1 p(su—l) _p(su—l |Su)pu—1(su))

Su—1

—pu_1(Su +QZ( (10| 8E0pu1(81) = w0(=si.0 [ u)pu1(5) ) (S2.8)

where the [l operator flips the sign of the i-th spin (therefore, s,,—1 = sq[f])7 and the second term in the equation
stands for the system’s probability flow. We now represent the discrete time steps u = 1,2, ... on the real-valued line
of the continuous time. We set the Bernoulli probability « (7; ., being 1) to be identical to the time resolution of the

discrete-time step in the continuous time. The starting time of the u-th bin is given by ¢t = (u — 1)a. This condition
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means that the time ¢ is equivalent to the expected number of the spin updates up to the u-th bin. Note that ¢ stands
for the continuous time and should not be taken as the last discrete-time step that we use in the subscript of the
variables. In the limit o — 0, the system is equivalent to a continuous time description for the new time variable ¢:

WED 5™ (s | $)p(s,1) — (s, [ 8)pls. 1) (529

i
This formulation leads to the definition of the entropy change as

do*s(t)
dt

-2 ;ms, 1) log p(s, 1)
Ly, p(s, 1)
=— Z > (s,t) — Z —0

S

= Z dp (s, 1) (S2.10)

Using Eq. S2.9, the entropy change is further written as

WO 3 (i $plsl, 1) — s [s)pts, 1)) og (s, 1)

s %

w(si [sp(s7,6) — w(=si | )p(s, 1)) log p(s, 1
w(=sq|8)p(s,t) = w(si |s")p(s", 1)) logp(s, ¥

".0)
w(s; | sp(st, t) — ) log p(s, t)
1)

log p(s (2 ,1)
i gli]
1 o (s, 1)
_1 sl p(sli) #) — w(—s. log 25 Y 2.11
5 XS:Z: (U}(Sl |S )p(S 7t) ’U]( Si | s)p(S,t)) 0og p(S,t) (S )

To obtain the third equality, we applied the change of variables from s to sl in the second term, which makes s, into
—s;. We then reverted the summation over 7 and sl to s and i since both sum all the states and flipping to obtain the
fourth equality. From this form, the entropy change can be decomposed into an entropy production rate and entropy
flow rate terms as follows [39]:

szs . w\S; y SH?
d ZZ( S; |s[Z s[’],t)—w(—3i|S)P(Sat)) log L t;f)

w(—si|s)p(s,

Entropy production rate
)p(stl, 1) — w(—s; w(=si|s)
¥z ZZ( si |sMp(st 1) — w(—s; |s)p(s, )) log (52.12)

Entropy flow

Thus, we define the continuous-time steady-state entropy production rate as:

iy, (i w(si | s)p(st, t)
ZZ( s [8)p(st, ) — w(-s: | $)p(s, 1)) log oo, T8Ip(e D

_ w(s; | sip(sll,
_ZZ (51 |s)p(s, 1) Tog Iﬁ(_lﬁg;(sj;)_ (52.13)
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S2.1. Generating functional

Knowing that we obtain the continuous-time asynchronous updates in the limit of @« — 0 and K — oo, in what
follows, we will derive the order parameters and entropy production rate with the asynchronous updates in continuous-
time by first augmenting the generating functional defined in the discrete-time steps using the doubly stochastic fields
and then applying these limits.

Given the augmented fields (Eq. S2.4), the effective field (Eq. S1.59) in the thermodynamic limit is decomposed as

(1)

iu(&u) = Tiwh i, wu) + (L= U> (&5) (52.14)

where
Elg(fu) =0 iu Tt Jomy—1 + Aqu, (82.15)
Eoz(fu) = <Si,u—1 + % (ez,u + J()mu_1 + AJ&J) . (8216)

Given that K is large, we can approximate h(o)(éu) ~ Ks;,—1 because the remaining two terms become negligible
for calculating the spin update. Thus we have

El u(gu) ~ T uhg 13(§u) + (1 - Ti,u)KSi,u—l- (S2'17)

for large K.

Using the aforementioned Ei7u(§u), the system averaged over variables 7; ,, is now described by the following con-
figurational average of a generating functional:

@l-=]]> Z/dgp Ti v exp[st Giou + Bhiu(Eu)) Zlogzcosh [Bhi,u(6u)]

1 Si, 1t Ti,l:it

+> B siuhiu(€) + 95 siu-1Dy,(Eurr))

= > (95108 [2cosh [Bhiu(€)]] — 95" log [2cosh [BR] , (€us1)] ) ] . (52.18)

The order parameters will be obtained similarly as in the general solution with additional averaging over the
Bernoulli random variables. To simplify further steps, we will consider the configurational average of the mean and
delayed correlation of N individual spins:

. 0Zi(g)lar
i =[] = iy A2 (B

=3 plrire) / Dz tanh [6;(2)] | (52.19)

Ti,1:t
Giuw =[(Siusiv)]y . = lim PlZ@lr _ > p(rina) / Day®=1=1) tanh [Bh; . (z)] tanh [Bhi, (y)],  (S2.20)
w ’ ' J’ gﬁ)o 891 Uagl v Ti1: o ’ ' ’
which constitute the order parameters

1
=¥ Z Mty (S2.21)

1
Qu,v :N Xi:(h’,u,v- (S222)

More specifically, since the order parameters m,, and g, , are given by the expectations over the independent random
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variables 7; ,, ~ Bernoulli(«), we further separate m; u, ¢; u,» into the cases where 7; ,, 75, are updated or not:

E Tzu
m'L/LLi pT'L’U.

Ti,u

Zp(mu)/Dz tanh [B ( i u)(fu)} ) (S2.23)

Tiu

Qiup = Z p(Ti,u)p(Tiw)q:luulev

Ti,usTi,v

S pra)p(Ti) / Dary @10~ tanh [ﬁh ) (g )] tanh [Bh(T” (y )}, (S2.24)

Ti,u>Ti,v

0

where Mg, = Miu—1 and qZ ww = Qiu—1,0-1-

Mean activation rate order parameter

First, we look into the mean activation rate. Since p(7; ., = 1) = a, the expectation of this order parameter by 7
is given by

1
my = Z / Dztanh [8(0; 4 + Jomu—1 + AJ2)] + (1 — a)my—1, (S2.25)

where we assumed K — oo to obtain the second term. The above equation gives the dynamical mean-field equation in
the discrete time steps. We now represent the discrete time steps u = 1,2, ... on the real-valued line of the continuous
time using ¢ = (u — 1)a. By representing the mean activation rate at the u — 1th bin by m(¢), i.e., m(t) = my_1, the
equation above is described as:

(0%

m(t +a) —m(t) :% Z/Dz tanh [3 (©;(t(+Jom(t) + AJz)] — m(t) (52.26)

Hence, we obtain the following differential equation in the limit of a — 0:

d%t) =-mt)+ % Z / Dz tanh [5(©i(t) + Jom(t) + AJ2)]. (S2.27)

Note that Eqs. S2.25 converges to the same formula given by Eq. S1.69 when the magnetic fields are equal to ©; ,,.

Delayed self-correlation order parameter

Next, we compute the order parameter of the delayed self-correlation. We can simplify the decomposition of g; y .
in two steps as:

i Z a5 up(Tiw) (S2.28)
Gy = Z a7 p(Ti), (52.29)
Ti,u

where the variable qz Zu”v captures the marginal order parameter when we know 7; ,, , i.e., if the spin at time v has been
updated or not, regardless of whether the spin at time u has been updated or not. ¢; ;™"
given that we know both the update occurred at v and v.

We can decompose ¢; ., into the two cases, where spin v is or is not updated:

is the order parameter

di,u,v :(1 - a)q?,u,v + aqil,u,lﬂ
:(1 - a)qiﬂhv*l + aqil,u,v‘ (8230)



16

Here we used the equivalence q?,uw = @iuv—1 under K — oo because, if the spin at time v is not updated, it takes
the value of the spin at the previous time v — 1, at which we do not know if the spin is updated or not. We then
calculate the other variable ¢; , ,, in terms of the updates of u and v:

1 0,1 1,1
4 uv *(1 - a)qi,u,v + aqi,u,v

=(1- oz)qi{u_lw 4+ a / ny(q“‘lv“‘l) tanh [8 (0, 4 + Jomy—1 + AJx)] tanh [3 (0, , + Jomy—1 + AJYy)].
(S2.31)

Here we used qg ﬁ,v = q},u_l,v for the same reason previously mentioned, applied at time wu. qily’ul’v is the self-delayed
correlation g; 4, as in Eq. S2.20 with H; , = ©;, and H;, = 0;, because the spin was updated at these time steps
with correlation between effective fields ¢,—1,,—1, and there are no constraints from the previous spins.

Similarly to the mean activation rate, in the small o — 0 limit, with ¢ = a(u — 1), t = a(v — 1), the previous
equations lead to

dqzilttlyt) — _ Qi<t/,t) + qll (tl,t)7 (8232)
7dqi§z’ t) =—q(t't)+ /ny(qw’t)) tanh [3 (©;(t') + Jom(t") + AJz)] tanh [3 (0;(t) + Jom(t) + AJy)], (S2.33)

The equations above are solved iteratively with boundary conditions:
qz(tv t) :q11 (ta t)7 = 17
q; (t/a t) :ql(t7 t/)a
Qil (tlv t) :qil (t’ t/)a
t'>0,t>0. (52.34)

Similar boundary conditions apply for the discrete time description in u,v. The delayed self-correlation order param-
eter ¢(t',t) is obtained as the average of ¢;(¢',t) over the spins. Similarly to the mean activation rate, the delayed
self-correlation converges to Eq. S1.70 obtained under the synchronous update.

Long-range limit
Assuming a time-independent ©; , (= ©;), we can calculate the convergence values of g; ., in two steps, separating

the dynamics in v and the dynamics in v. First, from Eq. S2.31, it is easy to see that, knowing g, —1,,—1 for all values
of u and a fixed v, the convergence point for u > v will be

Giroow = M G0
T u—oo0 7
= lim [ Dzy@-1v-1) tanh [ (©; + Jomu_1 + AJz)| tanh [3 (©; + Jom_1 + AJy)], (52.35)

or, in continuous time

qi (00, 1) Etlim Dzy'9".) tanh [ (©; + Jom(t') + AJz)] tanh [8(0; + Jom(t) + AJy)]. (52.36)
=00
Now we can solve the dynamics in v independently to u, writing Eq. S2.30 for u > v as
qi,00,v :(1 - a)Qi,oo,vfl + aq7;1,0071;7 (8237)
as well as its continuous-time equivalent
dg;(oco,t
4D gy(o0,1) + 4l (00.1). (52.39)

If we assume a starting point ¢; -, for a given v, then we find that ¢; o, converges for a large v (still under v > v)
to

— 1 I 1 1
i 00,00 :vll?élo Qi o0 = Ulggo i, 00,0

= lim lim [ Day(@ 1= tanh [3(0; + Jomy_1 + AJz)] tanh [ (0; + Jomy_1 + AJy)]. (52.39)
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1.0 — q'(t+4d,t)
— q(t+d,t)
0.91 q(o0,t)
708
0.7
0.61
0 2 4 6 8 10
d

FIG. S1. Result of simulating Eq. $2.32,52.33 to calculate q(t 4 d,t) (blue line) and ¢' (¢t + d,t) (purple line) for 0 < d < 10
with & = 0.01, 8 =2, 0;,, =0, Jo =1, and AJ = 0.5. We also calculated the long range limit using Eq. S2.40 (dashed orange
line). We observe that both variables converge for large d to the result given by Eq. S2.40. In addition, we find that while
q'(t + d,t) decays smoothly, ¢(t + d,t) has a discontinuity at d = 0 since q(¢,t) = 1.

Similarly, we define the continuous-time equivalent function
1 1
¢i(00,00) = lim g;(c0,t) = lim g; (c0,1)

= Jim lim_ Day @) tanh [5 (0; + Jom(t') + AJz)] tanh [ (©; + Jom(t) + AJy)]. (S2.40)
Note that Eqs. S2.27, S2.40 converge to the same values as Egs. S1.69, S1.70 when the magnetic fields are equal to
©;, proving that the synchronous and asynchronous asymmetric SK models have identical solutions for their order
parameters.

In Fig. S1, we numerically confirmed our theoretical result by simulating an exemplary dynamics of the self-
correlation order parameters in the continuous-time domain. The procedure is as follows. We select an Euler step
of @ = 0.01 and an initial values of ¢;(#’,0) = 6 [d]. Given ¢} (0,0) = 1, we computed a forward pass of the values of
qi(d,0) for larger values of d (d > 0), using Eq. $2.33. Then, given ¢’ = ¢ +d we calculated one Euler step of Eq. $2.32
in ¢, updating the value of ¢;(t +d, t) for all values of d. We iterated the above procedure until the function g;(t+d, t)
and g} (t + d,t) converge to fixed values. We confirmed that the convergence value of the process was the same one as
directly calculating ¢; (00, 00).

Entropy production

Assume that time-constant fields ©;, i.e., the fields H;,, = ©; + (1 — 7;,4,)Ks; ,—1 are stochastic processes driven
by time-independent 7; ,. In this case the average difference of the forward and reverse entropy rates in Eqgs. S1.71,
S1.72 converges to:

(Oular= > PEIP(Tur) (Suuo1 = Sy

Tu,Tu—1

> p(ru) <B2AJ2(1 — Guu—2) Z / Dz(1 — tanh?® [8 (H; , + Jom,—1 + AJZ)])) , (S2.41)

Tu

for the steady-state values of m,_1 and ¢y ,—2 (independent of u).

For asynchronous updates in a steady state, non-zero contributions to the entropy production at spin ¢ only occur
during spin updates, i.e., 7;, = 1 occurring with a probability o (we can see this in the equation above where
the tanh? [ (H; ., + Jom + AJz)] term becomes equal to 1 when 7;,, = 0). This leads to the steady-state entropy
production value of

[ouly + =aB2AT* (1 — quu—2) Z / Dz(1 — tanh? [3 (©; 4+ Jom,, + AJ2)]). (52.42)
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In the continuous-time limit v — 0, with a change of variables ¢ = (u — 1)«, we have the entropy production rate
defined in continuous time:

[d(;it)} .. = Ol(lg}) BEAT?(1 — q(t + o, t — @) ZZ: / Dz(1 — tanh? [B(©; + Jom(t) + AJz)]). (S2.43)

Note that due to the discontinuity of ¢(t + d,t) (or ¢(t + d,t — d) equivalently), the limit in d — 0 is different from
q(t,t) =1 (see Fig. S1). This property, limg—0q(t+d,t —d) < 1, guarantees that the entropy production rate can be
non-zero for the adequate parameters.
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Supplementary Note 3: Ferromagnetic critical phase transition in the infinite kinetic Ising model with
Gaussian couplings and uniform weights

We define a kinetic Ising network of infinite size under synchronous updates (o = 1), with random fields H; ,, =
H;, where H; are uniformly distributed following U(—AH,AH), and couplings J;; follow a Gaussian distribution
N 50).

As we have found that the asymmetric SK model with arbitrary fields follows a mean-field solution, calculating the
effects of disorder in the fields becomes easier, as we can approximate the update equations of the order parameters
in the thermodynamic limit N — oo as an integral with a large number of units:

1 1 AH
My = % Miw =575 /_AH dh/ ztanh [B (h + Jomy—1 + AJz)]

cosh [B (AH + Jymy—1 + AJz)]

1
:W /DZ log cosh [B (—AH + Jym,_1 + AJz)] (S3.1)

Similarly, the delayed self-correlation parameter:

1 1 AH
== Riiuw =517 Dzy(%u-12-1) tanh 4A h 14A
Qu,v N : Riiww SAH /_AH dh/ Ty tanh [8 (h + Jomy—1 + AJx)] tanh [ (h + Jomy—1 + AJy)]

1 (e2H'U,yB + e2,BHu,m) e 28AH | o28Hy o o2BAH | (28H,,
=1+ ny(Q1L—l,1z—l) log
2BAH (e28Hoy — e2BHu) e2BAH | o2BH.,. o—2BAH 4 o2BH,,
(S3.2)
with Hy o = Jomy—1 + AJz and H, y = Jom,—1 + AJy.
In the zero-temperature limit, 8 — oo, these expressions have the following forms:
1
My “2AH /Dz (IAH + Jomy—1 + AJz| — |[-AH + Jomy—1 + AJz|), (S3.3)
1 .
Qu,o =1+ SBAH /Dmy(q“_l’“_l)SIgn [(Hyy — Hyq B<|AH +Hy| = |AH — Hy o| — [AH + H, | + |AH — Hv7y|>-

(S3.4)

Finally, the normalized conditional entropy in the thermodynamic limit and normalized reversed conditional entropy
are given as

1 1 A 2 2 2
{NSU,HL TN [AH dh/Dz(ﬂ AJ*(1 — tanh? [B (h + Jomu_1 + AJz)))

+ Bhtanh [8 (h + Jomy_1 + AJz)] — log [2cosh [B (h + Jomy,—1 + AJZ)]] ) + BJomy M1
:wﬁ /Dz (52AJ2 tanh [5 (AH + Jomy—1 + AJz)] — tanh [8 (—AH + Jymy—1 + AJ2)])
* Qﬁﬁ (¢ (BAH, BJymu-y + BATZ)) = ¢ (~BAH, Bomy 1 + BATZ)) ) + Blomuma 1, (53.5)

and

<[] ZI/AH dh/Dz(q B2AJ2(1 — tanh? B (h + Jomu_s + AJ2)])
N ulu—1 3 IAH Al u,u—2 07Ty —2

—log[2cosh [B (h + Jomy + AJZ)]] )) + BJoMy—_ 1M1
:25%117 /Dz (BQAJ2qu,u_2(tanh [B(AH + Jymy—2 + AJz)] — tanh [8 (—AH + Jomy—o + AJz)])

+

5 BlA — (9 (BAH, BJomy + BAJ2)) = o (~BAH, BJom, + BAJZ))) + BJoMu—1murt,  (S3.6)
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where we define
¢ (hyw) = hlog [l + exp [2h + 2w]] 4 Liz [— exp [2h + 2w]] + hw (S3.7)

with Lis [z] being the polylogarithm function.

S3.1. Critical points

Assuming a nonequilibrium steady state in which m, = m,_1 = m, we obtain the critical point of the system by
computing the non-zero solutions of the first order Taylor expansion around m = 0 of the right-hand part of Eq. S3.1,

1 cosh [B (AH + AJz))
M EoOBAH / Dzlog T~ Al + AJ2)]

+ wﬁ / Dz (tanh [3 (AH + AJz)] — tanh [3 (-AH + AJz)]) BJom

1
N /Dz tanh [3 (AH + AJz)] Jom. (S3.8)

This equation yields the self-consistent equation whose solution gives the critical inverse temperature, j3.:

AH

—— = [ Dztanh[5 (AH + AJz)]. (53.9)
0

In the special case where AH = 0, the expansion around m = 0 results in
m %/Dz tanh [3 (AJz)] + /Dz (1 — tanh® [8 (AJ2)]) BJom
= / Dz (1 — tanh® [3 (AJz)]) BJom. (S3.10)
The critical value . is given by the solution of the equation,

1 2
G /Dz (1 —tanh® [8 (AJ2)]). (S3.11)

Similarly, we can find the critical value of AJ at the limit of zero temperature by solving the equation in the 8 — oo
limit:

1
E/Dz sign [(AH + AJz)| Jo = 1. (S3.12)

S3.2. Critical exponents

We can characterize critical exponents of the system using the normalized inverse temperature 7 = _8 gﬁ <. We

first note that the first order Taylor expansion of the following term around the critical g, yields

ﬁ /Dz tanh [8 (AH + AJ2)] Jo ~1 + ﬁ / Dz (1 — tanh? (B, (AH + AJ2))) (AH + AJz) Jo (8 — B)
—1—K'(B—B.). (53.13)

We also note that the value of m around = . with the third order Taylor expansion is given as

m %ﬁ /Dz tanh [8 (AH + AJz)] Jom
1

36AH

=(1=K'(B—B))ym—K"m?, (S3.14)

/ Dz tanh [ (AH + AJ2)] {1 — tanh? [ (AH + AJ2)]} (8Jom)’
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from which we obtain

Nl

m o< (B — fe) (S3.15)

Thus we have a critical exponent %, which is consistent with the scaling exponent of the order parameter of the

mean-field universality class typically denoted by the symbol ‘5’ in the literature.
Similarly, we can compute the susceptibility to a uniform magnetic field B added on top of H;, having that

om 1 om
_L/D {tanh [8 (AH + AT} (14527 (93.16)
T AH Ztat ¥ 9B |p=0)" ’
which evaluated at the limit 7 — 0 results in

om 1 om
= =1-K7)(=+= 1
9B oo~ 17 HT) (Jo * 8B) ’ (83.17)
om 1-K'r 1
0Blp= 7 =n (83.18)

retrieving the v = 1 exponent that is consistent with the mean-field universality class.

Note that these critical exponents, corresponding to the mean-field universality class, are also the same found in
the order-disorder phase transition of the equilibrium SK model [12]. Note that the spin-glass phase, not present for
asymmetric couplings, has different exponents and does not correspond to this universality class [52]).
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Supplementary Note 4: Comparison with the equilibrium SK model

To illustrate distinct behaviors between the symmetric and asymmetric SK models, we compare the order parameters
of the asymmetric SK model with those of its equilibrium counterparts. We use the replica-symmetric solution of
the model [12], which becomes unstable for the spin-glass phase but still yields an approximate phase diagram of the
system. Figure S2 displays the phase diagram of the order parameters of an equilibrium SK model, which is equivalent
to that of the nonequilibrium SK model in the main text shown in Fig. 2.
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FIG. S2. Order parameters of the equilibrium SK model with zero fields. An approximate solution of the model with
symmetric couplings is calculated under the replica-symmetry assumption [12]. The average magnetization m and the average
delayed self-coupling ¢ are shown for a model with fixed parameters Jo = 1, AH = 0 and variable AJ and . The dashed line
represents the critical line separating disordered (left), ordered (bottom-right) and spin-glass (top-right) phases.
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Supplementary Note 5: Convergence times

Spin glasses show a particular slow decay functions, which converge non-exponentially following a non-trivial slow
function [65]. This finding is replicated in models like the equilibrium SK model [54, 66]. To refute the existence of a
spin-glass phase with such slow non-exponential decay, we simulated the convergence of the average magnetization as
the dynamics reaches a nonequilibrium steady state. Using the critical inverse temperature 3. for AJ = 0.2, AH = 0,
we use 11 values of AJ uniformly distributed in the interval [0.19,0.21]. In Fig. S3, we observe, at the critical value
(AJ = 0.2, black line), the convergence of magnetization follows a power law, as expected. Conversely, both the
ordered and disordered phases (AJ < 0.2, dotted line, AJ > 0.2, dashed line) converge as exponential functions. The
figure is calculated for o = 1, but the behavior is similar for all a. These results confirm that the disordered phase is
not a spin-glass phase, as spin glasses show a non-exponential slow decay characterized by a non-trivial function.
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FIG. S3. Convergence time. Convergence times of the average-rate order parameter m,, to its stationary state value m at
the critical point (black), ordered phase (dotted line) and disordered phase (dashed line) for a semilog (a) and log-log scales
(b). All lines show an exponential decay, except for the system at criticality, which shows a power-law decay. We can know
that the disordered phase is not a spin-glass phase due to the exponential decay.
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Supplementary Note 6: Numerical simulations

To verify our theoretical solutions of the order parameters and entropy production obtained under the configurational
average, we ran numerical simulations of the kinetic Ising systems with synchronous and asynchronous updates for
many random realizations of the model parameters. Here we explain how we performed the numerical simulations
and calculated the statistics from the sample trajectories.

First, we constructed a fully asymmetric kinetic Ising system of size N with random couplings. The elements J;;
of the coupling matrix J were randomly sampled from independent Gaussian distributions, J;; ~ N (%, %) We
simulated trajectories of t = 27 steps for synchronous updates and T = 27N steps for asynchronous updates (see in
the following) for 101 values of the inverse temperature 8 in the range [0,4]. For each system with size N, we run
the simulations using R = 400,000 random configurations of the matrix J, and we further repeated the process for
different system sizes.

In the simulation, we updated each spin in accordance to the transition probability:

Y [/Bsi,uhi,u}
~ 2cosh [Bh;]

hiw =0; + Z JijSju—1- (56.2)

J

p(si,u I Su—l) (861)

For the Ising systems with synchronous updates, we simultaneously updated all spins at each time step, which is
equivalent to setting @ = 1 in Eq. 34. For asynchronous updates, we randomly selected a single spin at each time
step and updated the selected spin using the above equation to capture the behavior of the system in the continuous
time limit with @ — 0 and K — oo. In this time limit, updates will be infrequent and only one spin is updated at
a time. That is, most of the time 7; ,, = 0. However, for computational efficiency we only simulated the steps where
a spin is updated with 7;,, = 1 (a random event happening with probability N«). Thus, ¢ steps of the system with
synchronous updates in Eq. 34 with o — 0 corresponds to 7" steps in our simulation, where T is a stochastic variable
corresponding to a Binomial distribution B(Nt,a) (which in the limit « — 0 is equivalent to a Poisson distribution
Pois(Nta)). To make the behavior of the synchronous and asynchronous system have equivalent speeds, we choose
to use t = 27 for the synchronous system, and T = 2°N for the asynchronous systems, approximately corresponding
to t = 27 /a. This guarantees that we have a total of 27N individual spin updates for both systems.

Next, we computed the order parameters and entropy production at a steady state from the sample trajectories as
follows. We calculated the steady-state average activation rate from the last time step ¢ of the sample trajectories as:

=5 S lsily. (563

where (-); is an average over the R configurations of J. The last time step ¢ is ¢ = 27 for the synchronous updates
and é27 for asynchronous updates (corresponding to 27N updates in our simulation) and large enough to make the
systems reach the steady state.

We computed the steady-state delayed self-correlation from the samples in a similar way. For the synchronous Ising
systems, it was computed as:

.1
q= N Z <si,tsi,t,1>.] 5 (864)

i

with = 1 whereas in the asynchronous Ising model we used
1
7=+ 21: [(siesie—a)ly - (56.5)

with d = 10/« (with ¢ — d corresponding to the point 7" — 10N in our simulation) to obtain the delayed correlation
of the spin states between two distant time points (i.e., a long-range correlation).
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FIG. S4. Verification of the exact mean-field solutions by simulating the kinetic Ising systems. We repeated the
simulations for systems of size N = 32,64, 128,256, 512, 1024 with synchronous (top) and asynchronous (bottom) updates with
O;,u = 0and AJ = 1. (a,d) Sampling estimation of the mean activation rate m compared with the theoretical order parameter m
(black lines). (b,e) Sampling estimation of the average delayed self-correlations § compared with the theoretical order parameter
g (black lines). (c,f) Sampling estimation of the entropy production and entropy production rate &, lima—0 é(? computed from
the sample trajectories (Eq. $6.6, S6.7) compared with its mean-field value at the thermodynamic limit & [o];, & [%2] I
(black lines, Eqgs. 54,58).

Finally, we calculated the steady-state entropy production from the samples using
~ p(sizt|si—1)
o =« log
! [<Z p(si =1 | St) >
J,T

<§ @ Szt Sit—1 +§ Jz] SitSjt—1 — Sit— lsjt)

ij

—log(2 cosh(©; + Z Jijsji—1)) + log(2 cosh(©; + Z JijSjt) > . (S6.6)
J J, T

The steady-state entropy production of the synchronous update is obtained by setting o = 1 and effectively removing

the average over 7. Note in our results we normalize this entropy production by the number of spins N to make it

independent of the system size.

The steady-state entropy rate for the asynchronous updates is given by lim,_,¢ 7;/c, to make it independent of the
update rate a:

.1
lim —o, = E Oi(sit — Sit—1) + E JZJ SitSjt—1 — Sit— 1sjt)
a—0

j

- 10g(2 COSh(@i + Z Jiijﬁtfl)) + 10g(2 COSh(@i + Z Jijsj,t))> . (867)
J J J,T

Similarly to the synchronous case, we normalize this entropy production rate by the number of spins N to make it
independent of the system size.

To verify our exact mean-field solutions, we simulated networks of different sizes with synchronous and asynchronous
updates for the parameters ©;, = 0 and AJ = 0.5 (Fig. 4) or AJ = 1 (Fig. S4). These results corroborate our
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theoretical predictions and confirm that the steady-state entropy production peaks at the phase transitions and
increases when the significantly heterogeneous system approaches the quasi-deterministic regimes.
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Supplementary Note 7: Dynamic patterns

To characterize the complexity of the spin kinetics, we count the number of states that returns to themselves after
a number of transition steps with different lengths for a large but finite size system under steady state. We describe
this probability as

o = p(su = Sutn,Su 7 Sutn—1,5u 7 Sufn—2; -+ ) (871)
We will assume the synchronous Ising system with any n, or the asynchronous Ising system with large n, so the order

parameters converge to their long-range values m, gq.
Given this probability distribution, we can calculate the average transition length as

> nat. (S7.2)

A transition length of 1 results in a static pattern, where the same pattern appears consecutively. A transition length
longer than 1 indicates that the dynamics exhibits a cyclic pattern on average. For simplicity, we assume that there
are no fields ©; , = 0. Also, under steady state for the configurational average, the self-correlations are uniform across
elements, having [(s; uSi )] = ¢

S7.1. The proportion of patterns with length n

The proportion for the patterns with an arbitrary length n is obtained as follows. First, we note that by using a
Kronecker delta d[s,,, S,—k], it can be written as

Q) = ZP(SO:t)a[Sua Su—n] ]f[ (1 - 6[5“’ s“_k])
k=1

_gn-1) _ g, (S7.3)
) — Zp(so:t) H(l — [Su,Su—k])- (S7.4)
S0:¢ k=1

Here, Q") is the probability of observing n — 1 patterns different from s,, during consecutive state updates and finally
observing s, at the n-th step. In turn, U(™) is the probability of just observing n patterns different from s, during n
state updates. Both Q™) and W(™) are probability distributions that meet 00 Q™ =1 and 300 W™ = 1. This
is guaranteed by defining Q) =1 — () 5o that > Q) =1 — (> =1 (as the probability W(°*) converges to
7€ero).

We can expand U(") as:

o) zl—ZAk+ZAk,l— Z Agim+ ...,

k k<l k<l<m
Ak,l,m,... = ZP(SO:t)(s[sua su,k]é[su, Su,l](S[Su, Sufm] e (875)
So0:t
In steady state, the product of §[S,, Sy—r]d[Su, Su—1]0[Su,Su—m] -+ for any set of k # [ # m--- results in the same

value. This simplifies the previous equation to

g :f: (Z) (—1)FA®), (S7.6)

AR =TT 6lsu. su-r]. (S7.7)
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Using d[su, su—k] = [[; Hg’“%, the configurational average of A(™ becomes

S0:t k=11i=1

1 B n
:2nN < H 1+Szu51u k)>‘|
% J, T

k=1
) -
= 2nN ]

1 N
:2nN <H Z ( ) Sz u S’L,’M7Z'1 Siu—io " Siu—iy >] 3 <S78)
J

=1 k=0

A(”) _ uap 1+Szuszu k
P Dy et
J, T

=

I
-

,':]z

(14 siusiu—1)(1+ SiuSiu—2) - (1+ Szuszu—n)>‘|
J, T

)

ﬁ
Il
-

\T

where {i1,i,...,i} are the set of k indices chosen form 1,...,n. Since s; 48;. = 1, (s;,)" is 1 when k is even and
8;,» When k is an odd number. It can be summarized as

(si0)" = ———— +siu (S7.9)

Using this equation, we obtain

N (0 (14 (=1)F 1— (1%
1 & /n 1+ (=1)k k 1 (—1)k k
:2nN HZ (k) # [<H Si,ui,> + (f) [<527u Hsi,uiz>‘| . (S7.10)
’ =1 T =1 I

The expression above is difficult to compute in general without resorting to extra assumptions, but we can illustrate
its behavior for small pattern lengths.
The proportion of static patterns (1-periodic) in the system in steady state (in large ¢ limit) can be calculated as

oM =1 —g® = Zp(so:t)fs[suvsu*l]

S0:t

= p(so:) H% (S7.11)

S0:¢

The configurational average of the proportion is

[Q(”L’T - (iq)N (S7.12)

That is, for ¢ = 1 (e.g., AJ =0 and 8 — o), the system will display only static patterns.
The proportion of 2-periodic patterns can be calculated as

0 =00 — W =" p(s0.)6[su, Su—2)(1 — I[su, Su—1])

So:t

_ Zp Sout H 1+ Sigsi,u—Q <1 _ H 14 Si,;si,u—1> ) (S7.13)

S0:t A

o], (0 (152)) <o), (1= (3220)") (5714
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FIG. S5. Correlated activity in the configurational average, captured by spin covariances g —m?. We observe that spins become

independent both in the disordered phase and in the deep ordered phase.

Similarly, the proportion of 3-periodic patterns is

0B =g® _g® = ZP(SO;t)5[Su, Su—3](1 — d[Su, Su—1])(1 — 0[Su,Su—2]))

S0:t
- ZP(So:t) H 1F Siudiu-3 Si’gsi’ufg <1 — H 1H Siusiu-1 szsszu1> (1 - H 1 SiuSiu—2 si’;si’u2> , (S7.15)

i

S0:t %

N @\
0] g (mq)u(l;%) o (Ll )

N
14+3¢\"  [1+6g+p®
_ oW N qt+pr”
[Q ]J,-r (1 2(2+2q> +< 4+ 4q ’ (S7.16)

= [($i,uSi,u—1Si,u—2)], which can be calculated as a three-dimensional Gaussian integral

where p§3>

3
o =5 3 [ 9 T] tanh [5Fc o). (s7.17)
i 7=0

u

S7.2. Expected cycle length in the disordered and deep-ordered phases

As shown in Fig. S5, the system in steady state exhibits uncorrelated dynamics across the time steps (¢ —m? =0
at the disordered phase (AJ(B8) > AJ°(S)) and at the limit of 5 — oo in the ordered phase (AJ(5) < AJ(B)).
We call the latter the deep ordered phase. For the uncorrelated dynamics, the configurational averages of spins in

Eq. S7.10 are given by the product of m, which results in

A _ 1 " /n 1+(—1)kmk 17(71)’€m,€+1 N
0, e (35 (2) (2 2 )

k=0
N
ZQ%N (;((1 +m)" + (1 —m)" +m(l+m)" —m(l - m)"))
= s (L m)™ o (1= m) )™ (57.18)

In the following, we provide the configurational average of the proportion for the disordered and deep-ordered phases.
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a. Disordered phase

In the disordered phase, the mean activation rate is m = 0. This results in [A(")] = 2-"N_ Hence we obtain
n

[\W)} -3 (Z) (—1)k2 N = (1 -2~ N)" (S7.19)

J,r
k=0

by using the binomial expansion formula. The configurational average of the proportion is computed as
[Q(")L =2 N (1-27M)" 2 Aexp[(1—n)A], (S7.20)

where A = 2=N. The proportion of the longer cycle length exponentially decays with the rate 2=V, and the average
cycle length is given by 1/\ = 2V¥. Namely,

Son [Q(”)L = oV, (S7.21)

,T
n

which is the number of possible patterns.

b. Deep ordered phase

In the deep ordered phase, m is positive. We expect (1 +m)"™ > (1 — m)"*?! for sufficiently large m (m ~ 1).
Under this condition, Eq. S7.18 is approximated as

(n+1)N n+1\ N (n+1)N
1+m 1—m 1+m
[A L,T ( 2 ) <1+<1—|—m) ) ( 2 > (87.22)

Therefore, we obtain
14+m N In 14+m N 14+m DA
(n) ~ -1 ( - _1\k _ o
[xp LT Z < . ) ;}(0( 1) <2 > 1 (2 ) , (S7.23)

by the binomial expansion formula. Here, we have introduced Z = EZ:O (Z) [A(’“)} as a normalization factor to
compensate for approximation errors and ensure the consistency condition [\II(")} = 1 (which also guarantees by
definition ) [Q(")] = 1). Using this expression, we can compute the probabilities [Q(")] of pattern lengths as

o] %< <1’;’”>N <1 - (17;’”)N> L Nexp[(1—n)], (S7.24)

where
N
A= <1+m> . (S7.25)

The last step is the exponential approximation of the geometric distribution guaranteed for a large N. In this case,
the average pattern length is

S n [QW] z% - (1fm>N (S7.26)

n

The result reveals that the average pattern length grows exponentially with the system size IV, and the growth rate
becomes slower as m increases.

We note that the result for the deep ordered phase includes the result of disordered phase: inserting m = 0 yields
A= 27" and the average pattern length 1/\ = 2"V, which we found at the disordered phase.
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