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The purpose of this Supplementary Information is to
discuss more in detail the phenomenon, briefly mentioned
in the main text, of the underestimation of the condition
number for higher training statistics.

As in the main text, we denote with PN the matrix
whose columns are the frequencies obtained estimating
the outcome probabilities with N samples for different
training states. The columns of PN are thus finite-sample
estimates of the columns of P . Even though κ(PN ) can
be larger for larger N , the corresponding estimation error
always decreases with N , because the inaccuracies in
the estimated probability vectors also decrease with N
counteracting the increased noise sensitivity flagged by
κ(PN ). A rough intuition for why κ(PN ) often increases
with N can be obtained as follows: an arbitrary matrix
PN can be pictured as the ellipsoid that it maps the unit
(hyper)sphere to. The singular values of PN are then
proportional to the lengths of the principal axes of this
ellipsoid. The condition number equals the ratio between
larger and smaller (nonzero) principal axes. In our case,
the columns of PN are subject to statistical noise that
causes them to fluctuate by a quantity of the order of 1/N .
Consequently, directions corresponding to singular values
smaller than the statistical noise, will appear larger, with
lengths in the order of ∼ 1/N . The overall result is that
for small N the directions corresponding to the smallest
singular values of PN might appear larger, thus causing
κ(PN ) to be underestimated. This underestimation will
become negligible when the statistical noise has magnitude
significantly smaller than the smallest singular value of
PN . This also explains why the underestimation is most
prominent in situations where κ(PN ) is larger, which is
generally due to the smallest singular value of PN being
smaller. This phenomenon is displayed in a simple case
in Supplementary Fig. 1.

Another way to understand the potentially odd be-
haviour of the condition number discussed in the main
text, and in particular its increasing with the number of
training statistics Ntrain, is to observe that when Ntrain

is significantly larger than the testing statistics Ntest, one
might incur in a phenomenon analogous to overfitting.
Indeed, even though using large Ntrain ≫ 1 results in
a weight matrix W (∞) which sends ideal output proba-
bilities p(∞) to the corresponding accurate expectation
values, it is possible that thisW (∞) significantly amplifies
errors in the probabilities p(Ntest) estimated with finite

statistics, and thus results in an overall larger estimation
error, unless Ntest is also large enough to overcome this
effect. For this reason, having Ntrain ≫ Ntest may result
in overall decreased performances, because even though
W (∞) sends ideal probabilities p(∞) into perfectly es-
timated expectation values, noisy probabilities p(Ntest)
might be sent to estimated expectation values worse than
those that would have been produced with W (Ntrain).
This phenomenon is shown schematically in Supplemen-
tary Fig. 2.
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Supplementary Fig. 1. Underestimation of condition number
for limited statistics — We consider random qubit states
measured with a random three-outcome POVM with unit-
rank operators. Each state is thus represented as a length-3
probability vector. Exploiting the normalisation, each such
vector can be projected onto the two dimensions tangent space
to the 3-dimensional simplex, p1 and p2 in the figure. The
blue dots represent here the probability vector associated to
each state. The orange triangles, those obtained sampling
from the same probability vectors with finite statistics (in this
case N = 100 sampled were used). The dashed ellipses are
drawn using as principal axes the principal components of the
corresponding matrices of probabilities, and have principal
lengths corresponding to the associated singular values. The
condition number of PN is then proportional to the ratio
between largest and smallest principal axes of its ellipse. As
clearly seen from the spread of the orange triangles here, points
estimated from finite statistics result in larger smallest singular
values, and therefore smaller condition numbers.
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<latexit sha1_base64="MC/h+vdZzZ+Wv/it8dxD7weFTo4=">AAAB83icbVC7TsNAEDyHVwivACXNiQgpVWSjCCgjaCgTiTykxIrOl0045Xy27vaQIitfQAsVHaLlgyj4F2zjAgJTjWZ2tbMTxFIYdN0Pp7S2vrG5Vd6u7Ozu7R9UD496JrKaQ5dHMtKDgBmQQkEXBUoYxBpYGEjoB/ObzO8/gDYiUne4iMEP2UyJqeAMU6lTH1drbsPNQf8SryA1UqA9rn6OJhG3ISjkkhkz9NwY/YRpFFzCsjKyBmLG52wGw5QqFoLxkzzokp5ZwzCiMWgqJM1F+LmRsNCYRRikkyHDe7PqZeJ/3tDi9MpPhIotguLZIRQS8kOGa5E2AHQiNCCyLDlQoShnmiGCFpRxnoo2raSS9uGtfv+X9M4b3kWj2WnWWtdFM2VyQk5JnXjkkrTILWmTLuEEyCN5Is+OdV6cV+fte7TkFDvH5Bec9y8Mx5E6</latexit>

(<latexit sha1_base64="JvT1ckknlJbIzToyJlvgXm6zLT8=">AAAB+HicbVC7TsNAEFyHVwivACXNiQiJKrIRAsoIGsogkYeUWNH5sglHzmfrbo0UovwDLVR0iJa/oeBfcIwLSJhqNLOrnZ0gVtKS6346haXlldW14nppY3Nre6e8u9e0UWIENkSkItMOuEUlNTZIksJ2bJCHgcJWMLqa+a0HNFZG+pbGMfohH2o5kIJTKjW7Ug9o3CtX3KqbgS0SLycVyFHvlb+6/UgkIWoSilvb8dyY/Ak3JIXCaambWIy5GPEhdlKqeYjWn2Rpp+wosZwiFqNhUrFMxN8bEx5aOw6DdDLkdGfnvZn4n9dJaHDhT6SOE0ItZodIKswOWWFkWgOyvjRIxGfJkUnNBDecCI1kXIhUTNJeSmkf3vz3i6R5UvXOqqc3p5XaZd5MEQ7gEI7Bg3OowTXUoQEC7uEJnuHFeXRenTfn/We04OQ7+/AHzsc3fD6Tyg==</latexit>1<latexit sha1_base64="k/qHW13QNv6zBhewaH0kdRvPsFk=">AAAB83icbVC7TsNAEDzzDOEVoKQ5ESFBE9koAsoIGspEIg8psaLzZRNOOZ+tuz2kyMoX0EJFh2j5IAr+Bdu4gISpRjO72tkJYikMuu6ns7K6tr6xWdoqb+/s7u1XDg47JrKaQ5tHMtK9gBmQQkEbBUroxRpYGEjoBtPbzO8+gjYiUvc4i8EP2USJseAMU6l1PqxU3Zqbgy4TryBVUqA5rHwNRhG3ISjkkhnT99wY/YRpFFzCvDywBmLGp2wC/ZQqFoLxkzzonJ5awzCiMWgqJM1F+L2RsNCYWRikkyHDB7PoZeJ/Xt/i+NpPhIotguLZIRQS8kOGa5E2AHQkNCCyLDlQoShnmiGCFpRxnoo2raSc9uEtfr9MOhc177JWb9WrjZuimRI5JifkjHjkijTIHWmSNuEEyBN5Ji+OdV6dN+f9Z3TFKXaOyB84H98OVpE7</latexit>

)

<latexit sha1_base64="ntzDbPCjLbE4VTGIFYXDWW7anto=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJRBJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6ndG1Vrbt3NQVeJV5AaKdAaVb+G44jbEBRyyYwZeG6MfsI0Ci5hURlaAzHjMzaFQUoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDhg1n2MvE/b2Bxcu0nQsUWQfHsEAoJ+SHDtUgbADoWGhBZlhyoUJQzzRBBC8o4T0WbVlJJ+/CWv18l3Yu6d1lvtBu15k3RTJmckFNyTjxyRZrkjrRIh3AC5Ik8kxfHOq/Om/P+M1pyip1j8gfOxzdWCJFp</latexit>

W
<latexit sha1_base64="MC/h+vdZzZ+Wv/it8dxD7weFTo4=">AAAB83icbVC7TsNAEDyHVwivACXNiQgpVWSjCCgjaCgTiTykxIrOl0045Xy27vaQIitfQAsVHaLlgyj4F2zjAgJTjWZ2tbMTxFIYdN0Pp7S2vrG5Vd6u7Ozu7R9UD496JrKaQ5dHMtKDgBmQQkEXBUoYxBpYGEjoB/ObzO8/gDYiUne4iMEP2UyJqeAMU6lTH1drbsPNQf8SryA1UqA9rn6OJhG3ISjkkhkz9NwY/YRpFFzCsjKyBmLG52wGw5QqFoLxkzzokp5ZwzCiMWgqJM1F+LmRsNCYRRikkyHDe7PqZeJ/3tDi9MpPhIotguLZIRQS8kOGa5E2AHQiNCCyLDlQoShnmiGCFpRxnoo2raSS9uGtfv+X9M4b3kWj2WnWWtdFM2VyQk5JnXjkkrTILWmTLuEEyCN5Is+OdV6cV+fte7TkFDvH5Bec9y8Mx5E6</latexit>

(<latexit sha1_base64="JvT1ckknlJbIzToyJlvgXm6zLT8=">AAAB+HicbVC7TsNAEFyHVwivACXNiQiJKrIRAsoIGsogkYeUWNH5sglHzmfrbo0UovwDLVR0iJa/oeBfcIwLSJhqNLOrnZ0gVtKS6346haXlldW14nppY3Nre6e8u9e0UWIENkSkItMOuEUlNTZIksJ2bJCHgcJWMLqa+a0HNFZG+pbGMfohH2o5kIJTKjW7Ug9o3CtX3KqbgS0SLycVyFHvlb+6/UgkIWoSilvb8dyY/Ak3JIXCaambWIy5GPEhdlKqeYjWn2Rpp+wosZwiFqNhUrFMxN8bEx5aOw6DdDLkdGfnvZn4n9dJaHDhT6SOE0ItZodIKswOWWFkWgOyvjRIxGfJkUnNBDecCI1kXIhUTNJeSmkf3vz3i6R5UvXOqqc3p5XaZd5MEQ7gEI7Bg3OowTXUoQEC7uEJnuHFeXRenTfn/We04OQ7+/AHzsc3fD6Tyg==</latexit>1<latexit sha1_base64="k/qHW13QNv6zBhewaH0kdRvPsFk=">AAAB83icbVC7TsNAEDzzDOEVoKQ5ESFBE9koAsoIGspEIg8psaLzZRNOOZ+tuz2kyMoX0EJFh2j5IAr+Bdu4gISpRjO72tkJYikMuu6ns7K6tr6xWdoqb+/s7u1XDg47JrKaQ5tHMtK9gBmQQkEbBUroxRpYGEjoBtPbzO8+gjYiUvc4i8EP2USJseAMU6l1PqxU3Zqbgy4TryBVUqA5rHwNRhG3ISjkkhnT99wY/YRpFFzCvDywBmLGp2wC/ZQqFoLxkzzonJ5awzCiMWgqJM1F+L2RsNCYWRikkyHDB7PoZeJ/Xt/i+NpPhIotguLZIRQS8kOGa5E2AHQkNCCyLDlQoShnmiGCFpRxnoo2raSc9uEtfr9MOhc177JWb9WrjZuimRI5JifkjHjkijTIHWmSNuEEyBN5Ji+OdV6dN+f9Z3TFKXaOyB84H98OVpE7</latexit>

)

Supplementary Fig. 2. Schematic illustration of how statistical
estimation errors are amplified for different training and testing
statistics Ntrain and Ntest. When Ntrain → ∞, the associated
weight matrix W (∞) sends ideal probabilities p(∞) to ideally
estimated expectation values y. However, if Ntest is finite, then
W (∞) operates on estimates probabilities p(Ntest), and the
statistical errors in p(Ntest) might be significantly amplified
by W (∞). On the other hand, using finite training statistics,
W (Ntrain) incorrectly estimates p(∞), but might amplify the
errors in p(Ntrain) less than W (∞). The overall effect is that
using Ntrain ≫ Ntest might negatively impact the estimation
MSE.
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