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Theoretical Details

We used the semiconductor Bloch equations (SBEs) to study SF from a high-density electron-
hole (e-h) plasma in the presence of many-body Coulomb interactions. The usual form of the
SBEs! is for a bulk semiconductor or a 2D electron gas, when the states can be labeled by a 3D
or 2D wave vector k. Here we rederive SBEs following the same basic approximations but in a
more general form, which accommodates the effects of a finite well width and the quantization of

motion in a strong magnetic field.

We begin with a general Hamiltonian in the two-band approximation and e-h representation,
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where Eg is the unperturbed bandgap, a/, and bl are the creation operators for the electron state o
and hole state &, respectively, £(¢) is the optical field, 1, is the dipole matrix element, and V,, 35 are
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Coulomb matrix elements, for example, V5 s = [ dr [ diyWe () W (7 )ﬁ\IJ (7)) W§(7r2).
Here we denote the hole state which can be recombined with a given electron state o optically by

@, and assume that there is a one-to-one correspondence between them. For the interband Coulomb

interaction, V¢

N WL abT bsa, is the only non-zero matrix element due to the orthogonality between

the Bloch functions of the conduction and valence bands?. The electron and hole wave functions
can be written as W€ (7) = ¢¢ (7)uco(7) and W (7) = 2 (P)u?, (7), respectively. In the problems we
study, the conduction band and valence band states connected by an optical transition always have
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the same envelope wave function, so we take % (%) = 1)¢*(7'). Then the Coulomb matrix elements

are related with each other through V.- = V% 5 and Vi o = —V5 5, and we can drop the

ee

superscript by defining Vi 5,5 = V5,6

Using the above Hamiltonian, we can obtain the equations of motion for the distribution

functions n¢, = (ala,) and n” = (bLbs), and the polarization P, = (bsa,). Using the Hartree-Fock

approximation (HFA) and the random phase approximation (RPA), we arrive at the SBEs:

L d _ 0 eR hR e h L d

ih P = (ES + ESR + EMF) Po+ (nf, + 0l — 1) | pa(t) + %: VagpaPs| + i Po Smgz)
d | 1 a

h—nt = —2Im || uE(t) + Z VappaPs | Py| + h—ns, , 3)
dt B dt scatt
d h i *_ d h

h—ng = —=2Im || pE(t) + Z VappaPs | Py| + h—n,, , 4)
dt B dt scatt

where E°F = (Eg -8 Vawan%) and E"F = (EZ -5 Vaﬁﬁan@ are the renormalized ener-
gies, and the scattering terms account for higher-order contributions beyond the HFA and other

scattering processes such as scattering with LO-phonons.

These equations, together with Maxwell’s equations for the electromagnetic field, can be
applied to study the full nonlinear dynamics of interaction between the e-h plasma and radiation.
Here we derive the gain for given carrier distributions n¢, and n/, which was used to plot Fig. 5.
Assuming a monochromatic and sinusoidal time dependence for the field £(t) = Eye~™* and the
polarization P, (t) = Py,e~ !, we can find P, from Eq. (2) and define the quantity x(w) = Poa/&o,

which satisfies the equation below:

1
Xa(w) - Xg(w) I+ ; Z Va,@ﬂax,ﬁ(w) ) (5)
a B
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where

o (ng +nh — 1)

0
XalW) = . (6)
) hw — (EQ + ESR + EIR) + by,
Here we have written the dephasing term phenomenologically as dP,/dt|scatt = —7VaFa. The
optical susceptibility is then
1 .
X() = 5 X pina@) )
where V is the normalization volume. The gain spectrum is given by!
ATw
=—1 8
() = o Im{(w)] ®)

where 1, is the background refractive index, and c is the speed of light. We use the above general

results to analyze optical properties under different conditions.

In a quantum well of thickness L., the envelope functions for electrons and holes are @DZ%(F’)
= pn(2) exp (z/g : ﬁ) /VA, where § = (x,y), ¢,(2) is the envelope wave function in the growth
direction for the n-th subband, and A is the normalization area. To calculate the Coulomb matrix
element V,,33,, we define f/aﬁ = V.30 and put o = {n, lg, s}, 8= {n’, E’, s’}, where s denotes the

spin quantum index. Then one gets

n,E,s;n’,E’,s’ = VQD(q)FTm'TL'n(q)(SSS’ ) (9)

where ¢ = |q] = |k — ¥/|, V2P (q) = 2me2/eAq, € is the dielectric function, and the form factor

Frnmm(q) is defined as

Foin2nsna(q) = /dzl /d228021(2’1)8022(22) exp (—q |21 — 22|) Yn3(21)na(22) - (10)
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Throughout the paper, we will assume that only the lowest subband for electrons and holes is
occupied. In this case, we can define V(q) = V2P (q)Fi111(q). The dielectric function (g, w),
which describes the screening of the Coulomb potential, is given by the Lindhard formula for a

pure 2D case!; it can be generalized to the quasi-2D case as

€(q,w) =14 V(q) (e(q, w) + n(q,w)) (11)

where Il (¢, w) is the polarization function of an electron or hole, which is given by

ng, -—Ng
(g w) =2y — M0 __* . (12)
z W+ZO+_EE+§+EE

Here, we dropped the subscripts e or h, n;; is the distribution function, the factor of 2 accounts for
the summation over spin, and the spin index is suppressed. For simplicity, we will choose the static

limit, namely, w = 0.

Given the dielectric function €(g, 0), the screened Coulomb matrix element s V;(¢) =V (¢) /€(g, 0).

For simplicity, we will still write it as V(q) Applying Eq. (5) to the case above, we get the equation

for xz(w):

7)) xp @) (13)

where x2(w) becomes

0 B K (n% + n% - 1)
) =5 (ES + ES® + EXF) + ihoyy

(14)

To solve Eq. (13), we notice that X%(w) does not depend on the direction of &, so Xj(w) will
not depend on it, either. Then, after converting the summation in Eq. (13) into the integral, the
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integration over the azimuthal angle is acting on 1% (‘E — K

) only. If we define

7 (k, ) / AoV (\/k2 K2 — 2K cos qb) (15)

then Eq. (13) can be written as

(@) = X0w) l1+ / KKV (k, k) yl(w )1 . (16)

27 fuy,

After discretizing the integral, we have a system of linear equations for y(w), which can be solved
by using LAPACK?. The band structure for our sample consisting of undoped 8-nm Ing »Gag gAs
wells and 15-nm GaAs barriers on a GaAs substrate is calculated using the parameters given by
Vurgaftman et al.*. The strain effect is included using the results of Sugawara et al.>. Examples of

calculated gain spectra are shown in Figs. 5a and 5b.

For a quantum well structure in a strong perpendicular magnetic field, the electronic states
are fully quantized. Considering only the lowest subband in the quantum well, the equation for the

susceptibility is written as

ZVI/V/XV s‘| ) (17)

0
Xv,s = Xy,s [
Hus
where v is the Landau level index, s is the spin index, and V, , is the Coulomb matrix element

given by

2

21
Vi = —/ d@/ dq‘/dmezqmosgqby( Yo% (z + qa3; sin@)| (18)

2me
where ¢, () is the z-dependent part of the wavefunction of the v-th Landau level and a% = fic/eB.

The renormalized electronic energies in the expression for x° , are

Es,fsi = E}is - Z VI/,I//nil ) (19)



and a similar equation holds for holes. The gain is calculated as

4 1

nyc Ta3

An example of the calculated gain for B = 17 T is shown in Figs. Sc and 5d.
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