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1 Supplementary Discussion

1.1 Additional Single-Crystal Neutron Diffraction Data

Supplementary Figure 1 displays the temperature evolution of the magnetic diffrac-
tion along (0,0,1) and (1,0,1) to complement Fig. 2 of the main text. The nuclear
component of the intensity is significantly weaker for (1,0,0) than for (0,0,2), and
the transition at Typira) is more clearly seen in the (1,0,1) data.
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Supplementary Figure 1 Temperature evolution of the neutron-diffraction intensity for
ErMngSng from single-crystal neutron diffraction measurements along the a (0,0,!) and b (1,0,1)
reciprocal-lattice directions. The (1,0,!) data were measured during one experiment, whereas the
(0,0,1) data were taken over two experiments.
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Supplementary Figure 2 Neutron powder diffraction data for ErMngSng collected at T' = 200 K.
The red curve through the data points shows the fit from a Rietveld refinement using triple-spiral
magnetic order and the bottom blue curve shows the difference between the data and fit. Vertical
tick marks indicate Bragg peak positions. The top set of ticks is for the structural-Bragg peaks. The
bottom two sets are for magnetic-Bragg peaks.



Supplementary Table 1 Parameters from Rietveld refinements of neutron powder diffraction
data for ErMngSng taken at T' = 200 K. The superscript N indicates a parameter for the structural
phase whereas the 4+ and — superscripts indicate parameters for the two magnetic phases described
in the text. The avg superscript indicates the average value for the two magnetic phases. Ordered
magnetic moments pg, and g, for Er and Mn, respectively, are given in units of up, d is given in
degrees, and T is given in reciprocal-lattice units of 27 /c.

Mg | P 5 T ph | s ot T
1.8(2) | 1.8(1) | 14.3(2) | 0.1789(4) | 3.1(2) | 2.2(1) | 13.7(2) | 0.1963(4)
N%\;g :ui/\[,f gve TE Rgragg Ri?)ragg Rgragg

3.9(3) | 2.0(1) | 14.0(2) | 0.1876(6) | 5.36 | 164 | 123

1.2 Neutron Powder Diffraction

Supplementary Figure 2 shows the neutron powder diffraction pattern for 7" = 200 K.
Rietveld refinements were made using one phase to describe the chemical structure
and two phases to describe the triple-spiral magnetic structure. Two magnetic phases
were used because, as described in the main text, the lineshapes of the magnetic-
Bragg peaks are split. For 200 K, two gaussian peaks and a background can be used
to describe the lineshape. The most straightforward way to model the data for the
Rietveld refinements is to assume two equally populated domains, each corresponding
to one of the slightly different values of 7 = (0,0, 7%). Thus, each magnetic phase
corresponds to either 77 or 7~ and we refined the values of the ordered magnetic
moments for Er (ug,) and Mn (uym ), 7, and the angle (®—0) for each phase separately.
The results are given in Table 1. The Rprage values indicate acceptable agreement
between the triple-spiral model and the data. Refinements made allowing pg, and
pnin to have components along ¢ did not yield sensible results.

1.3 Magnetic-Bragg Peak Lineshape Splitting

Supplementary Figure 3 compares (1,0,1) cuts collected in the vicinity of Typira during
neutron diffraction experiments for two different single-crystal samples of ErMngSng.
Fits of the primary-satellites’ lineshapes from our first experiment using gaussian-
peak components return a difference between the centers of the gaussian components
of A71 = 0.015 at T' = 98 K and 0.017 at 103 K. Ary = 0.016 is obtained from our
second experiment for 100 K. The close agreement of A7, for two different samples
suggests that the lineshape splitting is intrinsic to the compound, and intrinsic to a
single magnetic domain, rather than arising from different domains hosting spirals
with slightly different periodicity.

1.4 Estimation of Hamiltonian parameters

Ezxchange parameters. Fits to the spin-wave dispersions from previous inelastic-
neutron-scattering (INS) data for ThMngSng (Th166) provide a starting point for
estimating the various Mn-Mn and Mn-Er isotropic exchange constants defined in the
main text in Eq. (1). The values for Thb166, in meV, are; JMM = —28.8, 7MM = —4.4,
JMM = _19.2, j3MM = 1.8, and JMT = 1.8 meV [1, 2]. Here, Jo™ is the dominant
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Supplementary Figure 3 ErMngSng single-crystal neutron diffraction cuts across (1,0,1) in the
vicinity of Typira1 from our two experiments. Both samples reveal similar splittings of lineshapes the
satellite magnetic-Bragg peaks.

ferromagnetic (FM) interlayer coupling. The stability of spiral or ferrimagnetic (FIM)
states is then dependent on the balance of the competing leM and ngM interac-
tions, which have opposite signs. We discuss this competition in terms of the ratios
r=JMM/gMM > 0 and y = JMM/TMM < 0. The Th166 value of 2 = 0.23 is con-
sistent with estimates based on neutron diffraction and magnetization data for Y166,
so we retain this value. The Tb166 value of y = |—0.09] is smaller than the value of
y = |—0.12| reported for Y166. The smaller of the two y values is very close to the
stability range of the FIM phase and therefore can only stabilize long-period spiral
order. This is not consistent with experimental data in the spiral phase for Er166, so
we set y to the value reported for Y166, or JMM = 2.3 meV.

The Mn-R interaction, JM#, is known to be antiferromagnetic (AFM) for the
heavy rare-earths and both INS data [1, 2] and density-functional-theory (DFT) cal-
culations [3] indicate that JM% decreases in magnitude from R = Gd — Tm. We
estimate the value of JMF = 1.35 meV using INS data for Er166 and magnetiza-
tion data, as described below. This value is lower than reported values for Gd166
(IME =2 meV) and Tb166 (JMT = 1.8 meV) which is consistent with the expected
trend.

Mn easy-plane anisotropy. Mn has an easy-plane (planar) anisotropy with K™ > 0.
The magnitude of K™ in R166 compounds has been estimated to be in a range from
0.2 to 0.5 meV from a variety of experimental approaches; (1) fitting the spin gap of
Tb166 results in K™ = 0.44 meV [2]; (2) reported from analysis of the magnetization
data as 0.47 meV for Th166 [4] (3) reported to be 0.23 meV from the H || ¢ saturation
magnetization field of Gd166 [5]; (4) reported as 0.2 meV for Y166 [6].

For Er166, the best estimate of K™ is obtained from the high-temperature magne-
tization data with H || ¢, as shown in Fig. 7a of the main text. At temperatures where
the Er MAE is quenched (T ~ 200 K), the critical field for ferrimagnetic alignment of
Mn and Er moments is approximately poH. = 5 T. If this critical field is determined
solely by the MAE of the Mn ion, we estimate that KM =~ puoH./12M = 0.17 meV,



where M = 7 pp is the onset of the magnetization plateau at 200 K. This value of K™
is on the low end of the range of the other R166 compounds and so we fix KM = 0.17
meV.

Er crystalline-electric-field parameters. The crystalline-electric-field (CEF) param-
eters B]" for different rare-earth ions scale according to the formula

B* = ()0 A" (1)

where 0; is the Steven’s factor and (r!) is the average I*" order radial moment, both of

which depend on the R ion. The parameter A}" is intrinsic to the crystalline potential
and is expected to vary slowly across the R166 series.

From INS studies of Th166, we are able to determine approximate values of A =
(4.1 meV)ay?, A} = —(7.0 meV)ay?, and AQ ~ 0 (where ag is the Bohr radius).
Assuming the transferability of the CEF potential for the hexagonal R166s and using
Eq. (1), we obtain good starting values for the CEF parameters for the Er ion; B =
0.0075 meV, B} = —0.00041 meV and BY = 0. These values are reasonably consistent
with DFT studies of the RMngSng series [3] and slight refinement of these values are
described below. For Er166, magnetization measurements indicate an easy-axis along
the (1,1, 0) direction in the hexagonal unit cell (see Ref. [7]) implying that the in-plane
anisotropy term B is positive (BS > 0).

Global search. Next we describe estimates of B/® and JMF for Er166 from com-
parison of magnetization and INS data. In this search, we fix the other parameters of
the model (i.e. JMM and K™). Supplementary Figure 4 shows data from INS mea-
surements of Er166 where we observe four CEF excitations out of the ground state at
T = 5 K. These excitations are not visible at 200 K due to thermal depopulation of
the ground state. The energies of the first four transitions were obtained from gaussian
fits to the peaks and are listed in Table 2.

As shown in Fig. 7a of the main text, an applied magnetic field along the hard
(0,0,1) direction will generate a first-order magnetization process (FOMP) where the
ground-state FIM structure jumps from spins ordered with their orientations in the ab-
plane (planar) to their orientations lying along the c-axis (uniaxial). The small value
of the critical FOMP field [poH. = 0.7(2) T] indicates that the planar and uniaxial
configurations are nearly degenerate with a free energy difference of AF = F. — Fap =
MuoH, = 0.16(5) meV, where M = 4 up/fu is the net magnetization per formula
unit in the FIM ground state.

We can use a combination of INS and magnetization data to refine our estimates
of these parameters. Supplementary Figure 5 shows a representative slice of a search
in the 4-D space of B/™ and JME parameters. The indicated regions for the differ-
ent observables correspond to the values in Table 2. In Supplementary Figure 5, the
selected parameters are indicated by the red dot and provide good estimates of AF,
FE;, and E3, whereas agreement with Fo and F, is less optimal. The black curve in
Supplementary Figure 4 compares the calculated CEF transitions from this parameter
set to the INS data. The main text demonstrates that our model with these parameters
displays reasonable agreement with the observed data and is valuable in interpreting
experimental results.
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Supplementary Figure 4 Comparison of inelastic-neutron-scattering (INS) data at 7' =5 K and
200 K to calculations of the trace of the imaginary part of the local-ion magnetic susceptibility (black
line) using the parameters determined in Supplementary Figure 5. INS data were measured on the
ARCS spectrometer at the Spallation Neutron Source using an incident energy of 30 meV. Data are
summed over h = 0.25 to 0.75, k = —0.25 to 0.25, and | = —5 to 5 for the hexagonal reciprocal lattice.

Supplementary Table 2 Energies obtained from magnetization data [AF(FOMP)] and
crystalline-electric-field (CEF) transitions (Et) seen in inelastic-neutron-scattering data. These
energies are used to determine the Hamiltonian parameters for Er166. The numbers for the CEF
states are general labels starting from the ground state |1).

Observable | Energy (meV)
AF (FOMP) 0.16(5)
E1(]1) — 12)) 7.65(1)
E2(]1) —13)) 10.50(15)
E3(|1) — |4)) 14.85(13)
EA(]1) — 15)) 18.6(3)

1.5 Classical magnetic anisotropy energy

The classical magnetic anisotropy energy (MAE) for hexagonal Erl66 is given by

Kot = K sin® g, + Ko sin® 0, + K5 sin® 0, (2)
+ K% cos(6pg, ) sin® g, — 6K sin? Oypy,.

where 6; and ; are the polar and azimuthal angles, respectively, describing the orien-
tation of the Er (¢ = Er) and Mn (¢ = Mn) magnetic moments. For Mn, we retain only
the first-order MAE term and for Er we assume that K3 = 0. The MAE constants for
Er are related to the B]" parameters, K = —3J2)BY — 40JW B, K, = 35J% BY,
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Supplementary Figure 5 Global search for model parameters as a function of Bg and Bg for
fixed values of JME = 1.35 meV, Bg = 1.47 x 107% meV, and KM = 0.17 meV, and all other
exchange constants fixed as described in the text. Striped regions correspond to observables listed in
Table 2. The red dot shows a choice of parameters for Bg and Bg that best represents the first-order
magnetization process (FOMP) and the E1, and E3 crystalline-electric-field transitions.

and K} = JOBS, where J@ = J(J —1/2), J® = JO(J - 1)(J — 3/2), and
JO = JO(J—2)(J —-5/2).

We find that Kot = 0 for a uniaxial ferrimagnet (FIM-c) with 6, = 7 and
Ovn = 0 and Koy = K; + Ko — K5 — 6K™M < 0 for a planar ferrimagnet (FIM-
ab) with the in-plane easy-axis defined by 0, = Oy = 7/2 and @, = 7/6. Using
our Er CEF parameters, we obtain K7 = 28.34, Ky = —26.45, K5 = 0.83, and
6K™M = 1.02 meV. The classical polar and planar MAE are plotted in Supplementary
Figures 6a and 6b, respectively, and demonstrate the near degeneracy of uniaxial and
planar configurations which arise from an almost complete cancellation of Mn and
Er MAE contributions. We find that the classical MAE slightly favors the FIM-c
phase (Kiot = 0.04 meV), whereas experimentally FIM-ab is the ground state and we
estimate Koy & —MpuoHromp/2 = —0.08 meV from the FOMP field, as described
above.

Evaluation of the MAE using a mean-field approach does establish the FIM-ab
state as the ground state. Furthermore, orbital mixing of the CEF eigenstates reduces
per and leads to differences between the classical and mean-field results. This is illus-
trated by the small differences between the classical and mean-field curves shown in
Fig. 6a for a progressively tilted collinear-FIM structure with 6y, = 0 and g, = 71— 0
at T = 0 K. Similarly, Supplementary Figure 6b compares the classical and free-
energy results for the Er six-fold planar MAE, demonstrating that the easy axis is
rotated 30° away from a. Note that the CEF level mixing captured in the mean-field
approach leads to a sizable reduction of the planar MAE due to its dependence on the
sixth-order matrix elements of the angular-momentum operators.
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Supplementary Figure 6 Ground state magnetic anisotropy energy (MAE) of ErMngSng as a
function of a the polar angle () and b the planar angle (¢) in both the classical limit (blue) and
from free energy calculations (red). In a, the separate contributions of Er (blue dash) and Mn (purple
dot) to the classical MAE are shown.

1.6 Mean-field description of the free energy

The typical mean-field decomposition of the exchange Hamiltonian Eq. (1) of the main
text is given by,

HAE =TME S ((si) -85 +5i - (S5) — (si) - (8)))

(i<g)

FDD T () g+ s o)~ (50) - o5)) ®

We use these terms to generate local mean-field Hamiltonians for Er and Mn

HEl\glrF =Hp — B - S — gJMBJ . ,U()H (4)
and

HME = Hnyn — Buvn -8 — guss - poH, (5)
where By = —27M%(S) — 32,77 (s:) and Br, = —127YF(s) are the self-

consistently determined molecular fields acting on Mn and Er, respectively. -; is the
coordination number for JMM.



The self-consistent solution to the mean-field Hamiltonian is obtained by minimiz-
ing the free energy

]'-(T, Hz) = 7kBTlIl ZEr — GkBThl ZMn (6)
—127ME(s) - (S) — 3 1T MM(s;) - (s) |

where Zg, and Zyp, are the partition functions for Er and Mn obtained from Eqs. (4)
and (5), respectively.

To simplify our analysis, we consider only uniaxial fields H || ¢ (i.e. H,) and make
an approximation where the planar Er magnetic-anisotropy energy (MAE) given by
K} sin® 0, cos(6pg,) (where K} oc BY) is fixed at its minimum value of —K} sin® 0,
for any in-plane angle pg,. This is equivalent to an easy-plane anisotropy with nonzero
BR, as the 6 dependence plays a critical role in controlling the phase stability. Fur-
thermore, Fig. 6a in the main text shows that the true easy-plane limit (K% =~ 0) is
valid at high temperatures (T' > 100 K) due to rapid thermal softening of the planar
MAE upon warming. This approximation effectively describes the low-temperature
magnetic phases, such as FIM, where all moments lie in a vertical plane containing
the planar easy-axis and c-axis field directions.

Zero-field case. For easy-plane configurations [K% cos(6pg,) = const.] in zero field,
only the relative angles between spins matter. In the specific case of the ideal-triple-
spiral structure, the periodicity is defined by the angle ® between alike layers in
adjacent cells (coupled by J3™) and the angle § is between strongly coupled Mn
bilayers (coupled by JoMM). Supplementary Figure 7 (and Fig. 1 of the main text)
shows the relative angles of spins in neighboring layers and their coupling constants. In
Supplementary Figure 7, the Er moment is arbitrarily chosen to point along (1,0, 0),
bisecting the angle (® — §) and the Mn moment directions. The Mn moments are
specified by layer designations A, B, A+, A-, and B- and their orientations are given
relative to the Er moment orientation. The spin vectors are

Sa4+ = 5 |cos

(

B
s = s [eos (227

(

(
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Supplementary Figure 7 Geometry of spins in neighboring layers in the easy-plane triple-spiral
state. We place the Er spin (black) arbitrarily along the (1,0,0) direction and it’s molecular field is
determined by the JME coupling to the Mnya (blue) and Mng (green) in the layers above and below.
The blue Mnp spin experiences a molecular field from the Mna4 and Mna. (red), Mng. (yellow),
Mnpg (green) and the Er spin with the exchange parameters indicated in parentheses.

and Supplementary Figure 7 shows the relative angles of spins in neighboring layers
and their coupling constants.
In the zero-field case, expressions for the molecular fields are

B, = —67"" ({sa) + (sB)) , (8)

= —127ME(s) cos ((1)25) (1,0,0),
and

By = *QJME<S> - 4j0MM<SA> - leM<SB> 9)
— J3™M(sp) = 3™ ((sas) + (sa)
=27MF(5)(1,0,0)
— (4T3™ + 273"™ cos @) (s)

(1) (159
o (£59) o (25)
- o (259) ()]

The resulting free energy per unit cell is given by
F = kaTanEr kaBTanMn (10)

+ 127ME(5)(S) cos (@2—5)

10



—3(s)? [AT;™ + T cos(® — 8) + J"™ cos &
+2TMM (o <I>} ,

where the thermally averaged spin magnitudes (s) and (S) are determined self-
consistently.

Vertical-field case. For a vertical magnetic field along the z (i.e. c¢) direction, we
maintain the double spiral angles 6 and ® and now introduce the polar angles of the
Er and Mn sublattices 0k, and 6yr,. Similar to the definitions above, we assume that
the Er moment is pointed in the (1,0, 1) plane and always negative in the z—direction.
The spin vectors are

S = S [—sinfg;, 0, cos GEr , (11)

>
— sin fypy, sin <26) , COS GMH} ,

5) sin Oy, sin <(I>25) ,COS GMH} ,
d —
5) — sin Oy, sin (326> , COS OMn} ,

2
[ O+6\ | AR
SA+ = S |sin Oy, cos — , 8in Oy, sin — ) cos O |

[ O +6 . . [P+
Sp. = § |sin Oy, cos ) sin Oy sin —5 ,co8 Opin | -

SA = § |sin Oy, cos (

S = § |sin Oy, COS (

[\D

3P —

SA. = 8 |sin Oy, cos <

The corresponding molecular fields are given by similar expressions as above and
include an externally applied magnetic field along the z—axis.

R
Bg, = 712‘7ME<5> {Sin Onin cOS (2> ,0,cos GMH}

+/’[’OHZ(O)O71) ’ (12)
By = —QJME< )[— sin Ogy, 0, cos O, ]

d—9 d—§
X | sin Oypy, cos > , — sin Oy, sin (2> , COS QMH}

Oq

X |sin Oypy, cos

o — o —
X |sin Oy, cos ( 5) , sin Oy, sin <25> , COS QMn}

2
) , — sin Oypy, sin ((1)2—’_5> , COS GMH}

11

o+
2
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Supplementary Figure 8 Free energies of the zero-field magnetic phases in ErMngSng.
We calculate the phase stability of different planar (g, = Onvn = 7/2) ferrimagnetic (FIM-ab), anti-
ferromagnetic, and spiral phases using a mean-field analysis of the easy-plane model for ErMngSng.
a Free energy of different planar magnetic ground states at T' = 0 K as a function of JME. b The
temperature dependence of the phase stability of the planar states with JME = 1.35 meV. The inset
to b shows the small free energy difference between the FIM-ab and triple-spiral phases.

b —
—2 MM () [sin Onin cos P cos (26> ) e

d -4
... —sin Oy, cos ® sin (2) , COS GMH]

+/’[/OHZ(O7 07 1) . (13)
Using the same notation, the free energy is

F=—kgTlnZg, — 6kpT In Zym (14)
+ 127MM ()2 + 127ME(S) (s)

d -4
X | — sin Oypy sin g, cos (2> + cos Oy cos Oy

+ 3TMM ()2 [sin2 Onin cos(® — §) + cos? HMH}
+37,™(5)? (sin® Oprn cos § + cos® Oy )
+ 673 (s)? (sin® Oy cos @ + cos® i) -

Supplementary Figure 9 shows the evolution of the polar angles and total magne-
tization that result from minimization of the free energy for 7' =0 and T = 125 K
as a function of applied field. Similar calculations were used to assemble the phase
diagram shown in Fig. 8 of the main text.

Classical energy states with planar anisotropy. States with non-zero planar
anisotropy or under in-plane magnetic fields can adopt distorted magnetic structures.
The moment directions can vary in a complex manner from layer-to-layer within a
large magnetic unit cell determined by the overall periodicity. Rather than attempt to
evaluate the self-consistent solutions to the free energy, where molecular fields must
be evaluated independently for each layer, we rather minimize the total energy of the

12
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Supplementary Figure 9 Evolution of different magnetic phases obtained from the minimization
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Here, p is the number of unit cells containing an Mn-Er-Mn trilayer and j labels a
single unit cell. Mn and Er moments adopt a planar angle ¢; in each successive layer

in the stack with ¢ = 1 to 2p and i = 2p + 1 to 3p, respectively, with open boundary
conditions. We find the minimum energy using the exchange parameters in Table 1 of

13



the main text and for different values of the in-plane anisotropy parameter K3. The
mean periodicity is shown in Fig. 6b of the main text for a stack consisting of p = 36
unit cells (108 layers).
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