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1. Methods for numerical simulations

A. Plane wave expansion calculation

We first consider the situation without trapping potential. The trap effect will be discussed later. The 2D optical
lattice and Raman potential take the form

Hlattice = Z Vwo’ COS2(kOx) + %g COS2(k0y)
o="1,) (Sl)
Vi = Mg coskozexp (tk1y + ikaz)| | ><T | + H.c.,

where k1 = kg cos, ks = kgsinf, and 6 = 68°. The total Hamiltonian including the kinetic and Zeeman energy takes
the form
Pio +Pyo + 12,

Htotal = Hlattice + VR + Z m

o=T,}

+m (| 1><t | = [I><]]). (S2)

The Hamiltonian can be diagonalized in the plane-wave basis, labelled by the momentum and spin. In the numerical
simulation, the zero point of the effective Zeeman energy m., is shifted by the on-site energy difference between spin-up
and spin-down, caused by the spin-dependent lattice potential, at Mz = 0. The optical lattice potential couples the
plane waves of the same spin with momentum difference (+2kg,0,0) or (0, +2kg, 0), while the Raman potential does
for the opposite spin with momentum difference (+ko, k1, k2). As a result, the Bloch states of the n-th band with the
(quasi-)momentum (g, gy, k) take the form

Carigy k) = D [Bawgyen (M, N, D)|ga + 2Mko, g + 2Nko, ks + k2 /2, 1)
s (S3)

+ (qu,qy,kz,n(Ma N»¢)|C]z + kO + 2Mk0,(Iy - kl + 2Nk07kz - k2/27\lf>}

Here M, N are integers, and ¢g, 4, k..n(M, N,c) denotes the coefficient of the corresponding plane-wave basis. The
spin polarization is measured along z direction. The spin polarization for the Bloch state is calculated from

Sz(CImQy7kZ7n) = <¢qz,qy,kz,n|6z|¢qz,qy,kz’n>
=3 gy MNP = 3 (0, g0 n (ML N, D (54)

M,N M,N

The spin texture in equilibrium is calculated from the density matrix p with matrix elements
P(Qes @ys k2515 G5, 4, k2, m') in Bloch eigenstates. For equilibrium states, p is diagonal and the matrix elements take
the form p(qs, gy, k2,7 Gz, @y, k=, n). The numerical results shown in Fig. 3(a,d) in main text are calculated with
temperature 7' = 0.35F,. and chemical potential © = 0.5FE,.. For the quench dynamics, we have considered two cases.
First, we consider no decay of momentum distribution on k., so k, is taken as a good quantum number and the
density matrix elements take the form p(gs, gy, k=, 15 ¢z, @y, k=, n"). The spin texture of a single k. layer is calculated
by

Trn(62p)
Sz(‘]:cv‘]yvk'z) = ;1‘771;’ (S5)
and the observable spin texture with k, integrated out is calculated by
Try [Tr,, (6,
S 4oy ay) = M (S6)

Trg, [Trnp]

On the other hand, we consider that the momentum distribution of k£, has decay, and the density matrix elements
take the form p(gs,qy, k=, n; ¢z, qy, k%, n'). In this case, the observed spin texture with k. integrated out can still
be calculated by Eq. (S6). In both cases, the lowest five bands are taken into account for both pre-quench and
post-quench Hamiltonians.



B. Tight binding model

Besides the two-dimensional lattice, atoms are also distributed along the z direction. The spin-up plane wave
with z-directional kinetic energy h2(k, + ko/2)2/2m is coupled with spin-down plane wave with A%(k, — ko /2)%/2m.
Therefore the kinetic energy difference in the z direction can be interpreted as an effective Zeeman term. The tight
binding Hamiltonian in the lattice site (z,y) with momentum k, 4+ cko/2 in the z direction has the form [1].

Hrp = — E : (thcw,y,kz,Tcr'f‘la%ksz Ftte)Cpy k. | Catly ko d T tytCy y k) 4 Cay+1 k.t T tyicg;,y,kz,ﬁm,y-%l,kz,i)
z,y,k>

+ D (DT (e perryd €k sCamrgkt) T He
z,y,kz
B2 (k, + oks/2)?
+ Z |: ( z 2/ ) +

i
2%m om; CLy,kz)UC:C,y,k'z,a-

z,y,kz,0

i i - N2 g T+igyy
Under the Fourier transformation cy y 1,0 = N, qu,qy,kz e =T Yy o k.o Where Np denotes the number of
lattice sites, the above Hamiltonian in the quasi-momentum space has the form

Hrp =— Z [(th COS @ + 2t,4 cOS an)czm,qy,kz,ﬁcqmqy,kzﬁ + (2t;) cosgza + 2ty cos qya)c;vqwkzdcqm,qumd
Qo ,qy k=

. . + .. +
+ E 2it 4o 8in (qpa — ﬂ-)cqz,qy,kZ,Tqu_ﬂ'JZy_klvkzawL — 2isin (¢gza — ﬂ-)cquﬂ',qy7k1,kz,l,cqw7Qy7kzaT

quqy k=
> 12 (k. + oky/2)? .
+ 2m +O-mz CQm;nykzvach”qy’kZ’a
qu,qy k=0

The Bloch Hamiltonian can be further obtained as

— 1 T C‘]a:vq ket
Hrp = Z (c(quwkz,T Cqm*ﬂ',LIy*kl,kz,i) quvqwkz ( ! ) ) (S9)

Qo Qy k= Cqw—m,qy—k1,kz,L

where Hg, 4, k. can be expressed in terms of the Pauli matrices

Hy, q, k. = [mz — 2ty cos qea + 2t cos (qya — ¢4) +sinbk.] o,
+ 2, sin gyaoy, (S10)
+ [~2t,— cosqpa + 2t,_ cos (qya+ ¢_) + k2 + sin? 0/4] oo.
Here to facilitate the further discussion we have taken that kg = 1, the recoil energy E, = 1, the hopping coeflicients

Ayt = tur £ tay, 2tyr = /(ty; sinkia)? + (tyr £ty coskia)?, and tangy = % If the Bloch momentum

qy is shifted as ¢, — g, + ¢+ /a, one obtains the Bloch Hamiltonian Eq. (1) shown in the main text

Hy, q,k. =[mz — 2ty cosqza + 2ty cosqya +sinbk.]o.
+ 2t sin gzaoy (S11)
+ [—2t,— cos gza + 2t,_ cos (qya + ¢_ + ¢4) + k2 +sin® 6/4] oo,
of which the positions of Dirac points (nodal lines) are symmetric in g, direction. In the experiment, the p bands

which are not included in the two band tight binding model, are coupled with s bands by Raman potential and will
slightly move the positions of Dirac points (nodal lines) compared to the tight binding model.

C. Lindblad master equations

For the non-equilibrium case, in order to phenomenologically simulate the decay effect from upper to lower bands
during the quench dynamics, we introduce the Lindblad master equation which describes the evolution of single



particle density matrix. The equation that describes an inter-band oscillation and decay from higher to lower bands
takes the form

p=—ilH, g+ S ALapLh — AL L, )] (512)

Here p is a time dependent density matrix, L, = |[n){n+ 1|, and n denotes the band index. In this case we neglect the
momentum scattering caused by trapping potential and coupling with photons and other environments, thus lattice
momentum (¢, gy, k-) are good quantum numbers and momentum indices are omitted in the formula. The initial
density matrix is determined by the pre-quench Fermi distribution. The pre-quench single particle density matrix is
determined by temperature T and chemical potential u, values of which are similar to experiment settings. In this
case, time-dependent spin polarization for a k, layer after quench is calculated by Eq. (S5) using the density matrix
calculated from Eq. (S12). In order to simulate the time-averaged spin texture in experiment shown in Fig. 4(a),
we should calculate the k, integrated time-averaged spin texture. In principle it is difficult to calculate the exact
distribution of k, during time evolution, which depends on many factors such as the effects of trapping potential and
the coupling with photons and other environments. Nevertheless, in the last several periods of spin relaxation close
to steady state, the dominant k, distribution must be around k. dispersion minimum and the dominant dynamics is
just the inter-band oscillation as can be seen from Fig. 4(e) and grey curves in Fig. 4(f). Therefore We approximate
the time-averaged spin texture with

- ty J Tr,6.p
z T - dt/ dkz noE ) S].?)

where [—6, 0] is a small &, integration interval around post-quench k, dispersion minimum for the white curves (zero
polarization curves) as shown in Fig. S3 (b,c,d), ¢ € [t;,t¢] is the time integration interval for several final periods. We
show in the main text the numerical result of the time-averaged spin texture S, (q.,q,) in Fig. 4(b), with parameters
m, = 0.27E,, 6 = 0.32kg. We also determine the (g,,q,) positions of the white curve from the time averaged spin
texture of the k, = 0 layer, as shown in right-down corner of Fig. 4(f).

In order to further interpret the evolution of the oscillation center of experimental result shown in Fig. 4(e), we
include the decay effect along k,. From the pre- and post-quench equilibrium Fermi distribution in Fig. S3, one can see
that the band minimum depends on k.. When |m,| is not quite large, the center of the particle number distribution
is around k, = 0 on the white curves of the static spin texture. While in the deep trivial case where m, ~ —4.6E,,
there exist no white curves and the k&, distribution center is away from k, = 0, as is shown in Fig. S3(a). Finally, we
phenomenologically add a decay term to the previous Lindblad form master equation Eq. (S12),

=il 4 Al L o)
(S14)

i

ke
n 1
- Z YelL., oLy = S{LL. Li.,.p})-
=k

z2

Here discrete k., € [k, ks, | is taken, Ly, = > [qu: @y, k2o n) Qs @y kzi o5l L = D05 1wy @y Kz n) Qs @y, Bz nt
1|, and ¢y, ¢, are still good quantum numbers. The initial density matrix is determined by the pre-quench Fermi
distribution. Such Lindblad operator can be used to phenomenologically simulate the decay of k, from dispersion
minimum of the pre-quench Hamiltonian to that of the post-quench Hamiltonian. In this case, the time evolution
for the observed spin polarization is calculated from Eq. (S6) using the density matrix calculated by Eq. (S14). We
show in the main text the numerical result of the time evolution for spin polarization by green curve in Fig. 4(f) with
parameters m, = 0.27E,, v = 0.01, v, = 0.05, where the (g5, g,) positions of the white curve are taken from the time
averaged spin texture of the k, = 0 layer, as shown in right-down corner of Fig. 4(f).



II. 2D Dirac semimetal phase and 3D nodal line semimetal phase

A. Equilibrium state

In this section, we provide the theoretical description for both 2D Dirac semimetal and 3D nodal line semimetal
phases, and show how to reconstruct 3D nodal line semimetal phases from a set of 2D Dirac semimetal phase mea-
surements. We first prove that the spin texture with k, integrated measured in experiment is equivalent to the spin
texture with single k, = 0 layer, and further the measured k, integrated spin textures with different Zeeman energies
m, are equivalent to the 2D spin textures with different k£, but fixed m,. The results are valid in the presence of
trapping. Therefore we can effectively reconstruct the 3D topological structure from a series of measurements of
integrated spin texture, which results in the k,-layer resolved spin-textures.

1. The two-dimensional Dirac semimetal phase

The Dirac points in a 2D layer with specific k., can be characterized by the topological phase transition points of a
1D Hamiltonian H,, , which is reduced from the original 2D Hamiltonian in a certain k. layer as,

H =[m, — 2t44 cos gza + 2t,4 cos (qya — ¢+) +sinbk,] o, + 2t, singaoy, (S15)

where oy term has been discarded since it does not contribute to gap closing and has no effect on topology. Now
the dimension reduction operation of the 2D Hamiltonian is performed by taking ¢, as a parameter, thus the 1D
Hamiltonian for a specific g, reads

_>
H, =h-&=h,0,+ hyoy = [m(qy,) — 2tsy cos gzalo, + 2ts, sin gzaoy,. (S16)

yo

The above 1D static topological phase is classified by integer invariants in the Altland-Zirnbauer (AZ) symmetry
classes [3]. The 1D winding number that characterizes the topology is defined as

1

), dg, Tr[o,Hy, dH,, ], (S17)

U‘Jyn =

= =
where Hy, = h /|h|- & is normalized Hamiltonian. The winding number is formulated by a mapping from the BZ,
which is a 1D torus T, to the 1D spherical surface S' through the unit vector field

R(k) = 1/|n]. (S18)

The topological number counts the times that the mapping covers the spherical surface S'. To determine the topology
of the 1D Hamiltonian, here we use the concept “band inversion surface (BIS)” introduced in [2]. Here the BIS is
defined by ¢, points in the 1D FBZ by solving h(gs, ¢y,) = 0. In our 1D model, the BISs are discrete intersections
between the white curves and the straight line ¢, = gy, and the non-trivial winding number requires the existence of
two symmetric BISs along ¢, direction. After defining the A’ term

hl(Qza Qy) = _Ztm-i- COS ¢za + 2ty+ Cos (an - (b-‘r) (Slg)

contained in the h, term, it is easy to verify that when —max[h’(qs, qy,)] < m. +sinbk, < —min[h'(¢z, ¢y,)], ¢z €
[—ko, ko], the winding number is non-zero as shown in the right hand side of Fig. S1(a,b). In experiment, the existence
of BISs can be monitored by looking at spin-balanced points in the equilibrium spin texture.

In a single 2D k, layer, the BIS points form curves. The BIS curves in a 2D layer can be taken as a “bulk
correspondence” of the Fermi arc in time-reversal breaking 2D semimetals. The 3D time-reversal breaking Weyl
semimetals can usually be viewed as stacked 2D Chern insulators in a third direction. The Fermi arc is formed by
non-trivial chiral edge states varying as a function of the momentum in the third direction, and the Weyl nodes are



a /\
Quench \ /\\ /
pmmmemmmeenoseeee e — X \
b ot A4ty e e
C 1[qa VAV, A 1 AAAAAAAAAAAAAAAAA
0.5 0.5
B0 [
0.5 0.5
v,
v,
R » Yvey
0 2 4 6 8 0 2 4 6 8
t (ms) t (ms)

Figure S1: Sketch for characterization of the 1D topological phase. (a) Trivial (left) and non-trivial (right) 1D bands in g,
direction with fixed ¢, and k. as parameters. In the quench experiment, the Hamiltonian of the dominant k. = 0 layer is
prepared in a deep trivial regime and quenched to a non-trivial regime, during which for a part of 1D Hamiltonians the band
inversion occurs and topological gap is opened. (b) Trivial (left) and non-trivial (right) 1D windings determined by the vector
field in Eq. (S18). (c) Quench dynamics simulated by the 2D tight binding model in Eq. (S10) with (teq, tay, tyr, tyl, tso) =
(0.14,0.16,0.13,0.11,0.1) B, and with fixed k. = 0. m is quenched from —9.2F, to 0.27E,.. v = 0 for the left subfigure and v =
0.04 for the right subfigure. The green solid curve corresponds to the point (¢z, gy, k-) = (—0.35,0.187,0)ko and its time average
spin polarization is zero. The up-pointing and down-pointing triangles correspond to the point (gz, gy, k-) = (0,0.187,0)ko and
(e, qy, k=) = (—1,0.187,0)ko respectively. In the v > 0 case the density matrix will decay towards the lowest band.

exactly at the transition point of the 2D Chern insulators. Similar to the case for the Weyl semimetals, the existence
of Dirac points in the 2D layer also reflects the topological phase transitions of the reduced 1D H,, Hamiltonians.
As functions of parameter g,, the BIS points of the 1D reduced Hamiltonians form white curves in 2D (g, gy)
plane. If the two BISs touch and then disappear, the 1D winding number changes and the gap should close at the
transition point. The gapless points are exactly the Dirac points in our model. Due to the reflection symmetry along
g, = 0 axis, the Dirac points can only appear at ¢, = 0 or +ky. With specific m,, the Dirac points exist when
—max[h/(sko, qy)] < m. + sinOk, < —min[h'(sko,qy)], ¢, € [—ko, ko], where s = 0 or %1 corresponds to Dirac
points located at ¢, = 0 or £kg.

To define the topological invariant of the Dirac points (g1, ¢y1) in a k. layer, we choose a closed clockwise loop
C in the ¢,-g, plane that only wraps the Dirac point (gz1,¢,1). Expanding the Hamiltonian around the degenerate
point, one obtains the continuously deformed Hamiltonian

H=q-0 =s1€,0y + 526,0y, (S20)

where (e, €;) = €(cos 8, isin 8) form the loop C with radius €, 8 is determined by (e, €;), and both s1, s3 can be +
or —. The Dirac point can be characterized by the winding number

- 2m
Upoint = % /c q*dq = i/ (cos? B + sin? B)df = =+1, (S21)
0

we2
where the winding numbers 41 correspond to s1s5 = %1 respectively.
2. The three-dimensional nodal line semimetal phase

In our system, positions of Dirac points in the g¢,-g, plane depend on k., resulting nodal line structures. At
singya = 0 with g, = 0(%ko), for any ¢, € [—ko, ko], there exist a k., where the tight binding Hamiltonian has



degenerate points. When g, varies from —ky to ko the degenerate points form curves, which are called the nodal
linew. We plot the positions of the nodal points in the 3D momentum space together with their projections onto the
2D planes with m, = 0 in Fig. S2.
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Figure S2: Positions of the nodal with (Var, Vay, Viyr, Vyy, Mr,m2) = (2.3,1.6,2.3,3.0,0.68,0) £, in 3D momentum space, and
their projections on three 2D planes. The results are calculated with plane wave expansion. The light grey and dark black
curves correspond to ¢, = £ko and 0 respectively.

To define the topological invariant of the nodal lines, similar to the former case for Dirac points, we select a
degenerate point (gz1,¢y1,k-1) in the nodal lines with gy = 0(%ko), and choose a closed clockwise loop C in the
¢z-k. plane that wraps around the (g1, ¢y1,k21) point but does not intersect with the nodal lines. After discarding
the op terms and expanding the Hamiltonian near the (gz1,¢y1,%-1) point, one obtains the continuously deformed
Hamiltonian

H=q 0=¢,0,%¢,0y, (S22)

where (e,,€,) = €(cos f,isin 3) form the loop C with radius €, § is determined by (e, €,), and +(—) correspond to
nodal lines with ¢,; = 0(£ko). The nodal line can be characterized by the winding number

- 27
Vline = % / q*dq = i/ (cos? B + sin? B)dfB = £1. (S23)
2me* Jo 0

The winding numbers +1(—1) correspond to nodal lines with g1 = 0(£kg) respectively. The vy defined here can
be related to the vpoint at the same degenerate point defined in former subsection via

Uline = :l:Upoint (824)

if the C loops defined in each cases can be continuously deformed to each other. The + sign is taken when the direction
of the loop does not change after deformation, and the — sign is taken when the direction of the loop changes.

3. Equivalence between k, = 0 layer spin textures and k,-integrated spin textures

Here we show that the static k, = 0 layer spin textures and static k, integrated spin textures are equivalent in the
sense that their positions of white curves are exactly the same in the two-band model, yielding that positions of Dirac
points are the same. Note that for a random single (¢, g,) point the k. distribution centre may be away from k, =0
as shown in Fig. S3(a). It turns out that such (gs,¢,) points are highly polarized and far away from white curves in
the spin texture. Now we theoretically show that the positions of white curves are exactly the same for the k, = 0



layer and the k, integrated spin textures. From the tight binding model, the Hamiltonian at those spin-balanced
momenta (¢zo, gy,,0) in the k. = 0 layer reads

H‘Izo,qyo,o = 0o, + 2ts, sin 4z A0y, (825)

where the irrelevant terms have been discarded. With fixed 2D lattice momentum (g, qy,), the Hamiltonian at
(¢z0, @yo, k=) points should be

Hg,o.q00.k. = Sin0k.o, + kZog + 2t sin gao,. (S26)
It is clear that the Hamiltonian satisfies an emergent magnetic group symmetry defined by
MZH(]mOaQyoykzMgl = HQmO,Qy(Jy_kz? (327)

where M, = 0,K. As a result the Bloch states at +k,-momenta are degenerate but have opposite z-component
spin polarizations. So after k, is integrated the polarization will be kept zero at (g0, ¢yo) point. Thus, the zero
polarization (¢, q,) points for the k., = 0 layer should also be zero polarized when k, is integrated, resulting that the
positions of white curves are the same in these two situations.

Note that in real optical lattice, the lowest two bands’ spin polarizations may be affected due to the spin-orbit
coupling between s and higher p bands. At the zero polarization positions (kzo, kyo,0) with finite temperature, the
symmetric property of the energy and anti-symmetric property of the spin polarization with respect to k, are slightly
affected but the effect is tiny in the experimental parameter regime, as shown in Fig. S3. The positions of the white
curves in the k, = 0 layer and the k, integrated case coincide in our plane-wave calculations [Fig. S4].
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Figure S3: Particle number and spin polarization versus k. at different (gz,qy,) points without (solid lines) and with (dashed
lines) z direction trap simulated with plane wave calculation. Parameters are set to (Vir, Vay, Vir, Vyy, Mg, mw2a®/2,T) =
(2.3,1.6,2.3,3.0,0.68,0.002,0.42)E,. (a) m. = —4.6E,, (¢z,qy) = (0.35,0)ko. Due to large m., the k. = 0 layer band is
the deep trivial and there is no white curves structure in the spin texture. (b) m. = 0, (gz,qy) = (—0.475, —0.275)ko. (c)
m, = 0.13E,, (¢z,qy) = (0.225,—0.475)ko. (d) m. = 0.27E,, (¢z,qy) = (0.275,0.275)ko. In the figure (b)-(d) spin polarizations
with k. integrated are almost zero, thus the spin texture of k, = 0 layer and of k, integrated case have the same white curves
structure. The chemical potentials in (a)-(d) are set to p = [—0.34,0.14,0.14, 0.14] E;- when z direction trap is not included.
When z direction trap is included, we keep particle number distribution unchanged to determine the chemical potentials.
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Figure S4: Comparison between the numerically simulated equilibrium spin textures calculated with plane waves. Parameters
are set to (Vir, Vi, Vi, Vi, Mr, mw2a?, T) = (2.3,1.6,2.3,3.0,0.68,0.004,0.42) E,.. (a) spin textures within the k, = 0 layer
without a trap along the z direction (upper row). (b) k. integrated spin textures without a trap (middle row). (c) k. integrated
spin textures with a trap (lower row). Both the shapes and the locations of the white curves are almost the same in (a)-(c). For
(a)-(b) without trap, u = 0.14E,. For (¢) with a z-directional trap included, we keep particle number distribution unchanged
to determine the chemical potentials.

4.  Equivalence between scanning of k, and scanning of m,

Here we show that m, scan is equivalent to k. scan due to the features of our model. The tight binding Hamiltonian
Hy, q,k.,m. With parameters (q.,qy, k-, m.) has the form

Hy, 4, k.m. =[—2tey cosqea+ 2ty cos(qya — ¢4 ) +sinbk, +m.]o.
+ 2tg, 8ingyaoy, (S28)
+ [~2t,— cosgya + 2t,_ cos (qya + ¢_) + k2 + sin® 6/4] oy.

One can immediately obtain

2

mZ
H‘Zzﬂzukzyo = H‘lmy‘]yyovmz + Sin2 90-0’ (829)

with the condition m, = sinfk,, where both kg = 1 and E, = 1 are assumed. The last constant oy term can be
discarded as an effective chemical potential. Finally one obtains

ancv(vaksz = qu7qy707mz’ (830)

where m, = sinfk,. The above equivalence is not restricted to tight binding model and also holds in the generic

Bloch Hamiltonian, as can be easily seen from Eq. (S2). We plot the spin textures of Hy, 4, x.,0 and Hy, 4 0m. with

=,y
the condition m, = sin 0k, for both zero temperature and finite temperature cases to support the above statement in
Fig. S5. From the results in Fig. S4 and Fig. S5 we find that the external trapping does not affect our conclusion,

with more details given in the following subsection.
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Figure S5: Comparison of simulated spin textures between Hg, g, ,k.,0 and Hg, q,,0,m., Where m. and k. are in units of E; and ko

respectively, and are related by m. = sin 0k.. Optical lattice Raman potential parameters are set as (Vaq, Vay, Vyr, Vi, Mg) =
(2.3,1.6,2.3,3.0,0.68) E,. The left two columns correspond to finite temperature case with T'= 0.42E,, u = 0.14F,., while the
right two columns correspond the spin texture of the lowest band without temperature effect. For the finite temperature case,
the m. (effective m.) from top to bottom is (0.27,0.13,0,—0.13, —0.27) E,; for the latter case, the (effective) m. from top to
bottom is (0.40,0.27,0, —0.27, —0.40) E,.. The results are calculated with plane-wave expansion.

5. Effect of trapping potential

In the experiment, the trapping potential breaks the translation symmetry and the momentum £k, is no longer a
good quantum number. Here we show that all our results obtained in the above sections are valid, not affected by the
presence of the trapping, while the only modification is that we now refer k, as to the projected momentum along z
direction since it is not conserved. Before providing detailed proof, we qualitatively explain why our approach is not
affected by the trapping. The essential reason is because the emergent magnetic group symmetry o, K is not affected
by the trapping potential Vi,ap(r) which spin-independent for the present experiment and is real. Accordingly, the
total Hamiltonian H, including the trapping potential, still preserves the emergent magnetic group symmetry. Note
that the (quasi)momentum is no longer good quantum number due to trapping potential, but the spin texture can
be defined by projecting the eigenstates onto the (quasi)momentum space which is actually resolved in the TOF
imaging. The spin polarizations contributed from the projected +k, layers again cancel out due to the symmetry and
the conclusion is not affected. This implies that the mixing between different k, due to trapping cannot affect the
integral result of the spin texture over all the k,-momentum. Further, the shift of the projected k, by m, in the Bloch
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Hamiltonian is clearly not affected by the trapping. Thus scanning m, can still exactly map out the spin texture for
each projected k, layer (equivalent to the k, layer without trapping). In this way, with our approach we can still
reconstruct the 3D spin texture.

Now we provide the quantitative proof. In the present experiment, the trapping potential in z direction is a
spin-independent harmonic trap Viyap of the form

1
Virap = imw3227 (831)

where the trapping strength is set to mw?a? = 0.004E, according to the experiment. For the tight binding model
with the consideration of the trap, the Hamiltonian reads

_ f T Caw,ay k.1
HTB - Z (qu:vfhnkzaT CQz—ﬂ,qy—kl,kz,i) qu’qy,kz,k’z ( Y ) 9 (832)

Cqh _— _ ’
Qz7Qy;k727klz qx —T,qy klvkan

where the matrix H,

ray.k k., has the form

Hy, 4, k. k. =0k, k. [Mz — 2tyy cosqua + 2ty cosqya +sinbk.] o,

+ 26k, k. tsoSingzaoy

5 . 9 (S33)
+ Ok, by, [—2to— cOS qpa + 2t,_ cos (qya + ¢— + ¢4) + k2 + sin® 6/4] og
+ Vkmk/z 0o,
and the real matrix elements of the trapping potential are calculated by
Vi b, = Yk, [Virap|tr, )- (S34)

Here |1 ) denotes the z direction plane-wave basis with momentum k., which can be called projected k., since it is
not conserved in the presence of trapping. For a general spin-independent trapping potential as a real function of
position z, one can prove that it satisfies the magnetic group symmetry o, K either in momentum space or in position
space. In momentum space, its matrix elements have the property

sz1,kz2 — / dze—zkz1zezkzzzv(z)

+o0
= (/ dzek=1ze k=22 (5))* (835)
= ijzl,*kﬁ‘

So the matrix Vj, x is invariant under the transformation o, K after we replace all k, by —k,. Alternatively, to show
that the trapping potential is invariant under the transformation o, K in position space, one notes that the matrix
elements of the trapping potential in position space are real. For the (¢, gy) points on the band inversion lines (white
curves) with certain m,, after neglecting the coefficients irrelevant with k, for the o term, the Bloch Hamiltonian
has the form

Hy, q, k. k, =0k, k. sSin0k,0, + 20y, g tsoSinqpaoy,

(S36)
+ [5kz,k’z (kg + sin? 9/4) + szvk/z] 0o,

which is invariant after replacing k, by —k, and under the transformation M, = 0, K. Therefore, for an eigenstate
V) = |14 (k.), 1, (k.)) of the Hamiltonian, the state |1)) = M_|¢(—k.), 4, (—k.)) is also an cigenstate with the same
eigenenergy. The magnetic group symmetry has the property M? = +1 different from time reversal symmetry and
the eigenstates are not necessarily doubly degenerate, i.e., M,|¥4+(—k,), ¥ (—k,)) may be either another eigenstate
orthogonal to |¢4(k.), ¥ (k.)), or equal to |¢4(k.), 1 (k.)) up to a global phase, depending on the the magnitude of
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tso sin ¢za and the eigenenergy (for details see Ref. [4]). We can calculate the expectation value of the spin polarization
on the (g, q,) point regardless of the detailed degeneracy with

_Trp(6.p) Trp (6. M. pMZ 1)

) =T Gy T )
T (M6 Mep) _ Trg(62p) (837)
Trn(p) Trn(p)
== 5:(¢xs ay) = 0,

where n labels all the eigenstates with existence of z direction trap, p = 1/(eﬁ(HqI’qv ) 4 1) is the single particle

density matrix, and H,, , is the Hamiltonian in z position space. Here the sum over n is equivalent to sum over

Y
k. and band indices without trap. As a result the k, integrated spin polarization at (g,,q,) point still vanishes with
the z direction trap included. Therefore, in the tight binding regime, the position of the band inversion lines (white
curves) with consideration of the z direction trap keeps exactly unchanged for the k, integrated spin textures.

In our experiment, the real system is beyond two band tight binding model due to the Raman coupling between
s and p band. So we calculate the optical lattice with trapping potential using plane wave expansion method. Now
the k. is no more good quantum number since the trapping potential scatters the k, momentum. Therefore, in our

system the nth eigenstate at the Bloch momentum (¢, gy) takes the form

|wqw,qy,n> :¢qw,qy,n(M7 N, kzaT)'Qz + 2Mk‘0, Qy + 2Nk07 kz + k2/27T>

(S38)
+ ¢Qm;Qy;n(M7 Nv kzal«)|q;v + kO + QMkO,qy - I{il + 2Nk'0,kz - k2/2,¢>

Here M, N are integers, and ¢, 4, n(M, N, k.,0) denotes the coefficient of the plane waves. In the numerical sim-
ulation, to determine and diagonalize the Hamiltonian matrix, we choose the discretized momentums and positions

as
ke = ZWK’E“L(QZ__SG —U_ % i=1,2,3,-- L., (S39)
S nglf)(f “la 1086

Here the parameter K, controls the momentum cut-off and L, controls the number of momentums (position space
coordinates). The low energy results converge for sufficiently large K,, and L.. The real matrix elements of the
trapping potential are calculated by the integral

Vi k. =Gz + 2Mko, qy + 2Nko, k. 4 0k2/2,0|Virapld, + 2M'ko, gy + 2Nk, k, + 0'k2/2,0")

(S40)
=0g,,q,9gy,q,0M,M'ON,N'05,0' Vie_ et -
To investigate the effect of trap on the system, we define the k, projected particle number
and k. projected spin polarization
Trn sz &Zp
Sz(Qam Qy kz) = # (842)
Trn(sz P)
where sz is the k, projection operator defined by
Po= ) lge+2Mko,qy+2Nko ke +0ka/2,0) (g +2Mko,qy +2Nko ke +oka/2,0. gy

Gy, M,N,0
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As can be seen in Fig. S3 (b,c,d) for the points on the white curves, the magnetic group symmetry are approximately
satisfied, i.e.,

n(%m Qy; kz) ~ n(q:m Qy; _kz)>

(S44)
Sz(‘]wa qu kz) ~ _Sz(Qwa qya _kz)-
Thus one can immediately obtain that
Trn(Pr.6.p) &~ —Trn(P_i.62.p). (S45)
Therefore, the total spin polarization
Tr,(62p)
Se(@erty) =7~
Y = (o) S
Z Tr, ( Pk o'zp (546)
Tr,(p

approximately vanishes due to the anti-symmetric distribution of S, (¢, gy, k.). We further show the numerical results
for the k, integrated spin textures in Fig. S4(c). One can find that the k, integrated spin textures with z direction trap
are equivalent to the k, integrated spin textures without trap in Fig. S4(b), which are equivalent to the spin textures
of k, = 0 layer without trap in Fig. S4(a). We also plot the example wave functions with existence of z direction trap
in Fig. S6 to show the effect of the trap on eigenstates. With the trapping potential included, the &, distribution of
eigenstates are broadened from ¢ function to finite width with the magnetic group symmetry M, = 0, K kept.

Similar to the z direction trap, without calculation, we expect that when z,y direction trapping potential are
also included, the (g, qy) projected spin textures measured by experiment are almost the same with that of the
theoretically described Bloch Hamiltonian.

a —— Spin polarization| 4 b 471 € )
1 - - = Particle number - |¢T\2 R WTF llI
-l ---ly) :|

2 2 ML

1

Iy

Iy

0 r 0 e\l

-2 0 2 -2 0 2

k. (ko) k. (ko)

Figure S6: Effect of z direction trapping potential on wave functions. The results are calculated with plane wave expansion. The
parameters are set as (Vir, Vil, Vyt, Viyu, MR, m», mw2a®/2) = (2.3,1.6,2.3,3.0,0.68,0,0.002) E,. (¢z,qy) = (—0.475, —0.275)ko.
(a) k. projected particle number and spin polarization versus k. for the lowest band without trapping potential. T = 0.42E,,
pu = 0.14E,. (b)-(c) wave functions of the lowest two eigenstate (nearly degenerate). The vertical grey lines denote the wave
function without trap (§ functions).

B. Quench dynamics

As a counterpart to the equilibrium state study, we also explore the quench dynamics [2] in our system, where
the inter-band oscillation and time-averaged spin texture in the quench dynamics also reveal the 2D Dirac semimetal
phase. In our experiment, the Zeeman energy m, is quenched from a deep trivial regime with m! = —4.6F, to a
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Figure S7: Experimental sequence is described for spin texture imaging in equilibrium (I) and after the quantum quench (II).
non-trivial Dirac semimetal phase with m/ = 0.20(7)E,. Without considering the trapping potential, for a single
k. = 0 layer, the 1D tight binding Hamiltonians H,, (¢,) have the following form
- .
qu (Qm) =h- ? = hz (QZ)UZ + hy (qw)ay = [m,lz (Qy) - 2tz+ COs QZG]UZ + 2tsa SN Gz A0y . (847)

Here the oy term has been discarded as it only contributes a global phase. The initial state is prepared in the deep
trivial regime where all the spins are fully polarized up. Without considering an inter-band decay, the time-dependent
single particle wave function has the form [5]

(g, t)) = e~ Hay@y)(q,.0)) = [—ih, sin(E,t) — E, cos(E,t), hy sin(E,t)]7, (S48)
where E, = /h2 + h2 is the eigenenergy of the Hamiltonian. The spin polarization is then [5]

h2 + cos(2E,t)h?
Sz(%:yt) == .
hZ + h?

(S49)

It is clear that only at the BIS point where h.(g,) = 0 the time averaged spin polarization will vanish. Furthermore,
with the inter-band decay included via the Lindblad form master equation in Eq. (S12), the BIS points still have zero
time averaged spin polarization as shown in Fig. S1(c). The main effect of the inter-band decay is that the final steady
state eventually approaches the ground state of the two band model while the inter-band oscillation can persist over
several periods. Thus one can determine the topology of the 1D model by the time-averaged spin texture and verify
the 2D Dirac semimetal phase. As a simulation to experiment, the single &, layer should be replaced by a k, domain
around k, = 0 for the final several periods. As a result, the time-averaged spin texture become blurred as shown in
Fig. 4(b) in the main text.

ITI. Experimental procedure

A. Experimental procedure

A brief experimental sequence is described in Fig. S7. After evaporative cooling in a crossed dipole trap, atoms
are adiabatically loaded into an optical Raman lattice by exponentially ramping up Raman lattice beams within
10 ms, followed by 2 ms hold. During the ramp-up process, the Zeeman energy m, is kept constant for spin-texture
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Figure S8: Determination of the Dirac points. (a) In the first method, the quasi-momentum position of the Dirac point is
determined by a sign product & = sign(P(gz =0, qy) - P(¢= = 1ko, qy)). (b) In the second method, the Dirac point is measured
as the spin-flip position. (c) Slice view of the spin texture of (b). The spin polarization varies along the ¢, direction.

imaging in equilibrium, whereas suddenly changed for monitoring the quench dynamics. For the quench dynamics, a
spin-polarized gas is prepared by optical pumping before the lattice ramp-up. Following a blast pulse, a spin-sensitive
absorption image is taken after time-of-flight expansion.

B. Determination of the position of the Dirac points

We apply two methods to determine the momentum positions of the Dirac points from the result of spin texture
measurement (see Fig. S8). First method is based on the topological phase transition points along the g, direction
in the spin textures. We first calculate the spin polarization along the ¢, = 0 and ¢, = ko direction at different m,,
P(g, = 0,¢,) and P(q; = qo,qy) respectively. Next, we calculate a product of sign, S = sign(P(¢; = 0,¢qy) - P(gz =
1ko,qy)) (example shown in Supplementary Information). To be noted, here the value of S distinguishes different
phases. Finally the positions of the Dirac points are determined by the sign-flip position ¢p; along the g, direction
for each m,. Second method is based on the boundary between spin-1 and | domain in the spin textures. Spin-flip
positions gpo along ¢, = 0 and g, = 1kg, determine the locations of the Dirac points for m, > 0 and m, < 0
respectively. The Dirac point position extracted from these two methods are consistent within the experimental
uncertainty.
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