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We propose a step-by-step mathematical derivation of Equation 4 to
compute dk1,k1k2 , which is the distance between the centroid of ellipse k1
and any point on its border in the direction of the vector towards the cen-
troid of another ellipse k2. We detail this calculation only for dk1,k1k2 , as the
calculation for dk2,k1k2 is identical by symmetry (where k1 is replaced by k2).

Let us recall that ellipse k1 centered on µk1 ∈ Rp is defined by p axes
which correspond to the normalized eigenvectors {uk1,j}j=1,...,p of the co-
variance matrix Wk1,p, of length

√
λk1,j , where {λk1,j}j=1,...,p are the eigen-

values of Wk1,p. The mean-mean vector is given by µk1µk2 = µk2 − µk1 ,
where µk2 ∈ Rp is the centroid of ellipse k2.

Let µ̃k1 ∈ Rp be the vector of coordinates µ̃k1,j , j = 1, ..., p. Each coordi-
nate then represents the orthogonal projection of the normalized mean-mean
vector on an eigenvector, as follows:

µ̃k1,j =

〈
µk1µk2

||µk1µk2||
,uk1,j

〉
,

where 〈, 〉 is the scalar product. See Equation 5 for the expression of
vector µ̃k1 in matrix formulation.

LetD ∈ Rp×p be the diagonal matrix containing the values {
√
λk1,j}j=1,...,p,

we define vk1 ∈ Rp as follows:

vk1 = D−1µ̃k1 .

This corresponds to the linear application that moves the ellipse into the
unit circle. Since the unit vector given by the cluster centroids is transformed
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by this application, we can write:

||vk1 || =

√√√√ p∑
j=1

µ̃2k1,j
λk1,j

.

We notice that in the unit circle, the distance between µk1 and any point
on the border of the circle is 1. We can therefore write the ratio between
this distance and the norm of the transformed mean-mean vector.

Recalling that a linear application preserves the ratios between lengths,
we can define the distance dk1,k1k2 by inverse application (whereby the unit
circle is transformed into the ellipse) as follows:

dk1,k1k2 =
1

||vk1 ||
=

1√∑p
j=1

µ̃2k1,j
λk1,j

.

By symmetry, we have:

dk2,k1k2 =
1

||vk2 ||
=

1√∑p
j=1

µ̃2k2,j
λk2,j

.
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