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I. Characterizations of the Tl sandwich heterostructure
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Figure S1 | RHEED patterns of the magnetic Tl sandwich heterostructure (3-5-3 sample).
(a-d) RHEED patterns of the heat-treated SrTiOs (111) substrate (a), the bottom layer of 3QL
Cr-doped (Bi, Sh),Tes (b), the middle layer of 5QL undoped (Bi, Sb).Tes (c), and the top layer of
3QL Cr-doped (Bi, Sh).Tes (d).

Figure Sla shows the reflection high-energy electron diffraction (RHEED) patterns of the
heat-treated insulating SrTiOs (111) substrate, the clear reconstruction indicates an atomically
flat surface, which is crucial for growing the high-quality topological insulator (T1) film. Figures
S1b to S1d show the RHEED patterns of the bottom 3 quintuple layer (QL) Cr-doped (Bi,
Sb).Tes layer, the undoped 5QL (Bi, Sb).Tes middle layer and the top 3QL Cr-doped (Bi,
Sb).Tes layer, respectively. The sharp and streaky “1x1” patterns observed in each stage indicate

the high-quality of our magnetic T1 sandwich samples.



Figure S2 | TEM image and EDS mapping of the magnetic Tl sandwich heterostructure (3-
5-3 sample). (a) The TEM image of a 3QL Cr-doped (Bi, Sb)>Tes/5QL (Bi, Sb).Tes/3QL Cr-
doped (Bi, Sh).Tes sandwich heterostructure. The total thickness is 11QL. (b) EDS map of the Cr

ions of the 3-5-3 sample.

Figure S2a shows a cross-sectional transmission electron microscope (TEM) image of a 3QL
Cr-doped (Bi, Sbh)2Tes /5QL (Bi, Sh).Tes /3QL Cr-doped (Bi, Sh).Tes sandwich heterostructure
(3-5-3 sample). The crystal structures of Te capping layer, the 11QL heterostructure, and the
SrTiOz substrate can be clearly distinguished. The corresponding energy-dispersive X-ray
spectroscopy (EDS) mapping of Cr (Fig. S2b) shows that Cr signal is stronger in the top and the
bottom 3QL TI layers, consistent with the diluted Cr doping (~7.5%) in these two layers.
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Figure S3 | Magnetic hysteresis loop of the magnetic Tl sandwich heterostructure (3-5-3
sample) measured by SQUID at T =1.8 K.

Figure S3 shows the magnetic hysteresis loop of the 3QL Cr-doped (Bi, Sb)>Tes/5QL (Bi,
Sb)>Tes/3QL Cr-doped (Bi, Sb).Tes sandwich heterostructure (3-5-3 sample) measured by a
superconducting quantum interference device (SQUID) based magnetometer at T =1.8 K. We did
not see any additional steps near the coercive fields, indicating the two magnetic Tl layers have

the same coercive fields (uoH).



II. Determining the Curie temperature of the T1 sandwich heterostructure
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Figure S4 | Arrott plots of the magnetic T1 sandwich heterostructure (3-5-3 sample 1). The
Tc of this TI sandwich heterostructure is ~ 19 K.

The Curie temperature (Tc) of a ferromagnetic (FM) material can be accurately determined
by the Arrott plots. In the limit of high magnetic field (noH), the Hall resistance pyx can be
expressed in the form: py? = a + buoH/pyx (black dotted lines in Fig. S4), where a and b are
constants . When the FM state is approached from above Tc, the slope b of the poH/pyx term
increases and the intercept a changes sign from negative (T < Tc, the FM state) to positive (T >
Tc, the paramagnetic state). Figure S4 displays the Arrott plots of the 3QL Cr-doped (Bi,
Sh)>Tes/5QL (Bi, Sb)>Tes/3QL Cr-doped (Bi, Sh),Tez sandwich heterostructure (labeled as 3-5-3
sample 1). The Tc of the 3-5-3 sample 1 is found to be ~ 19K.



II1. Additional transport results of the T1 sandwich heterostructure (3-5-3 sample 1)
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Figure S5 | poH dependence of pyx of the 3-5-3 sample 1 under different gate voltages (Vg-
V¢®) and temperatures. (a) 60mK, (b) 100mK, (c) 200mK, (d) 400mK, (e) 600mK, and (f) 1K.
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Figure S6 | poH dependence of pxx of the 3-5-3 sample 1 under different gate voltages (V¢-
V%) and temperatures. (a) 60mK, (b) 100mK, (c) 200mK, (d) 400mK, (e) 600mK, and (f) 1K.
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Figure S7 | (Vg-V¢°) dependence of the TH resistance pyx™ of the 3-5-3 sample 1 at different
temperatures. (a) 60mK, (b) 100mK, (c) 200mK , (d) 400mK, (e) 600mK, and (f) 1K. (g) The
maximum py ™" as a function of (Vg-V¢°) at different T. p"™-™* shows a peak denoted by

the arrows for Vg < V.

Figures S5 and S6 display the magnetic field pwoH dependence of the Hall resistance pyxand
the longitudinal resistance pxx of the 3-5-3 sample 1. All the data shown in the main text is from
this sample. When Vg = Vg°and T < 400mK, this sample exhibits the perfect quantum anomalous
Hall (QAH) state with quantized pyx (Fig. S5) and vanishing px (Fig. S6). For Vg < V¢® or Vg >
Vg%, with increasing dissipation, pyx decreases and pxx increases. pyx shows a “hump” feature,
which has been interpreted as a signature of the topological Hall (TH) effect. This hump feature
is more pronounced for Vg < V¢°. We noted that px shows a twin-peak feature near the coercive
field (noHc) for (Vg-V¢®) = -240 V and T = 60 mK. This twin-peak feature at (Vg-V¢°) = -240 V
becomes more obvious with increasing T. The Vg at which px shows this twin-peak feature

extends to (Vg -Vg®) = -80V at T = 1K. We speculate this phenomenon is likely due to the



weakened magnetic proximity induced FM orders in the middle TI spacer layer. More systematic
studies on the dip feature of px« near poHc may be interesting.

The method we used to estimate the TH resistance pyx at different T and Vg (Fig. S7a to S7f)
is described in the main text. The py"™ shows a maximum for Vg < V¢® gradually decreases with
increasing T. A summary of py ™™ as a function of (Vg- V) at all temperatures is shown in
Fig. S79. The pyx"™™M curve at each T is asymmetric between Vy<Vg® and Vg>V¢°. When 60 mK
< T < 1K, the pyx™ shows a peak as denoted by the arrows when Vy<V¢’. This observation
indicates the DM interaction strength is maximized when the chemical potential crosses the bulk

valence bands.
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Figure S8 | poH dependence of the Hall conductance oxy at T= 30 mK of the 3-5-3 sample 1
under different gate voltages (Vg-V¢?). (a) -220V, (b) -140V, (c) -100V, (d) OV, (e) +70V, (f)
+180V. Insets show the TH conductance cx,'" deduced from the difference of oy, measured

sweeping woH upward (blue) and downward (red).

In order to exclude the possibility that the “hump” feature in pyx is an artifact due to the large
o near the poHc regime, we convert pyx into the Hall conductance oxy. We can still see the TH-
like “hump” feature in n- and p-type regimes, but Vq for the maximum oy is changed. Figure S8
shows poH dependence of oxy under different Vgs, and the insets show the TH conductance oy, 'H.
For Vg < Vg, oxy ™ displays the “hump” feature. We note that ox,'" shows a maximum at (Vg-V¢°)
=-100V. This may imply that (Vq-V°) =-100V corresponds to the chemical potential crossing
the bulk valence bands. For Vg = V¢®, 6™ is vanishing due to the existence of the perfect QAH

effect. At (Vg-Vq°) = +180V, only a trace of oxy ™ is observed.
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Figure S9 | noH dependence of pyx of 3-5-3 sample 1 under (Vg-V¢®) = -200V at T=30mK.

Figure S9 shows the high magnetic field Hall traces of the 3-5-3 sample 1 under (Vq-Vg®) = -
200V at T=30mK. At low poH, we can clearly see the TH feature. This observation is consistent
with the results shown in Fig. 2 of the main text. At high poH, the Hall trace shows negative
slope and pyx saturates when poH= 7T. Next, we will use the following simple argument to

explain the “puzzle” why the slope of pyx is still negative when hole carriers are introduced.

When the magnetic TI sample is in the QAH state, pyx is quantized (~ h/e?) independent of
oH 2. According to “standard” understanding of a semiconductor, a zero slope of pyx would
suggest the carrier density of the QAH sample is infinite. But we know that the carrier density of
the QAH sample is actually zero rather than infinite. When the magnetic T1 sample deviates
slightly from the QAH state, we know that py is limited to h/e?. When electron carriers are
introduced, the Hall slope is negative, so py is unlikely to exceed h/e?. When hole carriers are
introduced, according to the standard semiconductor theory, the Hall slope should be positive.
However, this will make pyx exceeds h/e? when poH is larger than a critical value. This must not
be the case. Therefore, all magnetic Tl samples near the QAH regime must show the negative
Hall slope.
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= —72 __ if the longitudinal conductance

Here we give a possible reason. We know p,,, oiron
ox has a stronger dependence on poH near the insulating QAH regime compared to oy, poH
dependence of pyx will be primarily determined by the poH dependence behavior of ox« behavior
rather than the carrier type of the sample. Since we also observe the TH-like “hump” feature in
Hall conductance oxy (Fig. S8 and relevant discussion), the hump feature in pyxshould not be an
artifact due to the poH dependence of oxx near the poHc regime.

In addition to the TH effect in the perpendicular poH, we have also systematically studied the
TH effect by rotating the sample with respect to the poH, as shown in Fig. S10a. We found that
the chiral spin texture phase in the 3-5-3 sample 1 at T=2K is exceptionally stable under the
tilting of the poH and the “hump” feature of the TH effect survives as the poH is tilted as much as
60°(Fig. S10b to S10i). This is much higher than the 6~10°in the EuO film where the

destruction of the 2D skyrmion or other chiral spin textures is reported 3.
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Figure S10 | Tilt angle @ dependence of the TH effect for 3-5-3 sample 1 under (Vg-V¢°) = -
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IV. Transport results of the second 3-5-3 Tl sandwich heterostructure (3-5-3 sample 2)
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Figure S11 | poH dependence of pyx of 3-5-3 sample 2 under different gate voltages (Vg-Vg°)
and temperatures. (a) 30mK, (b) 60mK, (c) 200mK, (d) 400mK, (e) 600mK, and (f) 1K.

13



Vg -Vgl= -200v 160V - 100V ov +120V +200V
a
15
1.0 AA
05 \M/
00 I T=30mK
40 00 10 -10 00 10 -10 00 10 -0 00 10 -1.0 00 10 -1.0 00 1.0
Vg -VgP= 250V 170V - 90V ov +100V +150V
1510
1.0
05
T=60mK
ool L. 1 _________ S o
15| €
—
o
)
°
£ 10
5 AN
=
=% | s A _M___
05
00| .|| ... ______L_______________________ _._._.T[=200mKk
d
15
1.0
05
0.0 T=400mK
e
15
1.0
____“________J-L_‘ \M" AA
oo . .\ .\ ] _T=600mK
f
15
1.0
—————"M-———
0.5 P — J“ A -
oo .\ bt TEIK
10 00 10 -10 00 10 -10 00 10 -1.0 00 10 -1.0 00 10 -1.0 00 10
poH (T)

Figure S12 | noH dependence of pxx of 3-5-3 sample 2 under different gate voltages (Vg-Vg°)
and temperatures. (a) 30mK, (b) 60mK, (c) 200mK, (d) 400mK, (e) 600mK, and (f) 1K.
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One sample (labeled as 3-5-3 sample 2) with the same configuration as the 3-5-3 sample 1
was also measured to further demonstrate the observation of the concurrence of the QAH and TH
effects. Figures S11 and S12 show poH dependence of pyx and pxx of the 3-5-3 sample 2 under
various gate voltages (Vg-V¢®) and temperatures between 30mK and 1K. The different Vs for
the gate scan at T=30mK as compared with other temperatures is likely a result of the low

temperature charging effect of the SrTiOs substrate 4.
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Figure S13 | (Vg-V¢°) dependence of the TH resistance o™ of 3-5-3 sample 2 at different
temperatures. (a) 30mK, (b)100mK, (c) 200mK, (d) 400mK, (e) 600mK, and (f) 1K. (g) The

maximum py"-" as a function of (Vg-V,°) at different T.

Figures S13a-S13f show the (Vg-V¢®) dependence of the TH resistance py™ at different
temperature. The maximum value of pyx (i.e. p"™™)at T=30mK is ~ 445Q, which is about
one-quarter of the value of ™™ found in the 3-5-3 sample 1(Figs. 3b, S7a, and S7g).
Py M hecomes smaller with increasing temperatures and is much smaller at T=1K. Figure
S13g summarizes pyx M as a function of (Vq-V) at different temperatures. The TH effect of

this sample shows similar gate and temperature dependences as the 3-5-3 sample 1 (Fig. S79).

15



V. Transport results of Tl sandwich heterostructures with different sample configurations
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Figure S14 | poH dependence of pyx of the samples with different configurations measured
at T=500mK. (a) 1-5-1, (b) 2-5-2, (c) 3-5-3, (d) 4-5-4, and (e) 5-5-5. The right column is

measured at Vg=Vy°, the left one is measured at Vg = -200V. The insets show pyx ' at Vg = -200V.
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Figure S15 | poH dependence of pyx of the samples with different configurations measured
at 500 mK. (a) 3-1-3, (b) 3-2-3, (c) 3-3-3, (d) 3-4-3, (e) 3-5-3, (f) 3-6-3, and (g) 3-7-3. The right
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As noted in the main text, the asymmetricpotential U in the magnetic T1 sandwich sample is
critical for the formation of the TH effect °. In order to single out the appropriate sandwich
heterostructure, in which the TH effect coexists with the QAH effect, we first kept the middle
layer of (Bi, Sh).Tes film to be 5QL and systematically varied the thicknesses of the top and
bottom magnetic TI layers (Fig. S14). We found the 3 QL magnetic TI layer is optimal for the
observation of the concurrence of the QAH and TH effects. Then we kept the top and bottom Cr-
doped (Bi, Sb)2Tes film to be 3QL and tuned the thickness of the middle undoped TI layer. We
found the 3-5-3 configuration shows the best QAH state at V4=V¢° and the TH effect appears
when Vy is tuned away from V¢ (Fig. S15).

Figure S14 shows the poH dependence of pyx at Vg=V° and Vg = -200V of the 1-5-1, 2-5-2, 3-
5-3, 4-5-4 and 5-5-5 samples. At Vg=V¢°, pyx of the 3-5-3 sample is found to be close to the
quantized value at T=500mK, while py of the other four samples is still much less than h/e?.
Small pyx in 1-5-1 and 2-5-2 samples is likely due to the weak magnetization of the thinner
magnetic TI layers. This can also be seen from the smaller poHc in these two samples. For the 4-
5-4 and 5-5-5 samples, small pyx is possibly a result of the thick magnetic TI films inducing
dissipative channels in the heterostructures. At Vy=-200V, where the TH effect is shown if
applicable. Although both the 3-5-3 and 4-5-4 samples show the “hump” feature of the TH effect,
the QAH and TH effects coexist only in the 3-5-3 sample.

In order to optimize the thickness of the middle undoped TI layer, we kept the top and
bottom Cr-doped (Bi, Sh).Tes film to be 3QL and systematically varied the thickness of the
middle T1 layer. Figure S15 shows the poH dependence of pyx at Vg=V¢® and Vg = -200V of the 3-
1-3, 3-2-3, 3-3-3, 3-4-3, 3-5-3, 3-6-3, and 3-7-3 samples at 500mK. At Vg=V,’. The pyxof 3-5-3
sample is close to the quantized value at T=500mK. At V4=-200V, the 3-5-3 sample, again,
shows the most obvious TH effect. The smaller TH effect in 3-6-3 and 3-7-3 samples are likely
because of the existence of too many dissipative channels in the thick heterostructures, which
weakens the role of two magnetic Tl layers. We note the gating effect is much weaker in the

thicker sandwich heterostructures.
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Figure S16 | A control sample to exclude the possibility that the TH “hump” feature is
induced by the superposition of two AH components with opposite signs. (a) Schematic of
the control sample: 5QL V-(Bi, Sh).Tes on 3-5-3 sample heterostructure. (b-d) noH dependence
of pyx under Vg=-50V (b), OV (c), 200V (d). Due to the exchange coupling between 5QL V-(Bi,
Sb),Tes and the top 3QL Cr-(Bi, Sh).Tes, the coercive field (uoHc1) of the top 3QL Cr-(Bi,
Sb).Tez is enhanced. while the coercive field (uoHc2) of the bottom 3QL Cr-(Bi, Sb)2Tes is not
affected.

In order to exclude the TH effect observed in the 3-5-3 sample is a result of the superposition
of two AH components with opposite signs ©, we carried out the following control experiment.
We deposited 5QL V-doped (Bi,Sb).Tes on top of the 3-5-3 sandwich heterostructure (Fig. S16a).
Since poHc of V-doped Tl is much larger than poHc of the Cr-doped TI 8, the existence of the
exchange coupling effect will increase the poHc of the top 3QL Cr-doped (Bi,Sb).Tes layer. This
structure configuration favors the formation of the antiferromagnetic alignment between the top
and bottom Cr-doped (Bi,Sb).Tes layers. Figures S16b to S16d show poH dependence of pyx of
the control sample (i.e. the four-layer heterostructure) under Vg = -50V, 0V, 200V. woHc2 of the
bottom 3QL Cr-(Bi, Sb)>Tez is ~0.08T, while poHc1 of the top 3QL Cr-(Bi, Sb),Tes is ~0.25T.
The “plateau” feature observed for poHc1<poH<poHc2 demonstrates the antiparallel magnetization
alignment between the two 3QL Cr-(Bi, Sh).Tes layers 8, where the TH “hump” feature
disappears rather than being enhanced. This control experiment confirms that the TH effect
observed in the 3-5-3 sample is not a result of the superposition of two AH components with

opposite signs, as discussed in Ref. 8.
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VI. Theoretical calculations for the spin susceptibility in magnetic TI

In the main text and the “Theoretical calculations” of Method Section, we have introduced
our model Hamiltonian including both the bulk quantum well (QW) states (H,y) and the
topological surface states (SS) (Hss). Both states are coupled to the sample magnetization M
through the Zeeman type of coupling Hzeeman = —/uM - . We note that Hy,y, and Hggare
actually related to each other by a unitary transformation. Using the unitary transformation T =
(0, + 0,)/V/2, the Hys can be rotated to the same form as the How, as T*HgsT = vF(kyox —
ky0y)Tx + Uty + mooyand T HyeomanT = M* -0 + M~ - 07,, Where M* = (M* + MP)/2.
As the overall spin chirality is concerned here, only M* is considered, so the Zeeman coupling
on the SS is H5Seman = —JuM™ - @, while that on QW states are simply Have, .~ = —JuM - 0.

We will use the rotated basis for SS in the following calculations.
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Figure S17 | Comparison between diagonal and off-diagonal susceptibilities. y,,, ¥z and
X« Tor (a) topological SSs and (b) bulk QW states. The chemical potential « is at 0.02eV.

Next, we will present a systematic study on the spin susceptibility x.g (o, B = x,y,z) through
the linear response theory y,z(q) = %Tr[GO(q + K, iwp)T,Go(k, iwp)Tz], where G, is the

unperturbed Green’s function, and the spin operator I' is ' = —J, 6. Using Matsubara frequency

summation, the spin susceptibility .z can be given by

(k) —f (K
Xap =3 A2k Sy LI EED 1y (p (k4 @), P, (K)T] (S1)

iw+em(k)—en(k+q)

where m, n are band indices, f = 1/[1 + exp(e — u)/kgT] is the Fermi-Dirac distribution, and
B, (k) is the projection operator. w is chosen to be a small number representing a tiny scattering

rate responsible for the potential disorder effect. In our calculations, the temperature is T=3meV
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and w = 1meV without loss of generality. Both the diagonal part (e.g. Heisenberg interaction)
and off-diagonal part (e.g. DM interaction) of spin susceptibility are studied. We find generally
the diagonal part is dominated over the off-diagonal part. In particular, we can see from Fig. S17
that x,,(q) is the largest one, thus suggesting that the system favors out-of-plane ferromagnetism,
which is consistent with our experiment. Perpendicular magnetic anisotropy is usually present in

such systems with strong spin-orbit coupling 2.

0.30 0.20
0.20 |
3 0.10
010} |
[ 1
0.00 - 0.00
N N
= - =
-0.10 | - p= 0.00evV -~ = 0.00eV
- u=-0.01eV 1 -0.10 - u=-0.01eV -
—020y = =002V ] = | =-0.02V
-0.30 ! | ! | ! | ! -0.20 ! | ! | ‘
-0.010 -0.005 0.000 0.005 0.010 -0.010 -0.005 0.000 0.005 0.010
Ky kx

Figure S18 | Linearity between off-diagonal susceptibility and momentum. The
susceptibility y,, as a function of momentum k, at different chemical potentials for (a)

topological SSs and (b) bulk QW states. Linear relations are almost respected at small momenta.

As the spin interaction energy is E = ¥, x;;(q)S'(—q)S’(q), the off-diagonal part of spin
susceptibility responses for the DM interaction and thus is essential for the formation of chiral
magnetic domain wall during the magnetic transition. As the system breaks mirror symmetry
with respect to xy-plane, x,, = 0. The electron Hamiltonian Hgy, or Hgg respects mirror
symmetry with respect to xz- and yz-planes, the off-diagonal components have the property
Xxz(qy =0) = 0 and y,,(q, = 0) = 0. That means the DM interaction is in the Néel type,
consistent with the Moriya rule °. Here we focus on y,, for example, and its momentum
dependence is shown in Fig. S18. y,,, can directly be related to x,, through an in-plane rotation
due to the full rotation symmetry in the Hamiltonian of the current model. y,. is clearly an odd
function of q,, and linearly proportional to g, at small momenta. We choose g, = 0.005A~!
throughout the manuscript. Although nonlinear effects coming from g2 begins to take place at
u < —0.02eV for QW states, all qualitative results presented are unchanged. Under this
momentum choice, the energy dependence of y,, has been shown in Fig.4 of the main text for
different asymmetric potential U. We have further checked the contribution from intra-band
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coupling (i.e. m = nin Eqg. S1) and inter-band coupling (i.e. m # n in Eg. S1). We found both
contributions are significant, which account for finite susceptibility even when the chemical

potential x locates within the gap (Fig. S19).
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Figure S19 | Separating the intra- and inter-band contributions to y,,. Both intraband and
interband couplings are separated from the total y,, in cases of (a) topological SSs and (b) bulk
QW states.

Since both the asymmetric potential U and the chemical potential x are changed with tuning
the gate voltage Vg in the real experiment, we calculated the spin chirality Q as a function of both
U and 4. In the adiabatic regime, the TH resistance p™ is proportional to Q, which is quadratic
in spin susceptibility y,, (i.e. Q~x2,). Therefore, we plotted y2, to represent Q as a function of
both U and x in a 3D plot (Fig. S20a). The spin chirality Q shows two peaks in the hole doping
regime (i.e. x <0) when |U| is greater than 0.01eV. At fixed 1, Q is symmetric between positive
and negative U and Q = 0 at U = 0, where the inversion symmetry is preserved. Fig. S20b is the
2D color contour plot of Fig. S20a. The perfect QAH effect can be realized in the region
between two black dashed lines. In order to compare our experimental data (Fig. 3b of the main
text) with our theoretical calculation, we made a simple approximation that both U and x are
linear in Vg. In other words, the Vg dependence of U and x in our experiment is a straight line in

Fig. S20b and the slope of this line characterizes the efficiency of Vg in tuning U and .

Figures S20c to S20j show plots of Q vs u(or Q vs U) along lines 1-8 shown in Fig. S20b.
Lines 1-4 have larger slopes, suggesting  is more efficiently tuned than U. The corresponding Q
vs u plots are shown in Figs. S20c to S20f. In this case, the strong asymmetric profile of Q with
changing Vg comes from the asymmetry between bulk conduction and valence bands, as

discussed in our manuscript. When g is tuned into the magnetization gap the samples show the
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perfect QAH effect (light red shadow area). When the slope of the line is reduced, tuning Vg
becomes more efficient in changing U and Q decreases monotonically from the hole to electron
doping regimes (Fig. S20f).
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Figure S20 | The calculated spin chirality Q as a function of the chemical potential x# and
the asymmetric potential U. (a,b) 3D and 2D contour plots of Q as a function of both U and .

(c-j) Q vs u (or Q vs U) plots along lines 1-8 shown in (b). The light red shadow area in (c-i)
corresponds to the perfect QAH regime.

For lines 5-8 in Fig. S20b with smaller slopes, U is more efficiently tuned instead. As shown
in Figs. S20g to S20j, Q becomes progressively more symmetric as the slope goes towards zero
(the zero slope means that the gate voltage only tunes U and u remains unchanged). As noted
above, Q = 0 when U = 0. This minimum is different from the shallow dip due to the

magnetization gap (i.e the perfect QAH regime) in Fig. S20c and S20d. This minimum moves
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away from the perfect QAH regime (light red shadow area) when the slope becomes smaller.
Obviously, this is inconsistent with our experimental data. In addition, Q increases
monotonically when applying a larger Vg, which is distinctly different from our experiment
where the TH effect vanishes under a large positive Vg (Fig. 3b). Given the large asymmetric
behaviors of TH effect and the vanishing of TH effect at large positive Vy observed in our
experiment, we concluded that our system should be in the lines 1-4 region where u plays the

dominant role.
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VII. Simulation of the quantum transport through a single chiral magnetic domain wall in

magnetic TI

The aim of this section is to explicitly simulate the quantum transport behavior through a
single chiral magnetic domain wall in the QAH-TH effect crossover regime with the magnetic Tl
model by combining the numerical methods of Landauer-Buttiker formalism and iterative Green
function methods °. In particular, we will explicitly demonstrate that in the QAH regime, the TH
effect will vanish even in the presence of a chiral magnetic domain wall simply because there are
no bulk carriers and the current flows only through the chiral edge channel. We choose the
model Hamiltonian Hyy, described in the “Theoretical calculations” of Method Section, which
can describe both the bulk QW state and the topological SS (with a unitary transformation as
shown in Section VI above). To simulate the transport behavior, we first perform a tight-binding

regularization on this model and obtain the lattice Hamiltonian given by
H;j = cihijcij + (CiqtysCij + €fhq jtascij + huc.)
where
hij = (CO + 4C1/a2 ) + (NO + 4N2/a2 )TZ + UTx - M(l,_]) + g,

tyy = —C1/a” 0yT, + iA/2a 0,7y,

tyr = — C1/a% 0yT, + iA/2a 0,7,
Here we choose the basis {+T, 4+, —T, —1}. The A term describes spin-orbit coupling, the U term
describes the asymmetric potential and M is the magnetization texture, as a function of spatial
coordinates (i, ).

The form of a single chiral magnetic domain wall is simulated by choosing M(i,j) =

my{sin 6 cos ¢, sin @ sin ¢, cos 8}, where 6 = 7 tanh(p;ﬂ) labels the magnetization direction

forming a chiral magnetic domain wall with chirality +1. d;,, and d,, = d,; — d;n, are the inner
radius and the width of the domain, respectively. p and ¢ are the polar coordinates of the site at
position (i, j). The whole system in the simulation is chosen to be a square shape with the length
L. Four semi-infinite leads with the same ferromagnetic Hamiltonian are attached on the sides of
the system for transport measurement. A schematic configuration of the lattice model is shown
in Fig. S21a.
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Figure S21 | Schematic configuration of the simulation. (a) The representation of a chiral
domain wall in the lattice model. Red and blue sites represent the orientation of magnetization
with spin up and spin down, respectively. The outer radius, inner radius, and width of the domain
wall are marked with d,, d;, and d,, on the graph. The orange stripes represent leads attached
to the system. (b) The energy spectrum of a ferromagnetic ribbon with the parameters used in the

simulation. The transition region from the hole-doped region to QAH is marked with shade.

Since the purpose of this simulation is to qualitatively demonstrate the transport behavior in
the QAH-TH effect crossover regime, we choose the parameters of the tight-binding model as
Co=0,C;=N,=a=1my=4/3,ds, = 6,dyys = 32,4, =2,U= 05N, =—-0.8 and L =
80 for the convenience of the numerical simulation. Within this set of parameters, the
background is in the QAH state with magnetic moments ferromagnetically aligned. We can
further introduce a chiral magnetic domain wall on the ferromagnetic background and extract the
TH conductance by comparing the Hall conductance in these two cases. We first show the
energy dispersion for a ribbon of background ferromagnetic configuration in Fig. S21b, in which
chiral edge modes appear inside the bulk band gap. Thus, our system is qualitatively equivalent
to the regime that we hope to study in real experimental systems. The blue curve in Fig. S22a
shows the Hall conductance o}y"as a function of the chemical potential tuned from the charge
neutral regime to hole-doping regime for the case with a single chiral domain wall. To extract the
TH contribution, we also evaluated the Hall conductance in the ferromagnetic case as a

background Hall resistance (a5, red curve in Fig. S22a). We define the TH conductance

(shown in Fig. S22b) as g,y = o,y — o)y, similar to that defined in experiments. From Fig.
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Figure S22 | The extraction of TH conductance. (a) Calculated Hall conductance signals for a
Chiral Domain Wall system (blue) and a ferromagnetic system (red) used as background, in the
transition region from hole-doped bulk to QAH region. (b) The extracted TH conductance by

oyy = oyy’ — oy . The TH conductance is 0 within the gapped region and increases in the bulk.

S22a, one can see that the Hall conductance a,y" keeps quantized when the Fermi energy lies
inside the bulk gap for both the ferromagnetic case and chiral domain wall case, thus leading to a
zero TH conductance oy, in this regime as shown in Fig. S22b. When the Fermi energy is tuned
to the hole-doping regime, the Hall conductance ;" increases rapidly when the chiral domain
wall is present while the intrinsic anomalous Hall conductance increases first and then saturates
to a certain value with decreasing the Fermi energy. As a consequence, we see a rapid increase of
TH conductance gy, in the hole-doping regime, as indicated by the shaded region in Fig. S21b.
Therefore, this simulation qualitatively justifies our claim that the TH effect vanishes in the
QAH regime since the transport is due to the chiral edge state which is not affected by the
presence of chiral domain walls. It should be pointed out that this simulation here is not for
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quantitative comparison and the obtained TH conductance is of magnitudes larger than that
observed in experiments for the following two reasons. (i) The simulation here is in the ballistic
transport regime without any disorder while the disorder is inevitable in real samples. In our
previous work, we have already shown that disorder can significantly reduce the TH conductance
due to the reduction of the mean free path . (ii) Due to the finite size of the lattice in our
simulation, we expect that the chirality density induced by the chiral domain walls in our
simulation is much larger than that in real experiments. The finite-size effect of the transport also
responses for the fluctuation of the Hall conductance seen in the simulation (See Fig. S22a and
S22b).
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