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I. Correspondence between the parity anomaly and the semi-magnetic TI.

The parity anomaly is a concept first introduced to 2D Dirac fermions in quantum field theory'-
®. First, we consider a single species of Dirac fermions in a 2D space. When the Dirac fermions
are massless, they possess parity symmetry (Fig. S1A), whereas the parity symmetry, as well
as the time-reversal symmetry, is broken when a Dirac fermion acquires a mass (Fig. S1B).
Under an electromagnetic field perturbation (which corresponds to the THz light in this study),
the massive Dirac fermions exhibit a parity-violating current, which results in the half-
quantized Hall conductance. Peculiarly, while the massless Dirac fermion system preserves the
parity symmetry, an infinitesimally small mass brings about the half-quantized Hall
conductance where its sign depends on the sign of the infinitesimal mass. Thus, the half-
quantized Hall conductance is recognized as a signature of the parity anomaly.

In 2D lattice models and real materials, however, the fermion doubling’ requires that the
Dirac fermions appear in pairs, which has made the observation of the parity anomaly or half
quantized Hall conductance a challenging task. Namely, if a pair of Dirac fermions are both
massive, the half-quantized Hall conductivities either add up to an integer (+1 or -1) or cancel
out (0), and one cannot directly measure the half-quantized Hall conductance.

To observe the parity anomaly (or half-quantized Hall conductance) arising from a single
Dirac fermion system in the low-energy region, it is necessary to induce a gap only in one of
the paired Dirac fermions by breaking parity symmetry and time-reversal symmetry
simultaneously. In a 3D TI, the massless and massive Dirac fermions can be realized at the
bottom and top surfaces, respectively (Fig. 1a,b). This naturally requires a structure with broken
inversion symmetry as a 3D system. Because the parity anomaly itself is purely a property of
2D Dirac fermions at the surface as described above, it is not affected by details of the bulk
part, as far as the bulk state is a topological insulating state and supports the Dirac surface
states. Rather, one needs to engineer a suitable inversion symmetry broken 3D structure to
realize the single massless Dirac fermion and to observe the half-integer quantum Hall effect

by tuning the semi-magnetic structure as well as the chemical potential within the mass gap.
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Fig. S1. Parity symmetry of 2D Dirac fermions. (A) Parity-symmetric massless Dirac
fermion. The Hamiltonian of the massless Dirac fermion is defined as H (ky, k,) = h(oyk, —
oyk,). When the 2D parity operation (or reflection of one spatial coordinate) transforms k, —
—ky, PHo(—ky, ky)?"1 = H(ky, ky) is satisfied. Here, P = io, is the parity operator and
P(0y, 0y, 0,)P~ 1 = (o, —ay, —0). (B) Parity-symmetry-broken massive Dirac fermion. The
Hamiltonian is  defined as  Hp(ky, ky,m) = h(oyk, — oyk,) + mo, , where
PHp(—ky, ky, m)P~1 = H,,(k,, ky,—m) # Hy,(ky, ky,m) , indicating the broken parity

symmetry due to the mass term.

I1. Design of the semi-magnetic TI heterostructures.

In the semi-magnetic structure of Fig. S2C (the same as Fig. 1b in the main text), we adopted
the total thickness of 10 nm to suppress the hybridization between the top and bottom surface
states® (we discuss the impact of the hybridization in section X). Firstly, we optimized the
composition of Bi, Sb, and Cr by using the sandwich structure films hosting the QAH effect’!’
(Fig. S2A) to keep Er within the magnetic gap of the surface states (Fig. S2B). Those
parameters were adjusted such that they exhibit the QAH effect at around 2 K (Fig. 3 in the
main text). Then, the top two layers of the semi-magnetic structure of Fig. S2B [2-nm
Cro.24(Bi0.27Sbo.73)1.76 Tes/3-nm-thick (Bio27Sbo.73)2Tes)] is kept the same as that for the
sandwich structure, while the Bi/Sb composition x of the bottom half region is varied to some
extent (x = 0.73-0.93) without magnetic (Cr) doping, which still keeps the Fermi level within
the bulk band gap (~200 meV). Here, the thickness of the 3-nm-thick (Bio.27Sbo.73)2Tes is thick
enough to suppress a possible carrier transfer from the bottom surface and the 5-nm-thick (Bi;.-
Sby)2Tes layer especially when the bulk state is insulating (Fig. S2D). To ensure that EF lies



within the magnetic gap, we conducted gate voltage (V) dependent transport experiments for
several samples and confirmed that o, already took the maximum region at around Vy; =0V
as shown in Fig. S6 (see section V for details). Note that the Cr concentration (12%) calibrated
by beam equivalent pressures for the film growth (see Methods) might be close to the critical
value of the non-trivial to trivial insulator transition'! due to the weakened spin-orbit coupling
by Cr atoms'?. However, our undoped TI layer is thick (8 nm) enough to support the

topologically non-trivial regime and does not affect our conclusion.
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Fig. S2. Heterostructure engineering of magnetically doped TI films. (A) Schematic layout
of a magnetic T1 film that exhibits the quantized Faraday/Kerr rotations (Fig. 2¢,d in the main
text and Extended Data Fig. 1). (B) Band diagrams for the magnetic T1 depicted in (A). (a-c)
corresponds to the layer positions indicated in (A). (C) Schematic layout of a semi-magnetic
topological insulator film, which is the same as Fig. 1b in the main text. (D) Band diagrams for
the semi-magnetic T1 depicted in (C) when x > 0.73. (a-d) corresponds to the layer positions
indicated in (C).

II1. Derivation of the Faraday and Kerr rotation angles.

We derive the low-energy limit of Faraday and Kerr rotation angles for a model of the semi-
magnetic TT on a substrate as shown in Fig. S3. By using boundary conditions for the electric
and magnetic fields traveling across the film and the substrate, we construct a transfer matrix
of the light polarization'?.

We first consider that the light propagates along z-direction and is transmitted through the
interfaces (x-y plane) with electrical conductivities ox and oxy,. We define the transfer matrix
(T") connecting between the electric fields at the left-hand side (L) and those at the right-hand
side (R) of the interface:
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where + (—) denotes the direction of the light propagation, +z (—z). T' is derived by using the
boundary conditions for the electric and magnetic fields following the Maxwell equations:
VXE=—-0B/dt, and VXH =j+0dD/0t =ocES5(z—zy) + €JE/dt, where ¢ is a
dielectric constant of the medium, z, is the position of the interface, and ¢ is the 2x2
electrical conductivity tensor at the interface. Then, the boundary conditions are given by,
E'— ER =0, (S2)
2x (H* — H®) = oE" = ¢ER, (S3)
where Z is the unit vector along the +z, c is the speed of light, w is the frequency of light, n
is the refractive index of the medium, and E*® and H*® are the left (right) hand side of
electric and magnetic fields, respectively. By approximating the relative permeability constant

in each region to 1, the electric and magnetic fields are given by E*L(®) = E (?L(R)ei(ikzz“"t)
and BTL®) (= y,HTLR)) = i%z“ x EL®) where k, = nw/c is the wavenumber of light.

By using Eqgs. S1-S3, T!(ny, ng, Oxx Oxy) (nyer) 1s the refractive index of the left- (right-)

hand side of the medium and o,,, gy, are conductivities in a unit of e*/h) is described by
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where a is the fine structure constant (&« = e?/2¢€yhc). Then, considering the interference of
the light due to multi-reflections inside the film, the transfer matrix T® for the propagation in
the TI bulk with thickness d is given by

etkzd 0 0

B_[| 0 etk 0 0

=1 0 0 etk o | (85)
0 0 0 g ~ikzd

where k, is the wavenumber of the light propagating to the TI film, d is the thickness of the
film. Since we consider the long-wavelength (low-frequency) limit (k,d — 0), TB = I, where

I is the identity matrix.



In the situation of the Faraday rotation measurement for a TI thin film on a substrate (Fig.
S3A), the incident light is polarized along x. Then, the transmitted and reflected light are related
by the following equation:
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The total transfer matrix T'™®! is given by the product of Eqs. S4 and S5,
TRl = T!(ng, ng, 6y, 0)TET! (ny, 1, 0, 01,)
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By substituting Eq. S7 to Eq. S6,
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Finally, we get the Faraday rotation angle as,
E} 2a0t
tanfp = — = TS (S9)
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On the other hand, for the Kerr rotation measurement (Fig. S3B), the incident light comes from

the substrate side. In this case, the total transfer matrix is rewritten as
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in which ng is just interchanged with n, for Eq. S7. Thus, the Kerr rotation angle is
described by
T
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To better clarify the contribution of the bottom surface transport (¢2,), we plot & and 6k
versus o2, in Fig. S4 by substituting n, = 1 and ng = 3.46 (for InP substrates) and J,Ey =
1/2 (e?/h) to Egs. S9 and S10. Even in the presence of finite 0n°, & and 6k take almost
constant values. For the typical semi-magnetic TI films with o2, ~ 1(e?/h), the error from
the half-quantized value with o2, ~ 0 amounts to only 0.3% (0.3%) for the Faraday (Kerr)
rotation. Even for the case of o2, ~ 4(e?/h), which is the largest value presented in the main
text (Fig. 3), the error is only 1.3% (1.1%). Thus, the Faraday (Kerr) rotation is insensitive to
o2, in the semi-magnetic TI. Therefore, the Faraday (Eq. S9) and Kerr rotation (Eq. S11)

angles can be reasonably approximated to,

a
Or =~ arctan (ns m 1), (512)
2an
Bk ~ arct ( : ). S13
K & arctan nZ-1 (813)
Compared with the quantized Faraday and Kerr rotation angles in the Q(A)H states as
calculated previously'18,
2a
Q _
O¢ = arctan (ns - 1), (514)
4on 4oan
Q _ S ~ 5
9K = arctan (m) =~ arctan (Tlsz — 1) , (S15)

the calculated rotation angles for the semi-magnetic TI films give rise to half of the integer-

quantized rotations 9? and 01(3, corresponding to our experimental results.
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Fig. S3. Semi-magnetic TI model for the derivation of Faraday and Kerr rotations. (A)
Schematic geometry for the Faraday rotation measurement in a T1/substrate structure. The light
propagates along the z-axis from the vacuum of which a refractive index ny = 1. The reflection
occurs at the interfaces between the TI film and the vacuum (o' = 1/2 (€%/h) and ox' = 0) and
between the TI film and the substrate (ox,” = 0 and ¢:.° # 0). The transmitted light experiences
the Faraday rotation. (B) Schematic geometry for the Kerr rotation measurement where the
light comes from the substrate side. The light reflects at the top and bottom surfaces of the film,
experiencing the Kerr rotation without a time delay between them because the film thickness

d which we consider is much shorter than the wavelength of light.
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Fig. S4. Calculated Faraday and Kerr rotation angles in a semi-magnetic TI model.



Dependence of & and 6k on o, calculated by using Eqgs. S9 and S11. The broken lines
indicate the & and & for ox® = 0. The insets are magnified views for 6 and 6k.

IV. Discussion on the relationship between THz photon energy and the magnetic gap.

The magnetization gap as large as 10-30 meV (refs. 14,15) is known to have significant spatial
fluctuations due to disorders such as electronic and magnetic inhomogeneities as studied with
scanning tunneling microscopy'*!°, scanning SQUID'S, and magnetic force microscopy'”!®.
Such inhomogeneities are believed to be the major reason for the limitation of the low
observable temperature of the QAH effect (< 2 K)°. Indeed, in transport experiments, the
effective gap size as estimated by the thermal activation energy decreases to < 1 meV (refs.
8,10,19). However, if the reduced magnetic gap were reflected in the THz magneto-optical
rotation angles, the quantization could not occur in our spectral region as follows?*2!. Since
there is a simple relation, 8 + inp~0y, /{(ns + 1)cgy} in the small rotation angle limit, it is
important to consider the complex optical Hall conductivity. Assuming a 2D Dirac electronic

state with the mass gap of m, the optical Hall conductivity oi,(w) is described by?*=!

e’ m —hw — iy + 2 max(|u|, m)

- 1 )
2hhw + iy "o + iy + 2 max(|u|,m)

Oxy(w) = (S16)

where y and p denote the damping constant and the chemical potential, respectively. We
calculated oy, () with various y under the assumption of 2m = 30 meV and p = 0 meV. As
shown in Fig. S5A, if the THz photon energy is well below the induced gap, the real part of the
optical Hall conductivity is quantized. On the other hand, if the THz photon energy is above
the gap, the optical Hall conductivity, or the polarization rotation, gets smaller, irrespective of
y. In addition, there is a finite imaginary part (Fig. S5B), which results in the ellipticity. At the
resonant frequency, both the real and imaginary parts of the optical Hall conductivity are
enhanced while y suppresses the enhancement. Thus, if the photon energy exceeds the
magnetic gap size, the quantization and the nearly zero ellipticity are no longer obtained.

The key to resolving the discrepancy is the difference between transport and optical
spectroscopy, where light is characterized by an electric field vector (light polarization) and
photon energy. The polarization rotation angle reflects the optical Hall conductivity while the
spectrum reflects interband transitions. Therefore, there is no contradiction in that the rotation
angle is not quantized at high temperature as expected by the local magnetization gap

estimations!'*!?

whereas the spectrum is flat (or of no resonance feature) within a few THz
range. Nevertheless, the direct optical detection of the magnetic gap with far- to mid-infrared

light remains for future works?>.



A 1.5_ LELELRRLLL LIRLRLALLLLL | T :"“"| T "_ B 1.0 LR RLLL LERLLARLLL | T :"“"\ TTT
= L i ] = I ' 2m

< L < Y =1meV
Nﬂ_’, 1.0 O Nq)

> >
o] r o]
g O E
O_O C L ;
0.1 0.1 1 10 100
hw (meV) hw (meV)

Fig. S5. Calculated optical Hall conductivity. (A,B) Real (A) and imaginary (B) part of the
optical Hall conductivity calculated for a single 2D Dirac electronic state with mass gap 2m =

30 meV and chemical potential =0 meV.

V. Gate voltage dependence on transport.

To confirm that EF is kept within the magnetic gap, we have checked the top gate voltage (V)
dependence on the electrical transport of the semi-magnetic T1 films. In Figs. S6A-C, we show
oxy and oxx versus Vy under various H for three samples (x = 0.93, 0.89 and 0.85), where x is
the Sb fraction for the bottom 5-nm-thick (Bii.«Sby)2Tes layer. At zero magnetic field, because
the bottom surface is gapless, ox, (black lines) reflects the anomalous Hall effect of the top
surface. In all the samples, the values of o, at zero magnetic field are close to 0.5¢*/h for a
wide range of V. These considerably large values cannot be achieved unless the EF resides
within the magnetization gap in these samples. If the EF is outside the magnetization gap, the
value of oy, would be much smaller and would strongly depend on the V' as calculated in Fig.
S11B. In particular, in the x = 0.89 (Fig. S6B) sample, o, takes the maximum value at around
Ve =0 V. In addition, for the x = 0.89 sample, when the magnetic field is applied and the
cyclotron gap is formed on the bottom surface, oy, approaches e*/h smoothly at Vs =0 V. This
result indicates that the Er resides in the magnetization gap of the top surface and also in the
cyclotron gap of the bottom surface at 9 T. This magnetic field dependence also supports that
EF is kept within the magnetic gap on the top surface.

We next assign the band alignments of top and bottom surface states in the films. By the
application of H, we can judge the carrier types at each Vg from the sign of the ordinary Hall
effect. We can also roughly judge the position of the Landau levels thanks to the observation
of the QH effect?’, where the zeroth Landau levels are formed at the bottom of the conduction
band for the gapped Dirac cone and the Dirac point for the gapless Dirac cone. In the samples
of x =0.93 (Fig. S6A) and 0.89 (Fig. S6B), the v=1 QH plateau appears, indicating that EF is
slightly lower than both the zeroth Landau levels at the V;; region. Also, we observed a charge-
neutrality point at around V; =35 V for the sample of x = 0.89 and hence EF is the closest to the
Dirac point of the bottom surface state. Thus, we have assigned the band alignments of x =0.93
and 0.89 as shown in the insets of Figs. S6A and S6B. In the sample of x = 0.85 (Fig. S6C),
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which possesses n-type carriers, oz, approaches zero (v = 0 QH state) with increasing H,
indicating that EF is slightly lower the Dirac point of the bottom surface state than that of the

magnetic gap of the top surface state.
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Fig. S6. Gate-voltage-dependent transport and determination of the band alignments in
semi-magnetic TI films. (A-C) Top gate voltage (V) dependence of oy, and o, at various
magnetic fields and 7= 2 K in semi-magnetic TI films of x =0.93 (A), 0.89 (B) and 0.85 (C).
The insets show schematics of the band alignments for the top (red) and bottom (blue) surface

states (see the text in section V for the assignment).

VI. Additional magneto-transport data.

We have also performed the transport measurements under magnetic fields applied
perpendicular to the films. Figure S7A shows the H dependence of pyxat 7= 0.5 K. In the
samples of x =0.93 and 0.89, v=1 quantized Hall resistance was observed with the application
of H (ref. 23). By converting from pyx to o, (Fig. S7C) using p«. (Fig. S7B), o, for the samples
of x = 0.85 and 0.80 exhibit the insulating v= 0 QH states accompanied by the decrease of o«
(Fig. S7D). The observation of the QH effect indicates that Er locates within the magnetic gap
for the top surface, and at the same time, it locates near the Dirac points for the non-magnetic
bottom surface. Figures S7E and S7F show the magnified views of the hysteresis behaviors at
around uoH = 0 T. The sharp ferromagnetic reversals and the robust spontaneous anomalous

Hall conductance support the single domain state at poH = 0 T as presented in Figs. 2 and 3 in
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the main text.
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Fig. S7. Magneto-transport data in semi-magnetic TI films. (A-D) Magnetic field (u0H)
dependence of pu, pyx at 0.5 K in the semi-magnetic TI films with the variation of x, which are
the identical films presented in Fig. 3 of the main text. (E, F) Magnified views of (C) and (D),
respectively. The red dashed lines highlight the @H = 0 T, where the half-integer quantization

appears.

VII. Real-space picture of the Hall current and current distribution test in a multi-
terminal device.

From the Berry curvature calculation in the momentum space picture, the gapped Dirac fermion
in the top surface contributes to oz, = €*/(2h), and the gapless Dirac fermion in the bottom
surface to oy, = 0, which is described in section X. In the real space picture, the Hall current is
not carried by a single state like a chiral edge state as in the case of QHE, since there exist
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gapless states in the bottom surface. Instead, the Hall current is carried by the gapless states
that extend in the side surface and the bottom surface. This situation is analogous to the plateau
to plateau transition in the ordinary QH system?*. At the plateau transition in the QH system,
there appear delocalized gapless states in the bulk and those states carry non-integer Hall
current through the bulk. In the present case, the gapless Dirac fermion in the bottom surface
plays the role of such delocalized gapless states that appear in the plateau transition of QHE.
The key difference here is that the plateau transition in the ordinary QH system requires fine-
tuning of the electron density or magnetic field to achieve oy, = €*/(2h) (see also Fig. S10 and
section IX for discussions), while the parity anomaly in TIs does not require such fine-tuning
of parameters.

To experimentally figure out the current distribution of the half-integer quantized
transport, we conducted a three-terminal current flow measurement? using a multi-terminal
device as shown in Fig. S8A. The device was made from a semi-magnetic TI film of x = 0.93
exhibiting v=1 QH effect under the application of high magnetic fields H (Fig. S§B). In the
measurement, we put a current of 100 nA from one of the electrodes and measure the current
at the left-hand side (1)), right-hand side (/;), and opposite side (/,) electrodes. Figure S8C shows
the H dependence of the current flow at 7= 0.5 K. In the QH state («wH ~ 14 T), i (I;) is much
larger than /; (/1) at the positive (negative) H. This is due to the formation of chiral edge states
which flow along with the counter-clockwise (clockwise) direction at the positive (negative)
H. I, is symmetric against the sign change of H because it originates from the remained surface
conduction (o). By contrast, in the half-integer quantized state (xH = 0 T), the difference
between /; and /; dramatically diminishes. Upon closer look at the difference (see the inset of
Fig. S8C), there are tiny hysteresis loops for /i and /; reflecting the anomalous Hall current.
Moreover, we find that the centers of the hysteresis loops for /i and I; shift higher and lower,
respectively. This shift can be attributed to the difference in the distance between the electrodes
(200 um and 400 um from the center electrode to the left-hand side and right-hand side
electrodes, respectively). Therefore, fully edge-localized chiral edge states are not formed in

the half-integer quantized state.
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Fig. S8. Current distribution test in a multi-terminal device. (A) Optical microscope image

of a multi-terminal Hall bar device. The excitation current is 100 nA in this measurement. (B)

toH dependence of oy and oy, at 0.5 K in the semi-magnetic TI film (x = 0.93). (C) wH

dependence of the currents I, I, and /; as indicated in a. The inset shows the magnified view

of (C).

VIII. Scaling analysis of transport.
To understand the temperature dependence of the half-integer quantized transport in the semi-
magnetic TI films, we map (ow(7), o(7)) and compare them with the theoretical curves for

2627 and in 2D Dirac fermion systems?® with broken time-

localization in usual 2D systems
reversal symmetries as shown in Figs. SOA and S9B, respectively. Whereas (ox(7), ox(T)) for
the QAH film follows a theoretical curve for the usual 2D system (Fig. S9A) as reported
earlier®’, those for the semi-magnetic TI films converge to oy, = 0.5¢*/h. With even further
decreasing the temperature, oy, show signatures to increase from 0.5¢?/h. These behaviors
contradict the scaling trajectory of the usual 2D system?®?’. Instead, this can be viewed as the
sum of the scaling behaviors for the two 2D Dirac fermions with magnetic impurities, where
Ox: approaches zero and half-quantized ox, becomes a stable fixed point for each of the Dirac
fermion?® (Fig. S9B). Since the effect of the magnetic impurities on the bottom surface is weak,
the increase of its contribution to oy, is small even at the lowest temperature (blue arrow line

in Fig. S9B); this is the reason why the plateau of oy, is observed. Furthermore, if the effect of
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magnetic impurities on the bottom surface state is completely absent, o, is expected to increase
as the temperature is lowered®®. Nonetheless, o decreases, and as the temperature is even
lowered o, tends to further increase slightly across this half-quantized value. Thus, these
features indicate that the system is the almost decoupled two Dirac fermions with large (top
surface) and small (bottom surface) oy, with broken time-reversal symmetry by finite size
scaling at finite temperature.
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Fig. S9. Temperature-driven renormalization group flow. (A) Temperature-driven flows of
(o/(T), ox(T)) for the semi-magnetic TI films (x = 0.80, 0.85, 0.89, and 0.93) and the QAH
film. Broken lines show the renormalization group flow for conventional 2D systems,
reproduced from ref. 27. (B) The same plots for the semi-magnetic TI films. The broken lines
are the renormalization group flow for 2D Dirac fermion systems with broken time-reversal
symmetry?®. Red and blue broken arrow lines are the illustrations of flows describing the

behaviors for the top and bottom surface Dirac fermions in the semi-magnetic TI, respectively.

IX. Difference between half-integer and integer quantized Hall states.

If the Fermi level was located exactly at a Landau level or there was a gapless state arising
from disorders between the Landau levels in a conventional QH system, the Hall conductance
would take arbitrary values. To observe the half-integer quantized Hall plateaus at zero
magnetic field, however, a special mechanism must be required. In the semi-magnetic TI case,

the parity anomaly from the top gapped surface state spontaneously tunes o, at €*/(24).
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To experimentally clarify the difference between the half-integer and integer QH states,
we investigated the V; dependent transport properties at 0 T (half-quantized regime) and at 9 T
(QH regime) of the semi-magnetic TI film (x = 0.89) at various cryogenic temperatures (0.04
— 0.7 K). We obtained oy, and ox (Figs. S10C and S10D) from pyx and pu (Figs. S10A and
S10B). At zero magnetic field (Fig. S10C), the half-quantized o, plateau is observed in a wide
Ve range. On the other hand, at 9 T, it is observed only at a certain V (~ 7 V) while the v=1
QH plateau appears in a wide V', range. Furthermore, we map (o(7), ox(7)) at various Vy as
shown in Figs. S10E and S10F in the same way as in Figs. S9A and S9B, respectively. On the
mapping at 9 T (Fig. S10F), the trajectory follows the renormalization group flow of
conventional 2D systems, where (o3, k) flows to (0, 0) or (e*/A, 0) by tuning the chemical
potential across the Landau levels while oy, = 0.5¢*/h corresponds to the critical line for the
plateau-plateau transition of the conventional QH system (see the inset of Fig. S10D for the
relationship between the magnetic gap and the Landau level position estimated by the field
response, which is discussed in section IV). On the other hand, at 0 T (Fig. S10E), o3, converges
and flows along 0.5¢%*/h as discussed in section VIII even in the change of the chemical potential
within the magnetic gap of the top surface. We note that the increase of o with decreasing
temperature at zero magnetic field (Fig. S10A) is consistent with the picture that our system is
analogous to the plateau transition in the ordinary QH systems as discussed in section VII since
Po also takes the maximum at the plateau transition in the QH effect. These zero-field halt-
quantized responses cannot be realized without the parity anomaly in TIs.
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Fig. S10. (A-D) Gate voltage (V) dependence of p,x and pyx at o =0T (A) and 9 T (B), and
of oy and oz at 0 T (C) and 9 T (D) for the semi-magnetic TI film (x = 0.89), measured at 7' =
0.04 — 0.7 K. The inset of (D) the schematic of the tunable V; region (green shaded) for the
band alignment of the semi-magnetic T1 film (x = 0.89), which corresponds to Fig. S6B. (E, F)
Temperature driven flows of (ox/(7), cx(T)) at 0 T (E) and 9 T (F). The colors of the plots for

17



(E) and (F) indicate the V; values shown on the upper abscissa of (C) and (D) with the same
color codes. The slight deviation from &, = €*/(2h) toward e*/h in (E) is attributed to be a tiny
magnetic gap opening in the bottom surface state (see section VIII for the discussion).

X. Impact of the surface hybridization of the half-integer quantization.
We numerically and experimentally show that the half quantized Hall conductance is not
maintained in the presence of the electronic hybridization between the top and bottom surface

states.

Calculation

We here use an effective continuum model for the TI surface states (in x-y plane) including the
top and bottom surface degrees of freedom®'. The Hamiltonian for the wavevector k =
(ky, k), which is expressed in the [t T), [t 1), |b T) and |b l) bases (¢ and b denote the top
and bottom surface states, T and | represent the spin up and down states, respectively), can
be written as

A, ky — iky m 0 \
ky + lkx _At 0 m
Hlkoky) =17 0 Dy —ky+iky | (516)
0 m —ky — iky —A,

where m is a parameter for the hybridization gap, and A, and A, are magnetically-induced
gaps for the top and bottom surfaces, respectively. Here, we set A= 0 to express the situation
of the semi-magnetic TI structure. By solving the eigen-equation for this Hamiltonian, the

eigen-energies can be analytically obtained,

Atz Atz

where k = ’kxz + kyz. From the eigen-functions |uy), which corresponds to the eigen-

energies E,, we compute the Berry connection and curvature defined as a,(k) =

i(Unk|Vilunk) and by, (k) = Vi X a,(k), respectively. Then, the Berry curvature contribution

of the Hall conductivity oy, arising from the above 4 bands is given by,

4
1 « )
) ||k utiop,ao, (518)

where  f, (k) = 1/(eBn~EF)/*k8T 4 1) > 9(Ep —E,) (when T —0 ) is the Fermi
distribution function and @ is the Heaviside step function®?.
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In Fig. S11A, we show the low-energy bands at the zero-temperature limit, where the
hybridization is not included (m = 0). The red lines indicate the top surface state which has the
magnetic gap (A= 2), whereas the blue lines indicate the bottom surface state which has no
gap (Ap= 0). Then, the calculated o, is shown in Fig. S11B, exhibiting a plateau structure
with the half-integer quantized value when EF locates within the magnetic gap.

We then include the hybridization term (m # 0). Figure S11C shows the numerically
calculated bands including finite m (= A,/ 2 = 1) that exhibits a gap near £ = 0. This gap is a
trivial one because oy, becomes zero when Ef is within the gap as shown in Fig. S11D,
indicating that the system no longer exhibits the half-integer quantization in the presence of
hybridization. We note that, when EF intersects the bands, o, has a non-zero value (but lower
than the half-quantized value). Also, there are peaks at the band edges of the highest and lowest

bands. These features are indeed observed experimentally as follows.

Experiment
We have examined 7-nm-thick films (Fig. S12A), which possess sizeable hybridization gaps

comparable to their magnetization gaps®. We note that besides our previous study®, the effect
of the hybridization in Cr-doped (Bi, Sb),Tes films has been reported by other groups using
different film thickness: 5 QL (ref. 33) and 6 QL (ref. 34), while it has also been reported in
the angle-resolved photoemission study of <2 QL BixTes (ref. 35) and the scanning tunneling
spectroscopy study of <4 QL SboTes (ref. 36). This controversy on the critical film thickness
may arise from the difference between experimental techniques, namely transport,
photoemission, and local tunneling spectroscopy; the detailed calibration of the critical
thickness is still under debate.

Figure S12B shows the V', dependence of oy, in the film of x = y = 0.88 which we have
presented in our previous publication?, where Er is supposed to be above the magnetic gap of
the top surface state and is slightly below the Dirac point for the bottom surface state as judged
from the results presented in Fig. S6. In contrast to the half-integer quantization in 10-nm-thick
films presented in the main text, the half-quantized o, does not appear at poH =0 T while the
v=0 and 1 QH plateaus emerge at H =14 T.

Furthermore, we observe a dip at around Vy = 0 V. Within this dip, o also takes a
minimum value (Fig. S12C). This indicates the hybridization-induced trivial gap as expected
from the numerical results shown in Fig. S12D. We have additionally checked another sample
in which we finely tuned Er within the magnetic gap of the top surface (x = 0.73, y = 0.85),
leading to an even more insulating state (Figs. S12D and S12E). We then map (o, (1), 0z (7))
at the most insulating V', (Fig. S12F) for the two samples, flowing to the trivial insulating fixed
point (0, 0). In conclusion, thickening the films to suppress the surface hybridization is required

to observe the half quantized oy,.
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Fig. S11. Calculated Hall conductivity including surface hybridization. (A, C) Low-energy
bands calculated for the continuum model including A; =2, m =0 (A) and A, =2, m =1 (C).
(B, D) Calculated oy, versus Ef corresponding to the band structures in (A) and (C),
respectively.
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Fig. S12. Surface-hybridization-induced trivial insulator phase in thin semi-magnetic TI
films. (A) Schematic layout of the 7-nm-thick semi-magnetic TI films studied in (B-F). (B, C)
Ve dependence of oy, and ox in a semi-magnetic TI film (x =y =0.88) at 7= 0.5 K and wH =
0, 14 T, reproduced from ref. 27. (D, E) V; dependence of o, and ox: in a semi-magnetic TI
film (x=0.73,y=0.85) at 7= 0.7 K and ol =0, 9 T. (F) T-driven flows of (o, o) at poH
=0T.
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XI. Dependence of the sample size on transport.

We fabricated multiple Hall bars with various widths W= 10 um to 1.5 mm, where the distance
between the voltage probes is fixed at L = I and that between the source and drain is kept to
>3L. Figure S13C shows the robustness of the half quantized o, obtained from resistance data
shown in Fig. S13A,B. We observe that oy, increases with thinning the Hall bars (Fig. S13D).
We speculate that the change of o comes from a finite localization length which might be

larger than the present sample size W.
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Fig. S13. Sample width dependence. (A-D) pyx (A), po (B), o (C), oxx (D) as a function of
T in a logarithmic scale at goH = 0 T in semi-magnetic TI films (x = 0.85) with various sample
width W.
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XII. Half-integer quantized transport in a V-doped semi-magnetic TI

We tried a similar transport experiment on another QAH system®’*® — 3-nm V-doped
(B1,Sb)>Tes / 6-nm (Bi1,Sb)>Tes semi-magnetic structure (Fig. S14A). As shown in Fig. S14B,
C, we indeed obtained a similar half-integer Hall conductivity at zero magnetic field. This
suggests that the half-integer quantization is robust against the changes of thickness and doping

element/concentration.
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Fig. S14. Transport measurement of a V-doped semi-magnetic TI. (A) Schematic layout of
a V-doped semi-magnetic TI film. (B) Temperature dependence of oxx and o, at zero magnetic
field once after training the magnetization up to 3 T at the lowest temperature. (C) Magnetic
field dependence of oy, at various temperatures. Note that the field-induced change of oy,
comes from an ordinary Hall effect while the spontaneous component of o, at zero magnetic
field corresponds to the anomalous Hall effect.
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