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Supplementary Information 

S1. Introduction of Shannon entropy 

An appropriately defined probability distribution, Shannon entropy is a 

numerical expression of network structure1. Here X is the invariant of a network, 𝛼 

divides X into k subsets, and |𝑋𝑖| is the potential of subset i. Entropy can be defined2 

𝐻(G, 𝛼) = |𝑋| log(|𝑋|) − ∑ |𝑋𝑖|𝑘
𝑖=1 log(|𝑋𝑖|), 

and �̅�(G, 𝛼) = − ∑ 𝑃𝑖
𝑘
𝑖=1 log(𝑃𝑖) = − ∑

|𝑋𝑖|

|𝑋|
𝑘
𝑖=1 log (

|𝑋𝑖|

|𝑋|
), 

where 𝐺 = (𝑉, 𝐸), |𝑉| < ∞, 𝐸 ⊆ (
𝑉
2

)  is a finite undirected graph and G =

(𝑉, 𝐸), |𝑉| < ∞, 𝐸 ⊆ 𝑉 × 𝑉 is a finite directed graph. 

Rashevsky3 and Trucco4 first used (network) entropy to measure structure 

complexity. Such graph variables as node number, degree sequence of node, and 

extended degree sequence are used to enable entropy measurement. These 

measurements were first introduced by Rashevsky to provide topological information 

on graph G, defined as3  

𝐻(G)𝑉 ∶= |𝑉| log(|𝑉|) − ∑ |𝑁𝑖|𝑘
𝑖=1 log(|𝑁𝑖|), 

and �̅�(G)𝑉 ∶= − ∑
|𝑁𝑖|

|𝑉|
𝑘
𝑖=1 log (

|𝑁𝑖|

|𝑉|
). 
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S2. Partial evaluation results of FBSE in caveman network 

For a caveman network with network size N and community number n, to any 

node k denoted by 𝜏1~𝜏2, it has 

𝑏𝑘 = ∑ ( 𝑾𝑖,𝑗 − 𝑾𝑖,𝑗
∗𝑘𝑘 )

(𝑖,𝑗∈S(𝑘))

 

S(𝑘) = {(𝑖, 𝑗): 1 ≤ 𝑖 ≤ 𝑁; 1 ≤ 𝑗 ≤ 𝑁; 𝑖 ≠ 𝑗 ≠ 𝑘} 

Where 𝑏𝑘 (called flow betweenness) means the variation of maximum flow 

when network node k is removed from the network. W is the maximum flow matrix 

and 𝑾𝑘  means the matrix by removing the kth line and kth column from W. 

Analogously, 𝑾∗𝑘  represents the recalculated maximum flow matrix after the 

removal of the kth line and kth column from the original network. 

Based on the symmetry of network, it is not difficult to understand the 

fundamental theorem hereinafter illustrated: 

Theorem 1: for ∀𝑖1, ∀𝑖2, 0 < 𝑖1, 𝑖2 ≤ 𝑚, then 𝑏𝑖1~𝑗 = 𝑏𝑖2~𝑗 , 0 < 𝑗 ≤ 𝑛. 

Theorem 2: for ∀𝑘1, ∀𝑘2, 0 < 𝑘1, 𝑘2 ≤ 𝑁, if 𝜃𝑘1,out
𝑡 = 𝜃𝑘2,out

𝑡 , then 𝑏𝑘1
= 𝑏𝑘2

. 

Theorem 3: for ∀𝑖, ∀𝑗, ∀𝑘, 0 < 𝑖, 𝑗, 𝑘 ≤ 𝑁, 𝑖 ≠ 𝑗 ≠ 𝑘, then 𝑚𝑘(𝑖, 𝑗) = 𝑚𝑘(𝑗, 𝑖). 

Where 𝑚𝑘(𝑖, 𝑗) is the flow quantity when the maximum flow passes node k 

from node i to node j. 𝜃𝑘,out
𝑡  is denoted as the number of inter-community edges of 

node k. 

Let S(𝑘) = ⋃ S𝑖(𝑘)4
φ=1 , where 

S1(𝑘) = {(𝑖, 𝑗): ⌈
𝑖

𝑛
⌉ = 𝜏1; ⌈

𝑗

𝑛
⌉ = 𝜏1} ⋂ S(𝑘) 

S2(𝑘) = {(𝑖, 𝑗): ⌈
𝑖

𝑛
⌉ = 𝜏1; ⌈

𝑗

𝑛
⌉ ≠ 𝜏1} ⋂ S(𝑘) 

S3(𝑘) = {(𝑖, 𝑗): ⌈
𝑖

𝑛
⌉ ≠ ⌈

𝑗

𝑛
⌉ ≠ 𝜏1} ⋂ S(𝑘) 

S4(𝑘) = {(𝑖, 𝑗): ⌈
𝑖

𝑛
⌉ = ⌈

𝑗

𝑛
⌉ ≠ 𝜏1} ⋂ S(𝑘) 

It is not difficult to find that ⋂ S𝑖(𝑘)4
φ=1 = ∅，Thus, 



𝑏𝑘 = Ψ1 + Ψ2 + Ψ3 + Ψ4 

I. When 𝑡 = 0, for ∀𝑘 ∈ {𝑖~𝑗|𝑘out = 0}, it has 

Ψ1 = A𝑛−1
2  

Ψ2 = Ψ3 = Ψ4 = 0 

II. When 𝑡 = 1, for ∀𝑘 ∈ {𝑖~𝑗|𝑘out = 0}, it has 

Ψ1 = A𝑛−1
2  

Ψ2 = Ψ3 = Ψ4 = 0 

When 𝑡 = 1, for ∀𝑘 ∈ {𝑖~𝑗|𝑘out = 1}, it has 

Ψ1 = A𝑛−1
2  

Ψ2 = 2(𝑚 − 1) ∙ C𝑛−1
1 ∙ C𝑛

1  

Ψ3 = Am−1
2 ∙ Cn

1 ∙ Cn
1 

Ψ4 = (𝑚 − 1) ∙ (2C𝑛−2
1 + 2C𝑛−2

1 + A2
2) 

III. When 𝑡 = 2, for ∀𝑘 ∈ {𝑖~𝑗|𝑘out = 0}, it has 

Ψ1 = A𝑛−1
2  

Ψ2 = Ψ3 = Ψ4 = 0 

When 𝑡 = 2, for ∀𝑘 ∈ {𝑖~𝑗|𝑘out = 1}, it has 

Ψ1 = A𝑛−1
2  

Ψ2 = 2(𝑚 − 1) ∙ C𝑛−1
1 ∙ C𝑛

1  

Ψ3 = A𝑚−1
2 ∙ C𝑛

1 ∙ C𝑛
1  

Ψ4 = 2C𝑛−1
1  

When 𝑡 = 2, for ∀𝑘 ∈ {𝑖~𝑗|𝑘out = 2}, it has 

Ψ1 = A𝑛−1
2 − 2𝜃𝑘out,𝑡 

Ψ2 = 2𝑘out(𝑚 − 1) ∙ C𝑛−1
1 ∙ C𝑛

1  

Ψ3 = A𝑚−1
2 ∙ C𝑛

1 ∙ C𝑛
1  

Ψ4 = 2𝜃𝑘out−1,t(A2
2 ∙ C𝑛−1

1 − 1) 

IV. When 3 ≤ 𝑡 ≤
𝑛

2
− 1, for ∀𝑘 ∈ {𝑖~𝑗|𝑘out = 0}, it has 

Ψ1 = A𝑛−1
2  

Ψ2 = Ψ3 = Ψ4 = 0 



When 3 ≤ 𝑡 ≤
𝑛

2
− 1, for ∀𝑘 ∈ {𝑖~𝑗|𝑘out = 1}, it has 

Ψ1 = A𝑛−1
2  

Ψ2 = 2(𝑚 − 1) ∙ C𝑛−1
1 ∙ C𝑛

1  

Ψ3 = A𝑚−1
2 ∙ C𝑛

1 ∙ C𝑛
1  

Ψ4 = 2C𝑛−1
1  

When 3 ≤ 𝑡 ≤
𝑛

2
− 1, for ∀𝑘 ∈ {𝑖~𝑗|𝑘out = 2}, it has 

Ψ1 = A𝑛−1
2 − 2 

Ψ2 = 2𝑘out(𝑚 − 1) ∙ C𝑛−1
1 ∙ C𝑛

1  

Ψ3 = A𝑚−1
2 ∙ C𝑛

1 ∙ C𝑛
1  

Ψ4 = 2𝜃𝑘out−1,𝑡C𝑛−1
1  

V. When 
𝑛

2
− 1 < 𝑡 ≤

𝑛

2
, for ∀𝑘 ∈ {𝑖~𝑗|𝑘out = 0}, it has 

i. When n is an odd number, which means 𝑡 =
𝑛−1

2
 

Ψ1 = A𝑛−1
2  

Ψ2 = 2(𝑚 − 1) ∙ C𝑛−1
1 ∙ C𝑛

1  

Ψ3 = Ψ4 = 0 

ii. When n is an even number, which means 𝑡 =
𝑛

2
 

Ψ1 = A𝑛−1
2  

Ψ2 = 2(𝑚 − 1) ∙ C𝑛−1
1 ∙ C𝑛

1  

Ψ3 = Ψ4 = 0 

When 
𝑛

2
− 1 < 𝑡 ≤

𝑛

2
, for ∀𝑘 ∈ {𝑖~𝑗|𝑘out = 1}, it has 

i. When n is an odd number, which means 𝑡 =
𝑛−1

2
 

Ψ1 = A𝑛−1
2  

Ψ2 = 2(𝑚 − 1) ∙ C𝑛−1
1 ∙ C𝑛

1  

Ψ3 = A𝑚−1
2 ∙ C𝑛

1 ∙ C𝑛
1  

Ψ4 = 2C𝑛−1
1  

ii. When n is an even number, which means 𝑡 =
𝑛

2
 

Ψ1 = A𝑛−1
2  



Ψ2 = 2[(𝑚 − 1) ∙ C𝑛−2
1 ∙ C𝑛

1 + 𝑘out] 

Ψ3 = 2𝑘outC𝑚−2
1 ∙ C𝑛

1  

Ψ4 = 2𝑘outC𝑛−1
1  

When 
𝑛

2
− 1 < 𝑡 ≤

𝑛

2
, for ∀𝑘 ∈ {𝑖~𝑗|𝑘out = 2}, it has 

i. When n is an odd number, which means 𝑡 =
𝑛−1

2
 

Ψ1 = A𝑛−1
2 − 2 

Ψ2 = 2𝑘out(𝑚 − 1) ∙ C𝑛−1
1 ∙ C𝑛

1  

Ψ3 = A𝑚−1
2 ∙ C𝑛

1 ∙ C𝑛
1  

Ψ4 = 2𝜃𝑘out−1,𝑡C𝑛−1
1  

ii. When n is an even number, which means 𝑡 =
𝑛

2
 

Ψ1 = A𝑛−1
2 − 2 

Ψ2 = 2(𝑚 − 1) ∙ C𝑛−1
1 ∙ C𝑛

1  

Ψ3 = 2[𝑘outC𝑚−2
1 ∙ C𝑛

1 − 1] 

Ψ4 = 2𝑘outC𝑛−1
1  

VI. When 
𝑛

2
< 𝑡 ≤ 𝑛 − 2, for ∀𝑘 ∈ {𝑖~𝑗|𝑘out = 0}, it has 

Ψ1 = A𝑛−1
2  

Ψ2 = 2(𝑚 − 1) ∙ C𝑛−1
1 ∙ C𝑛

1  

Ψ3 = Ψ4 = 0 

When 
𝑛

2
< 𝑡 ≤ 𝑛 − 1, for ∀𝑘 ∈ {𝑖~𝑗|𝑘out = 1}, it has 

Ψ1 = A𝑛−1
2  

Ψ2 = 2[(𝑚 − 1) ∙ C𝑛−2
1 ∙ C𝑛

1 + 𝑘out] 

Ψ3 = 2𝑘outC𝑚−2
1 ∙ C𝑛

1  

Ψ4 = 2𝑘outC𝑛−1
1  

When 
𝑛

2
< 𝑡 ≤ 𝑛, for ∀𝑘 ∈ {𝑖~𝑗|𝑘out = 2}, it has 

Ψ1 = A𝑛−1
2 − 2 

Ψ2 = 2[(𝑚 − 1) ∙ C𝑛−1−𝑘out

1 ∙ C𝑛
1 + 2𝑘out] 

Ψ3 = 2[𝑘outC𝑚−2
1 ∙ C𝑛

1 − 1] 



Ψ4 = 2𝑘outC𝑛−1
1  

 

S3. FBSE of caveman network in non-steady states 

Based on partial evaluation results of FBSE discussed in S1, FBSE of caveman 

network in non-steady states can be calculated by 

𝐻FB(1)

= −𝑚 {
2[(𝑚2 − 𝑚 + 1)𝑛2 + 2(𝑚 − 2)𝑛 + 7 − 6𝑚]

2𝑚[(𝑚2 − 𝑚 + 1)𝑛2 + (2𝑚 − 5)𝑛 + 8 − 6𝑚] + 𝑚(𝑛 − 1)(𝑛 − 2)2 + (𝑛 − 1)𝑁

× log
(𝑚2 − 𝑚 + 1)𝑛2 + 2(𝑚 − 2)𝑛 + 7 − 6𝑚

2𝑚[(𝑚2 − 𝑚 + 1)𝑛2 + (2𝑚 − 5)𝑛 + 8 − 6𝑚] + 𝑚(𝑛 − 1)(𝑛 − 2)2 + (𝑛 − 1)𝑁

+
(𝑛 − 1)2(𝑛 − 2)

2𝑚[(𝑚2 − 𝑚 + 1)𝑛2 + (2𝑚 − 5)𝑛 + 8 − 6𝑚] + 𝑚(𝑛 − 1)(𝑛 − 2)2 + (𝑛 − 1)𝑁

× log
(𝑛 − 1)2

2𝑚[(𝑚2 − 𝑚 + 1)𝑛2 + (2𝑚 − 5)𝑛 + 8 − 6𝑚] + 𝑚(𝑛 − 1)(𝑛 − 2)2 + (𝑛 − 1)𝑁
} 

 

𝐻FB(2)

= −𝑚 {
(𝑚2 + 𝑚 − 1)𝑛2 + 2(5 − 2𝑚)𝑛 − 13

(3𝑚2 − 𝑚 + 1)𝑚𝑛2 + 𝑚(11 − 8𝑚)𝑛 − 12𝑚 + 𝑚(𝑛 − 1)(𝑛 − 2)(𝑛 − 3) + (𝑛 − 1)𝑁

× log
(𝑚2 + 𝑚 − 1)𝑛2 + 2(5 − 2𝑚)𝑛 − 13

(3𝑚2 − 𝑚 + 1)𝑚𝑛2 + 𝑚(11 − 8𝑚)𝑛 − 12𝑚 + 𝑚(𝑛 − 1)(𝑛 − 2)(𝑛 − 3) + (𝑛 − 1)𝑁

+
2[(𝑚2 − 𝑚 + 1)𝑛2 + 2(1 − 𝑚)𝑛 − 1]

(3𝑚2 − 𝑚 + 1)𝑚𝑛2 + 𝑚(11 − 8𝑚)𝑛 − 12𝑚 + 𝑚(𝑛 − 1)(𝑛 − 2)(𝑛 − 3) + (𝑛 − 1)𝑁

× log
(𝑚2 − 𝑚 + 1)𝑛2 + 2(1 − 𝑚)𝑛 − 1

(3𝑚2 − 𝑚 + 1)𝑚𝑛2 + 𝑚(11 − 8𝑚)𝑛 − 12𝑚 + 𝑚(𝑛 − 1)(𝑛 − 2)(𝑛 − 3) + (𝑛 − 1)𝑁

+
(𝑛 − 1)2(𝑛 − 3)

(3𝑚2 − 𝑚 + 1)𝑚𝑛2 + 𝑚(11 − 8𝑚)𝑛 − 12𝑚 + 𝑚(𝑛 − 1)(𝑛 − 2)(𝑛 − 3) + (𝑛 − 1)𝑁

× log
(𝑛 − 1)2

(3𝑚2 − 𝑚 + 1)𝑚𝑛2 + 𝑚(11 − 8𝑚)𝑛 − 12𝑚 + 𝑚(𝑛 − 1)(𝑛 − 2)(𝑛 − 3) + (𝑛 − 1)𝑁
} 

 

When 3 ≤ 𝑡 ≤
𝑛

2
− 1, 



𝐻FB(𝑡)

= −𝑚 {
(𝑡 − 1)[(𝑚2 + 𝑚 − 1)𝑛2 + 2(3 − 2𝑚)𝑛 − 5]

[(𝑡 + 1)𝑚2 + (𝑡 − 3)𝑚 − 𝑡 + 3]𝑚𝑛2 + (5𝑡 − 3 − 4𝑡𝑚)𝑚𝑛 − 4𝑚(𝑡 − 1) + 𝑚(𝑛 − 1)(𝑛 − 2)(𝑛 − 𝑡 − 1) + (𝑛 − 1)𝑁

× log
(𝑚2 + 𝑚 − 1)𝑛2 + 2(3 − 2𝑚)𝑛 − 5

[(𝑡 + 1)𝑚2 + (𝑡 − 3)𝑚 − 𝑡 + 3]𝑚𝑛2 + (5𝑡 − 3 − 4𝑡𝑚)𝑚𝑛 − 4𝑚(𝑡 − 1) + 𝑚(𝑛 − 1)(𝑛 − 2)(𝑛 − 𝑡 − 1) + (𝑛 − 1)𝑁

+
2[(𝑚2 − 𝑚 + 1)𝑛2 + 2(1 − 𝑚)𝑛 − 1]

[(𝑡 + 1)𝑚2 + (𝑡 − 3)𝑚 − 𝑡 + 3]𝑚𝑛2 + (5𝑡 − 3 − 4𝑡𝑚)𝑚𝑛 − 4𝑚(𝑡 − 1) + 𝑚(𝑛 − 1)(𝑛 − 2)(𝑛 − 𝑡 − 1) + (𝑛 − 1)𝑁

× log
(𝑚2 − 𝑚 + 1)𝑛2 + 2(1 − 𝑚)𝑛 − 1

[(𝑡 + 1)𝑚2 + (𝑡 − 3)𝑚 − 𝑡 + 3]𝑚𝑛2 + (5𝑡 − 3 − 4𝑡𝑚)𝑚𝑛 − 4𝑚(𝑡 − 1) + 𝑚(𝑛 − 1)(𝑛 − 2)(𝑛 − 𝑡 − 1) + (𝑛 − 1)𝑁

+
(𝑛 − 1)2(𝑛 − t − 1)

[(𝑡 + 1)𝑚2 + (𝑡 − 3)𝑚 − 𝑡 + 3]𝑚𝑛2 + (5𝑡 − 3 − 4𝑡𝑚)𝑚𝑛 − 4𝑚(𝑡 − 1) + 𝑚(𝑛 − 1)(𝑛 − 2)(𝑛 − 𝑡 − 1) + (𝑛 − 1)𝑁

× log
(𝑛 − 1)2

[(𝑡 + 1)𝑚2 + (𝑡 − 3)𝑚 − 𝑡 + 3]𝑚𝑛2 + (5𝑡 − 3 − 4𝑡𝑚)𝑚𝑛 − 4𝑚(𝑡 − 1) + 𝑚(𝑛 − 1)(𝑛 − 2)(𝑛 − 𝑡 − 1) + (𝑛 − 1)𝑁
} 

 

While 
𝑛

2
− 1 < 𝑡 ≤

𝑛

2
 and n is an odd number, 

𝐻FB(𝑡)

= −𝑚 {
(𝑡 − 1)[(𝑚2 + 𝑚 − 1)𝑛2 + 2(3 − 2𝑚)𝑛 − 5]

[(𝑡 + 1)𝑚2 + (𝑡 − 3)𝑚 − 𝑡 + 3]𝑚𝑛2 + (5𝑡 − 3 − 4𝑡𝑚)𝑚𝑛 − 4𝑚(𝑡 − 1) + 𝑚[(2𝑚 − 1)𝑛2 − (2𝑚 + 1)𝑛 + 2](𝑛 − 𝑡 − 1) + (𝑛 − 1)𝑁

× log
(𝑚2 + 𝑚 − 1)𝑛2 + 2(3 − 2𝑚)𝑛 − 5

[(𝑡 + 1)𝑚2 + (𝑡 − 3)𝑚 − 𝑡 + 3]𝑚𝑛2 + (5𝑡 − 3 − 4𝑡𝑚)𝑚𝑛 − 4𝑚(𝑡 − 1) + 𝑚[(2𝑚 − 1)𝑛2 − (2𝑚 + 1)𝑛 + 2](𝑛 − 𝑡 − 1) + (𝑛 − 1)𝑁

+
2[(𝑚2 − 𝑚 + 1)𝑛2 + 2(1 − 𝑚)𝑛 − 1]

[(𝑡 + 1)𝑚2 + (𝑡 − 3)𝑚 − 𝑡 + 3]𝑚𝑛2 + (5𝑡 − 3 − 4𝑡𝑚)𝑚𝑛 − 4𝑚(𝑡 − 1) + 𝑚[(2𝑚 − 1)𝑛2 − (2𝑚 + 1)𝑛 + 2](𝑛 − 𝑡 − 1) + (𝑛 − 1)𝑁

× log
(𝑚2 − 𝑚 + 1)𝑛2 + 2(1 − 𝑚)𝑛 − 1

[(𝑡 + 1)𝑚2 + (𝑡 − 3)𝑚 − 𝑡 + 3]𝑚𝑛2 + (5𝑡 − 3 − 4𝑡𝑚)𝑚𝑛 − 4𝑚(𝑡 − 1) + 𝑚[(2𝑚 − 1)𝑛2 − (2𝑚 + 1)𝑛 + 2](𝑛 − 𝑡 − 1) + (𝑛 − 1)𝑁

+
(𝑛 − t − 1)[(2𝑚 − 1)𝑛2 − 2𝑚𝑛 + 1]

[(𝑡 + 1)𝑚2 + (𝑡 − 3)𝑚 − 𝑡 + 3]𝑚𝑛2 + (5𝑡 − 3 − 4𝑡𝑚)𝑚𝑛 − 4𝑚(𝑡 − 1) + 𝑚[(2𝑚 − 1)𝑛2 − (2𝑚 + 1)𝑛 + 2](𝑛 − 𝑡 − 1) + (𝑛 − 1)𝑁

× log
(2𝑚 − 1)𝑛2 − 2𝑚𝑛 + 1

[(𝑡 + 1)𝑚2 + (𝑡 − 3)𝑚 − 𝑡 + 3]𝑚𝑛2 + (5𝑡 − 3 − 4𝑡𝑚)𝑚𝑛 − 4𝑚(𝑡 − 1) + 𝑚[(2𝑚 − 1)𝑛2 − (2𝑚 + 1)𝑛 + 2](𝑛 − 𝑡 − 1) + (𝑛 − 1)𝑁
} 

 

While 
𝑛

2
− 1 < 𝑡 ≤

𝑛

2
 and n is an even number, 

𝐻FB(𝑡)

= −𝑚 {
(𝑡 − 1)[(2𝑚 − 1)𝑛2 + 2(𝑚 − 2)𝑛 − 7]

(𝑡 − 1)(2𝑚 − 1)𝑚𝑛2 + (𝑡 − 1)(2𝑚 − 5)𝑚𝑛 − 6𝑚(𝑡 − 1) + 𝑚[(2𝑚 − 1)𝑛2 − (2𝑚 + 1)𝑛 + 2](𝑛 − 𝑡 + 1) + (𝑛 − 1)𝑁

× log
(2𝑚 − 1)𝑛2 + 2(𝑚 − 2)𝑛 − 7

(𝑡 − 1)(2𝑚 − 1)𝑚𝑛2 + (𝑡 − 1)(2𝑚 − 5)𝑚𝑛 − 6𝑚(𝑡 − 1) + 𝑚[(2𝑚 − 1)𝑛2 − (2𝑚 + 1)𝑛 + 2](𝑛 − 𝑡 + 1) + (𝑛 − 1)𝑁

+
(𝑛 − t + 1)[(2𝑚 − 1)𝑛2 − 2𝑚𝑛 + 1]

(𝑡 − 1)(2𝑚 − 1)𝑚𝑛2 + (𝑡 − 1)(2𝑚 − 5)𝑚𝑛 − 6𝑚(𝑡 − 1) + 𝑚[(2𝑚 − 1)𝑛2 − (2𝑚 + 1)𝑛 + 2](𝑛 − 𝑡 + 1) + (𝑛 − 1)𝑁

× log
(2𝑚 − 1)𝑛2 − 2𝑚𝑛 + 1

(𝑡 − 1)(2𝑚 − 1)𝑚𝑛2 + (𝑡 − 1)(2𝑚 − 5)𝑚𝑛 − 6𝑚(𝑡 − 1) + 𝑚[(2𝑚 − 1)𝑛2 − (2𝑚 + 1)𝑛 + 2](𝑛 − 𝑡 + 1) + (𝑛 − 1)𝑁
} 

 



S4. FBSE of caveman network in steady states 

The task here is to determine at what t value the caveman network regains its 

non-heterogeneity. At evolutionary time t, the degree value sum of the 

inter-community edges in a community is 2∑ 𝜃𝑘out,𝑡𝑘out𝑘out
. For a given node k, if the 

maximum flow of any other node 𝑘′ is independent of k , it must fulfill the condition 

2 ∑ 𝜃𝑘out,𝑡𝑘out𝑘out
− 2𝜃𝑘,out

𝑡 ≥ 𝑑𝑘′. 

This above inequality is satisfied for ∀𝑘 and is equivalent to 

2 ∑ 𝜃𝑘out,𝑡𝑘out

𝑘out

≥ max
𝑘′

𝑑𝑘′ + max
𝑘

2𝜃𝑘,out
𝑡  

4𝑡 ≥ 2(𝑛 − 1) + 4 

𝑡 ≥
𝑛 + 1

2
 

where n is a positive integer. When the caveman network evolves into 
𝑛

2
+ 1 when n 

is an even number or 
𝑛+1

2
 when n is an odd number, the control of any node k on the 

maximum network flow only affects the nodes in set Ω = {𝑘′|𝑎𝑘𝑘′ ≠ 0, 𝑘′ ≠ 𝑘}. 

Here 𝑎𝑘𝑘′ is the element at line k and column 𝑘′ in adjacent matrix A. At this t 

value the caveman network reaches its steady state. For ∀𝑘,  

𝑾𝑖,𝑗 − 𝑾𝑖,𝑗
∗𝑘𝑘 = {

1 𝑖 ∈ Ω or 𝑗 ∈ Ω
0 others

 

|Ω| = 𝑛 − 1.                                        

Thus, 

𝑏𝑘 = ∑ ( 𝑾𝑖,𝑗 − 𝑾𝑖,𝑗
∗𝑘𝑘 )

(𝑖,𝑗∈S(𝑘))

≡ 2(𝑛 − 1) ∙ (𝑛𝑚 − 2) − C𝑛−1
2  

        = (𝑛 − 1) ∙ (2𝑛𝑚 − n − 2).   

The FBSE of the caveman network in s steady state (
𝑛

2
< 𝑡 ≤ 𝑛) is  

𝐻FB(𝑡) = −𝑚 ∑ 𝜃𝑘out,𝑡
2
𝑘out=0 ∙

𝑏arg𝑘out,𝑡+𝑑arg𝑘out,𝑡

∑ (𝑏𝑞,𝑡+𝑑𝑞,𝑡)𝑁
𝑞=1

log
𝑏arg𝑘out,𝑡+𝑑arg𝑘out,𝑡

∑ (𝑏𝑞,𝑡+𝑑𝑞,𝑡)𝑁
𝑞=1

=

−𝑚 {
[(2𝑚−1)𝑛2−2𝑚𝑛+1]𝑛

[(2𝑚−1)𝑛2−(2𝑚+1)𝑛+2]𝑚𝑛+(𝑛−1)𝑁
× log

(2𝑚−1)𝑛2−2𝑚𝑛+1

[(2𝑚−1)𝑛2−(2𝑚+1)𝑛+2]𝑚𝑛+(𝑛−1)𝑁
} = log 𝑁  

where 𝑏arg𝑘out,𝑡  is the betweenness flow of a node with 𝑘out inter-community edges 

at time t, 𝑑arg𝑘out,𝑡 is the degree value of a node k with 𝑘out inter-community edges 

at time t, 𝑏𝑘,𝑡 is the betweenness flow of node k at time t, and 𝑑𝑘,𝑡 is the degree 

value of node k at time t. 


