
Solving of parameters βi1 and βi3.

For parameters βi1, constrains in Additional file 1 can be written as:

βi10 + βi11K1 + βi12K
2
1 + βi13K

3
1 = βi20 + βi21K1 + βi22K

2
1 + βi23K

3
1

βi11 + 2βi12K1 + 3βi13K
2
1 = βi21 + 2βi22K1 + 3βi23K

2
1

2βi12 + 6βi13K1 = 2βi22 + 6βi23K1

βi12 = 0

Solving these equations simultaneously leads to:

βi10 = βi20 −
K2

1

3
βi22

βi11 = βi21 +K1βi22

βi12 = 0

βi13 =
βi22 + 3K1βi23

3K1
.

For parameters βi3, constrains in Additional file 1 can be written as:

βi20 + βi21K2 + βi22K
2
2 + βi23K

3
2 = βi30 + βi31K2 + βi32K

2
2 + βi33K

3
2

βi21 + 2βi22K2 + 3βi23K
2
2 = βi31 + 2βi32K2 + 3βi33K

2
2

2βi22 + 6βi23K2 = 2βi32 + 6βi33K2

2βi32 + 6βi3332 = 0

Solving these equations simultaneously leads to:

βi30 = βi20 +K3
2βi23 −K3

2

βi22 + 3K2
2βi23

3K2 − 96

βi31 = βi21 − 3K2
2βi23 + 3K2

2

βi22 + 3K2
2βi23

3K2 − 96

βi32 = −96 × βi22 + 3K2
2βi23

3K2 − 96

βi33 =
βi22 + 3K2

2βi23
3K2 − 96

.
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