A detailed characterization of complex networks using Information Theory

Cristopher G. S. Freitas"”, Andre L. L. Aquino', Heitor S. Ramos?, Alejandro C. Frery', and Osvaldo A.
Rosso?*

nstituto de Computacao, Universidade Federal de Alagoas, Maceid, Brasil
Instituto de Fisica, Universidade Federal de Alagoas, Macei, Brasil
3Departamento de Ciéncia da Computacao, Universidade Federal de Minas Gerais, Belo Horizonte, Brasil
4Instituto de Medicina Traslacional e Ingenieria Biomedica, Hospital Italiano de Buenos Aires &
CONICET, Ciudad Auténoma de Buenos Aires, Argentina.
“cristopher@laccan.ufal.br

Appendix A Shannon Entropy, Fisher Information Measure, and Statistical
Complexity

An Information Theory quantifier is a measure able to characterize some property of the probability distribution function
(PDF) associated with a phenomenon or a model. Entropy, regarded as a measure of uncertainty, is the most paradigmatic
example of these quantifiers.

Given a continuous probability distribution function (PDF) f(x) with z € @ C R and [, f(z) dz = 1, its associated
Shannon Entropy (or Shannon’s logarithmic information measure) S [111, [12] is defined by

ﬂﬂ=—4ﬂmmﬂmm. (1)

In the discrete case the PDF is given by P = {p;;j = 1,..., N} with Z;\Ll pj = 1, with NV the number of possible states of
the system under study. The Shannon Entropy is defined by

N
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This functional equals zero when we are able to predict with full certainty which of the possible outcomes j will actually
take place. Our knowledge of the underlying process, described by the probability distribution, is maximal in this instance.
In contrast, this knowledge is commonly minimal for a uniform distribution P, = {p; =1/N,Vj=1,...,N}.

We define a “normalized” Shannon Entropy, 0 < H < 1, as

H[P] = S[P]/S[P] = S[P]/InN. (3)

The Shannon Entropy S is a measure of “global character” not too sensitive to strong changes in the PDF taking place
in small regions. This is not the case for the Fisher information measure [9, 2]
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which constitutes a measure of the gradient content of the distribution f (continuous PDF), thus being quite sensitive even
to tiny localized perturbations.

Local sensitivity is useful in scenarios whose description necessitates an appeal to a notion of “order”. The concomitant
problem of loss of information due to the discretization has been thoroughly studied (see, for instance, [I3] [8] and references
therein) and, in particular, it entails the loss of Fisher’s shift-invariance, which is of no importance for our present purposes.
For Fisher information measure computation (discrete PDF) we follow the proposal of Dehesa and coworkers [I0] based on
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Its discrete normalized version (0 < F < 1) is now

N-1
FIP] = Fy Z(\/pi+1 —Vp)*. (6)

Here the normalization constant Fj reads

jo 1 ifpx=1fori*=1o0ri* =N and p; = 0,Vi # i*, (7)

7 1/2 otherwise.
If our system lies in a very ordered state, we can consider it is described by a PDF given by Py = {pr = 1;p; = 0,Vi #
k;i=1,...,N} (with N, the number of states of the system) in consequence we have a Shannon Entropy S[Py] = 0 and a

normalized Fisher’s information measure F[Py] & Fihax = 1. On the other hand, when the system under study is represented
by a very disordered state, one can think this particular state is described by a PDF given by the uniform distribution
P.={p;=1/N,Vi=1,...,N} and we obtain S[P.] & Syax while F[P.] = 0. One can state that the general behavior of
the Fisher information measure is opposite to that of the Shannon Entropy.

Complexity denotes a state of affairs that one can easily appreciate when confronted with it; however, it is rather difficult
to define it quantitatively, probably because there is no universal definition of complexity. In between the two special
instances of perfect order and complete randomness, a wide range of possible degrees of physical structure exists that should
be reflected in the features of the underlying probability distribution P. One would like to assume that the degree of
correlational structures would be adequately captured by some functional C[P] in the same way that Shannon’s entropy S[P)
captures randomness [11].

Complexity can be characterized by a certain degree of organization, structure, memory, and regularity [I]. The complexity
should be zero in the extreme cases of complete randomness and perfect order. At a given distance from these extremes,
a wide range of possible structures exists. The complexity measure does much more than satisfy the boundary conditions
of vanishing in the high- and low-entropy limits. In particular, the maximum complexity occurs in the region between the
system’s perfectly ordered state and the perfectly disordered one.

The perfect crystal and the isolated ideal gas are two typical examples of systems with minimum and maximum entropy,
respectively. However, they are also examples of simple models and therefore of systems with zero complexity, as the
structure of the perfect crystal is completely described by minimal information (i.e., distances and symmetries that define
the elementary cell) and the probability distribution for the accessible states is centered around a prevailing state of perfect
symmetry. On the other hand, all the accessible states of the ideal gas occur with the same probability and can be described
by a “simple” uniform distribution.

Statistical complexity is often characterized by the paradoxical situation of complicated dynamics generated from relatively
simple systems. If the system itself is already involved enough and is constituted by many different parts, it clearly may
support a rather complex dynamics, but perhaps without the emergence of typical characteristic patterns [3]. Therefore,
a complex system does not necessarily generate a complex output. Statistical complexity is, therefore, related to hidden
patterned structures which emerge from a system which itself can be much simpler than the dynamics it generates [3].

According to Lépez-Ruiz, Mancini and Calbet [5], and using an oxymoron, an object, a procedure, or system is said to be
complex when it does not exhibit patterns regarded as simple. It follows that a suitable complexity measure should vanish
both for completely ordered and for completely random systems and cannot only rely on the concept of information (which
is maximal and minimal for the systems mentioned above). A suitable measure of complexity can be defined as the product
of a measure of information and a measure of disequilibrium, i.e., some kind of distance from the equiprobable distribution
of the accessible states of a system. In this respect, Rosso and coworkers [0} 4] introduced an effective Statistical Complexity
Measure (SCM) C, that is able to detect essential details of the underlying dynamical processes.

Based on the seminal notion advanced by Lépez-Ruiz et al. [5], this statistical complexity measure [6], 4] is defined through
the functional product form

C[P] = Q[P, Pc] - H[P] (8)

of the normalized Shannon Entropy #, see Eq. , and the disequilibrium @ defined in terms of the Jensen-Shannon
divergence J[P, P.]. That is,

QIP, Pe] = Qo - I[P, Pe] = Qo - {S[(P + F.)/2] - S[P]/2 — S[F.]/2}, (9)

the above-mentioned Jensen-Shannon divergence and )y, a normalization constant such that 0 < @ < 1:

-1
Qo = —2 {N; ! In(N + 1) — In(2N) —HnN} , (10)

are equal to the inverse of the maximum possible value of J[P, P.]. This value is obtained when one of the components of
P, say pm, is equal to one and the remaining p; are zero.



Note that the above introduced SCM depends on two different probability distributions: one associated with the system
under analysis, P, and the other the uniform distribution, P.. Furthermore, it was shown that for a given value of H,
the range of possible C values varies between a minimum Cpy;, and a maximum Cpax, restricting the possible values of the
SCM [7]. Thus, it is clear that evaluating the statistical complexity measure provides important additional information.

In statistical mechanics, one is often interested in isolated systems characterized by an initial, arbitrary, and discrete
probability distribution. Evolution towards equilibrium is usually the main goal. At equilibrium, we may suppose, without
loss of generality, that this state is given by the equiprobable distribution P, = {p; = 1/N,Vi = 1,...,N}. The temporal
evolution of the above introduced Information Theory quantifiers, Shannon Entropy #, statistical complexity C and Fisher
information measure F, can be analyzed using two-dimensional (2D) diagrams of the corresponding quantifiers versus time
t.

Two information planes are defined: a) The Entropy—Complezity plane, H x C, is a compact manifold spanning values of
the normalized Shannon Entropy H and the statistical complexity C based only on global characteristics of the associated
time series PDF (both quantities are defined in terms of Shannon entropies); while b) the Shannon-Fisher plane, H x F, is
a compact manifold spanning values of the normalized Shannon Entropy A and the Fisher Information measure F based on
global and local characteristics of the PDF. In the case of H x C the variation range is [0, 1] X [Cinin, Cmax] (the minimum and
maximum statistical complexity values for a given H value [7]), while in the causality plane H x F the range is [0, 1] x [0, 1].
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