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Here we describe a simple, yet tricky, combinatorial algorithm to efficiently count the number N of
external loops of size n with GC-content k, where the user can stipulate that certain positions are constrained
to contain nucleotides consistent with IUPAC codes. If there are no IUPAC constraints, then clearly N =(
n
k

)
· 2k · 2n−k =

(
n
k

)
· 2n; however, with IUPAC constraints for uncertain data, the situation is a good deal

more complicated. In order to explain and justify the algorithm, we introduce some definitions which may
appear pedantic at this point, but most certainly are not and will simplify presentation of the algorithm.

Class A = {R, Y,M,K} is defined to be the set consisting of IUPAC codes R,Y,M,K, where R is A or G,
Y is C or U, M is A or C, K is G or U. Note that if m nucleotide positions are constrained by an
IUPAC code belonging to class A, and k of these positions are required to have GC-content of k, then
the number of sequences satisfying this requirement is

(
m
k

)
· 1k · 1m−k =

(
m
k

)
.

Class B = {B, V } is defined to be the set consisting of IUPAC codes B,V where B is C or G or U (i.e. not
A), V is A or C or G (i.e. not U). Note that if m nucleotide positions are constrained by an IUPAC
code belonging to class B, and k of these positions are required to have GC-content of k, then the
number of sequences satisfying this requirement is

(
m
k

)
· 2k · 1m−k =

(
m
k

)
· 2k.

Class C = {D,H} is defined to be the set consisting of IUPAC codes D,H, where D is A or G or U (i.e. not
C), H is A or C or U (i.e. not G). Note that if m nucleotide positions are constrained by an IUPAC
code belonging to class C, and k of these positions are required to have GC-content of k, then the
number of sequences satisfying this requirement is

(
m
k

)
· 1k · 2m−k =

(
m
k

)
· 2m−k.

Class D = {N} is defined to be the set consisting of IUPAC code N, where N is A or C or G or U (i.e.
any nucleotide). Note that if m nucleotide positions are constrained by an IUPAC code belonging to
class D, and k of these positions are required to have GC-content of k, then the number of sequences
satisfying this requirement is

(
m
k

)
· 2k · 2m−k =

(
m
k

)
· 2m.

Class E = {S} is defined to be the set consisting of IUPAC code S, where S is G or C (i.e. strong). Note
that if m nucleotide positions are constrained by an IUPAC code belonging to class E, then there are
2m many such sequences satisfying this constraint.

Class F = {W} is defined to be the set consisting of IUPAC code W, where W is A or U (i.e. weak). Note
that if m nucleotide positions are constrained by an IUPAC code belonging to class F , then there are
2m many such sequences satisfying this constraint.

Class G = {A,C,G,U} is defined to be the set consisting of IUPAC codes A,C,G,U (i.e. the data is certain).
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Note that there are 15 IUPAC codes, of which 11 concern uncertain data; indeed, only IUPAC codes in class
G concern certain data.

Algorithm 1 (Number of external loops of size n having GC-content of k, allowing IUPAC constraints)

Input: Integer n ≥ 1 denoting the length of the external loop, integer k ≥ 0 denoting the desired GC-
content of the external loop, length n sequence of IUPAC constraints specified by a = a1, . . . , an; i.e. for each
i = 1, . . . , n, we have ai ∈ {A,C,G,U,R, Y,M,K,B, V,D,H,N, S,W}.
Output: Number of external loops of size n having GC-content of k, which satisfy the specified IUPAC
constraints.

Define the following.

• Let na, nb, nc, nd, ne, nf , ng denote the number of positions in the external loop that are constrained
by an IUPAC code belonging respectively to class A,B,C,D,E, F,G.

• Let n0 = n − (ne + nf + ng). Note that n0 is the number of positions in the external loop that may
be assigned to contain G or C, or equally well may be assigned to contain A or U. We must have that
n0 = na + nb + nc + nd, hence nd = n0 − (na + nb + nc).

• Let numC [resp. numG] denote the number of positions in the external loop that are constrained by
IUPAC code C [resp. G]. Note that a position constrained to be C [resp. G] will contribute both to
the count of ng as well as to the count of numC [resp. numG].

• Let k0 = k − (numC + numG + ne). Note that k0 is the number of C’s or G’s that must be assigned
among the n0 positions, taking into consideration that we have already taken care of assignments of
C’s and G’s to positions that are constrained to be C (there are numC many), or G (there are numG

many), or either C or G (there are ne many).

• Let ka, kb, kc, kd denote the number of positions constrained by IUPAC codes that belong respectively
to class A,B,C,D that will be set to contain either C or G. Although ka, kb, kc, kd will take on different
values, we will always ensure that k0 = ka+kb+kc+kd, hence k = ka+kb+kc+kd+ne+numC+numG;
in particular, kd = k0−(ka+kb+kc). As well, it clearly must always hold that 0 ≤ ka ≤ na, 0 ≤ kb ≤ nb,
0 ≤ kc ≤ nc, 0 ≤ kd ≤ nd.

Careful scrutiny justifies the fact that the number N of external loops of size n having GC-content of k,
which satisfy the specified IUPAC constraints, must satisfy the following.

N =

na∑
ka=0

nb∑
kb=0

nc∑
kc=0

(
na

ka

)
·
(
nb

kb

)
·
(
nc

kc

)
·
(
nd

kd

)
· (1)

(1ka · 1na−ka) · (2kb · 1nb−kb) · (1kc · 2nc−kc) · 2ne · 2nf ·
2k0−(ka+kb+kc) · 2nd−(k0−(ka+kb+kc)) (2)

=

na∑
ka=0

nb∑
kb=0

nc∑
kc=0

(
na

ka

)
·
(
nb

kb

)
·
(
nc

kc

)
·
(
nd

kd

)
· 2nc+nd+ne+nf · 2kb−kc

This leads to the following pseudocode.

def f(a) //compute na, nb, nc, nd, ne, nf , ng , numC , numG from IUPAC constraints

//a = a1, . . . , an stipulates IUPAC constraints at all positions of external loop

1. na = nb = nc = nd = ne = nf = ng = numC = numG = 0

2. for i = 1 to n

3. if ai ∈ {R, Y,M,K}
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4. na += 1

5. else if ai ∈ {B, V }
6. nb += 1

7. else if ai ∈ {D,H}
8. nc += 1

9. else if ai = N

10. nd += 1

11. else if ai = S

12. ne += 1

13. else if ai = W

14. nf += 1

15. else if ai ∈ {A,C,G,U}
16. ng += 1

17. if ai = C

18. numC += 1

19. else //ai must be G

20. numG += 1

21. return na, nb, nc, nd, ne, nf , ng , numC , numG

def computeNumberExternalLoops(n, k,a)

//number external loops of size n with GC-content k given IUPAC constraints a

1. na, nb, nc, nd, ne, nf , ng , numC , numG = f(a)

2. k0 = k − (numC + numG + ne)

3. N = 0

4. for ka = 0 to na

5. for kb = 0 to nb

6. for kc = 0 to nc

7. kd = k0 − (ka + kb + kc)

8. C =
(na
ka

)
·
(nb
kb

)
·
(nc
kc

)
·
(nd
kd

)
· 2nc+nd+ne+nf · 2kb−kc

9. N += C

10. return N
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