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Supplementary Note 1: Derivation of the non-Hermitian non-equipartition (NHNE) theory

in two-dimensional (2D) space

We derive the explicit expression that generalizes the well-known equipartition theorem (ET) to a
form that can describe particles trapped by a non-Hermitian force. We call this the non-Hermitian
non-equipartition (NHNE) theory. Our results show that the ET fails utterly to describe such
particles, and the average energy for each quadratic degree of freedom is neither ksT/2 nor
equipartitioned.

Consider a particle immersed in a fluid of temperature T and subject to an external non-
Hermitian force F(r =(X,Y, z)) :(FX, F,, FZ). Such an external force can be optical, acoustic, or
any other similar force. The dynamics of the particle are governed by the Langevin stochastic

differential equation [i]:

m((jj—\tle(r)—yv+A(t), (S.1)

where m is the particle mass, v:(vx,vy,vz) is the particle velocity, y =6zna is the friction
coefficient of a sphere with radius a and A(t) =(A&(t), A, (1), Az(t)) is the Gaussian-distributed
random fluctuating force with correlations of

(AMAL)) =27k TS, jo(t-t), (S:2)

where A (t) is the i Cartesian component of A(t), o, ; is the Kronecker delta function, and &(t)

is the Dirac delta function. The coefficient on the right-hand side of Eq. (S.2) is determined by the

fluctuation—dissipation theorem.

At a mechanical equilibrium located at r =0, F(0) vanishes. Thus, in the vicinity of the

trapping center, the force may be approximated by the linear term of its Taylor series, namely
F(r)~K-r, (S.3)

where
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is the force matrix. The Langevin equation is reduced to
dav -
mE=K~r—;/v+A(t). (S.5)

Equation (S.5) determines the dynamics and the stability of the particle near the mechanical

equilibrium.

In the special case in which the external force is conservative, the real matrix K is

Hermitian and symmetric (K = K" = K"). The ET holds, and each quadratic degree of freedom
has an average energy of ksT/2 [i]. However, if the external force is non-conservative, as is the

case for an optical or acoustic force, K is a non-Hermitian matrix (K = K"), and the ET fails

utterly.

To show this, we first analytically derive the NHNE theory for a simpler 2D problem,

where the z-motion is decoupled from the transverse motion:

kxx Xy O
K=k, k, 0] (S.6)
0 0 k

As discussed in the main text, Eq. (S.6) is valid for several types of common beams used in optical

trapping. The force matrix in Eg. (S.6) is non-Hermitian when k. =k, , which occurs when the

yx !
beam possesses angular momentum [ii]. It is legitimate to focus on the following 2 %2 matrix for

the transverse motion:

. Koo Ky
K,p = e | (S.7)



Equation (S.5) then becomes

m—=K,, - r—yv+A(t), (S.8)

T [w] [ [AD] [A®
where “M‘M’ V{vszy]a”d AY {Aza)HAy(t)}'

By diagonalizing —K,, /m using A, which is formed by using its right eigenvectors as columns,

Eq. (S.8) becomes

du/dt =-K'-q— Su+A'(q,t), (S.9)
where g=A"-r, u=A"-v, A'(qt)=A-A(r,t)/m, f=y/m, and K’ =K’1(—K2D/m)1§
is a diagonalized matrix. The i eigenfrequency is given by @ :\/K, where K, is the i

eigenvalue of —K,, /m. The eigenfrequencies are generally complex numbers, as K; can be a

complex number when —K ., /m is non-Hermitian. Equation (S.9) is now decoupled:

du, /dt 2 "t
Uy / __|@ 0| & ) Uy 4 A'(t) ’ (S.10)
du, /dt 0 |a, u, | LA
where q:{ql} and u:{ul} are the generalized coordinate and generalized velocity,
2 u2

respectively. Following ref. [i], the solution of Eq. (S.10) is

1 - wt + wt | (8 A
0, + - [(%1,”1 Ugy)e (douts —Ugy)e J = J.o A (D) (7)dz,

S.11
1 - 1t + 1yt o ( )
O +——— [(qozﬂz —Up, )€*" — (ot —Ugy)E™ }: _[0 A, (t)p,(7)dz,
Hy — Hy
1 + - m't - + Mt b
U+ —; - [M (Aot —Ugp )€™ — 4 (Coyty” — Uy )€ J = .|.0 A (7)¢ (r)dz,
A (S.12)

1 + - > - + 3 t 1
U, +— - [,uz (Qoatty — uoz)eﬂzt — 1ty (Cop 145 _Uoz)ew] = .[o Al (7)¢,(r)dz,
Hy —

where



¢i (’Z') = " 1 — (e/u:r (t-7) _ e/—’( (t-7) ) ’ (8.13)

¢| (T) - 1 _ (lure,ui*(tfr) _lui—e#f(t—r))’ (814)

and

= (B P —4f ), (5.15)

u
with i =1 or 2. Here, q, = [qm} and u, :[ 01} are the initial conditions for the generalized

02 u02
displacement and velocity, respectively.

After rearranging Eqg. (S.11), we obtain

[%]'_ b’ +b; 0 {%1}_ b, +b, 0 |:u01:|
0, 0 b1+ _bl_ Uo2 0 b; _bz_ Uo2

: Ir{ﬁg(rmm

}dz‘, (S.16)
LA (7)o, (2)

where

blf _ 1 Llul—eﬂft —,ufe”ft . qu—e#;t _ﬂ;eﬂzt]

2\ - o — (5.17)
wt _ amt mt _ ait .
b;:1e+eiie+ei .
2\ -4 My — 1

Now, we can transform Eq. (S.16) back to the Cartesian coordinate system by multiplying by A™
from the left:

el o T a0 T )
d, 0 b1 _bl Oo2 0 bz _bz Uoo

B 0 © (S.18)
:j;f\{q)l g . Al }dr.

A, ()

| |
>
>

Thus, after rearrangement, we obtain



r+ |:bl+ - a(kxx - kyy)bl_ _Zakxybl_ :Ir _I:b2+ - a(kxx - kyy)bz_ _zakxybz_ :|
0 0

“2ak by by +alk, —k, )b 2ak,b; by +alky —k, )by |
:J't/*i{(ﬁl(f) 0 }K—li{p‘i(f)}dr
© 10 @] mA®E
:J‘tl €0+(T)_a(kxx _kyy)¢7(z-) _Zakxy¢7(r) |:A1(T)i|dT
om —2ak, 9" (7) o (1) +alky —ky)e (0) || A@) ]
(S.19)
where
=1/ |k, Ky, ) + 4k, ko, (S.20)
and
7 (0) =5 () £0,(2). (s21)

v
where 1, = {X‘)} and v, = [VOX} are the initial displacement and velocity in Cartesian coordinates,
Yo oy

respectively.

To simplify notation, we denote the left-hand side of Eq. (S.19) as

{Rl = )(-|-[ler _a(kxx - kyy)bli]xo - ZakxybfYO _[szr _a(kxx - kW)bg]VOX + Zakxybgvoy’ (S 22)

RZ = y - 26zkyxbl_xo +[b1+ + a(kxx - kyy)bl_]yo + 2akybe_VOX _[b2+ + a(kxx - kyy)bz_]v

Oy?

and then we have

(S.23)
R, = J-; I:((p+ (z)+ OC(kXX - kyy)q)_ (7))% _ zakyX(D_ (7) %} dr.
By dividing the integration interval [0, t] into a large number of subintervals, each with a

duration of At, Eq. (S.23) becomes



R=2 (0" (180 —alk, —kw)fp(JAt))j.(Aj:MMdr— 20k, 0" (A0 | (at Az(T) ds.
R, =2 (¢ (1A + axlk, —k, ) (jaD))[ | ”MAZ(T)d ~2ak, ‘(JAOJ“M (T)d
(S.24)

Here, we define the impulse transferred to the Brownian particle during At as

(j+1)At

B, (At) = j A(7)dr, (S.25)

The distribution of B, (At) is governed by the distribution function, that is

_[Bi(avf

W[B,(A)]=————e 7 (S.26)

\ 270!

where o =2mkgT At is the variance of B;(At). As the mean of B,(At) is 0, (R )=(R,)=0.

Thus, from Eq. (S.22), we obtain

<X> = _[ler _a(kxx - kyy)bli]xo + 2(lkxyb{yO +[b; _a(kxx - kw)bg]VOX - 2Othyb;\/Oy’ (S 27)
<y> = 2Otkyxbl_xo _[b1+ + a(kxx - kyy)bl_]yo - 2OlkyXbZ_VOX +[b; + a(kxx - I(yy)bz_]VOy'
If we write Eq. (S.24) as
R=> 1,
2, g (S.28)
ZZ rl
j2!

with

:(¢)+(jAt)—a(kXX _kW)go_(jAt))J.j(Aj:l)m%dr—Zak o (i At)J~(J+1)At A (1) ar
=(¢" (1A + ek, —kyy)co’(JAt))f_(H)MMdr—2akyxgo (j At)j(”l)At Aﬁ(f) dr,
iAt m

(S.29)

the variances of r! and r; are
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(97 (140 =l —k, ) (180) + 2k, 97 (D) |
2 (S.30)

(97 (140 + alky —k, o (180) + (2ak, 0 (180)'

as B,(At) and B,(At) are uncorrelated. We can also write the probability distribution of r:

w(r']= e 7 (S.31)

w [Ri]:—e_ , (S.32)

where

Z ol = %J‘; l:((f () -alk, - kyy)(pi(z-))2 +(2akxy(p(r))2}d71

i i
]on

(5.33)
> of = % Lo @+ atk, ko @) +(2ak,0 @) |dr,
which in turn gives
()= (x)? +% ) [(¢+ (r) ek —k, o (7)) +(2akxy¢-(r))1df,
(5.34)

208k T ¢t . ~ 2 B 2
<y2> _ <y>2 +'B—m‘3J.O [(go (r)+a(k,, —kyy)qp (r)) +(2akyxg0 (r)) Jdr.
Using similar procedures, we can derive the following:

09y =(0) () + 29T [ T, K, ke~ o (0 -tk +, ) (o (9],

(S.35)

(S.36)

(v,) =d; —a(ky —k,, ) 1%, +2ak,,d; Y, +[d; —a(k, —k,,)d; Ve, —2ak,,d; vy,
<vy> =20k, d; %, —[d;" +a(k, —k,,)d; 1y, —2ak,d, vy, +[d; +a(k, —k,)d; v,

8



and
()= () + 22D [ (4 0) -tk —k, Do @) +(2ak, g @) [
(2)=(y,)" + 2o rETI[(M) alk K, )9 (2)) +(2ak 6 (@) oz

(0,) = () v, )+ 22T [, = )y o (0~ k) (09 () e

(S.37)
where
+ = [t _amt +, = [atat _ amat
I R R |
2 = Ly — Hy
(S.38)
i l /L;re,uft _/,Ll*e/‘{t ﬂ;e/‘;t _ﬂgeﬂgt
d, = ———+ — 2 ,
2 Ly =ty My — My
and
+ 1
¢ (r) = §(¢1(f) +¢,(7)). (S.39)

After taking Re(,uf)< 0 for i = 1, 2 and t—oo, we have b*—0 and d;" —0, which in turn give

(x) =0, (y)—0, (v,)—0and <vy>—>0. Then, Egs. (S.34), (S.35), and (S.37) become

() =2ﬂkT [ ") -alk, - kyy)go(r))2+(2akxy(o(r))2}dr
(y?)- ZﬂkT [ ‘) +alk, kyy)(p_(z'))z+(2akyxgo_(r))2}dr
2L o BT [ a2y~ (K —ky ) (7 —alky + K, )0 ()9 () | e
<Vf 25 kT [¢() (K, — kw)¢(r))2+(2akxy¢(r))1dr o
(v2)= ZﬂkT [(;5() a(k, — kw)¢-(r))2+(2akyx¢-(r))1dr
(v, )= 4/”‘ L[ (=, )y — k)6 (7~ + Ky ) (D) () ]

9



By further simplifying, and taking Re(,uf)< 0 and t—oo, the expectation values converge to the

steady-state value. Equation (S.40) is simplified to

1 Koo T K,y <X2> _ Ky (Kyy —Ky) + Ky (K +K) . Ky (=K +Ky0)
B!
2 2 4k K, —ak, kK, 4k Ky + (K — kyy)2 —2(k,, + kyy)y2 /'m
l kxx + kyy <y2> _ kyx (_kxy + kyx) + kxx (kxx + kyy) n kyx (kxy - kyx) kBT
2 2 4k, k., —4k, kK, 4k Ky, + (K — kyy)2 —2(k,, + kyy)y2 /'m
l kxx + kyy <Xy> _ kxxkxy + I(yxkyy " (kxy - kyx)(kxx - kyy) T
2 2 A+ ARy 2( 8K,k + (K —k )P = 20K, K )y I m) |
k. (k,—k
PNES o) )
2 27 Ak K+ (ky k)2 —2(K,, +k,, )77 /m
T O A S L o
2 Y 2 4kxykyx+(kxx—kW)Z—Z(kXXJrkyy);/Z/m
l m<V v > _ _(kxy - kyx)(kxx - I(yy) kBT
2 L 2( 8Kk + (K — Ky )P = 2(ky K )y T m)

(S.41)

It is possible to orientate the coordinate (e.g. by diagonalizing the symmetric part of the force

matrix) such that k,, =-k,, =g then, we have

10



1kxx+kyy<X2>:(_2g2+kyy(kxx+kyy)_ 2g2 }kBT’

2 2 4(g® + KoKy ) —49° +(k,, — kyy)2 -2(k,, + kyy)}/2 /m
k,, +k 29° +k, (k, +k 2

2 2 4(9° +kyk,,) 49" +(k, — k)" —2(k,, +k,, )" /m

lkxx+kyy <Xy>= g(kxx_kyy) n g(kxx_kyy) T

2 2 4(gz+kxxkyy) _4gz+(kxx_kyy)2_Z(kxx+kyy)72/m =

2
lm<vf>: 1+ 2 229 2 KeT,
2 2" 2497+ (Ky k) —2(Ky K, )72 /m

[HEN

2g°
==+ keT,
y> (2 —4gz+(kxx—kyy)2—2(kxx+kyy)y/2/mJ ®

—g(k,., —k
lm<vxvy>: : ( ;(x yy) : T
2 —49 +(kxx—kyy) —2(kxx+kyy)7/ /m

(S.42)

Equation (S.42) defines the NHNE theory for motion confined in a flat 2D plane, which is the

major result of this paper.

We stress that the problem we resolved is a multi-dimensional non-Hermitian problem
within the framework of the Langevin equation. In contrast, owing to the Hermiticity, the 3
cartesian directions are independent in Ref. [i] therefore the problem reduced to a single dimension

one.

11



Supplementary Note 2: Derivation of the NHNE theory in three-dimensional (3D) space

The derivation outlined in Supplementary Note 1 can be generalized for a Brownian particle in 3D
space and characterized by a general 3 =3 force matrix K . By applying b*—0 and d* —0 and

starting from Eq. (S.19), the displacement is given by

@ 0 0 1 A(7)
= joix 0 @) O Az(z') dr, (S.43)
0 0 g03(r) As(T)
and the velocity is given by
4@ 0 0 . A(7)
V= joix 0 ¢k 0 |AT=|A()|dr. (S.44)

0 0 4@ AW

By following the derivation in Supplementary Note 1, without significant extra difficulty, we

eventually obtain the ensemble averages in three dimensions, namely:

(i) =2
()=

where the columns of A are the right eigenvectors for —K/m, A, denotes the matrix element at

ii[ AyAD [A AT, [ M,

1=1 m=

i[]\n (A™) ] [ij (A, }Mﬁﬂ :

m=1

n Mw
r
r

n

(S.45)

,_‘

Mw
_M“’

n=|

the i" row and I"" column, and

: (01(2')_

M =[10,) |®[p(r) ¢(7) ou()ldr
%(T)_

.y t ¢1(T)_
M =[]0 |@[40) 4() #@)]dr
¢3(T)_

(S.46)

where @.(r) and ¢ (r) are given by Egs. (S.13) and (S.14), respectively, and & denotes the
Kronecker product. The system is stable only if Re(z;")<0 for all i. With this assumed, and by

taking the limit t—oo, Eq. (S.46) is simplified to

12
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(a4 187 )t ) (s + ) (s + 187
pintt (st 187 )+ g1ty (1 + 117
(a4 187 ) (ot 2 ) (st + ) (4 117)

(S.47)
M = -

where g is defined in Eq. (S.15).
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Supplementary Note 3: Virial theorem for a non-Hermitian force field

The virial theorem [iii] states that for a trapped Brownian particle, the averaged kinetic energy for

the it Cartesian degree of freedom is given by

<T.>=—m<v.2>=—%<|:i-ri>, (S.48)

where F(r=(x,y,2))=(F,,F,,F,) is the trapping force, and r is the displacement from the

equilibrium. The total kinetic energy is given by

<TX+Ty+Tz>=%m<vf+v§+vf>:—%i<ﬁ-ri>. (S.49)

i=1

where v;, F. and r, are the i Cartesian components of v, F and r, respectively.

Unlike the ET, the virial theorem of Eq. (S.48) applies to a non-Hermitian trapping force

(K =K"), as expected. To illustrate this explicitly, we substitute F = K, -r into Eq. (S.48),

.. kK, K
where K, :[k” kxy] to obtain

yX yy

(S.50)

Equation (S.50) can be fulfilled by using <x2>, <y2>, <vX2> <v§> and (xy) from Eq. (S.41)

Interestingly, both the kinetic energy and “potential” energy associated with a single degree
of freedom depend on the orientation of the coordinate system, whereas the total kinetic energy
remains constant. This can be seen by comparing the two cases shown in Supplementary Fig. 1a

. k
and 1d. In the former, KzD:{ Xg kg} is unrotated ( 6,, =0°), whereas in the latter,
vy

kl

yX vy

- - I k, K
K'ZDzR(emt)KZDR(amt)1=[k,“ W} is  rotated ( 6,=45° ). Here,

cosé., sing

rot

i represents the rotational matrix. The average kinetic and “potential”
—-sing,, Cosb,,

ﬁ('9rot) = {

14



energies versus incident polarization are plotted in Supplementary Fig. 1b—c and Supplementary
Fig. le—f, respectively. The Kkinetic energies (left column) are in complete agreement with the
“potential” energy (right column), confirming the validity of Eq. (S.50). For some configurations,
the average energies for certain degrees of freedom can even be less than ks 772 (see Supplementary
Fig. le and 1f). In all cases, the total average kinetic energy remains constant regardless of the

choice of coordinates, as expected. To prove this explicitly, for an arbitrary €, , the force matrix

rot !

has the form

kl

yX vy

- . .. k' k'
K'yp = R(erot)KZDR(Hrot)_l - {k'xx XY}

1

E(kxx +ky, + (Ko K, )c0520,, ) g (K, —ky,)sin 6, cos, (S.51)

rot

—g—(k, —k,,)sing,

rot

cosd,, %(kXX +ky, = (K, —K,,) 0520, )

The total kinetic energy can be calculated by Eq. (S.50):

%m<v;2>+%m<v;2>

B )i )3k, ()3 ()

=1+ klx)’(klxy_klyx)+klyx(_klxy+k|yx) (852)
B K, + (K —K =20k, +K, )77 m | o

xykyx

2
=1+ —— 19 '
297+ (Ky — k)2 = 2(Ky k)77 I m

where the force constants are substituted by the corresponding components of K',, in Eq. (S.51),
and the averaged quantities in <> are those in Eq. (S.41). Equation (S.52) shows that the total

Kinetic energy is independent of 6, .

15



a b c
I | , I /
_m v I
2 zi /|| he() -5 el
. —m{v2 / /
y P2 [ [ /
2 ," lk 2 ‘
()43 80)
B, ke & yd
K,,=|
D |:—g kyj 0.5p-——"" I | ’
d — A&° e f
Ay groﬁ =45 15} | , ; I
7m0s) ke () -3k (o)
9 = 1 oS ) 2 j‘y
TOt > E‘N m(vy> '.r ...... ‘.r
A 2 ; : :
X -3/1 0 ,'- _Ekf < r2>_l%k5}x (xtyr>
K'ZD li(grot)IZZDﬁ(grOIYI 05 __,-""‘ _,,-""
Kook . . . N A . . -
I 0O 10 20 30 4045 0 10 20 30 4045
k’}fx k’}’.v C(o) C(c)

Supplementary Fig. 1| Coordinate dependency of the energy associated with a single degree
of freedom. Intensity of the incident beam at (a) 6., =0° and (d) 6,,, =45°. (b) and (c) show the

kinetic energies and “potential” energies for 6., =0°, whereas (e) and (f) show the kinetic
energies and “potential” energies for &, =45°. The agreement between (b) and (c) ((e) and (f))

verifies the virial theorem. The disagreement between (b—c) and (e—f) illustrates the coordinate

dependency.
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Supplementary Note 4: Analytical expressions for the rate at which work is done by the

forces plotted in Fig. 2 in the main text

Using the averaged quantities derived in Supplementary Note 1, we can represent the rate

at which work is done by the damping force

<yv-v>:<yvf>+<yv§>
1 Ky (Kyy —Kyx)

Xy yx
[ m
Ak, K+ (K —K )7 = 2(K, Ky )77/ m

xy T yx
1+ (kxy - kyx)2 zkaT
4k K, + (ky —k, Y2 —2(ky +k, )72 m ) m

Xy yXx

1
+=+
2

by the random force

=+
2 4k k +(kXX—kyy)2—2(kXX+kyy);/2/m 27k,T

_ rksT N rkgT _ 2yksT

(A®M)-V)=(A t)v,)+(A M)V, )

m m m

and by the non-Hermitian force

<F(r)'v>:kxx<va>+kxy<va>+kyx<yvx>+kyy<yv)’>
2(k,, —k, )y /m

o ( Xy 2yx)7 . kBT
4k k. + (Ko — Ky, )* = 2(k, +k, )7* Im

) 2(—k,, +ky,)y/m

+ X
! 4kxykyx + (kxx - kyy)z - 2(kXX + kyy)]/z / m

B (ky —Ky,)? 2yksT

Ak Ky, + (K —Ky)’ = 2(Ky +K, )7 /Mmoo

=0+k

kgT +0,

It can be explicitly verified that

(F(r)-v)+{A(t)-v)—(yv-v)=0,

which is required by energy conservation.

17
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Supplementary Note 5: Statistics of a particle trapped by a non-Hermitian force field

In general, the trap stiffnesses k,, and k,, are different. Thus, a trapped particle undergoing

Brownian fluctuation has an anisotropic spatial probability distribution [iv],

Ll
P(X, ) oc e{ 2t } (S5.57)
whose profile is dictated by the unit ellipse defined by

r' -<rrT>71 r=1. (S.58)

Equation (S.58) can be expressed in polar coordinates (r,#) as

N J<x2> s (5:59)

sin? @ —2(xy)sin 6?0056?+<y2>c052 0

From Eq. (S.59), the angle (6,,,..) between the major axis of the ellipse and the x-axis is

Ilipse

tan 26 2 (xy)

By substituting <x2>, <y2>, and (xy) from Eq. (S.42) into Eq. (S.60), we obtain:

(S.60)

29 (K, +k,, —2y%Im
tan 2eellipse = 2 g( 0 Zyy 4 ) 2 ) (861)
~40% + (K —k,,)* = 2(K, +Kk,,)p° /m

Evidently, 6

Lipse —0 @S g—0, thus the ellipse is misaligned with the axis of the restoring forces (x
and y axis) if and only if g is non-zero. Supplementary Fig. 2a plots the particle trajectories, from
which the orientation of the ellipses can be inferred. The parameters are identical to those in Fig.
1 of the main text. The rotation of the probability distributions with increasing ¢ (or g) is evident

in Supplementary Fig. 2a. A plot of 4, versus ¢ is shown in Supplementary Fig. 2b, with the

llipse
analytical results calculated using Eq. (5.61) and the numerical results calculated using Eq. (S.60).

Remarkable agreement is observed.
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Supplementary Fig. 2| Trajectories of an optically trapped Brownian particle versus ¢

(polarization) under the same conditions as depicted Fig. 1 in the main text. (a) Trajectories

at various ¢, where the duration of the trajectories is 0.01 s. (b) Orientation of the trajectories

(0
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) versus (.

19



Supplementary Note 6: Phase diagram for the NHNE theory in single-particle trapping

Consider a particle of radius @ and mass m immersed in a fluid, with the particle trapped by an

elliptically polarized Gaussian beam. The ambient friction coefficient is y = 6zna, while the non-
Hermitian optical force is F=K-r=PK,-r, where P denotes the beam power, and K, is the

force matrix when the power is 1.0 W. According to the K/, the i eigenvalue of K,, we can

categorize the stability as in the following Supplementary Table 1 [ii, v ], where

Im(K,
Vi = 671758 =+/mP M is the critical friction coefficient.
[Re(Ks)
Any of Re(K})>0 All of Re(K{) <0
e < 7 cri e 2 e cri
Unstable ( )
Unstable (red) Stable (blue)
Im(Ky)

Supplementary Table 1| Stability versus K| . 7, =67z7,a=+/mP is the critical

[Re(Ks)

friction coefficient.

The stability over the phase space for a fixed damping coefficient y and power P is depicted
in Supplementary Fig. 3.
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Im(Kg)

Re(K})
>

Unstable

Supplementary Fig. 3| Stability versus K| . Stable region: blue. Unstable region: red and pink.

Green dashed line: y =y, .

Supplementary Fig. 4a (trapping potential) and Supplementary Fig. 4b (saddle potential)

2
X

display the difference between %m(v > and %kBT versus polarizations ({) and viscosities (7).

The blank regions in the diagrams are unstable regions. For instance, when # = 0, the particle
becomes unstable after crossing the exceptional point (EP) in the phase space, marked by red
arrows, in both Supplementary Fig. 4a and 4b. These instabilities are caused by insufficient

frictional damping (y <y, ). Moreover, owing to the repulsion mode (K, >0), the particle is

unstable before the neutral point (NP), marked by a blue arrow, for all of the # in Supplementary
Fig. 4b.

The phase diagrams of %m<v5>—%kBT versus polarizations ({) and power (P) for

trapping potential are also presented in Supplementary Fig. 4c (for # = 3.0 pPa‘s) and
Supplementary Fig. 4d (for # = 18.4 puPa-s). The particle is always stable when K, is real on the

left-hand side of the EP. However, on the right-hand side of the EP, where K; is complex, the

viscosity # (ambient damping) may be insufficient to stabilize the particle, especially when the P

is large (as this causes the critical friction coefficient y,; to be too large to be reached by ambient

damping).
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d

Supplementary Fig. 4| %m(vf>—%kBT for an optically trapped Brownian particle versus

polarization ({) and viscosity (). Panel (a) and (b) represent the trapping potential and saddle
potential, respectively, corresponding to Fig. 1 and Fig. 3 in the main text. Panels (c) and (d)
represent the trapping potential (Fig. 1 in the main text) with # = 3.0 pPa's and = 18.4 pPa-s,
respectively. Red and blue arrows mark the exceptional point (EP) and neutral point (NP),
respectively.

22



Supplementary Note 7: The NHNE theory for N Brownian particles

Hydrodynamic interactions are hydrodynamic couplings between particles immersed in a fluid and
arise because the motion of a particle in a fluid generates a flow field that affects the motion of its
neighboring particles. These interactions are determined by the properties of the fluid and by the
geometry and motion of the particles. Thus, they can be rather complicated, and depend on factors
such as the size, shape, and orientation of the particles, the viscosity and density of the fluid, and
the relative velocities of the particles. The influence of hydrodynamic interactions is significant in
various systems, such as colloidal suspensions and polymer solutions, and in the microscopic

movements of proteins.

By taking hydrodynamic interactions into account, it can be determined that the dynamics
of N spherical Brownian particles, each with a mass m, are governed by a multi-particle version of

the Langevin stochastic differential equation [i,vi], that is

d’r ~ L, dr
m—-=F(r)-H(r)~ —+A(t S.62
gz =PRI +AW (S.62)
where F(r) :(nyl, FoFoFos Fy,N’Fz,N) is the external force (e.g., optical force, acoustic

force, or similar) exerted on the N particles, r=(x,Y;,z,---, Xy, Yy, 2Zy ) denotes the particle

positions, and A(t)=(A\K’1(t),Nl(t),Azyl(t),---,AK’N(t),Ay’N(t),AZ’N(t)) is the Gaussian-

distributed random force due to Brownian fluctuations, with correlations of
(AMA()) =2(F|(r)-1)ij ke TS(t—t). (S.63)
Here, A (t) is the i"" component of A(t), (H(r)‘l)_. denotes the component at the i row and j™
ij

column of H(r)™, and H(r) is the mobility matrix, also known as the Oseen tensor, which
characterizes the way in which particles interact with the fluid in their environment (i.e., their

hydrodynamic interactions). For N Brownian particles, H(r) is partitioned into N <N blocks, and

each block is a 3 =3 matrix that is denoted by (F(r)) " and is given by [vi]

m
3x3
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(A0, =1, 4 (77 - (5.64)

7 4Ry,
where m and n are the particle indices, 1, , denotes the 3 %3 identity matrix, R__ is the distance
between the m™ and n' particles, R, is a unit vector in the direction of R, =r —r, with
I, =(Xy, Ym: Zyy ) being the position of the m™ particle, and y =6z7a is the friction coefficient of

a sphere with radius a in a fluid with viscosity #. From Eq. (S.64), it is observed that the

hydrodynamic interaction is inversely proportional to the distance between two particles (R, ),
and can be neglected if R, is large or a is small.
Equation (S.62) is rather difficult to solve analytically. However, for small particles or a

large separation, we may ignore the hydrodynamic interactions and assume that the random forces

acting on the N Brownian particles are completely random. Then, Eq. (S.64) reduces to

2

dr dr
m—-=F(r)—y—+A(t), S.65
e (N-v» ™ (t) (5.65)
where the correlations of the Brownian fluctuations are

(AMAt)) =27k T35, 5(t-t). (S.66)

We can then analytically determine the approximate NHNE theory for N particles at equilibrium

that are coupled by a non-Hermitian binding force:

ZkT3N3N3N
(rr) ==,

I: il (K_l)mn:H:;\jm (I‘i_l)ln:|Mﬁl ’
n=l 1=1 m=1 (867)

3N 3N 3N

27/k T
<Vivj> ZZZ[AH (A )mn:||:A]m(A )In:|MmI
n=1 1=1 m=1
While the approximate analytical formula in Eq. (S.67) excludes hydrodynamic
interactions, numerical Verlet simulations that take hydrodynamic interaction into account can also
be performed. Figure 5 in the main text shows these simulations. By examining Eq. (S.64) and Fig.

5, it can be seen that the approximate multi-particle NHNE theory (Eq. (S.67)) is semi-qualitatively
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applicable in scenarios with weak hydrodynamic interactions, such as those with large particle

spacings (R, ) or small particle radii (a).

Now, we examine optical binding caused by three z-polarized plane waves, each with an
intensity of /o, propagating on the xy-plane. The wave vectors of the waves form an equilateral
triangle, and their interference produces a triangular lattice of high-intensity spots. In the inset of
Supplementary Fig. 5b, we show N = 19 particles that are trapped by the lattice of high-intensity
spots into a small triangular lattice. In addition to the particles’ being trapped by the incident light,
the light is also scattered and thus modifies the spatial light distribution, couples the particles, and

slightly perturbs the equilibrium positions. This phenomenon is known as optical binding [Vii].

The average kinetic energies for each Cartesian degree of freedom (% m(vf} ,i=1to57

(=3N)) calculated by Eq. (S.67) are plotted in Supplementary Fig. Sa—c as red lines, where [ varies
from 1 to 100 mW/um?. According to the ET, the average kinetic energy is ks7/2 per degree of
freedom. However, this is not the case, and the kinetic energies are not equipartitioned. As shown
in Supplementary Fig. 5a, at a viscosity of # = 1.0 uPa-s, the energy pumped into the system by
light exceeds the energy dissipation at o = 32.2 mW/um?. From this point onward, the kinetic
energy accumulates and diverges with time, indicating instability. At an increased viscosity of # =
3.0 pPa-s, as shown in Supplementary Fig. 5b, the dissipation is sufficient to remove the energy
pumped into the system by light for the intensity range concerned. The average kinetic energy

generally increases with /o but remains finite, and the cluster is stable. In principle, the average

- e o [Im(K,)

kinetic energy still diverges if /o is increased beyond the critical point at 677a = \/ml, ﬁ
Re(K,)

h

for any mode i, where K| denotes the i eigenvalue of K, . In Supplementary Fig. 5c, at a

viscosity of # = 18.4 pPa-s (air), the situation is similar to that in Supplementary Fig. 5b, except
that the average kinetic energy increases by less than 1%, whereas lo increases from 1 to 100
mW/um?. Supplementary Fig. 5 is expected to have 3N = 57 modes for N = 19 spheres. However,

due to degeneracies resulting from rotational and mirror symmetries, only 29 lines are presented.
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Supplementary Fig. 5| Approximate multi-particle NHNE theory applied to V=19 spheres
(triangular lattice). The 19 spheres, each with a radius ¢ = 0.2 pum and a refractive index n = 1.1,
are optically trapped and bound at the high-intensity spots produced by the three linearly polarized

plane waves (A = 1.064 um) in a low vacuum or in air, as illustrated in the inset in (b). Each plane
wave has an intensity of lo. As lo varies from 1 to 100 mW/um?, the kinetic energies %m(vf> for

each degree of freedom (i spans from 1 to 57) are presented in (a) for = 1.0 pPa-s, (b) for = 3.0
uPa s, and (c) for = 18.4 pPa s (air).
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In Supplementary Fig. 6, we consider a square lattice with N = 9 spheres trapped and

bounded by a standing wave composed of four counter-propagating plane waves, as shown in

Supplementary Fig. 6a—c. The force matrix K for this square lattice is still non-Hermitian, but the
eigenvalues of the particular configuration chosen are all real, indicating that there is stable optical

binding of the particles regardless of the viscosity (7). Interestingly, the %m(vﬁ} for certain
degrees of freedom can be less than kg7/2, and the total kinetic energy of individual spheres can

be less than §kBT , as demonstrated in Supplementary Fig. 6d—f. However, the average kinetic
2

3N
energy for the entire system %Z%m(vﬂ is always greater than %kBT , due to the non-
i=1

Hermitian force field. Because of the degeneracies resulting from rotational and mirror symmetries,

only seven lines are presented in Supplementary Fig. 6a—c.
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Supplementary Fig. 6| Approximate multi-particle NHNE theory for optical binding of V=
9 spheres (square lattice). The nine spheres each have a radius a = 0.2 um and a refractive index
n = 1.2, and are optically trapped and bounded at the high-intensity spots produced by the four
linearly polarized plane waves (A = 1.064 um) in a low vacuum or in air, as illustrated in the inset

in (b). Each plane wave has an intensity of lo. As I varies from 1 to 100 mW/um?, the kinetic
energies %m(vf) for each degree of freedom (i spans from 1 to 27) are presented in (a) for # =
1.0 pPas, (b) for # = 3.0 pPa's, and (c) for = 18.4 puPa-s (air). The total kinetic energies
%m(vf +V5 +v22>j for each single particle (j spans from 1 to 9) are presented in (d) # = 1.0 uPa-s,

(e) for n = 3.0 pPa-s, and (f) for = 18.4 pPa-s (air).
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Supplementary Note 8: Size-dependency of an optically trapped Brownian particle

The non-Hermiticity of optical trapping depends strongly on the particle radius (a). We conducted
new simulations involving a dielectric particle with a refractive index of n = 1.57 being optically
trapped by two counter-propagating focused circularly polarized beams, as depicted in
Supplementary Fig. 7a. To illustrate the impact of particle radius, we present the components and
eigenvalues of the corresponding force matrix in Supplementary Fig. 7b and 7c, respectively, while

varying the particle radius from @ = 0.1 pm to 0.6 um. Unlike the trapping stiffnesses k,, and k ,

which grow roughly in a monotonical manner with respect to the particle radius, the non-Hermitian
force matrix component g, does not exhibit a monotonic increase with respect to the particle radius.
Notably, g is small for a small radius, owing to the weak scattering force associated with Rayleigh

particles. g is relatively large for a = 0.3 to 0.5 um, and then drops again.

Supplementary Fig. 7d-e and 7f-g display the kinetic and potential energies, respectively,
for different viscosities: # = 3.0 pPa-s and n = 18.4 uPa-s (Air). It is worth noting that in addition
to optical force, the particle mass also has a significant impact (as depicted by Eq. (5) in the main

text).
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Supplementary Fig. 7| Influence of particle radius on the non-Hermitian non-

equipartitioning in optical trapping. (a) A dielectric Brownian particle with a refractive index n
=1.57 is optically trapped by two counter-propagating focused beams (with wavelength A = 1.064
um and circular polarization). The focused beam has a numerical aperture of 0.9 and a filling factor
of 1.0, and the beam power for each beam is normalized to 1.0 mW. (b) Components of the force

- k
matrix K, :{ XX K } and (c¢) its eigenvalues versus radius a. For different viscosities, # = 3.0
- yy

uPa's (d—€) and n = 18.4 pPa's (f-g), average energies 1m<v2>

X

, %m<v5> —%kxx<x2>, and
_%kw (y*) are presented as lines.
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Supplementary Note 9: Generating the saddle potential via coating a uniform dielectric layer

on a gold sphere in optical trapping

As an additional instance of saddle potential, we examine the scenario where a uniform layer of
dielectric is coated on a gold sphere for the purpose of optical trapping, as illustrated in

Supplementary Fig. 8.

Q

8r ! — Supplementary Fig. 8| Generating the saddle
_ar E & e potential via coating a uniform dielectric layer on
£ :
= X J . . .
% OF= . — a gold sphere in optical trapping. Components of
~ | e ¢ OT K

4F ) 2

xx VY - k
— force matrix K,,=| J (a) and its

eigenvalues (b) versus the  polarization

(p=Xcos¢ +iysin ) of the incident beams (with

wavelength A = 1.064 um), where { varies from 0° to

45°, The schematic for the linear and circular

polarizations are shown in (c) and (d), respectively.
The particle has an inner radius 0.272 pm and an
outer radius a = 0.34 pm. The refractive index of the
dielectric is n = 1.57, while the relative permittivity

of Au is &,, =—48.45+3.60. The left-hand side of

the black dashed line in (a) corresponds to the saddle

potential, where k,, -k, <0. The blue dashed line in

(b) indicates the neutral point (NP), where one of the

eigenvalues K, is 0. The red dashed line in (b)

indicates the exceptional point (EP), respectively.
The focused beam has a numerical aperture of 0.9
and a filling factor of 1.0, and the power of each

beam is normalized to 1.0 mW.
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