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1. MATHEMATICAL DESCRIPTION OF THE MODEL

In this section we provide mathematical details of the stochastic individual-based model for immunotherapy
of cancer that we introduced in the main text. Let MX(X) = {+ 3" | 6,, :n € N, zy,..., 2, € X'}, ie. the
set of finite point measures on & rescaled by K, where

X=GxPUZUW = {gl,...,g|g|} X {pl,...,p|p|}U{zl,...,z‘a}U{wl,...,www} (1.1)

is the trait space. Then, for each K € N, the dynamics of the M (X')-valued Markov process, (v )i>0>
describing the evolution of the population at each time ¢, can be summarised as follows: B
At the beginning the population is characterized by a given measure v € M¥ (X). Each individual present

at time ¢ has several exponential clocks with intensities depending on its trait x € X and on the current state of

the system: (We use below the shorthand notation v/ (p) = 9eG v (g,p) and ||+ denotes the positive and

|-]— the negative part of the argument.)

(1) Each present cancer cell of trait (g, p) € G x P has
- a clonal reproduction clock with rate (1 — 1) Lb(p) =D 5ep cy(p, P)VES (ﬁ)J .
Whenever this one rings, an additional cancer cell of the same trait (g, p) appears.
- a mutant reproduction clock with rate Lb(p) =D sep b(Ps vl (ﬁ)J .
Whenever this one rings, a cancer cell of trait (g, p) appears according to the kernel m((g, p), (¢,D)).

- a natural mortality clock with rate d(p) + >_scp c(p, p)vE (P) + Lb(p) =D pep cy(p, D)V (ﬁ)J
Whenever this one rings, the cancer cell disappears.
- a therapy mortality clock of rate >,z t(z,p)vf ().

Whenever this one rings, the cancer cell disappears and ¢5'(z, p) cytokines of type w appear according
to the weights ¢(z, p)vf< (2).

- anatural and cytokine-induced switch clock with rate 375 (s9(p, p) + -, ey St (D, PIvE (w)).
Whenever this one rings, this cancer cell disappears and a new cancer cell of trait (g, p) appears ac-

cording to the weights s9(p, p) + Y, cpy % (0, D)V (w).

(2) Each present T-cell of trait z € Z has

- anatural birth clock with rate b(z)
- anatural mortality clock with rate d(z)
- a reproduction clock with rate > pep bz D)V (D).
Whenever the reproduction clock of a T-cell rings, a additional T-cell with the same trait z and ered (z,p)
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cytokines of type w appear according to the weights b(z, p)vf€ (p).

(3) Each present cytokine has

- a mortality clock with rate d(w).

Moreover, an amount of /Xill(z p) particles (of trait w) are produced every time a T-cell of trait z kills

a cancer cell of phenotype p, and a number of ¢

god (

z,p) particles are produced every time a T-cell of

trait z is produced in the presence of a cancer cell of phenotype p.

The measure-valued process (v/€);>¢ is a Markov process whose law is characterized by its infinitesimal
generator L which captures the dynamics described above (cf. [1]] Chapter 11 and [2]]). The generator acts on
bounded measurable functions ¢ from M¥ into R, for all n € MX by

(LX) = > (o(n+292) — o) (1 - ny) {b@) -3 Cb(p,ﬁ)n(ﬁ)J Kn(g,p)

(9,p)€GXP pEP +

+ Y (o(n-242) —em)
(9.p)EGXP

X (d(p) + > clp, () + {b(p) - Cb(p,ﬁ)n(ﬁ)J )Kn(gvp)
peEP peEP —

+ (¢ (n O S fﬁ"(zvp)%w) - ¢(n)) t(z,p)n(2)Kn(g, p)
(9:p)EGXP €2

+ (6 (n+ 22 - 252) — o)

% (590, 5) + Soewsh (. Dn(w)) Kn(g, )

éw
K

) - ¢(77)> (b(z,p)n(p)> Kn(2)

P3P (6 (n+ % + Cuew®™(zp)

+ ZZ (p¢ (n+ %) — ¢(n)) b(2)Kn(2)

+ ZGZZ (@ (n— %) —o(n)dz)Kn(2)

+ ZE;V (6 (n—F) —o(n)) d(w)Kn(w)

Y2 (p(nre) - em)
(§.)€GXP (9.0)<G P

x prgm((g,p), (9, D)) {b(p) -

> el )

p'eP

J Kn(g,p) (1.2)
+

where we use the short hand notation 7)(g, p) = n((g,p)) and n(p) = >_ 5 1(g,p)-

There is a natural way to jointly construct the processes for different values of K, see [1]. The sequence
of rescaled processes ((vf€);>0)x converges almost surely as K tends to infinity to the solution of a quadratic
system of ODEs, as stated in the following proposition, which can be seen as a law of large numbers.

Note that the population can be represented as a vector Vi (t) := (

K

vi* (z))zex of dimension d = |G| - |P| +

|Z| + |[W|. We choose to present the population as a measure in the definition of the model, since this is more

convenient for large trait spaces.



Proposition 1. Suppose that the initial conditions converge almost surely to a deterministic limit, i.e.

limg o0 Vi (0) = v(0). Then, for each T € R the sequence of rescaled processes (Vi (t))y<,<p converges
almost surely as K — oo to the d-dimensional deterministic process which is the unique solution to the
following quadratic dynamical system:

Forall (g,p) € G X P,

dn D
YR (R P,

(g.p)EGXP +

{b(p) > Cb(P,ﬁ)“(g,ﬁ)J —dp)— D cp.pngy

(9:P)EGXP - (3.)EGXP
=D tzpm =) (89(19,15) + ) S%(p,ﬁ)nw> >
z2€EZ pEP wew
+ ) (Sg (Bp) + ) 5‘2@(@1))%)
peEP weW
+ Z n(gaﬁ) <M§ m((g7ﬁ)7 (g7p)) \‘b(ﬁ> - Z Cb(ﬁ, p/)n(g/7p/)J ) R
(G.p)EGXP (¢',p))EGXP +
forall z¢€ Z,
dn,
N (CRERED S | 0
(9:p)EGXP
Sforallw € W,
dw () + RS (Ekﬂl(z ) t(z,p) + 6%z, p) bz p))n
dt w (9:p) w \% ) w \% ) 2
(9,p)EGXP 2€EZ

More precisely, P (img o0 supg<;<7 | Vi (t) — n(t)| = 0) = 1, where n(t) denotes the solution to Equations
(L.3)) with initial condition v(0).

This result follows from Theorem 2.1 in Chapter 11 of [1].

2. DETERMINISTIC SYSTEMS AND PARAMETER CHOICE FOR THE EXAMPLES

2.1. Therapy with T-cells of one specificity. Recall that we denote by = := (g, p) the differentiated cancer
cells, by y := (g,p’) the dedifferentiated cancer cells, by z, the T-cells attacking only cells of type z, and
by w the TNF-« proteins. The reduced deterministic system corresponding to the example describing the
experiments is the solution to the following system of four differential equations:

n, =ny (b(x) —d(z) — c(z,x)ng— c(x, y)ny — s(x,y) — sw(x, y)nw— t(2a, az)nzz) + s(y, z)n,

fy = ny (b(y) — d(y) — cly, y)ny — c(y, z)nge — s(y, ) + s(z, )0 + sw(z, y) e
n,, = ny, (b(zg, 2)ny — d(2))

fly = —npd(w) + (B (2, 2) t(2e, ) + Y (24, ) b( 20, ) )0, (2.1)
The parameters used in the simulations for the qualitative example are:
b(x) =3 b(y) =3 b(zy,x) =8 Kl x) =1
d(z) =1 d(y) =1 t(ze,7) = 28 B (2, 2) = 0
c(x,r) =0.3 c(y,z) =0 d(zz) =3 d(w) =15 (2.2)
c(x,y) =0 c(y,y) =0.3 sw(x,y) =4
s(z,y) =0.1 s(y,z) =1

the scaling parameter K and the initial conditions are:
K =200, (ng,ny,n;,n,)(0)=(2,0,0,0.05,0) 2.3)
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The solution to the deterministic system (2.1) with parameters (2.2)) and initial conditions (2.3) can be seen on
Figure[T|(A).

2.2. Therapy with T-cells of two specificities. Recall that we denote by z, the T-cells attacking dedifferen-
tiated melanoma. In the case where two types of T-cells are used, the deterministic system consists of the
following five equations:

Ny =Ny (b(:c) —d(x) — c(z, x)ng— c(x, y)ny — sy, y)nyw— s(z, y) — t(2a, x)nzm> + s(y, z)ny,

n, =ny (b(y)— d(y)— c(y,y)ny c(y, v)ng— s(y, ) — (Zyay)nzy> + (Sw(xay)nw‘i‘ 3(3373/))“90

e, = Nz, (b(22, 2)ng — d(22))
I:lZy = nZy (b(z?ﬁ )ny - d(Zy))
fy = —nyd(w) + (05" (22, ) (22, ) + 6 (2, ) b(20, ) )Mamiz,
+ (el;i]l(zy’ y) t('zya y) + g};}rod(zy’ y) b(zyv y))nynzy (24)

In addition to parameters (2.2)), we use the following ones:
t(zy,y) =28 Mill(z ) =1 d(z)=3
b(zy,y) = 14 Zﬁde(zy,y) =0
the scaling parameter K and the initial conditions are:
K =200, (ng,ny,n. ,n.,n,)0)=(20,0,0.050.2,0) (2.6)

The solution to the deterministic system (2.4) with parameters (2.2) and (2.3)) and initial conditions (2.6) can
be seen on Figure |I| (B). Initial conditions with only T-cells of type z;, or without any T-cells can be seen on
Figure |I| (C) and (D). Additional simulations mentioned in the main part are available in Figure |ZL

(2.5)

8 8 — Diff. melanoma x
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FIGURE 1. Solutions to the deterministic system (2.4) with numerical parameters (2.2) and (2.3)) and
the following initial conditions n(0) := (n,,n,,n., ,n. ,n,)(0):
(A)n(0) = (2,0,0.05,0,0), the system is attracted to the fixed point Py . 0w,

(B) n(0) = (2,0,0.05,0.2,0), the system is attracted to the fixed point Py -, w»
(C)n(0) = (2,0,0,0.2,0), the system is attracted to the fixed point Pyyo., w»
(D) n(0) = (2,0,0,0,0), the system is attracted to the fixed point Py,000-
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FIGURE 2. Therapy with two T-cell types. (A) T-cells z, die out and the system is attracted to
Py, 0w, (B) Both T-cell types z, and z, die out and the system is attracted to FPyy000.

2.3. Physiologically reasonable parameters. We explain here how we choose the biological parameters.
Some parameters can be estimated from the experimental data. Recall that the subject of [3] is to investi-
gate the behaviour of melanoma under T-cell therapy in mice. Without therapy the tumour undergoes only
natural birth, death and switch events.

o Choice of birth and death rates: We assume that the number of cells in the tumour is described by

N, ~ Nyexp(rt), Q2.7)

where IV; denotes the number of cells at time ¢, Ny the initial population size and r the overall growth
rate. Note that the estimate of the growth rate is independent of the initial value. Fig. 4 (A) in the
main part shows that the tumour needs roughly 50 days (without therapy) to grow from 2 mm diame-
ter to 10 mm diameter. Since the structure of a melanoma is 3-dimensional this corresponds roughly
to Nsg = 125Ny which implies » = 0.1. Unfortunately, no data that allow to estimate the ratio of
birth and death events are provided. As long as mutations are not considered this should not have a
big impact and we chose b = 0.12 and d = 0.02 for the differentiated as well as the dedifferentiated
cells. Landsberg et al. observed that the growth kinetics appear to be the same for both cell types, see
Supplementary Figure 11 in [3].

Choice of the competition: We assume that the competition has a very little effect here because the
tumour grows exponentially in the observed time frame and does not come close to its equilibrium. We
choose the competition between melanoma cells of the same type as ¢(z, x) = ¢(y,y) = 0.00005 and
between different types of melanoma cells as ¢(z,y) = ¢(y, x) = 0.00002. The values are not set to 0
since the melanoma can grow only up to a finite size.

Choice of the switch parameters: We can now estimate (roughly) the switching parameters by using
the data of Supplementary Figure 9e in [3]. In this experiment where cell division is inhibited, we can
set b = 0. Furthermore, the amount of TNF-« is constant and we set here n,, = 2. Thus, the dynamics
of the melanoma populations is described by

n, = nz( —d(z) — c(z, 2)ng — c(z,y)ny — 2su(z,y) — s(z, y)) + s(y, )ny
fy =1y (= d(y) — ey, y)ny — cly, 2)ne — s(y, 7)) + (250 (@, y) + s(2,y)) v
At the beginning of their observations the switch is very slow and speeds up after the first 24 hours.
We assume that there is a delay until the reaction really starts and thus we choose the proportions at day
1 (n; = 0.81 and n, = 0.19) as initial data and choose switching parameters such that roughly the con-
centrations at day 2 (n, = 0.45 and n, = 0.54) and 3 (n, = 0.24 and n, = 0.72) are reached as shown
in Figure 3] Thereby we obtain s(z,y) = 0.0008, s(y,z) = 0.065 and s,,(z,y) = 0.33. Note that
the experiments we refer to provide only in vitro data and it is not clear if the in vivo situation is similar.

(2.8)

Choice of parameters concerning T-cells: It remains to characterize the T-cells. Their natural birth
rate is set to O since they are transferred by adoptive cell transfer and not produced by the mice them-
selves and do not proliferate in absence of targets. We assume that they have a relatively high birth
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FIGURE 3. Switch in the in vitro experiments for inhibited cell division and constant concentration of
TNF-a. The dashed lines indicate the experimental data.

rate depending on the amount of cancer cells present, b(z;, z) = b(2,,y) = 2 and produce one TNF-«

molecule when they divide, £5°(z,, z) = %°*(z,,y) = 1. Furthermore, we assume that 4.5 cancer
cells can be killed per hour (including indirect mechanisms), t(2,, ) = t(z,,y) = 108. The rate of
death for the T-cell population is chosen as d(z;) = d(zy) = 0.12. These parameters are chosen such
that the qualitative behavior of the tumor was recovered. We choose the same parameters for the second
T-cell type as for the first one because there are no data concerning the second T-cell type.

e Choice of starting values and the scale K: We set K = 10°, the initial value for the differentiated
melanoma cell population to 1 and to O for the population of dedifferentiated melanoma cells. The ratio
of differentiated and dedifferentiated cells is not known for small tumours which do not result from cell
transfer of cells of in vitro cell lines. The initial value of the T-cell population is set to 0.02. We assume
that the T-cells appear directly in the tumour, i.e. the migration phase into the tumour is not modelled.

To sum up, biological rates (per day) and initial conditions (in 100 000 cells) are:

b(z) = 0.12 b(y) = 0.12 b(zp,2) = 2 Y (2, x) =1
d(x) = 0.02 d(y) = 0.02 t(2g, ) = 108 Kz ) =0
c(z,r) =5-1075 c(z,y) =2-107° d(zz) = 0.12 d(w) = 0.2 2.9)
c(y,z) =2-107° c(y,y) =5-1075 sw(z,y) = 0.33 '
s(z,y) = 0.0008 s(y,z) = 0.065
n,(0) =1 n,(0) =0 n., (0) = 0.02 K =10°
The additional parameters in the case where a second T-cell is used are:
t(zy,y) =108 £°Yz,,0) =1 d(z,) = 0.12 2.10)

b(zy,y) =2 ﬁgu(zy’y) =0 ng (0) =0.02

3. ARRIVAL OF A MUTANT

In this section, we give a more detailed explanation of our generalization of the Polymorphic Evolution
Sequence (PES) in the case of fast switches in the phenotypic space. Recall that we consider the case of rare
mutations in large populations on a timescale such that a population reaches equilibrium before a new mutant
appears:

YV >0, exp(-VK) < pf < as K — oo. (3.1)

Klog K’
The long-term behaviour of the standard models for adaptive dynamics is described in this limit by the Trait
Substitution Sequence (TSS) (see [4}5]) which is a Markov jump process on the trait space. A natural extension
to the case where traits can coexist is the PES [6]].
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FIGURE 4. Simulations for biological parameters. Therapy with one T-cell type: (A) differentiated
relapse (T-cells z, die out), (B) dedifferentiated relapse (T-cells z, survive), Therapy with two T-cell
types: (C) cure, (D) differentiated relapse (both T-cell types die out).

Let us roughly describe how one gets from the individual-based model to this Markov jump process in the
usual case, i.e. where the large population limit is a competitive Lotka-Volterra system with a unique stabl
fixed point, see [S]. The main task is to study the invasion of a mutant that has just appeared in a population
close to a stable fixed point. The invasion can be divided into three steps. First, as long as the mutant population
size is smaller than Ke for a fixed small € > 0, the resident population stays close to its equilibrium. Therefore
the mutant population can be approximated by a binary branching process. Second, once the mutant population
reaches the level K, for large K, the whole system is close to the solution of the corresponding deterministic
system (this is a consequence of Proposition|[I)). Since the system has a unique stable fixed point, i, the solution
reaches a e-neighbourhood of n in finite time. Finally, we can approximate the subpopulations which have a
zero coordinate in n by sub-critical branching processes. The time of the first and third step are proportional to
log(K), whereas the time of the second step is bounded. The second inequality in (3.1]) guarantees that, with
high probability, the three steps of invasion are completed before a new mutation occurs.

Invasion fitness. We recall that, given a population in a stable equilibrium that populates a certain set of traits,
say M C X, the invasion fitness f(x, M) is the growth rate of a population consisting of a single individual
with trait z ¢ M in the presence of the equilibrium population nn on M. In the classical case it is simply given
by

fla, M) =b(z) — d(z) = Y clz,y)iy,. (3.2)

yeM

Positive f(xz, M) implies that a mutant appearing with phenotype x from the equilibrium population on M has
a positive probability (uniformly in K') to grow to a population of size of order K'; negative invasion fitness
implies that such a mutant population will die out with probability tending to one (as K — o0) before this
happens.

1By stable fixed point we mean that the eigenvalues of the Jacobian matrix of the system at the fixed point have all strictly negative
real parts.
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We now generalize this notion to the case when fast phenotypic switches are present, in the case of pure
tumour evolutions, i.e. we ignore the T-cells and the TNF-a.

Let us consider an initial population of genotype g (associated with £ different phenotypes p1, . .., p¢) which
is able to mutate at rate ,uf to another genotype ¢’, associated with % different phenotypes pi, ..., p;. The
assumption (3.1)) ensures that no mutation occurs during the equilibration phase in the phenotypic space.

Consider as initial condition n(0) = (n(g;,)(0),...,nyp,)(0)) a stable fixed point, n, of the following
system:

V4 V4 l
Ngp) = Ngpy) | bi —di — Z CijMgp;) — Z Sij | + Z 5ji™g,p;)» i=1...,L (3.3)
j=1 j=1 j=1

We write for simplicity b; = b(p;), di = d(pi), cij = c(pi,pj). sij = Sq(pi,pj). and later b, = b(p}),
di = d(p). ci; = (P, P}), Cij = c(pis 1), S35 = S¢ (P P})-

We want to analyse whether a single mutant appearing with a new genotype ¢’ (and one of its possible
phenotypes p}), has a positive probability to give rise to a population of size of order K. Using the same
arguments as Champagnat et al. [5 6], it is easy to show that as long as the mutant population has less than
eK individuals (with e < 1), the mutant population (¢’,p}), ..., (¢',p},) is well approximated by a k-type
branching process, where each individual undergoes binary branching, death, or switch to another phenotype

with the following rates:
p; — pip; withrate b}
P, =@  withrate o+ S1_, éumy fori,j e {1,...,k}. (3.4)

p;—p;  withrate s

where (1, ..., 1) denotes the fixed point of (3.3). We will assume that the switch rates s/ ; are the transition
rates of an irreducible Markov chain on {1,...,k}. The simplest example is the case where s;j > 0, for all
i,jeA{l,...,k}.

Multi-type branching processes have been analysed by Kesten and Stigum [7, |8, 9] and Athreya and Ney
[10]. Their behaviour are classified in terms of the matrix A, given by

fi sy oo S,
/ .
A= f2 |, (3.5)
Sk .- fx
where
¢ k
fio=bi—di=> G- sy, i=1,...k (3.6)
=1 j=1

Note that f; would be the invasion fitness of phenotype ¢ if there was no switch back from the other phenotypes
to ¢ (or if all switched cells would be killed). It is well-known that the multi-type process is super-critical, if
and only if the largest eigenvalue, A\; = A;(A), of the matrix A is strictly positive, meaning that if A; > 0, the
mutant population will grow (with rate A1) to any desired population size before dying out. Thus A\;(A) is the
appropriate generalization of the invasion fitness of a genotype:

F(d',g) == Ai(A). (3.7)

This notion can easily be generalized to the case when the initial condition is the equilibrium population of sev-
eral coexisting genotypes. Note that this notion of invasion fitness of course reduces to the standard one of [5] if
there is only one mutant phenotype. This settles the first step of our analysis, which is the invasion of the mutant.

Towards a generalized PES. In fact, one can say more about how the mutant population grows. Write Z](-i) (t)
for the number of individuals of phenotype p; existing at time ¢ for this branching process when the first mutant
is of phenotype p;. Then, for i, j < k,

E(Z7 () = [M(t)]:; (3.8)

where M (t) is the k x k-matrix
M (t) = exp(At). (3.9)
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Assume that the largest eigenvalue \;(A) is simple and strictly positive. Let v and u be the left and right
eigenvectors of A associated to A1, normalized such that - v = 1 and w - 1 = 1. The extinction probability

vector ¢ = (q1, . .., q) where ¢; = P(Z)(t) = 0 for some t) is the unique solution of the system of equations:
¢ k ¢ k
di+ Y G g+ Y s =a | di+ > Gl +b+> s |, i=1,...k (3.10)
=1 j=1 =1 j=1
which has in general no analytical solution. Then the following limit theorem holds [7, [10]:
1m1(Zykwr.waRﬂ>e‘Mt:Lm-qu.wvw as. (3.11)
t—00

where (W;);=1, .., is random vector with non-negative entries such that
P(W; =0)=¢; and E(W;)=u;. 3.12)

In particular, conditionally on survival, the phenotypic distribution of the mutant populations converges almost
surely to a deterministic quantity, which moreover does not depend on the phenotype of the initial mutant,
namely
ZW(t ,

lim — ﬁi — 9 i =1,k (3.13)

fee > =145 (1) > =17
For us, this implies the important fact that the phenotypic structure of the mutant population once it reaches the
level e K > 0 is almost deterministic. Then, conditionally on survival, implies that the time 7. i until the
total mutant population reached € K is of order log( K'). Moreover, the proportions of the k types of phenotypes
converge to deterministic quantities given above,

1

E(ZI(TEK)’ ey Zk(TaK)) — (

EV1 EVE

g ey

k k
Zj:l Uj Zj:l Uj

Once the mutant population has reached the level € K, the behaviour of the process can be approximated by the
solution of the deterministic system:

) , in distribution, as K — oo. (3.14)

¢ ¢ k ‘
Ngpi) = Mgpi) | bi — i — Z Sij — Z Cij™g,p;) ~ Z CigWg py) | T Z $5i™g.p;)
Jj=1 Jj=1 Jj=1 j=1

k k

¢ k
. / / / / ~ /
Mg p) = Mgy | Ui —di = Z Sij — Z Cii™g'p}) — Z CijNgp;) | T Z 85i™g' p})> (.15
=1 = =1 =1

(where ¢ runs from 1 to £ in the first line and from 1 to k in the second one) with initial conditions in a small
neighbourhood of

(n(g,pl)(()), e ,n(gypé) (0), n(g/7p/1)(0), e ,n(g“p;)(o)) = (nl, .o, Ny, ‘Z'Ul sy ivk ) . (3.16)
2 j=1"Yj > j=1Yj
If the system is such that a neighbourhood of is attracted to the same stable fixed point, we are in
the same situation as in Champagnat and Méléard [6] and get the generalization of the Polymorphic Evolution
Sequence on the genotypic trait space.

The characterization of the asymptotic behaviour of the system (3.15)) is needed to describe the final state of
our stochastic process. This is in general a very difficult and complex problem, which is not doable analytically
and requires numerical analysis.

On Figure 5 (A) of the main part is an example with the following parameters:

b0:5 1)1:6 52:6 812:0.1

d():O d1:0 d2=0 821:2

coo =1 co =1 co0 =1

cor =1 c11 =1 co1 =0 (3.17)
co2 =0 c12 =0 co2 =1

nigp)(0) =5 Ny p)(0) = 0 Ny pp)(0) = 1 K =200
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In this case, p), can switch to p} but the back-switch is very weak, and we have fo < 0 and f; > 0 according
to definition (3.6). The global fitness of the genotype ¢’ is positive and close to f;. The coexistence of the two
phenotypes depends on the cross-competition c12 and co;.

Figure 5 (B) of the main part shows an example of the case discussed above with the following parameters:

b0=5 1)1:6 62:6 812:2
d[):O d1:0 d2:0 821:2
coo =1 co=1 co0 =1

002:0 012:0 022:1

n(gm)(O) =5 ﬂ(g/7p/1)(0) =1 n(g/7p/2)(0) =0 K =200

For these parameters f; and f> as defined in are negative, but, due to the cooperation of the two pheno-
types, the fitness of the genotype is positive and it invades with positive probability as indicated by the definition
(3.7). Moreover, both phenotypes appear on a macroscopic level.

4. INFLUENCE OF BIRTH-REDUCING COMPETITION ON MUTATION EVENTS

Let us discuss in more detail how the birth-reducing competition can have a crucial effect on the mutation
timescale. For the sake of simplicity we consider an example where the switching rates are set to 0. Consider
a melanoma population (g, p) which is able to mutate to a fitter type of melanoma (g’, p’). We allow for one T-
cell population attacking the resident melanoma population since this is the simplest scenario where the effect
of therapy in this context can be explained. As the presence of TNF-a only influences the switch between
phenotypes, it does not play any role in this example and we can set the corresponding parameters (¢,, and
d(w)) to zero without loss of generality. If ué( — 0 as K — oo the limiting deterministic system is given by:

Ii(g,p) = Ng,p) (b(p) - d(p) - Cb(pap)n(g,p) - Cb(p7p/)n(g’,p’) - t(z,p)nz)
Mg ) = Mg/ p) (b(p') = d(') — o (P P )0 (g ) — Cb(p/?p)n(g,p))
n, =n.(b(z,p)n(gp — d(2)) (4.1)

Note that the mutation term does not appear in the deterministic system and that the difference between birth-
reducing competition and usual competition is not visible. The effects we are looking for are intrinsically
stochastic and happen on time-scales that diverge with K.

As explained in the main part of the paper, the interesting choice for the mutation rates is K ,uf — a > 0as
K — .

m(z)
b(p)®
P deom | !
M :
0 1 b(p) | b(p)
1( : 2¢(p,p) L a(pp)
d(p _! b(p)—d
a(pp) Ngp) = (51,)(;) p()p)

FIGURE 5. Shape of the initial total mutation rate of the population (g, p).

If the competition is only of birth-reducing type, then the total mutation rate of the population of type (g, p)
at time t is

m(f(g,p) = pl [b(p) — colp, p)v (9.9) ], v (9.P) K. (4.2)

This is a positive and concave function of v{<(g,p) on the interval [0,b(p)/cy(p, p)], see Figure |5l If the
population is at equilibrium (without or before therapy), meaning v (g, p) = g = (b(p) —d(p))/cu(p,p),
then the time until a mutation occurs is approximately exponentially distributed with parameter equal to

g K- (b(p) = co(p, DIy p) o) = g K - (D). (4.3)
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If d(p) is smaller than b(p)/2, then . is bigger than b(p)/2c,(p, p) and m(t(, ,)) is not maximal. Smaller
populations, more precisely in between d(p)/cy(p, p) and 1, ), have a higher total mutation rate.

This situation can happen during a T-cell therapy. Indeed, the introduction of T-cells in the system lowers
the average population of melanoma (usually by making it undergo a damped cycle), and there exist parameters
such that the mutation rate of (g, p) is larger during the treatment, for the reason explained above. Figure 6 of

T
T-Cells

(s:p)
(g',p")

Number of individuals/1000

FIGURE 6. Example of earlier mutation induced by therapy, with parameters given by (@.4). Starting
with a population at its equilibrium with therapy.

the main part illustrates this situation with the following parameters:

b(p) =4 b(p') =6 b(z,p) = 20 m((g,p), (¢,p")) =1

d(p) = 0.1 d(p') =1 t(z,p) =10 pg =1077

e(psp) =3 e(p',p) = 0.8 d(z) =6 K =10° (4.4)
cp(p,p') = 0.8 a@,p) =1

ngp(0) =13 (g (0) =0 n,(0) =0o0r0.1

Figure [] shows another realization of the case with T-cell therapy, with average mutation time smaller than in
the equilibrium case, and a mutation happening in the second minimum of the melanoma population.

Note that this example provides an interesting situation of interplay between therapy and mutation. By
lowering the melanoma population, the T-cell therapy actually increases the probability for it to mutate to a
potentially fitter and pathogenic genotype, which is not affected by the T-cells.
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5. SIMULATIONS

We use the following notations: let D be some discrete set and X a D-valued random variable, then X
sampled according to the weights {w (i), € D} means that P(X = i) = w(i)/ > _,cp w(i).

Data: initial conditions: 1/5( e M¥X (X), number of iterations: Niterations, parameters described in Section 1
T0<—0,l/¥0 — vl k<0

while k& S Nlterations do

for = € Supp(vr,) do

ifz = (g,p) € G x P then

B(z) « KVII“(,C (9:p) {b(p) - Z(g,ﬁ)ESupp(y{,‘(k> Cb(Pvﬁ)VZI“(k (g,ﬁ)J
+

D) & Kk (000) (40) + [40) = S prcs ) oS 310

+ Z(@,I;)ESUPP(U]{{IC) C(p7 ﬁ)uﬁ, (5713)) )

T(2) < Kvii(9:9) L.esupi ) Uz PIVE (2),

$(0) < Kv (0.0) e (200) + o) b7 (W) ).

L P(z)+0,

if xt = z € Z then

B(x) + Ku{fk (2) b(2), D(x)+ Kl/ﬁ (2)d(z), T(z)<«0, S(z)<+0
P(z) KVJI"(,c (2) Z(g,p)esupp(yqlf ) b(z,p)uq{(k (9:p)s

— k

if x = w € W then
L B(z) « 0, D(z) <+ Kuﬁ (w) d(w), T(x) <« 0, S(z)<+ 0, P(x)+ 0,

| TotalTraitRate(z) < B(z) + D(z) + T'(z) + P(z) + S(z)

TotalEventRate <= >~ .0,

Sample ¢ ~ Exp(TotalEventRate)

Tpy1 T +1

Sample ZTchosen € A according to the weights { TotalTraitRate(z), z € Supp(v7',))}.
Sample the event E € {Birth, Death, Therapy, Production, Switch} according to the weights
{B(xchosen), D(xchosen)7 T(-Tchosen)7 P(xchosen)y S(mchosen)}
case £/ = Birth
if Tenosen = (g,p) € G X P then

Sample B € {No Mutation, Mutation} according to {1 — pg, ptg }
case B = No Mutation
L V%c-H A Vﬁ + %5-’%}105“
case B = Mutation
Sample (g, p) according to m((g,p), (9,P))
L V%wl A UTISk + %5(57,5)

i TotalTraitRate(z)
T

else
K K 1
L VTt € VT, + Koo

case I/ = Death
L VTISI;JA - Vi]fl; - %5%}«,&-“
case I/ = Therapy
Note that Zchosen = (g, p) for some (g, p) € G X P in this case.
Sample z € Z according to the weights {¢(z, p)vT, (), z € Supp(vz,) N Z}
L VTng+1 « Vﬁ - %5(971’) + Zwewglﬁ)u(zvp)%éw
case I/ = Production
Sample (g,p) € Supp(uﬁ) according to the weights {b(mchosen,p)uﬁ (9,p), (g,p) € Supp(uﬁ)}
| Vi V8 F e Onmmen T D B (Tetosen, D) 7 b
case I/ = Switch
Note that Zchosen = (g, p) for some (g, p) € G x P in this case.

Sample 5 € P according to {sg(p,ﬁ) + S esumic ) S BIVE (w), 5 € P}
k

K K
| Uy VT, — %5(9,17) + %5(9,5)
k=k+1

Algorithm 1: Pseudo-code of the Gillespie algorithm used for generating the figures in this article.
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The depth diagram of the algorithm we used to generate the simulations in this article is given in Figure
The pseudo-code is given in Algorithm ().

make one
. evolution step >©

calculate event rates sample eventtime change a trait

calculate trait calculate frait calculate trait calculate trait calculate trait calculate total choose a trait choose an execute an event
death rates birth rates production rate switchrate killing rates event rate to change eventtype type on trait

] | I | | L' T 1

add natural add competition add natural subtract add natural add switchrate
death rate death rate to birth rate birthraduction switchrate due to TMNF-alpha
to each trait each trait

execute
death

execute execute
kil production

execute
hirth

execute
switch

FIGURE 7. Depth diagram of the program.
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