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Abstract

This document contains the missing proofs in the main text of the paper “On
Sackin's original proposal: The variance of the leaves’ depths as a phylogenetic
balance index.”

SN-1 Further background

In this section we gather several definitions and preliminary results that were omit-
ted in the main text’s Background section because they are only used in this Sup-
plementary Material.

Given k > 2 trees Ti,..., Ty, with every T; € T, , their root join is the tree
TyxTy%---xTy €T, 4. 4n, obtained by connecting the roots of (disjoint copies
of) Ty, ..., T} to a new common root r; see Fig. 8. In a similar way, given k > 2
phylogenetic trees Ty € T(X1),...,Tx € T(X), with X3,..., X} pairwise disjoint
sets of labels, their root join is the phylogenetic tree Ty % -+ x T € T( U§=1 Xj)
obtained by connecting the roots of 17, ..., T} to a new common root. Notice that
the shape of the root join of a family of phylogenetic trees is the root join of their
shapes, and that the root join of a pair of bifurcating trees is again bifurcating.

T Ts Ty

Figure 8 The tree T x - - - x T}.

A probabilistic model of bifurcating phylogenetic trees P, is shape invariant when,
for every n > 1 and for every T, T’ € BT, if T and T’ have the same shape, then
P,(T) = P,(T"). When P, is shape invariant, it induces well-defined probability
mappings Px : BT(X) — [0,1], for every set X of cardinality n, through any
shape-preserving bijection BT(X) <> BT,, induced by a bijection X « [n].

A probabilistic model of bifurcating phylogenetic trees P, is Markovian when
there exists a symmetric mapping ¢ : N x N — R, called the conditional split
distribution of P,, such that, for every T}, € BT(X}) and T} € BT(X;), with X},
and X; disjoint sets of cardinalities |X| = k and |X;| = [, Px,ux, (T * T})) =
q(ka Z)PXk: (Tk)PXl (TI/)
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The formulas (1) and (2) in the main text clearly imply that both the Yule and the
uniform models are shape invariant. As to their Markovianity, it is easy to deduce
from those formulas that

Pyn(Ti s Th) = ———— Py (Ti) Pran 4(Th_y) (1)
(n— 1)(k)
P (T T, ) = =B D= by (1) Py
= 200k (1) Py (T ) (12)

(%)

where

1 (n\ (2k —3)11(2(n — k) — 3)!!
Crn-k =3 (k) (2n — 3)I! '

Consider the random variables S, and ®,, that take a phylogenetic tree T' € BT,
and compute S(T') and ®(T), respectively. Their expected values under the Yule
model (denoted by Ey) and the uniform model (denoted by Ey ), as well as their
variance under the Yule model (denoted by 0% ), are known:

Ey(Sp) =2n(H, — 1) [3, Appendix| (13)
_ (2n=2)!
Ey(S,) = n(m - 1) 5, Thm. 22| (14)
02(S,) = Tn? —n—2nH, —4n*H® [1, Cor. 1] (15)
Ey(®,) = n(n+1) — 2nH, [5, Thm. 17]  (16)
1\ [(2n—2)!!
4 _10m3 2 _
o2 (@) = =100 45213171 2 nH, —4n2H® |1, Cor. 3]  (18)

where H,, = Z 1/i, the n-th harmonic number, and HY(LQ) = Z 1/i%.
1=1 i=1

SN-2 Proof of Proposition 5

Proposition 5 For every T € BT.,, the following conditions are equivalent:
(a) T is of type F,.

(b) There exists a dy € N such that dr(x) € {do,do + 1} for every x € L(T).
(c) |or(x) — §(T)\ <1 for every x € L(T).

(d) T is depth-equivalent to B,,.

Proof The implications (a)=-(b)<(c) are straightforward:
e By construction, if T is of type F,, with n = 2™ +k, then A(T') consists of 2k
leaves of depth m + 1 and 2™ — k leaves of depth m.
o If A(T) consists of [ leaves of depth dy and n — [ leaves of depth dy + 1, then

§(T)=do+n7_l
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and therefore each |07 (z) — §(T)\ is either (n—1)/n or {/n. If 0 <1 < n, these
two values are smaller than 1, and if [ = 0 or [ = n, then all leaves in T have
the same depth and therefore |57 (z) — S(T)| = 0 for every z € L(T).

o If |07(z) — S(T)| < 1, then, since 67(z) € N, dr(z) € {|S(T)], [S(T)]}.

As far as (b)=-(a) goes, we prove it by induction on n. The base case when n = 1 is
obvious, because the only tree with one leaf is the fully symmetric tree B;. Assume
now that (b)=-(a) is true for every tree in BT}, and let T be a bifurcating tree with
n + 1 leaves for which there exists a dy € N such that dr(z) € {doy,do + 1} for
every x € L(T); to simplify the discussion, we shall assume that 6(T") = do + 1. Let
xo be a leaf in T of depth dy + 1 and let 77 € BT, be obtained by replacing the
cherry that contained xo by a leaf of depth dy. Then, d7/(z) € {dy,dp+ 1} for every
x € L(T"), too. Thus, by the induction hypothesis, T” is of type Fj,. Finally, since
T is obtained from a tree of type F), by replacing a leaf of minimum depth, dy, by
a cherry with leaves of depth one unit larger, T is of type F, 1.

This completes the proof that conditions (a), (b) and (c) are equivalent.

Let us prove now that if a bifurcating tree T satisfies (d) then it satisfies (b) with
dp = [logy(n) |, by induction on the depth of the tree. This implication is trivially
true when §(7") = 0, because the only tree of depth 0 is B;. Assume now that the
implication is true for every tree of depth at most § and let T' € BT, be a bifurcating
tree of depth 6 4 1 that is depth-equivalent to B,,. Since (b) is an assertion on the
depths of the leaves of T', and A(T) = A(B,,), in order to prove that T satisfies (b)
we can assume without any loss of generality that T = B,,. Let m = |logy(n)]| and
k=mn-—2".

Let T7 and T5 be the subtrees rooted at the children of the root of T" and n; and
ng their respective numbers of leaves, with n; < ne and n = ny 4+ ny. Since T is
maximally balanced, 77 and T, are also maximally balanced and n; = |n/2] and
ny = [n/2]. Then, since §(71),0(T2) < 6 = 6(T)—1, by the induction hypothesis we
deduce that if, for every i = 1,2, we set d; = |logy(n;)], then dr,(x) € {d;,d; + 1}
for every x € L(T;). Now:

o If k<2mtl —1 thend; =dy=m—1.

o If k = 2mtL — 1, then nqy = 2™ — 1, and thus d; = m — 1, and ny, = 2™,
and thus do = m; but then, T5 is fully symmetric, because it is maximally
balanced with 2™ leaves, which implies in particular that all its leaves have
depth m.

Then, in both cases, o7, (z) € {m — 1,m} for every v € L(T;) and i = 1,2. Since
dr(z) = ér,(x) + 1 if z € L(T;), we conclude that dr(z) € {m,m + 1} for every
x € L(T), where m = [logy(n)]. This is what we wanted to prove, and hence the
implication (d)=-(b) is established.

Finally, we prove the implication (a)=-(d). Let T" € BT, be of type F,. Since we
have already proved that (d)=-(b)=-(a), we know that B, is also of type F,. But
then, by Remark 3 in the main text, T' and B,, are depth-equivalent. O

SN-3 Proofs of Lemmas 1 and 2
Recall that we denote the numbers of leaves of depths 6(T) and §(T) — 1 of a tree
T € BT;, by po(T) and p1(T), respectively.
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Lemma 1 Let n =2™ + k with m = |logy(n)| and k =n — 2™. For every tree T

of type Try,,..0;, with j >0 and 2 <1y <--- <1l; <O(T) — 2:

(a) If k + Zi:1(2l —1) =0, then p1(T) =0 and the tree is fully symmetric.

(b) If0 < k+ 37, (2% —1) < 27, then py(T) = 2™ —k — S27_ (24 — 1) and
o(T)=m+ 1.

(c) If k+ 357 (25 —2) > 27, then py(T) = 3-2™ —k — >7_ (2% — 1) and
6(T)=m+2.

(d) Ifk+4>7 (28 —2)<2m < k+ Y27 (25 —1), then there does not exist any
tree T of type T, ,...1;

Proof Let n = 2™ + k with 0 < k < 2™, let T' € BT;, be a tree of type Th.,,..1;,
with 2 <l <---<; <O(T) -2, and set 6 = 0(T) and p1 = p1(T).

If j = 0, T has only leaves of depths § and § — 1 and then it is of type F,. In
particular, in this case, if £ = 0, T is fully symmetric of depth m, and hence p; = 0,
while if £ > 0, then p; = 2™ —k and 6 = m+ 1. This proves (a) as well as (b) when
j = 0. So, we shall assume henceforth that j > 1.

To begin with, notice that, in order to complete T" to a fully symmetric tree with
29 leaves, we must append a cherry to each leaf of depth § — 1, which adds p; new
leaves, and we must append a fully symmetric tree of depth [; to each leaf of depth
§ — 1;, thus adding for each such leaf 2" — 1 new leaves. This implies that

J
2% =n4p+» (2" 1) (19)
1=1

Since we are assuming that j > 0, this implies that n < 2° and hence m < 6§ — 1.
On the other hand, since p; < n < 2™+!, we have that

—wwmn+§: <2n+§: ——1<2m+2+2‘51

which implies that 20=1 < 2™+2 and therefore § — 1 < m + 1. So, in summary,
m+1<6<m+2.
Now, on the one hand, if § = m + 1, (19) implies that
J
pr=2"—k->» (2"-1).

i=1

In particular, in this case, k + ijl(2li — 1) < 2™ because p; > 0.
On the other hand, if § = m + 2, (19) implies that

J
pr=3-2"—k—>» (2"~
i=1

And in this case, since T contains at least 2 leaves of depth ¢ and j leaves of depths
different from § or § — 1, it must happen that p; < n — j — 2, that is

3-2m—k—) (2"-1)<2"+k—j-2,
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which is equivalent to k + 1 S (20 —2) > 2™,
Since d = m + 1 or 6 = m + 2, this completes the proof of the statement. O

Lemma 2 IfT is a tree of type T),, then

..... Ao

Proof Set § = 6(T"), po = po(T), and p1 = p1(T). Since n = po + p1 + J,

(1) = Ppod + p1(8 — 1)n+ Sl (0—1) _ 5 171—1—72;_11

and hence
J

n-V(T) =po(d — S(T))* + p1 (6 — 1 = S(T))* + > (6 — 1; — S(T))?

i=1

(R o (PR )y (R )
:p0<p1+%{=1h)2+p1(p1+25211i) —op, (pl+Zz 1 )+p1
+j(p1+Z§:1li) (ZZ)< 1+ZZ ) )+le

= (2Rt <p+z‘z><“+2m>+p+zzz
:milgfw,

SN-4 Proof of Proposition 6
In this section, and henceforth, ,F;, denotes the (generalized) hypergeometric func-
tion defined by

ar, .., a, | (an)k - (ap)r 2"
qu{bl, bq’z}z . .

where (a)g =1 and (a)g :=a-(a+1)---(a+k —1) for k > 1. Recall, moreover,
that for every n > 2 and for every 1 <k <n—1,

_1(n\ 2k =3)12(n— k) —3)!
Cont =75 (k> (2n — 3)1I '

We start by proving two auxiliary lemmas. These lemmas will be used not only
in the proof of Proposition 6, but also later in the proofs of the main results in
Sections SN-10 to SN-12.
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Lemma 3 For everyn > 2:

(a) ch}n,k =1
=1
(b) For everym > 1,

n—1
> choet() = 3n) 0557 G )

Proof We consider first the case when 1 < m < n — 1. In this case

1 2k - 3)1(2n — 2k — 3)IIK!
ZCJM k( > ZC/M k( ) Zg Kl(n — k)![(2n — 3)Iml(k — m)!

n—1

B n! (2k —2)!1(2n — 2k — 2)!
~2-m!(2n - 3) M= 2671 (k — D2k (n — k& — 1)l(n — k)!(k — m)!

B 2k 2)!(2n — 2k — 2)!
~oon-1 m' 2n—3 Z N(n—k—1!(n—k)l(k—m)

B ”i (2k +2m — 2)!(2n — 2k — 2m — 2)!
- on-l m'2n7 = (k+m—-D(n—k—m—-—1!(n—Ek—m)k!
(20)

We shall compute now this last sum using the lookup algorithm given in [6, p. 36].

Take
L (2j+2m—2)!2n—2j —2m —2)!
G m Dl —m Dl - )]
Then
t = (2m — 2)!(2n — 2m — 2)! tiv1 _ (G4+m—=1/2)(j+m —mn)

(m—=1(n—m-1ln-—m)" (G+m+3/2—-n)j+1)
But now, it is wrong to deduce from the lookup algorithm that

n—m-—1

(2k +2m — 2)!(2n — 2k — 2m — 2)!

1;) (k+m—-Dln—k—m—1ln—k—m)k!

(2m — 2)!(2n — 2m — 2)! F m— 1 m—n
(m—D!(n—m—1)(n—m)! 251 m—i—%—n ;

because (m —n), = 0 for every k > n —m, but
(1 = 1) = (m = n)(m =+ 1)+ (—1) = (—1)" (1 — m)! 0,

and therefore
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while the index k in our original sum stops a n —m — 1. Therefore, what the lookup
algorithm actually implies is that

n 1

= (2k +2m — 2)!(2n — 2k — 2m — 2)!
kZ:o (k+m—-Dl(n—k—m—1Yn—k—m)lk!

(2m —2)!(2n — 2m — 2)!
(m —1)!(n—m—1)!(n—m) (zFl

(m - %)nim(m —N)p—m
(m—&-‘;’—n)nm(n—m)!)' (21)

The subtrahend in this expression can be computed using that (m — n),—m

(=) ™(n —m)! and

(n-3), = (=5)(nr3) (-5 = 5=

n_ 3 (2n — 3)!
2 2 m . (2m — 3!
3 3 1y 1
), =3 3) (1)

_ (—=1)»~™m=1(2n — 2m — 3!

27’7,7771

and its value is then

B (2n — 3)(=1)""™(n — m)I2n—m
—2nmm(2m — 3)N(=1)m=1(2n — 2m — 3)!1(n — m)!
(2n — 3)!!

(2m — 3)N(2n — 2m — 3)!!

(22)
As to the oF hypergeometric function in (21), since m <

X

n, we can apply the
identity http://functions.wolfram.com/07.23.03.0003.01 and we obtain

JF) m;% m—n;l _ (2=n)p—m
m—|—§—n (

m+ 3 —-n),

and since
(2_%m:@_n)(g_n)m(l_m):{ ?1)”’”5;_2;)3 e
n—mio, (n_ )'
(=1"=™( 1)(m7 )

[\G][eV]

1 _
m— s m-—n 2" (m — 1) (n — 2)!
2F1 32 71 - _ ( )( )
m+35—n (

m—1)1(2n — 2m — 3)11 (23)
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Then, combining (20), (21), (22), and (23), we obtain

n—1 k
Chon—
n!l(2m — 2)!(2n — 2m — 2)!
m!(2n — 3)!1(m — )!(n —m — 1)I(n —m)!
(2n — 3)!! 2" (m — 1)(n — 2)!
(2m —3)(2n —2m — 3 (m—1)!(2n — 2m — 3)!!)

~3(0) 055 G )

This proves (b) when 1 < m < n — 1. Now notice that when m =n > 2,

]

Hana(l) -

DO =

and when m > n,

Sona(1) == (0)

Therefore the identity stated in (b) also holds when m > n.

Finally, as far as (a) goes, by the symmetry of Cy_,—r, we have that

n—1 n—1
Z Crn-ik = Z Crpn—r(n —k)
k=1 k=1

from which we deduce that

n—1
2 n
ZC’k,n—k— chn kk—ﬁ 3
k=1
where the second equality is simply (b) for m = 1. O

Lemma 4 For everyn = 2,

(k-2 1 (202 1
(e) ZC’“” Fok—3) 2 @n—3) 4
(b) For every m > 1,

(2H2n 2= anl - 2)

S () B - 3 (1) (=i - i)

m\»—t
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Proof We consider again first the case when 1
of interest:

— K\ (2k -2 &= kY (2k — 21
kZ:l Crun-t <m> 2k —3)! kzzmc’“’”*’“ (m) (2k — 3)!!
n!(2k — 3)11(2n — 2k — 3)1k!(2k — 2)!!

N Z 2-kl(n —k)!(2n — 3)!1(k — m)!m!(2k — 3)!!

<m < n—1. Let us develop our sum

k=m
2n—2k; 3)”(2k—2)
T2 m'2n7 szv l(k —m)!
Z (2n — 2k — 2)12F1(k — 1)!

2. m' 2n — 3)!! 20kl (n —k = Dl(n — k)!(k —m)!
B "zjl (2n — 2k — 2) (k — 1)122*
- oontl. m' 2n — 3)!! (n—k—1Dn—k)!(k—m)!
_ n! ”Z (2n — 2k — 2m — 2)!(k +m — 1)122F
- 2n=2mtl L pl(2n — 3)!! pors (n—k—m-—1Yn—-k—m)lk!

(24)

We shall apply again the lookup algorithm to compute this sum. Taking

(20 —2j —2m —2)!(j +m — 1)12%

=

(n—j—m—Dl(n—j —m)j!

we have
; C@n-2m=-2)!(m-1)!  t;n  (G+m)(j+m—n)
T T—m=Dln-m) " t;  (G+m-n+3/2)(G+1)

Then, arguing as in the corresponding step in the proof of Lemma 3 we obtain
that, by the lookup algorithm and taking into account that (

m —n), = 0 for every
E>n—m

Z’”: (2n — 2k — 2m — 2)!(k +m — 1)122k
= n—k—m—1l(n—k—m)lk!

_ (2n—2m —2)!(m —1)! m m-—n
 (n—m—1!(n—m)! <2F1 +3-n i1
(M)n—m (M = N)n—m
a (m—i-g—n)nm(n—m)!) (25)

Since m < n, the first summand inside the parenthesis is equal, by identity http:
//functions.wolfram.com/07.23.03.0003.01, to

3 _
2F1 77:’31 m—n ’1 _ 3(2 n)nfm
m+§—n (§+m—n)n7m
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and since

(2 ) ") - (2 - ") (2 - n> (2 - 1) _ (2:}_{:”(’2(5?_—33))!5!

and, as we established in the proof of Lemma 3 (page 7), (m + 3 — n), .=

(—1)n=m=1am=n(2p — 2m — 3)!!, we have

m m-n | _ (2n — 3)!
m+32—n Tl (2m = 3)1(2n — 2m — 3)!!

As for the subtrahend, we have

(M)p—m(m —n)pm _ n—DI(=1)""""(n —m)I2n—™
(m+ 32— n)n_m (n—m)!  (m—1(=1)""""1(2n —2m — 3)!/(n —m)!
(n _ 1)!2n—m

~(m—1)!(2n — 2m — 3)!!

So, by (24) and (25),

— k\ (2k —2)!
D Crin-t <m> " (2k — 3!
B n!(2n — 2m — 2)!(m — 1)!
—2n=2mtlol(2n — 3)(n — m — 1)!(n —m)!
(n—1)l2n—m (2n — 3)!!
' ((m — D20 —2m =3 (2m —3)!'(2n — 2m — 3)!!)

2 () (G~ )

This finishes the proof of (b) in the case when 1 < m < n — 1. Now, it is clear

that when m > n

n—1

S o) om0 C)Edn - o)

k=1

and therefore the equality in (b) holds actually for every m > 1.
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It remains to cover the case when m = 0, i.e., (a). We start again by developing

the sum of interest.

n—1 n—1
2k — 2)!! 12k — 3)N(2n — 2k — )N (2k — 2)!!
zCknkE = 2 g i A = DGk

2k —3) &= 2-kl(n— k)!(2n — 3)!1(2k - 3)!!
B ”z‘:l (2n — 2k — 3)11(2k — 2)11
2. (2n - 3)!! — Kl(n — k)l

n! — (20— 2k — 2)12F=1(k — 1)

2-(2n—3)”k ‘2" k=1(n — k — 1)l(n — k)k!

“ (2n—2k— 2)'2%

Tt (2n—3 !'Zl (n—k—1)l(n—k)k
—2
(2n — 2k — 4)12%
= 26
2n - 2n7 Z (n— 72 Nin—k—-DIk+1) (26)

We apply again the lookup algorithm. Taking

(2n — 2j — 4)12%

b S = -G+ 1)

we have

(2n — 4)! tiy1 G+1D2(G+1-n)

to = n=2!n-1)" t;  (G+2)(G-n+5/2)(F+1)

and therefore, by the lookup algorithm and taking into account that (1 —n); =0
for every k = n but (1 —n),_1 = (=1)""1(n — 1)!, we have that

(2n — 2k — 4)12%
(n—k—=2)!n—k—1lk+1)

B (2n — 4)! 1 1 l—n
_(n—2)!(n—1)!<3F2[2 5 n ’1]

(1)%—1(1 —N)n_1 )
(2)n-1 (g — n)n_l(n —1)!

\ghs

(27)

Now, since (1)1 = (n — 1!, 2)p_1 = n!, (1 —n)p_1 = (=) (n —1)!, and
(5/2 —=n)p—1 = (—=1)""2(2n — 5)!11/2"~1 the subtrahend in this last expression is

(17 (1 =n)ns (=1 Yn —1)132n-1 _ (2n —2)!! (28)
2n-1(5—n),_(n=1!  nl(=1)""22n-5)N(n-1)!  n-(2n -5’
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As to the 3F» hypergeometric series in (27), applying transformation (3.1.2) in [2]

we obtain
1 1 1— L) (2 —n)r(3 1 2_pn 3
3Fy 5 "l = @) (§ n5) (2)3F2 5 - "oz
5—n LT (3)T(3 —n) 5 3—n
2 3 1 3 _
=5sf2| 3 : ”;1]

3 1 3 _p
F 2 2 -1
3142 g %_n ) ]
o)), TG (1,0
3(=3),WTOT(E) = (3)H
9—6ne= 1 9— 6n Tl 1
e X1 (_H i 2 })
k=0 j=1 j=1
9 —6n 1
R
So,
1 1 1—n 2 9—06n 1
3y 5 ;1] =~3 o, <H2n—2 3 n—1_1>
3—2
=- an(2H2n72_anl_2)

(2k —2)!1
ch,n—k
1 (2k — 3)!!
_ n!(2n — 4)!
S 2n=1(2n — 3)(n —2)!(n — 1)!
(2n —2)!! 3—2n
(e~ 3 (22— Haa = 2))
1 2n-2)1! 1
=5 7o _aw —(2Hs,, o — H _1 —2
2 (Zn_3)11+4( 2n—2 -1 )
as we claimed. .

Now we can proceed with the proof of Proposition 6.

Proposition 6 The solution X,, of the equation

n—1 T

n (2n — 2011 S n
X, =2 E kXK + g +7§
" — Chon—k Xk pt al(l) (2n — 3N — bl(l)
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(where rys =2 1 and ay,...,a,,b1,...,bs € R) with given initial condition X, is

:jz:r;lal(?;) QZ:QHZ ()

with
alzXl—al
@ =-2 b b
=— (- l=2,...
U @3 (l z-1>’ et
o (s+1)-(2s)!
T s 2s—nn 0
~  (21=-3)!!
= I=1,...
14 (21_2)” a, ’ T

Proof Consider a sequence of the form

=1

with ay,...,as41,b1,...,b, € R. Then

n—1

*QZCkn Xk

k=1

=1

o (Ea() - £i) 220)

=1
-5 ((7) Z())
+§T:E<<?> 2n—3 QZC’“” ’“( )QZ_?,;!!)

=1

-1 @ =3 M\ 2n =2 e ) (20— 2)!
:Z“l'n—l'(2;-2)!!(1)(%—3)!1+;bl<z>(zz—3)n

=1

by Lemmas 3.(b) and 4.(b). The fact that X,, satisfies the recurrence equation in

the statement is then equivalent to
zr: 21f2 n\ (2n -2 ”%lfl) -3 /o) 1
b 1) " 2n—3)n Q-2 "\u)n-1
d n 2n — 2)! n
= T b .
Z‘”(z) * (2n—3)!! l; l(z)

=1
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This equality will be satisfied if the coefficients ay, ... ,6S+1,31, o

£5 B0) £

=1

Z : _(12)1'_(221)5 24 (7) n i 1 ;bl (7)

=1

Now, (29) is clearly satisfied if

~ (-3
SN CYR T

As to (30), it is easy to check that, if [ > 1

n 1 71 n 7l72 n 1
IJn—1 1\U-1 I U-1/n-1

which implies, by induction on [, that, for every [ > 2

(et=nev i ()

j=1

,Er satisfy that

(32)

Indeed, the base case [ = 2 is a direct consequence of (31), and, as to the inductive

step, if for a given [ > 3 we assume that
1-2
Z ]+1 -1- .7)
l n—1 l -1 - 2) l

Jj=1

then

zn1> _1_12<zn1)nll (by (31))
>
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Therefore, returning back to (30), using (32) we have that

(1—1)-(2A =31 _ -1 2l—3) _(n\ 1
.al .al [
(20 —2) -1 (20— 2)! 1)n—1

(1
s+1

M

2

U)) 2l—3” — e =d) (o
( (20 - 2)! z:: ' W(i—1) (lj>>
@13 S~y )
~= ) (—1 h
2(1-(21—2)!! l}; <>
saR b 2L=3)1 n
<l=;§1( DI (20 —2)! )(h)

and thus, (30) is satisfied if

iWM

- N

(]

l

w |l

h=1

s+1
h- (20 = 3)!!
llh'HiA:b h=1,...,s.
I=h+1
This system of linear equations in as, ..., asy1 is non singular, and its only solution
satisfies
o (s+1)-(2s)N
T si2s—nn 0
. h-(2h —2)!
= ~bp—
1) @2h -3
il (2h 212 -3
- — o) !
Bl (20 — 2)11(2h — 3)N
h-(2h =2 f by A lhzz-s) A)
= . h - 2 .
(2h — 3)!! ( h—1 Z @—2n M) s
Now, let
~ o @r=3)1
R N CT I T
Then, the previous formulas can be rewritten as
b b s+1
Gop1 = — a = 11:11 + 3 )M, =2,
5 h=l+1
and the solution of the last recurrence is
~ b1 b
= = 33
W (33)
Indeed:
~ bs—l ~ s—1 b
as_sfl—i—asﬂ 1+s
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and if (33) holds for every h=1+1,...,s+ 1, then

a; =

bi—1 : hei—1({ bh—1  bn st bs b1 b
1—1+h§1< D (e Ry RS A e b

Then, finally, for every [ =2,... s,

~ l'(2l—2)”~ l~(2l—2)”(bl,1 bl)
-1 1

T T3y T @)

as we claimed.
Finally, a; is obtained by imposing the initial condition

s+1 T
(12— (1 L~
X =) e -
! l_l‘”<z>+(2—3)u H“(z) it
2 - 3)!

éalzXl—/gl:X1—m

~a1:X1—a1.

SN-5 Proof of Theorem 1

We start by proving a series of lemmas describing the behaviour of V' when we
remove a deepest leaf from a rooted tree. To simplify the notations, we shall set
henceforth

W(T) = |L(T)|-V(T) = Y (6r(x) = S(T))*.

z€L(T)
Moreover, given a tree T' € T,,, we shall denote by z1,...,x, its leaves ordered in
non-decreasing order of depth and we shall set d; .= 07 (x;), fori =1,...,n, so that

the elements of A(T') are
di <dp <---<dpg <dp—y <dy =6(T).

Since the maximum depth of a tree is reached at least at two sibling leaves, we have
that d,,_1 = d,, and we shall assume without any loss of generality that z,,_; and
x, are sibling.

Lemma 5 Let T € T, be a tree with two leaves of mazimum depth forming a
cherry. Let T € T,_, be the tree obtained by removing both leaves in this cherry,
so that the root of the cherry becomes a leaf. Then,

n

W(T") = W(T) — (8(T) — S(T) +1)* + 2.

n—1
Proof For simplicity, we shall denote §(T) by 6. With the notations on the leaves
x; of T and their depths d; introduced above, we shall assume without any loss of
generality that z,,_1 and x, are not only sibling, but they form the cherry in the
hypothesis. Let T" € T7,_, be the tree obtained by removing from T these two leaves,
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so that their common parent becomes a new leaf of depth d,,_1—1=d,—1=§—1,
which we shall still denote by x,,_1; cf. Fig. 9. Thus,

ATy ={dy, ... dp_2,dp1 —1}

and then
n—1 ral ral
~ ,_Zizldifl_nS(T)—é—l_A _5—S(T)+1
S(T') = — = — =S(T) — -1 (34)
Finally,
n—2 N N
W(T') =Y (dj = S(T")* + (dn-1 — 1= S(T"))°
j=1

-3 (dj — S(T"))? = 2(dp—1 — S(T")) + 1 — (dn — S(T"))?
= (d; = S(T)* = 2(5 = S(T") + 1 - (6 - 5(T"))?
(usin _that dp—1=dn =9)

:Z(d —S(T))> = (6 = 5(T") + 1) + 2

j=1

= (dj - 5(1) + (Sg(T)H){ (5—§(T) - =S +1 +1)2+2

n—1

=

Jj=1

(using (34))

Zd -8y + oS S, - Sy
5o BT 412 rn(6—B(T) +1)\2
+”(in_1 ) - ()
— W(T) f1(5—§(T)+1)2+2
(because Z?:1(dj — 5(T)) = 0) as we claimed. O

Tn—1 Tn

Figure 9 A tree T with a cherry at the bottom and the tree T’ obtained by removing this cherry.

Lemma 6 LetT € T}, be a tree with k leaves of mazimum depth forming a k-fan
with k > 3. Let T' € T.,_; be the tree obtained by removing one leaf from this k-fan.
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Then,
n

W(T") = W(T) — (8(T) — S(T))>.

n—1
Proof We shall denote again §(7") by J and we shall use again the notations on
the leaves x; of T' and their depths d; introduced at the beginning of this section.
We shall assume without any loss of generality that x,, belongs to the k-fan in the
hypothesis, and that this is the leaf we remove to obtain 7”. In this way, since the

remaining leaves have the same depths in T and in 7",
AT ={dy,...,dp_2,dpn_1}.

Then

& " odi—d, nS(T)-6 4 §— 5(T)
T = szl ? no_ — T — ———~ 2
S(T) n—1 n—1 S(T) n—1
and hence, computing W (T') in terms of W(T) as in the proof of the previous

lemma, we obtain

n—1 n
W(T') =) (d; = 8(1")* = Z(dJ — S(T"))* = (dn — S(T"))?
R e N e )
it -~ n
=3 ;- 82+ 2( 2 0) Yy - 5 +n (DY
= _(n((s— S(T))\2 =
n—1
= W(T) - —= (0 - §(1))?
as we claimed. O

Lemma 7 Let T € T} be a tree with two leaves of maximum depth forming a

cherry. Then,

(1) - §(r) < =2

and the equality holds only when T = K.

Proof First of all, since (cf. Example 1 in the main text)

() =n—1 and §(K,) = "ZD0+2)
2n
we have that 0(K,,) — §(Kn) = (n—1)(n—2)/(2n), for every n, and therefore the
inequality in the statement is an equality for combs.
Now, we shall prove the statement by induction on n. The cases when n = 1 or
n = 2 are obvious, because then 7, = {K,}, and the case when n = 3 is also

obvious, because the only tree in 73 with two leaves of maximum depth forming
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a cherry is K3. Let us prove now the inductive step when n > 4. To simplify the

notations, for every tree 1" we shall set
U(T) = 6(T) — S(T) + 1.

Let T € T

n’

with n > 4, be a tree with two leaves of maximum depth forming
a cherry. We use again the notations on the leaves z; of T and their depths d;
introduced at the beginning of this section, and we assume that the cherry at
maximum depth is formed by the leaves x,,_1 and x,. Let T’ € T%._; be the tree
obtained from 7" by removing this cherry and replacing it by its root, that becomes
a leaf which we shall still denote by x,_1; cf. again Fig. 9. On the one hand, we
have that §(7") = §(T) — 1 if T contains only the leaves z,_1,z, at depth 6(7T),
and 6(T") = 0(T) if T contains leaves of depth 6(7") other than z,_; and z,. On
the other hand, by the expression (34) for S (T") obtained in the proof of Lemma 5,
we have that

~

§(T) — S(T") +1=6(T) — S(T) + o) ;‘i(? LI n’z ().
Combining these two facts we obtain that
n—1 o
U(T) = ——(6(T) = S(T") +1)
<Ly 1 -5 + 1) = — L)+ 1)

and the equality holds only when T" contains no other leaf of depth §(7") than z,,_;
and z,,.
Now we must distinguish two cases:
(a) If TV contains again a cherry at maximum depth, we can apply the induction
hypothesis and we obtain that

(n-2)(n-3)

W) = 8(1') = (") 41 < R 4,

with the equality holding only if 7" = K,,_;. Then,

n —

ST = S(T) = w(T) -1 < ““Lway+1) -1

n—17/(n—-2)(n—3) _(n—=1)(n—-2)
S n ( 2(n—1) +2)_1_ 2n

and the equality holds only if 7" = K,,_; and T is obtained by replacing a leaf
of largest depth by a cherry, that is, when T = K,,.

(b) Assume now that 77 has no cherry at maximum depth, and in particular that
ZTyp—1 belongs to a k-fan with k£ > 3. Without any loss of generality, assume that
this fan is xp_k,...,Tp—1 and let y be their common parent. In this case, let
T" € T _; be the tree obtained from T” by adding a new node z and replacing
the arcs (y, xp—2), (¥, xn—1) by new arcs (y, 2), (2, n—2), (2, £,_1); see Fig. 10.
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Tn—k Tn—3 Tn—2 Tn—1

Figure 10 The trees 77 and T" in the proof of case (b) of Lemma 7.

The tree T” obtained in this way has the cherry (z,—_2,2,-1) at maximum
depth §(7") = §(T") + 1, and, since these two leaves increase their depths in 7"
in one unit with respect to 7" and the other leaves in 7" maintain their depths
in T”, we have that S(T") = 5(T") 4+ 2/(n — 1). Thus,

xqu:arq—§@ﬂ+1=6U0+1—§@W——37+1
-
n—3

= U(T) + —— > UT")

n—
(because we are assuming n > 4) and hence

n—1 n—

w(r) < "Ly + 1) < Pt 1)

n

where now T € T’ _; has a cherry at maximum depth and therefore we can
apply to it the induction hypothesis:

(n—2)(n—3).

5(T//) _ §(T//> < 2(n = 1)

We can now proceed as in the last step in (a):

n—1

§(T) — S(T) =¥(T)—1< (W(T")+1) -1

n—17(n—-2)(n—3) ~(n—1)(n—2)
S n ( 2(n—1) +2)_1_ 2n

Let us emphasize that in this case T can never be a comb, and the inequality
in the statement is strict.

This completes the proof of the statement by induction on n. O
We are now in position to prove Theorem 1.

Theorem 1 The mazimum value of V' on T} is always reached exactly at the
combs K,,.

Proof Since, for any fixed n, the maximum values on 7T, of V' and W are reached at

the same trees, it will be enough to prove, by induction on n, the following property
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for every T € T::
W(T) < W(K,,), and the equality holds if, and only if, T = K,,. (35)

The cases when n = 1 or n = 2 are obvious, because 75 = {K;} and T5 = {K>}.
So, we assume henceforth that n > 3 and that assertion (35) is true for n — 1.

Let T € T;. With the notations on the leaves x; of T" and their depths d; intro-
duced at the beginning of this section, we must distinguish two cases, depending on
whether the leaf x,, has only one sibling, forming a cherry, or more than one sibling.
We start with this last case.

(A) Let us assume that x,, belongs to a k-fan, with & > 3; without any loss of
generality we consider that the leaves in this fan are z,,_g41,...,2Zn—1,Ty. Let
y be the common parent of this fan. Let 77 € T}, be the tree obtained from 7'
by adding a new node z and replacing the arcs (y,z,—1), (v, z,) by new arcs
(y,2), (2, Zn—1), (2, 2,). In this way, the leaves x1, ..., 2,2 in T have the same
depths as in T and the depths of z,,_1 and z,, in T are their depths in T" plus
1, and therefore §(T") = §(T) + 1 and S(T") = §(T) + 2/n.

Tn—k Tn—3 Tn—2 Tn—1 Tn—k Tn—3 Tp—2

Figure 11 The trees T, T/, and T" in the proof of case (a) of Theorem 1.

Now, let T” € T;_; be the tree obtained from T" by removing from it the leaf
Zy. It is obvious that 7" can also be understood as the tree obtained from 7"
by removing the cherry (z,_1,z,) and replacing it by a leaf x,,_;. Therefore,
by Lemmas 5 and 6

W(T") = W(T') - nﬁ -(6(T") = S(T") +1)° +2
W(I") = W(T) = —=(5(T) = §(1))?
from where we obtain that
W(T) = W(T') — nf (8(T") = 8(T") +1)* + 2+ — C(6(T) S(T))?
=W(T) +2- " (8(1) - 8(1) - = +2) + = -(3(T) - 5(1))?

where this last inequality holds because §(T") > 5 (T') and, by assumption,
n > 3.
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Therefore, if x,, belongs to a k-fan, for some k > 3, there exists a tree T" € T,
with larger W value that contains a leaf of maximum depth belonging to a
cherry. This is the case we consider next.

(B) Assume now that x,_; and x, form a cherry. Let 77 € T _; be the tree
obtained by removing from 7' this cherry, leaving its root as a leaf. Then:

W(T) = W(T') +

(O(T) = 5(T) + 1)? = 2
(by Lemma 5)
<W(T') + —2 ((n_ Din=2) 1)2 —2

n—1
(by Lemma 7)
n ((n—1)(n-2) 2
< _
\W(KH)JFn_l( T +1) -2
(by the induction hypothesis)
. 2
= W (K1) + —= (0(Ka) = S(Ka) + 1) = 2= W(K,)

(again by Lemma 5).

This proves that, when T has a cherry at the bottom, W(T') < W(K,,). More-
over, the equality holds only when both intermediate inequalities are equalities,
that is (by Lemma 7 and the induction hypothesis) exactly when T' = K.

In summary, we have proved that if 7' € T} has some cherry at maximum depth,
then W(T) < W(K,,), with the equality holding only when T = K,, and that
if T € T}, does not have any cherry at maximum depth, then there exists a tree
Ty € T, with a cherry at maximum depth such that W(T') < W(Tp) < W(K,).
This completes the proof by induction of property (35). O]

SN-6 Proof of Theorem 2

The goal of this section is to prove the necessary condition on the bifurcating trees
with minimum V value stated in the following result.

Theorem 2 If T € BT, has the minimum value of V, then it is of some type
Tn;ll,...,lj with 5 <11 <+ < lj < 5(T) — 2.

Now, since each one of BT}, BT5, and BTj; contains only one tree, it is enough to
consider the case n > 4. Moreover, the tree in BT} with minimum V value is clearly
By, because when n is a power of 2, B,, is fully symmetric and hence V(B,,) = 0 is
minimum in BT},. Therefore, we can restrict ourselves to the case n > 5.

Lemma 8 Letn > 5. IfT € BT, has a leaf of depth 1, then V(T) is not minimum
in BT,.

Proof Let T € BT, be a tree with a leaf of depth 1, so that it has the form
T = By x Ty with By a tree with a single leaf and Ty € BT,_;. Let T € BT}, be the
tree obtained from Ty by replacing a leaf of smallest depth in it by a cherry (of depth
one unit larger). So, if the depths of the leaves in T are 1 < dy < d3 < -+ < dp,
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the depths of the leaves in Ty are do — 1 < d3 —1 < --- < d,, — 1, and the depths of
the leaves in T” are then ds,ds,d3 —1,...,d, — 1. Then,

S Yoo di+dy—(n—2) 1+ zdz)‘*‘dz—n—i-l
Sy = & _
~ n n
_nST)+dp—n+1 _ §(1) - d2+1
n n
and
W(T") = 2(dy — S(T"))* + ) (d; —1— 8(T"))?
7=3
— da +1\2 - 5 do + 1\2
—2(d2—S(T)+1— ) +j§::3 dj — S(T) — = )
2
el +2(1—d2+1)
n n

—9(dy — §(T))(d2 i 1) o

+2<1—d2+1)2+(n—2)(d2:1)2
(because W (T) = (1 — 5(T))> + 30 o(d; ~S(1))?)
=W(T) + (dzf () 2)2 —4—(1- 5(T))?
dy

b SI(EE) o) iy
+2- 4( )+ (dZH)
(using that 1+ Zl odi = nS( )

—W(T) + (de — S(T) +2)> — (1 S(T))* —2— "
d2+1>_2

n

n

= W(T) + (ds + 1)((12 +3—28(T) -

Then, if

(d2+1)<d2+3—2§(T)—d2:1)—2<O (36)

we have that W (T") < W(T') and therefore V(T') cannot be minimum in BT},. Let
us check now that this inequality always holds if n > 5. To do that, we rephrase it

in terms of Ty.

To begin with,

9y

§(T) _ L4+>odi  n+ i o(di—1)

_ ., = 13m)

(To) .
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Then

:(d2+1)(d2+1—

-7 Yy +1)(da +1 - 25(T0)) — 2

Now, since §(T0) > dy — 1, because ds — 1 is the smallest depth of a leaf in Tj, if
S (Th) > 2 then we guarantee that inequality (36) holds. But, since Ty has at least
n—1 > 4 leaves, all its leaves but at most two of them have depth at least 3, and if
it contains two leaves of depth smaller than 3, they have depths 1 and 2 or depth

2 both of them. Therefore,

4 14+243(n—-3) 3n—6

5(Tp) > >2 ifn>5.

n—1 n—1

Therefore, inequality (36) holds and hence V(T') is not minimum in BT}, as we

claimed. O

Lemma 9 Let T € BT}, be a bifurcating tree containing a leaf of depth d < §(T).
Let T, € BT;, be the tree obtained by removing a cherry of depth 6(T') and replacing
a leaf of depth d by a cherry of depth d + 1. Then,

§(T) —d—1

W (T}) = W(T) — ( ) (n(5(T) +d + 3 —28(T)) + 6(T) —d — 1)

Proof Let T € BT;,. With the notations on the leaves x; of T' and their depths d;
introduced at the beginning of the previous section, we shall assume without any
loss of generality that d = d; and that the pair of leaves of depth ¢ := §(T) that are

removed from T are x,,_1,x,. Therefore
ATy ={dy,....,di—1,d; +1,d; + 1,dij1, ..., dp_2,dn_1 — 1}.

Then

n—2 n
:S'\(T(;) _ Zj:l dj—|—di+2+dn_1—1 _ ijldj—Fdi—Fl—dn

n (37)
_dn=dizl_ g §-d-l

= 5(T) - -
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and
W(T) = 3 (d; = ST +2(di + 1= S(TY) + (duoy — 1 = S(T7))*
= D (d; = ST + (di + 1= ST) ~ (dn — ST
jiw@h_§uy)+1_zww4_§aw)+1
= Z(dj — ST+ (d+2— S(T))* - (6+1 - 8(Ty))?
(usin]githat dp—1=d, =0 and d; = d)
= (d; = S(T))? = (6 +d+3—25(T))(6 —d—1)
j=1
-3 (- + 1Y
-(5+d+3—2§a3+2.iigilya—d—u
= > - B+ 2(T ) S - Sy ()
—@+d+3—2ﬂTW6—d—D—2G£:%123
(6—d—1)2 _
=W(T) — -~ (5 —d— )0 +d+3-25(T))
:w«m_(ii%iiynw+d+3—2ﬂT»+5—d_n
as we claimed. O

Corollary 1 If T € BT, has the minimum value of V and it contains some leaf
of depth 6(T) — I, with 1 > 1, then
2(n(3(T) — S(T)) + 1)

>3
+ n—1

and in particular T does not contain leaves of depth 6(T) — 2 or 6(T) — 3.

Proof It V(T), or, equivalently, W (T') is minimum on BT}, and T contains a leaf of
depth d = §(T) — 1 < §(T) — 1, then, with the notations of the last lemma, it must
happen that

(8(T) —d — 1) (n(6(T) + d + 3 — 25(T)) + 8(T) — d — 1) = n(W(T) — W(T})) < 0.
Since 6(T) —d —1=1—1> 0, this is equivalent to

n(§(T) +d+3—25(T)) +6(T) —d — 1 < 0.
Replacing in this inequality d by §(7') — I and solving for | we finally obtain

~

20(0(T) = S(T) +3n =1 _ , 2(n(3(T) = $(T)) +1)

> 3.
n—1 n—1

>
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O

Corollary 2 LetT € BT, be a bifurcating tree that has a cherry of depth d < §(T).
Let T € BT, be the tree obtained by removing this cherry, leaving in its place a
leaf of depth d— 1, and replacing a leaf of depth 6(T) by a cherry of depth §(T') + 1.
Then,

S(T) —d+1

W(T:) = W(T) + ( .

) (n(8(T) + d + 3 — 28(T)) — (5(T) — d +1)).
Proof T is obtained from T); by removing a cherry of maximum depth 6(T)) =
d(T) + 1 and replacing a leaf of depth d — 1 by a cherry of depth d. In other words,
with the notations of Lemma 9, T' = (T)’,_,. Then, by (37),

ST = (=1 =1 _ gy S0 +1-d

S(T) = S((T;)y_) = S(T)) -

and, by Lemma 9,

=iy (D) o) + a - 1) +3 - 28(17)
+0(Ty) — (d—1) —1)
= W(T}) - ((S(T)J%_d) (n[é(T) +1+d+2
—2(8(1) + ‘S(T)%*‘i)] +0(T) +1 - d)
= W(TF) - ((S(T)_%) (n(5(T) + d + 3 — 28(T)) — (5(T) — d + 1))
from where the expression in the statement follows. 0

Corollary 3 IfT € BT, contains two leaves of the same depth d < §(T)—1, then
V(T) is not minimum in BT,.

Proof Let T € BT, and assume that it has two leaves, yo and 1, of the same depth
d < &(T)—1.If 6(T) + d + 3 — 25(T) > 0 then, with the notations of Lemma 9,

W(T}) = W(T) = (8(T) = d = 1)(3(T) +d +3 - 25(T) + W%)
<W(T)

and therefore V(T') cannot be minimum in BT,.
So, assume that §(T) +d + 3 — 2§(T) < 0. In this case, if one of the leaves yq or
y1 belongs to a cherry, then, with the notations of Corollary 2,

5(T)—d+1>

W(T;) = W(T) + (3(T) = d+1)(8(T) +d + 3 25(T) - T——

<W(T)
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and therefore in this case V(T') cannot be minimum in BT}, either.

Finally, if yo and y; do not belong to any cherry, let vy and vy their respective
parents and zy and z; their respective siblings, which are not leaves. Let T’ be
obtained from T by interchanging y; with zg: that is, by removing the arcs (vg, 20)
and (v1,y1) and replacing them by arcs (vo,y1) and (v1,20) (see Fig. 12). Since
dr(y1) = dr(yo) = Or(z0), the resulting tree T” is depth-equivalent to T, and in
particular V(T') = V(T"). But 1" contains the cherry (yo,y1) of depth d < §(T) —1
and therefore, as we have just seen, V(T') = V(T”) cannot minimum in B7;,. O

S - - -depthd --- - - —depth d

Figure 12 The depth-equivalent trees T' and T” appearing in the last paragraph of the proof of
Corollary 3.

We can summarize the results obtained so far in the following corollary:

Corollary 4 IfT € BT, has the minimum value of V', then it is of some type
Tn;ll,...,lj with 4 <11 < -+ < lj < 5(T) — 2.

Next lemma finally completes the proof of Theorem 2.

Lemma 10 Let T be a tree of type T,
BT, then l; > 5.

1, with § = 1. If V(T') is minimum in

.....

Proof Let T be a tree of type Ty, .1, with j > 1, such that V(7') is minimum
in BT;,. By the last corollary, we already know that 4 <1 < --- <; <6 —2. Set
§:=6(T) and m := |logy(n)], so that n = 2™ + k with 0 < k < 2™.

In the proof of Lemma 2 we saw that

1y =5 Pt Eih
n

Then, if pg < n/2, we have by Corollary 1 that

2(n(8 — S(T)) + 1) 2pyr + 30, i+ 1)

11234’ n—l :3+ n—l
NPT D G ) S S
n—1 n—1 7 n—1

which implies that [; > 5.
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Assume now that pg > n/2. In this case, we can also assume that n > 32. Indeed,
if n < 32, then m < 4 and hence, by Lemma 1, § < 6. Thus, since 4 <13 < 0—2 < 4,
it must happen that § =6, m =4, j = 1, and l; = 4. So, n = 2*+k with k£ < 15 and
since § = 4 + 2 we are in case (c¢) in the statement of the aforementioned lemma,
and therefore p; = 3-2% — k — (24 — 1) = 33 — k. Thus,

k
pO:n—p1—1:24+k—33+k—1=—18+2k<8+§:

|3

because k < 15, which contradicts the assumption that pg > n/2.

So, in particular, we can assume that T contains at least 16 leaves of depth 4.
Assume that T' contains a leaf x of depth § —4, so that T is of type Ty41,,....1;, and
let y its sibling, also of depth é — 4, and z their common parent. Since T' does not
contain either any other leaf of depth § — 4 or leaves of depths  — 3 or § — 2, the
leaves that descend from y have depths d —1 or 4. Since T contains at least 16 leaves
of depth 9, by pruning and regrafting cherries at maximum depth if necessary, we
can assume without any loss of generality that all the leaves that descend from y
have depth § and hence that the subtree of T rooted at y is the fully symmetric
tree Big.

Let 77 be now the tree obtained from T by, on the one hand, removing the leaf
x, its parent z and the three arcs incident to z, and replacing them by an arc from
the parent of z to y (which now becomes of depth § — 5), and, on the other hand,
replacing the subtree Byg rooted at y by a maximally balanced tree B;7; see Fig. 13.
From the 17 leaves in T” that are descendant of y, 2 have depth § in 7”7, and the
remaining 15 have depths § — 1, and the rest of leaves in 77 have the same depth as
in T'. In particular, 6(7") = ¢ and then T" = T}, ...;,. Moreover, py(T") = p1 + 15.
Therefore, using the expression for the variance of a tree of type 1,1 el given in
Lemma 2, we have that

j iy
nQ-V(T):n(p1+16+Zl,»2> - (pl +4+;li)

1=2

n? . V(T') = n(p1 4 15+Xj:l?> — (p1 + 15—|—zj:li>2

1=2 =2

Then, V(T") < V(T), against the assumption that 7" had the minimum value of V
of BT},. So, when py > n/2 we also conclude that if T has the minimum value of V'
of BT}, Iy > 4. O

SN-7 Proof of Theorem 3

To simplify the language, in this section and in Section SN-13, for every sequence
L= (l1,...,1;) € NV we shall set

Our goal is to prove the following result:
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depth §—1 - -
depthd -------------“- - - - - - - - -

Figure 13 The trees T and T’ appearing in the last part of the proof of Lemma 10.

Theorem 3 Asm grows to oo, the fraction of values n € [2,2™] such that V(By,)

is minimal on BT}, tends to 0.

Proof Let n = 2™ + k with m = [logy(n)| and 0 < k < 2™, and take a non-empty
sequence of indices 5 < 1; < --- < ; <m — 1 such that k < 2™ — gzl(Qli —1), 80
that

V(Tpayt) = % (@™ +mE™ k- AQ) - 2" k- BQ)*).

J

Then

nQ(V(Bn) - V(Tn;ll ,,,,, lj))
= 2K(2™ — k) — (2" + K)(2" — k= AQ) + (2" — k — B())”
= k(A(1) +2B(1) + 2"(AQ) - 2B(Q) + B()”.

Since A(l) + 2B(l) > 0 because each I; > 5 (a fact that we shall use henceforth
without any further notice), this implies that

2m(2B(l) - AQ) - BQ)*
A(l) +2B(1) '

V(Bn) > V(Tn;l1 ..... lj) — k>

So, we have the following fact:

Claim 1. If there exist 5 <1} < --- <l; <m —1, with j > 1, such that

2m(2B(1) — A()) — B()? -
A(l) +2B(1)

then V(Bam 4) is not minimal on BT, .
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Consider now the particular case of tree types T,,;,, i.e., with j =1. Set |y =z €
{5,...,m — 1}, so that A(l) = 2* — 2? — 1 and B(l) = 2 — x — 1. Then, Claim 1
implies that if n = 2" + k and if k belongs to

-2 +1

”Ol <2m(2x+x2—2x—1)—(21—33—1)2 om

Pt 3.2¢ — g2 22 —3

then V(B,,) is not minimal on BT},. To simplify the notations, let

2m (2% 4+ 22 —2r — 1) — (2 — 2 — 1)?
3.2 — g2 —22 -3 ’

Fi(z) = Gi(z) =2m -2 41,

so that this union of intervals can be rewritten as

m—1

U (Fi(@),Gi(x)]. (38)

=5

We shall prove that there exists an m; € N such that, for every m > my, this union
of intervals is the interval (Fy(m — 1), G1(5)]. To do that, we use of the next two
Claims.

Claim 2. For every m > 7 and for every x € {5,...,m —2}, Fi(z +1) < Fi(z) and
Gi(z+1) < Gi(z).

The decreasing monotonicity of Gy is clear. As far as that of F; goes, we have
that

Fi(z) > Fi(x +1)
— (2"2"+2*-22-1)— (2° —z - 1)?)
S(3-2°t — (2 +1)? 72(:c+1) 3)
> 22" + (z+1)? -2 +1)—1)— 2" — (z+1) - 1)?)
+(3-2" —2® — 22 -3)
—2%(6-2%" 42" 2p? —3. 2% —3. 2" 2y — 4. 2% — 18 27
+22% 4 32 + 8z + 18) + 2™ 1% (2® + 3z) — 42 — 6 > 0

Now, if 5 <z <m—2,

27 (6 - 227 4 27 +252 3. 2757 3.2+ _ 4.975 — 1827
+22% + 327 + 82+ 18) + 2" (2 + 32) — 4w — 6
> 2"t —3.2%0% —3. 2" — 4. 2% — 18- 27
(because x > 5)
>0t 3.2 — 3. 2m Py — 4. 2™ 2 — 18 272
(because z < m — 2)

= 2m—2(13x — 522 —18) >0
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again because x > 5. This finishes the proof of Claim 2.

Claim 8. For every m > 9 and for every z € {5,...,m — 2}, G1(x + 1) > Fi(z).
Indeed, we have that

Gi(z+1) > Fi(x)
—= (2™ -2t 1 1)(3-2° — 2% — 22— 3)
@2 1) (2 1) 0
= 22T~ —1) - 2°(5- 2" — 207 — 20— T) 2> 0
= 2m2(3.2° — 822 —8) +2°(5- 2" 2 —5.2" + 222+ 20+ 7) — 2> 0

Now, it turns out that if m > 9 and if 5 < z < m — 2, then this last inequality
holds:

o If 8 <z < m — 2, because for this range of values of x and for every m > 10,
3.2" —82°—8>0
and
28(5.2m72 _5.2% 4+ 222 4 204 7) > 2%(222 + 22+ 7) > 38656.
o If z € {5,6,7}, because

2m=2(3.2° —8.5% —8)425(5-2m% —5.25 4 2.52 2.5+ 7) -2
=12-2™ — 2978

2m=2(3.20 —8.62 —8)+26(5-2"72 - 5.20 4 2.6 +2.6+7) -2
=6(9-2™ — 2443)

2m=2(3.2T 8.7 —8)4+27(5-2" 2 —5.-2" 4+ 2. TP+ T+ 7) -2
= 78(2-2™ — 855)

and hence they are all > 0 if m > 9.
This finishes the proof of Claim 3.

Claims 2 and 3 imply that there exists an m; € N (in fact, they even imply that
we can take m; = 9) such that if m > m;, the intervals (Fj(z),Gi(x)] satisty
that both their left-hand side and right-hand side ends decrease with z, and each
interval (Fy(x), Gy (x)], for x = 6,...,m—1, has non-empty overlap with the interval
(Fi(z — 1),G1(x — 1)] on its right-hand side. Therefore, when m > mq,

m—1
U (1), Gi(@)] = (Fi(m — 1), G1(5)).

r=>

The next claim summarizes what we have proved so far:

Claim 4. There exists an m; € N such that, for every m > mq, if k € (F1 (m —
1),G1(5)], then V(Bam ) is not minimal on BT3,. .
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Let us consider now another particular case of tree types T, ..., 1;» namely those
with j = m —5 and {l1,...,l;—5} = {5,..., 2 — L,z + 1,...,m — 1}, for some
x =06,...,m — 2. In this case,

_2m3—3m2—|—7m—24
6
_m2—|—m+32
2

A(l) = 2™ — 2% + 2?

B(l)=2"—2"+x

[

m

2m—( :5(21—1)—(295—1)) = 9" £ m +26

J

and hence
1
2"(2B(1) — A) - BO* = 5 (2m+1(6 £2% 4 2m3 — 3m2 + Tm — 622 — 24)
— 327 —2p + m? +m + 32)2)

A +2B(l) = (92" — 9. 27" —2m® — 3m® — 13m + 62° + 12z — 168)

=

Thus, writing

F{™™ () = 27F1(6 - 27 + 2m® — 3m? + Tm — 622 — 24)
— 32" — 22 4+ m? +m + 32)?
F{% (z) = 2(9- 27+ — 9. 2°F1 — 2m3 — 3m2 — 13m + 622 + 122 — 168)
num den
Fy(w) = B} () " (a)
Go(z) =2+ m+ 26
Claim 1 implies that if n = 2™ 4 k and k belongs to
m—2
U (Fa(@), Ga(2)] (39)

z=6

then V(B,,) is not minimal on BT;,. We shall prove now that there exists an my € N
such that, for every m > mso,

m—2

(Pa(a), Ga(@)] = (Fa(5loga(m)]), Galm — 2)].
z=5[log,(m)]

This proof is based on the obvious fact that G5 is increasing on x and the following
two Claims.

Claim 5. There exists an mj € N such that, for every m > mj and for every
T € {6,...,771—3}, FQ(Q?-FI) > Fg(l‘)

Indeed, on the one hand notice that F{\*™ (z) can be written as

2(9-2™ —2m® — 3m* — 13m — 168 — 6(3 - 2" — 2” — 212)),
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and this expression is decreasing for € [6,m — 2] because the function = —
3-2% — 22 — 2z is increasing on [6,00). As far as Fg(mm)(x) goes, its derivative is,

up to a factor of 12 that does not affect its sign,
2% 1n(2)(2™ — 27 —m? —m 422 —32) + 27T — 2™y L m? fm — 22+ 32, (40)
Now, when x < m — 2

2% In(2)(2™ — 2°T! —m? —m 4 22 — 32)

427t _omHly 4 om? fom — 22+ 32

> 2%In(2)(2™ — 2™ —m? —m 4 2z — 32)
427t _omHly 4 om? fom — 22+ 32

=2%1n(2)(2™ ! — m? —m + 2z — 32)
427t _omHly 4 om? fom — 22+ 32

=2%1n(2)(2™ 73 — m? — m + 2z — 32)
+2m73(3. 2% In(2) — 162) + m? + m + 27T — 22 4 32

In this last expression, if z > 6 then 3-2%1n(2) — 16z > 0 and 2°*! — 22 > 0, and

2

if m is large enough, 2™ 3 — m2 — m — 32 > 0. Therefore, if m is large enough,

the derivative (40) is positive on the interval [6,m — 2] and therefore Fz(num)(x) is

increasing on this interval.
So, on [6,m — 2], Q(Mm)(x) is increasing and FQ(den)(x) is decreasing and thus

Fy(z) is increasing. This finishes the proof of Claim 5.
Claim 6. There exists an mj € N such that for every m > m4 and for every
3logy(m) <z <m—3, Fa(x + 1) < Ga(x)

Indeed, the inequality

FQ(den)(x_’_ 1)

< Ga(z)

is equivalent to
(den) . num)
E,"(x+1)-Ga(x) > Fy (x+1),

that is, to

Page 33 of 53
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— 26 27T L 2m® — 3m2 + Tm — 6(x + 1) — 24)
+3(2"2 —2(x + 1) +m? +m +32)2 >0
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Let us develop the expression in left-hand side of this inequality

2(9(2™ ! —2°%%) —2m® — 3m® — 13m + 6(x + 1)* 4+ 12(z + 1) — 168) (2* + m + 26)
—2m (6. 27T L 2m® — 3m? + Tm — 6(x +1)? — 24)

+3(2°72 — 2(x + 1) + m?* + m + 32)?

=273 2m T —3.27F2 _ 2m3 4 9m? — 3Tm + 62% — 726)
+ 2™ (—2m® + 3m? + 11m + 627 + 122 + 498)
—m?* —104m3 — m? (122 — 1) + m(36x — 796)
+ 12ma? + 3242% + 888z — 5100

> 273 2m L 3. 2m~L _2m3 4 9m? — 3Tm + 627 — 726)
+ 2™t (—2m3 + 3m? + 11m + 62% + 122 + 498)
—m? —104m® — m? (122 — 1) + m(36x — 796)
+ 12ma? + 32422 + 888z — 5100

(because x < m — 3)

=271 (9.2m~1 _9m3 1 9m? — 37Tm + 62% — 726)
+ 2T (—2m® + 3m? + 11m + 62 + 122 + 498)
—m* —104m® — m?(12z — 1) + m(36x — 796)
+ 12ma? + 32422 + 888z — 5100

=27t (5. 2™ —2m3 4+ 9m? — 37Tm + 62° — 726)
4 2m T2 9m3 4 3m? + 11m + 622 + 122 + 498)
—m?* —104m® — m?(12z — 1) + m(36z — 796)
+ 12ma? + 32422 + 888z — 5100 (41)

Now, on the one hand,
5.2 _9m3 £ 9m2 — 3Tm 4+ 622 — 726 = 5- 271 — 2m3 + 9m? — 37m — 726

and if m is large enough the expression on the right-hand side of this inequality is
positive. On the other hand, if 3log,(m) < < m — 3, then

2mHL (97T _2im3 4 3m? + 11m + 622 + 122 4 498)
—m* —104m® — m?(12x — 1) + m(36x — 796)
+ 12ma? + 3242° + 888z — 5100
> 2 (2m® — 2m® + 3m? + 11m + 54log, (m)? + 36 logy (m) + 498)
—m* —104m3 — m2(12(m — 3) — 1) + m(108log, (m) — 796)
+ 108m logy(m)? 4 2664 logy(m) — 5100

and if m is large enough, this expression (which is dominated by 3-2™+1m?) is also
positive. Therefore, expression (41) is positive for large enough m, which proves
Claim 6.
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Claims 5 and 6 jointly imply that there exists an ms € N such that if m > ms and
3logy(m) < o < m—2, the intervals (Fa(x), G2(x)] satisfy that both their left-hand
side and right-hand side ends increase with z, and each interval (Fy(x),Ga(z)],
for x = [3logy(m)],...,m — 3, has non-empty overlap with the “next” interval
(Fy(z 4+ 1), Go(x + 1)]. Therefore, when m > mag,

m—2
U (@), Ga(x)] = (Fa([logy(m™)]), Ga(m — 2)].

a=[log,(m?)]

So, using Claim 1, we deduce the following claim:

Claim 7. There exists an my € N such that, for every m > msg, if
k € (Fa([logy(m?)]), G2(m - 2)],

then V(Bym ) is not minimal on BT5,, .

Now, it turns out that if m is large enough, the intervals

(F>([logz (m*)]), Ga(m = 2)], (Fi(m — 1), G1(5)]
overlap: more specifically, for large enough m we have that
Fy([logy(m®)]) < Fi(m —1) < Go(m —2) < G1(5).

Indeed, on the one hand, the inequality Go(m—2) < G1(5), that is, 2" "2 4+m+26 <
2™ — 31, holds if m > 7. On the other hand, the inequality

Fl(mf 1) < Gg(mf 2)
=4 2 (m = 1) (m —2) —m? < (22 4+ m +26)(3-2m 7 —m? —2)
= 22m _10-2™m? + 36 - 2™m + 292 - 2™ — 8m> — 200m? — 16m — 416 > 0

holds if m > 6. Finally, the inequality F»([logy(m?3)]) < Fi(m — 1) holds for large
enough m because Fy([logy(m?)]) is in O(m?) and Fy(m — 1) is in O(2™).
Therefore, there exists an ms € N such that if m > mg,

(F2([logy (m®)]), Ga(m — 2)] U (Fi(m — 1),G1(5)] = (Fa([logy(m*)]), G1(5)]
and setting M = max{mi, ms, m3} we deduce from Claims 4 and 7 that, for every
m > M, if

n € (2" + Fy([logy(m?)1),2™ + G1(5)]

then V' (B,,) is not minimal on BT};,. Let us mention incidentally that 2™ + G1(5) =
2™+l _ 31 and in Section SN-13 we shall prove that this end can be replaced
optimally by 2™*! — 30. This does not change what remains of our argument.
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Since Fy([logy(m®)]) ~ gm?, we deduce that, for every m > M, the cardinality of

the set of numbers n € [2™,2™F1) such that V(B,,) is minimal on BT}, is in O(m?).
Then, for every m > M, the fraction of values n € [2,2™T1) such that V(B,,) is
minimal on BT}, is bounded from above by

2M+1+ZZI_M+1P3) _ ( mA )

2m+1 2m+1

o
which tends to 0 as m — oco. O

SN-8 Proof of Proposition 1

To begin with, notice that the index S(? satisfies the following recurrence.

Lemma 11 For every T € T, if T =Ty x -+ - x Ty, with k > 2, then

n’
k

SE(T) =" ST, +2Zs

i=1

Proof Under the hypothesis in the statement,

k k
SN =3 S =Y S one 17

1=1 2eL(T;) =1 xEL(T-)
k k

:Z Z +22 > @)+ Y |L(T,
i=1 2€L(T, i=1 z€ L(T}) i=1
k

=y (2)(Ti)+2ZS(T)+n
i=1 i=1

as we claimed. ]

Now, our goal is to prove the following proposition.
Proposition 1 For everyn > 1, Ey(S(Q)) 2n(2H?2 — 3H,, — 2H? + 3).

Proof When n = 1, both sides of the identity in the statement are equal to 0, and
therefore we shall consider henceforth only the case n > 2. Recall from equation
(11) that, if T}, € BT(Xy), where X, C [n] with |Xi| = k, and T]_, € BT(X}),
where X7 = [n] \ X}, then

Py)n(T;C *Tv/sz) = (_QI)UPYk(Tk)PYn k(Trlsz)'

Since every T € BT, with n > 2, is produced twice by choosing an integer k =
1,...,n — 1, a subset X}, C [n] with |X;| = k, a tree T, € BT(X%), and a tree
T . € BT( ), and taking T'= Ty x T, _,, equation (11) and Lemma 11 allow us
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to compute Ey (Sy ) ) from its very definition as follows:

v(S) = 30 S(T) - Py, (T)

TeBT;

n—1
Z >y S ST+ T ) Prn(Ti+ T) )

iX C‘[ TkEBﬂXk)T' kEBT(XC)

| =

;2() > Y P+

TweBT; T, ,€BT, 4

+28(Ty) +28(T,,_x) +n) - Py i (Ti) Pyn—i(T),_1,)

2
(n=1)(})

(by the shape invariance of Py, Lemma 11, and identity (11))

(Z Z S Tk PYk Tk)PYn k(TylL_k)

k 1 Tk T' k
+Z > ST ) Py (Te) Py () )
Te Ty
+2> > S(T0) Py (Ti) Py k(T )
Te T, _y
+2 > S(T) ) Prs(Te) Prn—i(T) )
T Ty,
130 3 PralTi) Prox(T )
Tk Tr,z k
n—1
1
_ (2) 2)
= ; (ZS (Tk) Py (Ti) + Z ST k) Py -k (Ty )
= k n k
+2ZS Tk) PYk Tk) + 2 Z S( )PY,nfk(Tnfk) +TL>
n—1
1
- — Z(EY(SIEQ))—FEY(SS,),C)+2Ey(Sk)+2Ey(Sn,k)+n)
n b1
n—1 4 n—1
= e Z Ey(Sk) +n
k=1
In particular,
9 n—2 n—2
By (8,%) = ——5 > By (S<2>)+—ZEY S)+n—1
k=1

and therefore

2 2 4
By (S) = —=By(S,2)) + — Z By () + ——= By (Su-1)

4 n—2

“rm ; EY(Sk) +n
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2 n—2 2 2 4
= BEy(SP )+ —=. > By (S) + =1 By (Su-1)

n—1 n—1 n—2 1
) k=1
n—2 4 = n—2
: §E i n—=1)+2
PR P y(Sk)+ — (n—1)+
2 2) 4 &)
=—F —E —E
— v (S,) + 1 y(S 1)+ — (S 7))+

(2) 4
= E Ey(Sn-1)+2
n—1 v (a0 + n—1 v (Sn-1)
If we let z,, = %Ey (5’7(12)), dividing this last equality by n we obtain

4 2

n — In— —F Sn— —
* o 1jLn(n—l) v( 1)+n

and using the formula for Ey (S,) given in (13), this recurrence becomes

2 8 6
Ty = Tp_1 + 2n—1)(Hp1 — )+ —=ap1+—Hp1 — —.
n n n

4
n(n —1)
Then, since ;1 = 0 and

n—1

Hy,

1k:—i—l

1
= i(HTQL - H7(L2))’

>
Il

(for a proof, see Lemma 1.(4) in the Supplementary Material of [1]), we have that

R AL

k=2 k=1
= 4(H? - H®)-6H, +6

from where we finally deduce
Ey(S®) = nx, = 2n(2H2 —2H® — 3H, + 3)

as we claimed. O

SN-9 Proof of Proposition 2

Proposition 2 For every n > 2,

n—1
2n — 2)!!
By(SP) =2 Chn-rBu(S,”) +2n- (zn_giu

— 3n.
= (
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Proof Arguing as in the beginning of the proof of Proposition 1, but using identity
(12) instead of (11), we have:

v(87) = S SO(T)- Py (T)
TeBT,

% Z Z Z Z ST, xT)_1) - Pun(Tix T _y)

k=1 ‘}i(kc‘[”] TkeBﬂXk) / kGBT(X )
k=

% ()Z S (SO + SA(T!_,)

TweBTy T! _, €BTh_k

F2S(T4) + 25(T) ) + 1) - ZOg;Lg"“PU,uTk) Py n(T] )
k
:ZZZO’M k(S(2 (Tk)+S(2( )+25(Tk)+25( )+n)
k=1 T T!

Py () - Pujp—i(T,_1)

_chn k(ZZS(2 Tk PUk Tk)PUn k( n— k)

T T’

n—k
+Z Z ST, _ )Py so(Th) Pun—i (T )
Ty T,
+QZ Z S(Tw)Puk(Tk)Popn—i(Ty_y)
Tk T}y,

+22 Z S(T} 1) Pui(Ti) Pun—i(Th_p)
T

T
nk

k
+Z Z TLPUJQ(Tk)PU,’I’L—k(TT/L—k))
T T/
n—1

=Y Chn- k(zs( )(T0) Py (Th) + 252) ni) Pun—i(Ty )

k=1

+2 3" ST Pus(Ti) +2 Y ST ) Puni(Th_i) +n)
Te T .
n—1

=Y Chn- k(EU(S( N+ Eu(SP ) + 2E0(Sk) + 2By (S )+n)
kil— n—1 n—1
= Z k,n— kEU S(Q) +4ZO]§” kEU(Sk +nZC’kn k

k= k=1 k=1
(by the symmetry of Cn— k)

(S @) <k—2>!!

k=1 kl

—4 i Crn—ikk +n i Crn—k
k=1 k=1

(by identity (14))

s ) (2n —2)!!
= QZCk,nkaU(S ) + 2n (m
k=1 -
(by Lemmas 3 and 4)
i, (2n — 2)1!

=2 Z Ck,n—kEU(S](CQ)) + 2n m
k=1 -

—1)—2n—|—n

—3n
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as we claimed. O

SN-10 Proof of Proposition 3

We establish first a general result on expected values of bifurcating recursive shape

indices in the sense of [4] under the uniform model.

Definition A bifurcating recursive shape index is a mapping I that associates
to each bifurcating phylogenetic tree a real number R satisfying the following two

conditions:
(a) It is invariant under tree isomorphisms and relabelings of leaves.

(b) There exists a symmetric mapping f; : Nx N — R such that, for every pair of
bifurcating phylogenetic trees T, T’ on disjoint sets of taxa X, X', respectively,

IT+T') = I(T) + I(T") + f(|X],|X"]).

Lemma 12 Let I and J be two bifurcating recursive shape indices, and let I,, and
Jp be the random variables that choose a tree T € BT, and compute I(T) and J(T),
respectively. Then, for every n > 2, the expected values of I,,J,, and I? under the

uniform model are

n—1

Eu(Lnn) = - Cioni (2B0 (IeJi) + 2B0 (1) Eu (Ju )

M ik — KBy () + 2fs (ko — k) Ey (1)
+ filk,n = k) fa(k,n— ) (42)
By(I}) = X_: Crn—r (ZEU(I,f) + 2By (1) Ey (1)
T 4l = WE (T + filkn — R)?) (43)

Proof To prove (42), we develop Ey(I,J,) as we did with E(Sg)) in the proof of

Proposition 2:

EU(Ian) = Z I(T)‘](T) : PU,n(T)

TeBT,
n—1
1
IS Y Y Y BT )T T PG T
k=1 XpGln] TR eBT(Xy) T _, €BT(XS)
[ X =k
1 n—1

(1) & % @)+ st - n)

2
k TWeBTi T/, _, €BTn_»

-1
2Ck n—k

(%)

(I(T) + J(Ty ) + f(k,n — k) Pu,o(Ti) Pon—i (T —1)
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n—1
= Crnr Y, Z (I(Ty) + I(T}, ) + fr(k,n — k)
k=1 TLEBTL T, _, €BTn &

(J(T) + (T, - k) + fr(k,n— k) Pui(Ti) Pup—i(Th_)

ickn kZZ( J(Ti) + 1Ty i) (T, )
+ I(TW)J(T! ) + (T, _ ) J(Ty) + fr(k,n — k) I(Ty)

+ falkn = KT, ) + filkon = K)I(T) + fulkon = K)J(T;, )
+ frlksn = k)£ (k,n = k))PUuTk)PU,n_k(T,a_k)

—ZC’” k(Z Z ( J(Ti) Poi(Ti) Pun—1(Ty— )

+ I(Ty/z—k)J(Tr/L—k)PU,k(Tk)PU,n—k(Tr/L—k)

+ I(Ti) (T3 ) P e (Te) Pun—1(Ty )

+ I(T, ) J(Ti) Pu e (Tie) Pn—1 (T )

+ falk,n = k)I(Tk) Pui(Th) Pun—k(T5, )
+ falk,n = k)T, ) Pus(Te) Pupn—k(T) )
+ fir(k,n = k)J(Tk) Pog(Ti) Pun—n(T5, 1)

+ ff(k’ n— k)J(T'r/z—k)PUJC(Tk)PU,n—k(T'rll—k)

+ fr(k,n —k)fi(k,n— k)PU,k(Tk)PU,n—k(Tr/L—k)>>

_ZC;M k(ZI T3)J (1) Pyi(Tk)

+ Z (T ) I (T ) Pun—1(Tyy )

(ZI T PUJc(Tk))( > J(Té_k)PU,n—k(Té_k))
Ty ¢

n—k

+ (32 1T Poe(To)) (D (@) Pus(T))
Ty

’
n—k

+ Lk, = k) Y I(Te) Pug(Te) + fa(kyn = k) Y 1T, ) Pun—i(Th_)

Ty Tk
+ fr(kyn = k) > J(Te)Pus(Te) + fr(k,n = k) Y J(Th_4) Pon—i(Th_y)
Ty Tr/hk

+f](kan_k)fJ(k7n_k)>
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= Z Chn— k:( (Ukdk) + Eu(In—kJn—k) + Ev(Ix) Ev (Jn—r)

+ EU(In—k)EU(Jk) + fj(ki, n— If)EU(Ik) =+ fj(k, n— kJ)EU(In_k)
+ f[(k7 n — k)EU(Jk) + fr(k,n — /{Z)EU(Jn,k)
+ filkn = k) f5 (k= R))

n—1

= Z Crn—k <2EU(Ika) + 2By (Ix)Ey (Jn—k)
=1

2 sk, — K)Eu (L) + 2f1(k,n — k) Eu(J) + fr(k,n — k) f5(kn — k;))

using the symmetry of C ,—g, f1(k,n — k), and f;(k,n — k).
As for (43), it is obtained from (42) by taking I = J in it. O

Now we can use equation (43) in the last lemma to derive the recurrence in
Proposition 3.

Proposition 3 For every n > 2,

n—1
5n?  (2n —2)IM!
2
Ey(S3) —2;le” kEU(Sk) - 7(271_3)” —n(bn —2)

Proof Applying equation (43) taking as I the Sackin index S, for which

fs(k,n—k)=n [7]
Ey(Sy) = k(m - 1) [5, Thm. 22]
we obtain
= S Chn—t (2B0(SE) + fs(k,n — k)2 + 4fs (K, n — k) Eu (S)
k:1+2EU(Sk)EU(S )
_:Zickn k<2EU(Sk +n?+4n k( ;Z_z:: )
w200 (G - ) (G )
Yo k(QEU<Sk>+n a2y
260 = = (oo 20
ok(n — k)m k(n — k) - W)
= (k=2

2

k=1
(%% (2n— k) 2! (2k — 2)1
F2R = k) = G k) —gn k) )

= ()
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because, by the symmetry of Cy, ,,_,

(2(n — k) — 2!
ZC’M kh(n — k)7 ZC’M kk(n —Fk) - 2(n—k) -3
and
n—1
chn k(n —4nk+2kn— chn k n— ) —3k2)
k=1

=2 Z Chon—kk?.
k=1

Simplifying one step further the sum (%), we finally obtain

Ey(Sh) —QZCkn »Eu(S7) —2201”1 kk2+4gck" k* w
n-l 2k =21 (2(n — k) —2)!!
T2 Crnoik(n =) 2k —3)11 (2(n— k) — 3)! o

k=1

The values of the first two sums appearing in the independent term in this recurrence
can be computed using Lemmas 3 and 4:

n—1 n—1
chn ik? —QZCIM k<> chn—k(];>

n n — 2)!l n n? n (2n-2)!
:(2>(1_2(n11).gnz;!!)+2:2_4.gn§;!!

= (2k — 2)11

EC’“”"“I“ (2k —3)1
IS K\ (2k —2)I! = kY (2k — 2)I!
- 2k:1 Chon—k (2) 3 k;ck nk<1> =3
_(n\/(2n—2)!! n /(2n —2)!
_(2 ((21173)” 2) 5((2,%3)'1_1)
o n? (2= n(2n-—1)
T2 (@2n-3) 2

2%k — 2)1(2(n — k) — 2)!!
2k — 3)1(2(n — k) — 3)!!
2 nl(2k = 3)N(2(n — k) — 3)Wk(n — k)(2k — 2)1(2(n — k) — 2)!1
2 (2n — 3)Wkl(n — k)!I(2k — 3)1(2(n — k) — 3)!!
nl k(= K2V (k= D122 R — k1)
2-(2n—3)!! = El(n — k)!

n! ity n!(n — 1)2”_3 n(n — 1) (2n — 2)!!
277, 2
Al Z

(2n=3! 4 (2n—3)!
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So, the independent term of the expression for Ey;(S2) given by equation (44) is

n—1
(26 -2
2 2
4 E Crn—ik (2h = 3)” -2 E Crn—rk™+

k=1
n—1
2k =2 (2(n—k) —2)!
2 Cn—ik(n —
422 Conabn =B g0 1) 30
_4(nj (2n —2)!! _n(2n—1)) _Q(nj_g (2n—2)”)
SN2 (2n-3)! 2 2 4 (2n-3)!
+n(n—l) (2n —2)!!
2 (2n — 31l
5n?  (2n —2)!!
LA L s’ —9).
> @n_au "n—2
This completes the proof of the identity in the statement. O

SN-11 Proof of Theorem 6.(b)

In this section we prove the following result.

Theorem Let ®,, be the random variable that takes a tree T € BT,, and computes
its total cophenetic index ®(T). Then, for every n > 2, the variance of ®,, under

the uniform model is

s = (5) B ()= B

i) s

Proof If we apply identity (43) in Lemma 12 taking as I the total cophenetic index
®, for which

folk,n —k) = <§) + (n ) k) [5, Lem. 2|
Eu(®y) = ;(g) (M - 2> [5, Thm. 23]

we obtain the following recurrence for Er(®2):

() (2 NG Gan )

)
)
SO GG ) @
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currence. To begin with, we have that

simplify this re

Let us

N
2 - — =
= _nzﬂ\sj x|
™ | — = N ] [ |1
_WW%%/\QW,QQMM/ el
= N N b N
23__%%(\2 ele ele
e~ 0= + g S| &
< | [a\] 2 AN _, .~~~ ~ I~ _. _.
NN N — == —~ I/~ ==
I gl XA <t | e 3 (Al Kap
PR SN LYo LT
% ™ 3o« SlZ = ==&  ETx
SN~— N\ N~ | —
P N (.
N Ze —— N ||| /X
T NP EEETY vl T D E|IE
o =R e S e
S N~ == AR L L
— |l cx T EEESRETT
4+ ol T g ~ A
QN S I A A R
Za < 3 aagdd xle + zledd
N~—— N — =
N s T ™ TN e P -
~ X N e T Y
[ P | o | o= = (S
+ = ST S & w e
= e e
A~ D T TN

= Orb—k,ky

and then, using that Cj ,_j

(a\]
|
==
| ™
o = |=
SIS =
S— | —
~— | [
— e —
Za ZE |
~— ™
— 1 ZEF s
——
=< el IR RS O T
< Sle NN X a | |
S— | —
< Tl a S N
S— | — —_ | =
+ /I\@MI\\LMM/%/\QWMMM/
NS — | ]
% ™ o~
R A KA I S
N | I
== == ==
+ 23MI/|.I.WWVW>WWVW
« NN =S Ll
— NGO - N
\l/%% - [ I ) o e |
~2 I I ele Q| + SN
_2(\2 22((\2 ~— | —
TN T NI~ TN/~ 7
e < < — oo
/l\,n/. | o 2 _2(2\_2
+ S e D R e
N | N

omes

so that (45) bec

1
nk(

n—kEu(27) +2)  Cy,
k

(2k — 2)11
(2k — 3)1I

k2
)

=1

n—1
Z Ok,n—k(
k=1

n—1
23 Cy,
k=1

Ey ()

==
e
[
|~
2 |2
[
g |
S— | —
NN
==
=I=
e
[
2 |2
NN
S— | —
N
=2

[N
N

~_
N

1
2

i\ 2
)

(46)
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Now, using Lemmas 3 and 4 we have that

L onns{y) = o(0) +o5) + ()
:3<Z)( - 16(;5— 1) gZ—g:D +3<Z> (1 h 4(n3— 1) gzigb
+ ;<721> (1 - 2(n1— 1) 82_31:)
1 <n>2 _ n(15n2 —27n+10) (2n —2)!!

2\2 27 "(2n - 3)ll
L = nZl un(63) +o3) + () G
=3(3)(=am 5 ()(E?Z?j -3)

+

=0

As for the remaining sum in the right hand side sum of (46),

n 2n 2)!!

(5) (= -

> (2n —2)N 12n% — 20n + 7
(2n —3)N ( ) 15

2
)

o)) et s 2
() () et

_n_Qn!(Qk—3)!!(2(n—k)— 3INkl(n—k)128=1(k—1)12"* L (n—k—1)!
_Z 2(2n—3)1k!(n—k)122(k—2)! (n—k—2)!(2k—3)11(2(n— k) —3)!!

n'2”* =2

3
|
N

n—2

nl2n—>
- (2;2— 3)!!(( D (k=1)- Z(k_1>k)

k=2

<><< 22 ()

=1

( )= D=0 G

S >
Il
w N

Therefore, returning back to (46), its independent term turns out to be
n—1 2
(2k — 2)!
2 n— n—
2O () G ZC’“ k

BARS I
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B 1/n\”(2n —2)! n\ 12n% — 20n + 7
B (2(2) (2n —3)!1 (2) 15 )
1/n\> n(15n2—27n+10) (2n—2)1\ 1 /n\ (2n—2)!
-2 (2 (2) a 27 ' (2n3)!!> + 8(4> (2n — 3)!!
n(49n? — 5Tn? — 22n +24) (2n—2)!'  n(n —1)(63n% — 95n + 28)
192 (2n =3I 60

So, the sequence Er(®2) is the solution of the recurrence

n—1
63n* — 158n3 + 123n? — 28n
Xn=2Y Crn Xy —
kz:l kn—kEk 60
N 49n* — 57n® —22n% + 24n  (2n — 2)!!
192 " (2n - 3)!!

= 126 (n n n
=2 Crn— X — — —22 -3
> =2 (1) -2(3) -5(3)
+<@ n +& n Jr@n 7i)(2n72)!!
g\4) " 32\3) T16\2) " 32" (2n -3l
with initial condition X; = Ey(®%) = 0. By Proposition 6, this solution is
256 (n n n
Ep(®2) =28(" ) + =2 26 3
oty =n(5) 5 (5) +2o(3) +5(3)
_(@ n +§ n +§ n ) (2n —2)!
s\a) T2 \3) " 2\2)) @3

B (n) (7n3—|—n2 —8n+1 2In°—17n—2 (2n—2)!!)
2

15 32 " (2n — 3!
Finally,
UU((I)n)2 = EU(q)?v,) - EU((I)TL)2
[\ /P 4+n®—8n+1 21n® —17n—2 (2n—2)!!)
- \2 15 32 (2n — 3)!
2 — ) 2
_1/n ((Qn 2 2)
a\2) \(2n =3)1
~(n\ (2n—1)(7Tn? — 3n — 2) _(n 5n?—n—2 (2n—2)!
2 30 2 32 (2n — 3)!!
1/n 2((2n— 2)!!)2
4\2) \en—3n/ -
This completes the proof of Theorem 6.(b). O

SN-12 Proof of Theorem 6.(c)

In this section we prove the following result.

Theorem Let S, and ®, be, respectively, the random variable that take a tree
T € BT, and compute its Sackin index S(T) and its total cophenetic index ®(T).
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Then, for every n > 2, the covariance of S, and ®,, under the uniform model is

n 26n2—5n—4_3n+2 n\ (2n — 2)!!
2 15 8 \2)(@n—3)

n(n ((Qn - 2)!!)2

2\2/\(2n—3)!!
Proof If we apply identity (42) in Lemma 12 taking as I and J the total cophenetic
index ® and the Sackin index S, for which we have that

sitn 0= (o)« ("5"). e =5() (G )

Covy (P, Sp) = (

fs(k,n—k) =n, EU<5k>=k(m‘1)’
we obtain
Ey(®,S,) = i Crn—k <2EU(<I’kSk:) + ”(5) (g::?&;:: B 2)
2 1!

= (o) (G ~2) =
2

ca(5)+ (" DR -0 () + ()
_ :Z_:Ick,nk <2EU(<I>kSk) + n(];) + n(" 5 k) 4k <§)
) (2k —2)11(2(n — k) — 2)!!
(2k — 3)1(2(n — k) — 3)I!

I kY (2K — 2)!
i Tk (2) 2k —3)1I

Now, using the symmetry of Cj ,_; we have that
n—1
k n—=k k n—=k
;C’km_k(n<2) +TL( 9 > 4k<2) — 2k< 9 ))
n—1
k k k k
_ kz_:l Chom—i (n (2) + n<2> 4k (2) —2(n— k) <2>)
B n—1 k
=-2Y Chni <2> k
k=1
and

i K\ 2n—k) -2 &= n—k\ (2k — 2)!
> st =0, G~ 2 (") G
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and therefore we can simplify (x*) one step further, and we obtain:

Ey(®,5,) = (xx)

n—1 n—1
K\ (2k — 2)!
=23 CrntEu(®xSt) + Y Cron- k<3k(2>(%_3)”

k=1 k=1

k k\ (2k — 2)!1(2(n — k) — 2)!!
2’“(2) +(n=k) (2) (2k — 3)11(2(n — k) _3)!!> (47)

We can compute now the three sums that form the independent term in this

recurrence. To begin with, by Lemmas 3 and 4,

n—1 n—1
ch,n—kk<];) =3Y Crn s (];j +220k n— k( )
k=1 k=1

n n — 2)! n n—2)!!
B 2(3) (1 - 4(n3— 1) gn—g' ) + (2> (1 2(n1— 1) Egn—gn

n(n n(3n—2) (2n—2)!
<>_ 16 (2n—3)

zgfck,nk(l;)( QZCM k( ) 2:_31!
S0 . ()inii?i )
2

-3() B2 )

As for the remaining sum,

n-1 k\ (2k — 2)1(2(n — k) — 2)!!
2 Cini(n— k) (2) @k —3)1(2(n — k) — )1

nl(2k — 3)1(2n — 2k — 3\ (n — k)k(k — 1)(2k — 2)!1(2n — 2k — 2)I!

:; 4 (2n = 3)k!(n — k) (2k — 3)11(2(n — k) — 3)!!
B nl 22k (k — 1)12n R (g — | — 1))
4. (2n - 3)!! P (k—2)!(n—k—1)!

nign—4 Lzl —2/n\ (2n — 2)!
(2n —3)! 2/ (2n—3)!
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So, the independent term of equation (47) is

n—1 n—1
kY (2k — 2)!! k
’ kZ:l C’“”’“k(2> @k —3m > k; Crni <2> F

iy k\ (2k — 2)!1(2(n — k) — 2)!!
+ Z Cen—k(n = k) (2> (2k — 3)11(2(n — k) — 3)!!

=03 <>§3z_§;:: 0 ()
2(3(5) - M2 Gy 2 () Lo
- Eiﬁjii..—(g)@n_m.

In summary, we have proved so far that the sequence Ey(®,S,) is the solution

of the recurrence

n(13n? — 9n -2) (2n-2)!
" (2n - 3)!!

n—1
X _QZCkn ka— 5n— <
k=1

n—1
=2> Cim- ka15< ) ( )
k=1
Jr(@ n Jr15 Jrl )(2n—2)
s\3) "1 8 ") 2n—3)n
with initial condition X; = Ey(®1.51) = 0. By Proposition 6, this solution is

mo@as =0 (1) +2s(3) s(3) - (B(5) +a(3)) i

_(n>(26n2+10n—4 15n + 2 (2n—2)!!>
=, _

15 8  (2n—3)!l
Finally,
Covy (P, Sn) = Eu(®nSn) — Eu(®n)Ey(Sn)
612 +10n—4 15n4+2 (2n —2)!!
( ) ( 8 (2n — 3)!!)
1 2n — (2n —2)!
2( ) (2n—3)1l 2)”((%—3)!! _1)
26n? — 5n — 4 _3n+2 (2n =2 n(2n—2)2
(2) 15 8  (2n—3)!l _5((271*3)!!)
This completes the proof of Theorem 6.(c). O

SN-13 Proof of a result stated in the Conclusions
In this section we prove the following result.

Proposition 5 Let n = 2™ + k with m = [logy(n)] > 5 and k < 2™.
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(a) If k > 2™ — 29, the minimum value of V' on BT}, is reached exactly at the trees
of type F,.

(b) If k = 2™ —30. the minimum value of V' on BT}, is reached exactly at the trees
of type F,, when m < 7 and at the trees of type Ty.6 if m = 8.

Proof Let n = 2™t —  with m = |[logy(n)| > 5 and = < 30, so that, with our
usual notations, k = 2™ —z. For every j > 1l and 5 <[y <--- <l; <m,
J
k+y (@i-1)z2m—z42°—1>2m
i=1

and therefore, by Lemma 1, every tree Twiy,...1; with 7 > 1 has depth m + 2 and

J J
pr=3-2"—k—) (2" -1 =2""" 4 (2" —1).
1=1

=1

However, recall from that lemma that not every such tree exists: it must also happen
that

1 ; L m s d li—1
k+§;(2 —2)>2™ ie, x<§(2' —1).
We shall use this restriction later in this proof.
Now, by Lemma 2, and using the notations
J J
A =Y _(2" -2 -1), Bl => (2"—1—1)

i=1 i=1

introduced in at the beginning of Section SN-7, we have that

J J
W (Ttst) = = (o + D2 1) ~ (o1 4 3010)
=1 i=1
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= (@ - - AW) - @ 4o - BW)Y)
= s (27 EBW) - AW) — BO) ~ 202" 4 2) + 2(2B() + AW)).

Thus,

2k(2m — k)  2z(2™ —x)
. )< n) = =
W(Tn,ll,...,lj) W(B ) om + k 2m+1 —x

if, and only if,
2" (2B(1) - A(L) - B(1)? - 22(2™" + 2) + 2(2B() + AQD) < 22(2™ — ),
which is equivalent to

(2™ = B)(B() — 32) + (2™ — 2)(B() — A() <0, (48)
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Since B(l) > A(l) (because j > 1 by assumption) and B(l) < Y./ 2° < 2™+ and
we are assuming that « < 30, inequality (48) implies that

(2™ — B()(B(L) — 90) + (2" = 30)(B(l) — A1) < 0. (49)

In this inequality’s left-hand side expression, we know that B(l) < 2™*! and, since
m >5and j > 1, (2™ — 30)(B(l) — A(1)) > 0. Moreover, since 2° — 5 — 1 = 26,
26 6 —1=57,and 27 — 7 — 1 = 120, it turns out that if some /; is larger than
6, then B(l) — 90 > 0. Therefore, inequality (49) can only hold when j = 1 and
ly =5,6 and when j =2 and l; = 5,ls = 6.

In summary, if V(T5,,...1,) < V(By), then {1, ...,1;} is either {5}, {6}, or {5,6}:
in all other cases, V(B,) < V(Tyy,,....;). Let us check now these three remaining
cases:

e If {l),...,1;} = {5}, then the necessary condition z < 37_, (2%~ —1) for the
existence of T, 5 is satisfied only when x < 15. But since B(5) = 2°—~5—1 = 26,
A(5) = 25—5%2—1 = 6, and m > 5, the left-hand side expression in (48) satisfies
that

2™+ —26)(26 — 3z) +20(2™ 1 — 2)
> (25 — 26)(26 — 3x) +20(2° — x) = 2268 — 134z > 0

when < 15. Therefore, for the range of values of n considered in the state-
ment, when T,,.5 exists, V(B,,) < V(Ty:5).

o If {l1,...,1;} = {6}, the necessary condition = < Ztﬂ?li*l — 1) for the
existence of T}, is satisfied for every x < 30. In this case, B(6) =26 —6—1 =
57 and A(6) = 2% — 6% — 1 = 27, and inequality (48) becomes

(2m T — 57)(57 — 3z) +30(2™ ! —2) < 0.

Now, a simple computation shows that if 5 < m < 7 and z < 30, this inequal-
ity is not satisfied. As far as when m > 8 goes, if x < 29, then

(2™ —57)(57 — 3x) + 30(2™ ! —z) > (27 — 57)(57 — 87) +30(2° — 29) > 0
but when z = 30,
(2™ — 57)(57 — 90) 4+ 30(2™*! — 30) =981 — 3 - 2™ < 0.

This implies that if m > 8 and x = 30, V(T},6) < V(By,), while if m > 8 and
r<29o0rif 5<m < 7and x <30, V(B,) < V(Tye)-

o If {I1,...,1;} = {5,6}, the necessary condition = < S>7_, (25~ — 1) for the
existence of T,,;5 ¢ is satisfied for every x < 30. But in this case B(5,6) = 83
and A(5,6) = 33, and then, when m > 5, the left-hand side expression in (49)
satisfies that

(2m+ — 83)(83 — 3x) + 50(2™ T — 1)
> (2° —83)(83 — 3z) +50(2° — ) = 7w + 1623 > 0
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So, in this case inequality (49) does never hold, and therefore V(B,) <
V(Ths6)-

In summary, for every m > 5 and for every n = 2™+l — 2 with » < 30, V(B,) <

V(Th,,...1;) for every j > 1 and 5 < I3 < --- <[} < m except when m > 8 and
x = 30, in which case V(T5,6) < V(Bn) < V(Ty,,....1;) for every other type of trees

T,

I with 5 > 1. O

AT
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