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In the Supplementary Information, we prove Lemmas 1 and 2 in the main text.

I. PROOF OF LEMMA 1

Lemma 1
PrégnPr < APyéni Py (I.1)
with A := 3+ /5.

Proof. We first explicitly describe Pjéni Py and Pléph]sl by respectively using Eqs. (18) and (20) in the main text as
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In Eq. (1.2), it is straightforward to show that
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To upper-bound Pléphf:’l by using plébitpl, we remove the four projectors in plébitpl that are orthogonal to the
range of P;éy, P, which results in
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Moreover, we apply the following inequality that holds for any normalized vectors |a) and |b) with {a|b) =0 1,
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with A := 3 + /5, to the last two projectors of the rhs in Eq. (I1.4) and obtain
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This ends the proof of Lemma 1. |

II. PROOF OF LEMMA 2

Lemma 2 For any density operator &,

trPyépi P16 < trépo + \/tré Py - tré Ps. (IL.1)

Proof. From Eq. (19), for any state & we have
tr Py adbuit Poqad < trépitd, (IL.2)
which leads to
trPéni P16 < trépid — tr(Pyépi Ps 4+ PaépiP1)6. (I1.3)

Since ftr(PlebltPg + PgebltPl)a < |tr(PlebltP30)\ + |tr(P36bltP10)| = 2|tr(Pleb1tP30)| , we derive an upper bound
on [tr(Pyépi P36)|. From the expression of the POVM element &, given by Eq. (18), we have

T :=2P1ép P3 = |001) (11| 4 ® (111 — 11 0) + [100)(111] 4 @ (Tg,; — ITa0). (I1.4)
As (I — 111 0)2 = (JU(1] + [2)(2])/2 and (TTy,1 — TIa0)2 = (12)(2] + [3)(3])/2, we obtain
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This inequality implies that the operator norm of T is upper-bounded by 1:
|T|oo := min{c > 0 s.t. Yo |[Tw]| < ¢[|v||} <1, (IL.6)
where || - || := v/{:|-). Next, we define

I Note that Eq. (I.6) holds because the smallest eigenvalue of the following Hermitian operator:

lo-12]-2 (e [24]) o[

2 The last equality comes from the fact that |trA| = [trAf| holds for any square matrix A.



Its trace norm HG||1 is written by using a unitary operator W and is calculated as
GI]1 = |G| = [(Va Py, VG2 )
< (Vo Py, Vo (Vo P Va P)

where we use the definition of Hilbert-Schmidt inner product in the second equality and use Schwarz inequality in
the first inequality. Finally, using Holder’s inequality, Eqs. (I1.6) and (IL.8) gives

2ltr(PrévicP36)| = [tTG| < ||TG| < |7l |Gl

< \/trPs6 - trPy6. (IL.9)
—tr(ﬁlébitpg + trf’gébitpl)& <y tl"fjl@' . tr]%&. (IIlO)

Finally, by using Eqgs. (II.3) and (I1.10), we conclude that

trPyépi P16 < trépio + \/tré Py - tré Ps. (IL.11)

This ends the proof of Lemma 2. |

Therefore, we obtain



