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Chemical reaction network

The chemical equations for smallest bistable system by Wilhelm [1] is shown
below:

S + Y
k1−→ 2X (Reaction 1) (1a)

2X
k2−→ X + Y (Reaction 2) (1b)

X + Y
k3−→ Y + P (Reaction 3) (1c)

X
k4−→ P (Reaction 4) (1d)

The ODE system to model the dynamics of the above reactions is as follows:

ẋ = 2k1y − k2x
2 − k3xy − k4x (2a)

ẏ = k2x
2 − k1y (2b)

Species S and P are assumed to be constants in this model. S is incorporated
in the value of k1.

Eigenvalue Analysis

For the system in Eq. 2, there are three real and non-negative solutions (or
steady states) from solving ẋ = ẏ = 0:

• (x, y) = (0, 0)

• (x, y) = (−B±
√
D

2A , k2x
2

k1
), where B = −k1

k3
, D =

(
k1

k3

)2

− 4
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k1k4

k3k2

)
, and

A = 1

The system can be linearized about these steady states:

ż = Jz (3)

where z = [δx, δy]T and the Jacobian matrix is as follows:

J =

(
−2k2x− k3y − k4 2k1 − k3x

2k2x −k1

)
(4)
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The eigenvalues (λ1, λ2) of J can then be computed to determine if the
steady state is stable, unstable, or a saddle node. Choosing the rate constants
k1 = 8, k2 = k3 = 1, and k4 = 1.5 [1], the results of the above analysis are
summarized in Table 1.

Table 1: Summary of eigenvalue analysis on the simplest bistable system [1]

Solution 1 Solution 2 Solution 3
Steady States (x, y) (0,0) (2, 0.5) (6, 4.5)

Jacobian J

(
−1.5 16
0 −8

) (
−6 14
4 −8

) (
−18 10
12 −8

)
Eigenvalues (λ1, λ2) (−1.5,−8) (−14.5, 0.54) (−25.04,−0.95)
Stability Property Stable Saddle node Stable

There are two stable steady states, which make this system bistable.

System of ODEs and parameter values for a larger bistable system
from [2]

Figure 1: ODEs and parameter values for the bistable system in Figure 10. The
reactions and parameter values are taken from [2]
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