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I. SUPPLEMENTARY NOTES

1. Model for intralayer-interlayer exciton hybridization and moiré superlattice

minibands for excitons

Bright MoSe, excitons are formed in an MoSey /WS, heterobilayer by 7Kyjose, valley
electrons and —7Kjjese, holes of opposite spins, where 7 = +£1 is the valley index. For

7 = 1, the intralayer exciton state is

X:(Q)) = % Y P(R)chn (Kniose, + 12Q + K)hiy  (—Katose, + 52Q = 5)[9Q), (1)

where CIT\/LS(KMOS62 + k) [th\/LS(Kl\/[C,Se2 + k)] creates an electron (hole) in the MoSe, spin—s
conduction (valence) band, with wave vector k near Kyjose, (s =\ gives the A exciton, Xy,
while s =1 gives the B exciton, Xp. The same is true for WS,), and @(k) is the Fourier
transform of the (ground-state) exciton relative-motion wavefunction. m, and my, are the
electron and hole effective masses; Mx = m.+my,, and |Q2) is the heterobilayer ground state.
MoSe; electrons tunnel into the WS, conduction band through the “hopping term” [1],
t=> > Z5<KMose2 +K)— (7 Kws, +K/),Go 52 G YIS tee(Gn™* + Katose, +K)
s,r'=+1 myn kK

. ~MoSe
X [e_ZGm 2'roci;V?S(T,I{\;vs2 + k,)CM,s(KMoSeQ + k) + H‘C'] )

where GMoS¢2 and GW52 are reciprocal lattice vectors of the corresponding crystals, and g
represents the in-plane shift between metal atoms in the two layers, which together with the
twist angle 6 parametrizes the heterobilayer stacking. The Kronecker delta encodes momen-
tum conservation . Due to symmetry under C5 rotations, the valley —Kyys, is equivalent to
Kiys, (see main text Fig. 3a).

Intralayer MoSe, excitons can hybridize with interlayer excitons (iXs) of same quantum

number s, (WS, electron and an MoSe, hole)

, 1 - ,
Y2 (Q)) = 75 Y d(R)cly (T Kws, + 375Q + k) (~Kaiose, T 12Q — K) Q) (2)

where m., is the WS, electron effective mass and Mix = m., +my, (see Extended Data Table

1).

The relative-motion momentum-space wavefunctions of both exciton species are given by
o) = [ Epeoplp). D) = [ Eperulp)
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and we obtained the real-space wavefunctions

2 2
~ |2 o—prlax ~ —p/aix
p(p) =4 w2 ¢ ¥(p) Z :

by solving numerically the two—body problem with bilayer Keldysh—type interactions [2—6],

finding ax and a;x from the solutions. Then, we obtain the bright inter—intra exciton mixing

term
PN Y TG G e Q) R
5,7 m,n Q,Q’
4t..(K + G)e 6T fax +q ax +aix \>  m2 s
T (G, G) g—ccaMoSes (X “) <3L—3) + 1 (AK, + G - G)?
axaix axaix axaix Mx

(3)
where AK, = 7'Kws, — Kuose,; AK = AK, and AK’ = AK_; and X,(Q), Y7 (Q') are
exciton annihilation operators.

The coupling function t..(q) decays rapidly with wave vector for |q| > [Kmose,| [1, 7]
which allows us to set it as a constant t.. for |q| < |[Knose, |, and zero otherwise. This makes
T.(G,G’) finite only for G = 0 and the two other MoSe, Bragg vectors shown in Extended
Data Fig. 3c. For closely aligned (f ~ 0°) configurations, when G = GM°5¢2 the hopping
term gives significant contributions only if 7/ = 1 and G’ = G¥52 and is vanishingly small

otherwise. Thus, the allowed Bragg vector combinations give
AK | G=G=0
AK+G - G=14¢ G;AK , G =Gy™, G =Gy
C3AK | G'= -G}, G = -G}

Therefore, to a good approximation,

T=5"5"" dq aqmax o Y, (Q)X,(Q) + He.,

s D QQ
—3/2
—iDK. 2 2
Ty — KT 4t et o (GX + aiX) (ax + aix> n Mh A J2
= 5 ,
axaix axaix axaix MiX

where we define D € {E, C3, C3}, with C} a rotation by Q”T” and F the identity.
For 6 ~ 60° one must choose 7/ = —1 and for each Bragg vector G = GM°52 take

G’ = —(C3GW%2 | resulting in

T = Z Z Z 5Q—Q’,DAK’ TD }/S_T(Q/)XS(Q> + H.c.
s D Q,Q



From the above analysis, we get for 7 = 1 the exciton Hamiltonians

H=>"Y"[&.(QXIQ)X(Q) + E4(QYH QY. (Q)] +T; 6<30°,  (4a)
s Q

H=3"Y [E.(QXI(QX,(Q) + Ex(QY, (QY, (Q)] +T: 6>30°,  (4b)
s Q

where

h2Q2
2Mx’
h2Q2
2Mix’

with A§y and A, the spin-orbit couplings of the MoSe; conduction and valence bands, and

Exs(Q) = EY + s(A + Afp) +

Exs(Q) = EX + s(Af + T'ALY) +

A§y' the WS, conduction band spin-orbit coupling. Thus, for ) = 0, the A- and B-exciton
energies can be written as (see Extended Data Table 1) Ex, = EY — (A¥, + Agy) and
Fx, = E% + (A% + ASy). Analogous terms exist for the 7 = —1 valley, given by a time
reversal transformation.

The moiré superlattice periodicity, introduced in Egs. (4a) and (4b) through the terms

T and T, requires that we fold the X and iX bands onto the moiré Brillouin zone,

1Xs(Q))n = 1Xs(Q + mby +nby))

YT (Q))mn = [YT(Q + mby +nby)),

where Q is limited to the first moiré Brillouin zone (mBZ, Extended Data Fig. 3e). The
intra- and interlayer exciton states |X,(Q))mn and |Y7 (Q'))p . hybridize when Q = Q'
and

(m'—m)by + (' —n)by =by; j = £1,£2,+3,

producing hXs states

o0

XY Q)= Y [AL" (5 QX Q) + B (5,7, QYT (Q)hnn| - Q € mBZ,

m,n=0

with corresponding energies ET; (Q).
To evaluate the optical spectra of hX states, we use the light-matter interaction Hamil-

tonian

e 47rhc
HLM = ’7 Z Z Z Z CL[ s ’r]KMOSEQ +k— £)h11-\/[7s(_nKMOSGQ - k)a;r](éa gz) + H.c.

s n=x1¢&¢, k



Here, ai)(f ,&.) creates a photon of in-plane momentum & and out-of-plane momentum ¢&,,
and polarization n = +1, corresponding to counter-clockwise and clockwise, respectively. We

obtain the recombination and absorption rates from Fermi’s golden rule (Q+mb;+nby = £):

(@) = 1 S 106, & B DX (Q)) P (B0 (B, (Q) — e/ €7+ €)

5762

ThE &) = 0 57503 o n(0XT (Q) Hoaelr €605 (B, (@) — hev/EF + €2).

s mmn Q

For PL, we take into account temperature effects through the Bose-Einstein distribution

1

ng(E,T) = B o 1 1’

where Fg,q is the energy of the lowest exciton state. The calculated twist-angle dependence
of the activation energy E|.0(0) — Egna for hX; in MoSey/WSs, as well as PL spectra at
several temperatures, are shown in Extended Data Fig. 8.

For absorption, we find [§]

yAid (5,0)]

ax

p/m
(hw = EZ;,,(0))? + 52

sym,n

. 8wiw €2
I3(hw) = hre? he Z

m,n

>

0]

where we use f = 5meV and hdw = 1 meV to evaluate the spectrum shown in Fig. 3e.

2. Harmonic potential approximation to exciton moiré effects in MoSey /WS het-

erostructures

The moiré superlattice effects on the band structure [9, 10] and exciton energies [7] of
bilayer systems, produced by incommensurability and misalignment of the two lattices, are
often described in terms of a minimal harmonic potential [11-13]. In this section we derive
the tunnelling contribution to this potential for intralayer excitons in TMD heterobilayers,
using MoSey /WS, as a case study. We show that a harmonic potential fails to describe
the moiré superlattice effects in the close alignment (anti-alignment) regime in the case of
near-resonant exciton bands.

For 8 < 30°, interlayer tunnelling 7" allows MoSe, intralayer excitons to explore the
reciprocal lattice of the WS, layer through virtual tunneling of their electrons onto the WS,

conduction band, and then back onto the MoSe, conduction band. These virtual processes



introduce momentum-dependent corrections to the intralayer exciton energies, which in real
space correspond to a potential.

Focusing on the case of § < 30°, we perform a canonical transformation H = e He™*
on the intralayer-interlayer exciton Hamiltonian H = Hy + T presented in main text Eq.
(4a), with the condition [14]

T = —i[5, Hol, (8)

which removes from H all terms that are first order in 7. A similar procedure is followed
for the Hamiltonian of main text Eq. (4b), for @ > 30°. The condition Eq. (8) is achieved

by the generator

(9)

. Tp
S — 5o o Y(Q)X,(Q) — Hee.
S22 2 e g g (@M e

Evaluating H up to second order in T' we obtain

i3 3 [ B QXHQX,(Q) + Bx QY. QY. (Q)

s Q
1 | T5 T o o )
2 ZD;; ZQ: | Exs(Q) — &, (Q + pAK)+ QTP - PIAKYAHQ) +He 1)
1 _ Iplo f /
2 X D~ D]AK)X,(Q) + He.| |
2 szpg €4.(Q - DAK) - £{,(Q) (Q+] JAK)X,(Q) + Hee
with the renormalized energies
~r  or 1 |TD|2
E5.(Q) =&x.(Q) — 2 ; £74(Q - DAK;) — 5§,S(Q>’ (11a)
BFLQ) = £,(@ + 5 Y Tof? .
iX,s Y,s 2 = g{,S(Q) — 5§,S(Q + DAKT)'

The remaining two terms represent scattering by moiré vectors b = (D —D')AK,, as shown
in Extended Data Fig. 3e. For exciton momenta near the center of the moiré Brillouin zone

we have () < AK, and we may approximate

TpTp T3 T
ELQ - EL(QFDAK) [ - M) (B - Aol -
TpT T T
E Q- DAK) — Q) ™ (B~ Bho) — (5~ Ao + g




Finally, an inverse Fourier transform gives the harmonic potential for bright intralayer exci-

tons at valley 7 =1

Ty Topae ™™ 4 T a Tppoa e

VXS - )
Z Elox Aéo) - (EX - ASO)] Pl

n=1 2M1X

(13)

where CY = E, and for convenience we have re-labeled the moiré Bragg vectors as follows:

d; = by, d; = bs and d3 = —by. A similar analysis for 6 > 30° leads to the potential

w 3 Ty D™ 4 T o T
XS Z EO —|—A ) (EO — A ) PAK'? "
ix X so)] +

2M;x

(14)

n=1

Using the values of Extended Data Table I, we find that Wx (r) diverges at 6§ ~ 58°,
signaling the breakdown of perturbation theory due to a crossing between the intralayer
and interlayer exciton bands at the iX band edge, as shown in Extended Data Fig. 2b.
Furthermore, Extended Data Fig. 2c¢ shows that, although Vx(r) remains finite for all
6 < 30°, the excitation energy in the virtual process becomes smaller than the mixing
energy for # < 5°, indicating that the perturbative approach is no longer valid.

Beyond these angles the intralayer-interlayer exciton mixing strength becomes the dom-
inant energy scale in the problem, such that perturbative methods in general, and a simple
description in terms of a potential in particular, cannot describe hX states or the moiré
superlattice effects. This is a direct consequence of the near-resonant conduction bands in

MoSes /WS, heterostructures.

3. Broadening of the photoluminescence line by random fields in the sample

The dependence on twist angle of the emission line broadening shown in Extended Data
Fig. 1b may be explained by the coupling of weak electric fields produced by random strain

throughout the sample, with the out-of-plane electric dipole of the mixed intralayer-interlayer



exciton states. The field-dipole coupling can be estimated as

ed .,
T S lz (K + Klesrs(Kpos 10

s T==%1 k

- Z CJ{N,S(TKWSQ + k') ew s(TKws, + k')

(15)

Y [Zh (TKtoses + K)aro("Kntoses + K)

s T=*1

-~ Zh (TKws, + K)hw«(TKws, + )|,

where cyvs(q) and cws(q) annihilate an electron of momentum q and spin projection s in
MoSe; and WSs, respectively; e is the charge unit, d the interlayer distance, and we assume
that the out-of-plane electric field E, is small. In first—order perturbation theory, this gives

a correction to the bright, optically—active (¢ = 0) mixed exciton energy
. 2
0F = 00 (hX(0) [He-p| hX,(0)) = ed E. |(Y] (0)[hX(0))o0]| , (16)

where 7/ =1 (7" = —1) for 6 < 30° (§ > 30°), |hX,(0)), is the lowest bright hybridized
exciton state, and (Y] 7(0)|hX,(0))g, is its interlayer exciton component (see Methods in
main text). Excitons in different parts of the sample will experience different values of F..

Assuming that the F, values found throughout the sample follow a Gaussian distribution

1 0y2 2
E,) =] e B/ 17
PE:) =\5-—¢€ ) (17)

of mean E? and variance o2, the correction §E will also be normally distributed, with mean
value

(9E), = ed B | (YT (0) 10X, ()] (18)

and a full width at half maximum given by

FWHM;p = 21/21og 2 \/ SE2), — (§E)2 = 20+/2log 2 ed

Allowing for an additive constant, representing the intrinsic broadening of the PL line, we

(YT ()X, (0)oo| . (19)

fitted Eq. (19) to the experimental data, and the result is presented in Extended Data
Fig. 1b of the main text. The fitting parameters give ced = 19.8 meV, or o ~ 0.03 V/nm,

assuming an approximate interlayer distance of 6 A [15].
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