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ABSTRACT

This document provides supplementary information on the approach that leads to the results presented in the main text.

1 Universal algorithm for arbitrary maximum photon numbers

The basic principle of our algorithm is state space reduction. The state space of the target state in Eq. (33) in the main text can
be denoted as

H2Nmax = {|n1,n2⟩ |g⟩ |n1 +n2 ≤ Nmax} . (1)

We will implement 2Nmax procedures, with each procedure containing some steps.
In the 1st procedure, we aim to clear the populations in the subspace

H ′
2Nmax = {|n1,n2⟩ |g⟩ |n1 +n2 = Nmax} (2)

of H2Nmax . This can be achieved via alternatively switching Nmax “1̄0” transitions and Nmax “01̄” transitions, i.e.,

|0,Nmax⟩ |g⟩
01̄−→
f
|0,Nmax−1⟩ |e⟩ 1̄0−−→

f−1
|1,Nmax−1⟩ |g⟩ · · ·

01̄−−−−−−−→
f−2Nmax+2

|Nmax−1,0⟩ |e⟩ 1̄0←−−−−−−−
f−2Nmax+1

|Nmax,0⟩ |g⟩ . (3)

to transfer the populations in the subspace H ′
2Nmax

of H2Nmax to the state |Nmax−1,0⟩ |e⟩. Thus, H2Nmax is reduced to the state
space H2Nmax−1 where

H2Nmax−1 ={|n1,n2⟩ |g⟩ |n1 +n2 ≤ Nmax−1}
∪{|n1,n2⟩ |e⟩ |n1 +n2 ≤ Nmax−2}
∪{|Nmax−1,0⟩ |e⟩} . (4)

...

In the 2µ th procedure, we aim to clear the populations in the subspace {|Nmax−µ,0⟩ |e⟩} of H2Nmax−2µ+1. This can be



achieved via alternatively switching Nmax−µ “11̄” transitions and Nmax−µ “00” transitions, i.e.,

|0,Nmax−µ⟩ |g⟩ 11̄−−−−→
f−N2µ

|1,Nmax−µ−1⟩ |e⟩

00−−−−−→
f−N2µ−1

|1,Nmax−µ−1⟩ |g⟩ · · ·

11̄−−−−−−−−−−−−−→
f−N2µ−2(Nmax−µ)+2

|Nmax−µ ,0⟩ |e⟩

00−−−−−−−−−−−−−→
f−N2µ−2(Nmax−µ)+1

|Nmax−µ ,0⟩ |g⟩ . (5)

with N2µ = 2Nmax +(4Nmax−2µ−1)(µ−1), to transfer the populations in the subspace

H ′
2Nmax−2µ+1 ={|n1,n2⟩ |g⟩ |n1 +n2 = Nmax−µ ,n2 ̸= 0}

∪{|Nmax−µ,0⟩ |e⟩} (6)

of H2Nmax−2µ+1 to the state |Nmax−µ ,0⟩ |g⟩. Here Thus, H2Nmax−2µ+1 is reduced to the state space H2Nmax−2µ where

H2Nmax−2µ ={|n1,n2⟩ |g⟩ |n1 +n2 ≤ Nmax−µ−1}
∪{|n1,n2⟩ |e⟩ |n1 +n2 ≤ Nmax−µ−1}
∪{|Nmax−µ ,0⟩ |g⟩} . (7)

In the (2µ +1)th procedure, we aim to clear the populations in the subspace {|Nmax−µ,0⟩ |g⟩} of H2Nmax−2µ . This can
be achieved via alternatively switching Nmax−µ “1̄0” transitions and Nmax−µ−1 “01̄” transitions, i.e.,

|0,Nmax−µ−1⟩ |e⟩ 1̄0−−−−−→
f−N2µ+1

|1,Nmax−µ−1⟩ |g⟩

01̄−−−−−−−→
f−N2µ+1−1

|1,Nmax−µ−2⟩ |e⟩ · · ·

1̄0−−−−−−−−−−−−−−→
f−N2µ+1−2(Nmax−µ)+3

|Nmax−µ−1,0⟩ |e⟩

01̄←−−−−−−−−−−−−−−
f−N2µ+1−2(Nmax−µ)+2

|Nmax−µ ,0⟩ |g⟩ . (8)

with N2µ+1 = N2µ +2(Nmax−µ), to transfer the populations in the subspace

H ′
2Nmax−2µ ={|n1,n2⟩ |e⟩ |n1 +n2 = Nmax−µ−1,n2 ̸= 0}

∪{|Nmax−µ ,0⟩ |g⟩} (9)

of H2Nmax−2µ to the state |Nmax−µ−1,0⟩ |e⟩. Thus, H2Nmax−2µ is reduced to the state space H2Nmax−2µ−1 where

H2Nmax−2µ−1 ={|n1,n2⟩ |g⟩ |n1 +n2 ≤ Nmax−µ−1}
∪{|n1,n2⟩ |e⟩ |n1 +n2 ≤ Nmax−µ−2}
∪{|Nmax−µ−1,0⟩ |e⟩} . (10)

...

In the (2Nmax)th procedure, we aim to clear the populations in the subspace

H ′
1 = {|0,0⟩ |e⟩} (11)

of H1. This can be achieved via switching one “00” transitions, i.e.,

|0,0⟩ |e⟩ 00−→
1
|0,0⟩ |g⟩ . (12)
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to transfer the populations in the subspace H ′
1 of H1 to the state |0,0⟩ |g⟩. Thus, H1 is reduced to the state space H0 where

H0 = {|0,0⟩ |g⟩} , (13)

is namely the intial state space for |ψ0⟩ in Eq. (34) in the main text.
Based on the above discussion, we now calculate the number of steps to generate the target state in Eq. (33) in the main

text with an arbitrary maximum photon number Nmax. For alternatively switching “11̄” and “00” transitions, we need f11̄,00
steps, given by

f11̄,00 = 1+
Nmax−1

∑
N=1

2N = N2
max−Nmax +1. (14)

For alternatively switching “1̄0” and “01̄” transitions, we need f1̄0,01̄ steps, given by

f1̄0,01̄ = 1+
Nmax

∑
N=1

(2N−1) = N2
max +1. (15)

Therefore, the total step number f is

f = f11̄,00 + f1̄0,01̄ = 2N2
max−Nmax +2. (16)

for generating the target state in Eq. (33) in the main text.
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