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Appendix A
Additional Examples

FEzxzample 1

Consider the following program to determine whether a list is a sublist of another. A
sublist can be specified in terms of prefixes and suffixes: a suffix of a prefix, or a prefix
of a suffix. The following program uses the latter to implement the sublist predicate.

~
sublist (L, L).
sublist (Sub, List) :- suffix(List, Suf), prefix(Suf, Sub).
suffix(List, Suffix):- append(_, Suffix, List).
prefix(List, Prefix):- append(Prefix, _, List).
append ([, L, L).
append ([X|Xs], L, [X|Zs]):- append(Xs, L, Zs).
J

Assume we are going to perform the analysis, to infer upper bounds on both the
standard and accumulated costs, in terms of resolution steps, for the calling pattern
sublist(list, list), i.e., for the case where sublist is called with both of its ar-
guments bound to lists. Given such calling pattern, CiaoPP infers the unique call-
ing patterns suffix(list, var) and prefix(var, list), for suffix and prefix,
where var represents an unbound variable. However, two different calling patterns
are inferred for append: append(var,var,list), when it is called from suffix, and
append(list,var,list), when it is called from prefix.

Assume that size relations have been inferred for the different arguments in a clause,
and that the size metric used is the list length of an argument, since all arguments are
lists. The size of the output (second) argument of suffix is inferred as a function on
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2 six(1). Such inference sets up the

its input (first) argument, and is represented by Sz,
following size relations:

stufflx (n) Szgppend(n)

S22 pena(1) 1 ifn=1
Szfppend(n) = n ifn>1
Szfppend(n) = Szazppend(n —-1) ifn>1

and finds the closed form S22 ;. (n) = n.

In order to infer the standard cost of this program, the analysis sets up the following
cost relations for sublist, suffix, prefix and append:

Coublist (M, M) =  Coussix(n) + Solsurein(n) * Corerix(Sz2ieix(n), M) + 2
Csuffix(n) = Cappend(n) +1
Cprefix(n7 m) = Cappend(nv m) +1

Note that the size of the input to the call to prefix is given by the size of the output of

suffix, represented by S22 s, (n).

The cost relations for the two variants of append are:

Cappend(n) =1 ifn=1

Cappend(n) = Cappend(n - 1) +2 ifn>1
Cappend(ny m) =1 iftm= 1, n=1
Cappena(12,m) = 1 ifm=1

Cappena (72, M) = Cappena(n —1,m —1)+1 ifm>1

and the their closed forms are Cappend(n) =2n—1 and Cappena(n, m) = m respectively.
Note that in this program suffix produces multiple solutions. For each solution of
suffix the prefix predicate is executed on backtracking.
The cost relations for the inference of the number of solutions are:

SOlsuffix(n) = SOZappend(n)
SOlappend(n) =1 ifn=1
SOlaPPeDd(n) = SOlappend(n - 1) +1 ifn>1

and the closed form is Solgyssix(n) = n.
After composing all the closed forms, the analysis obtains the following function rep-
resenting an upper bound on the resource usage of all the predicates:

Csuffix(n) = 2n

Cprefix(n) = m+1

Cappend(n) = 2n-1
Cappend(na m) = m

Csublist (n) = nm+3n+2

Assume now that we declare sublist and append as cost centers to infer the accumu-
lated costs in them. The cost relations set up for sublist are:

Coupnise(n,m) = CIRHSY (n) + Solsursin(n) * Coretish (S2duessx(n), m) + 2
d d d
C:ﬁsigst (TL, m) = C:E}f)?ilx,o(n) + SOlSHffiX(n) * C;Ez;]ilx,O(S’zguffix (TL), m)
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Replacing the functions for sizes (Sz) and solutions (Sol) from the previous step we get:

sublist — sublist sublist

Couprise (7, M) = Csuffix,l(n) +n* Cprefix,l(”a m) + 2
append _ append append

Csublist (n’ m) - Csuffix,O(n) +nx cprefix,O(n’ m)

Furthermore, the intermediate cost relations are set up as follows:

Csublist ('I’L) — Csublist (n) + 1

suffix,1 append
=1 (Lemma 3)
Coreriza (n,m) = Copcg*(n,m) + 1
= 1 (Lemma 3)
Clbein0(n) = Cippena(n)
d d
C;EE??X,O(W m) - CZig:gd(na m)

Cappend(n) _ Cappend(n —_ ]_) + 2 ifn>1

append append
append _ . N
Cappend(n) =1 ifn=1
d .
C:}}zg:zd(nv m) =1 ifm= 17 n=1
append o . B
Cappend(nv m) =1 ifm=1
append _ append .
Cappend(”? m) - Cappend(n - 1) +1 ifm>1

After composing all the intermediate cost relations, the analysis obtains the following
functions representing upper bounds on the accumulated resource usage of sublist and

append:
sublist —
Coiblisc(n) = n+3
append _
Couprist() = mm+2n—1
FEzxzample 2
Consider the following program P:
p(X, Y) :- i1, i2, q(X, 2), s(zZ, V).
q(0, 0).
q(X, Y) :- X1 is X - 1, q(X1, Z), i1, i3, s(Z, W), Y is W + 1.
s(0, 0):- il.
s(X, Y) :- i2, i4, Xt is X - 1, s(X1, Z), Y is Z + 1.

Assume that im, for m € {1,2,3,4}, are builtin/library predicates and that their
standard costs are given by means of trust assertions: for simplicity we assume that
U(im) = Cip = 1, for m € {1,2,3,4}, and that the (standard) cost of the is/2 arithmetic
predicate is given as zero. Assume also that ¢(p) = 0 for all predicates p € P.

Assume that for all the predicates, the first argument is an input argument and the
second one is output, and that the type of all arguments is the set of natural numbers.
Assume that the following size relationships, expressing the size of the output argument
as a function of the size of the input argument, have already been inferred for all of them:

e Sz2(n) = n, which means that the size (under the natural value metric) of the
second argument of predicate p is n, the size of the input argument.
e Similarly, Szg(n) =n, and Sz2(n) = n.



Assume that the set of cost centers is ¢ = {p,q,s}, and that we want to estimate
(upper bounds on) the cost accumulated in all the cost centers for the predicates p,
q, and s. Let CE(x) denote an upper bound on the accumulated cost in cost center q
corresponding to a call p(%).

Assume we process each strongly-connected component of the call graph of the program
in reverse topological order. We start by inferring the costs accumulated in cost center
s. The accumulated cost in s corresponding to a call to s is expressed by the following
cost relation:

cs(0) = C§1,1 =Ciy =1
Ci(n) = C§2,1 + Ci4,1 +C5(n—1)
which can be written as:
c:(0) = 1
Ci(n) = 2+4C(n—1)

and whose closed-form solution is:
Ci(n) = 2n+1.

Now, we analyze predicate q. To this end, the accumulated cost in s for a call to q is
expressed by:
c0) = 0
cy(n) = Ci(n—1)+Cf o +Ciso+Ci(n—1)
Since there is a trust assertion providing the cost of i1, ¥(i1) = 1 (as already said),
according to Expression 5, we have that C$; ; = B,(i1,s,0) x ¥(i1) = 0 x 1 = 0. Note
that B,(i1,s,0) = 0 because i1 # s and the environment (third argument of B,,) is 0
(since i1 is called in the scope of cost center g, not in the scope of the cost center where
the analysis is accumulating costs in this equation, i.e., s). Thus, the cost of i1 is not
taken into account in this equation. The same consideration applies to i3.
Since the cost function for C3(n) has already been computed, replacing values we have

c3(0) = 0
cin) = Cin—1)+2(n—-1)+1
and
cz(0) = 0
Ci(n) = Ci(n—1)+2n—1

The solution to the cost relation above is:
cy(n) = n2.
We now analyze predicate p, so that the accumulated cost in s for a call to p is expressed
by:
Ca(n) = Cijo+Ciyo+Cq(n)+C(n)
For the same considerations as before, the costs of i1 and i2 in the body of the clause

defining p are not taken into account (i.e., C}; = C5, 5 = 0). Replacing values we have
that:

s _ 2
Co(n) = n*+2n+1
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The inference of the accumulated cost in s for predicates p, q, and s has finished, and
we start now the inference of the accumulated costs in q. By Lemma 3, C3(n) = 0, i.e.,
we do not need to analyze predicate s, since it does not call q. However, now the costs
of i1 and i3 in the body of the second clause of q do have to be taken into account. To
this end, the recurrence equations expressing the accumulated cost in q for a call to q

are:
c3(0) = 0
Ci(n) = Ci(n—1)+Ci, +Ci.
C3(0) = 0
Cin) = Cin—1)+2

The solution to the recurrence above is:
Ci(n) = 2n.
Now, the accumulated cost in q for a call to p is expressed as:
Co(n) = Cd(n)+Ci(n)
Replacing values we have that:
Ci(n) = 2n
Let us compute now the accumulated cost in p. Since it is not called from q nor s, we
have that C§(n) = CE(n) = 0. The accumulated cost in p for a call to p is just the cost of
i1 and i2:
Co(n) = C§ 1 +Chy =Cis+Cia
Thus:
ct(n) = 2.
Note that the standard cost of p (Cp(n)) can be expressed in terms of the accumulated
costs in each of the cost centers:

Cp(n) = Cp(n)+Ci(n) + C3(n).

Example 3
Consider the following program where the predicates p and ¢ are mutually recursive.

coupled (X, Y):- f(X, Y).

p(0,[1).
p(N,[alR]) :- N1 is N-1, q(N1,R).

q(0,[1).
q(N,[alR]) :-N1 is N-1, p(N1,R).

Assuming that we want to infer the standard cost of this program in terms of resolution
steps, the analysis sets up the following cost relations for coupled, p and ¢, we have the
following cost relations:

Cp(n)= 1 iftn=0
Cp(n)= 14+Cy(n—1) ifn>0

Cyn)= 1 ifn=0
Cyn)= 1+4+Cy(n—1) ifn>1
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Ceoupted(n) = 1+ Cp(n)
After composing the closed forms, the analysis obtains the following function representing
an upper bound on the resource usage of coupled, p and q:

Ccoupled(n) = n+2
Cp(n)= n+1

Cyn)= n+1
Notice that in this program the cost relations for p and ¢ are mutually recursive (i.e.,
they are defined in terms of each other), and for this reason the cost functions representing
the upper bound on the resolution steps in the two are same (n + 1). Hence, the cost of
each mutually-recursive predicate subsumes the cost of the other. However, this cost is
in fact distributed between the p and ¢ predicates. In order to identify the cost that each
of these predicates contributes to this n + 1 expression and to the overall cost of coupled
(n + 2), we perform the accumulated cost analysis, declaring all the predicates as cost
centers. The instantiation of the equational framework described in Sect. 4 obtains the

following accumulated costs for coupled, p, and ¢:

led
cctn) = 1
P _ (=" , 3
Ccoupled(n) - g + 4 + 4

q _ n_ (=" 1
Ccoupled(n) - 2 4 + 4

It is now clear how much cost each of coupled, p, and ¢ contributes to the standard cost
of the whole program (n + 2). Note that the standard cost of the mutually recursive
predicates p and ¢, which is n + 1, is now halved among the two as accumulated costs of
p and q.

In this example we have shown a hypothetical scenario highlighting that the accumu-
lated cost information is more useful for mutually recursive parts of a program in order
to identify how much each of the mutually recursive predicates contributes to the overall
cost. This was not possible using only the standard cost information.

Ezxample /
Consider the following program to determine the parity of a number where predicates
even and odd are mutually recursive.

even (0) .
even(N):- N > 0, N1 is N - 1, odd(N1).

odd (1) .
odd(N):- N > 1, N1 is N - 1, even(N1).

Similar to the Example 3, this program contains mutually recursive predicates even and
odd. Since both are defined in terms of each other, the standard analysis obtains a same
cost function for them representing an upper bound on the resource usage.

Ceven(n) = mn+1

Codqa(n) = n+1
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In order to identify the cost that each of these predicates contributes to the overall
cost of the program n+1, we perform the accumulated cost analysis, declaring both even
and odd as as cost centers. The instantiation of the equational framework described in
Sect. 4 obtains the following accumulated costs for even and odd:

CE’UETL (n) —

even

+ 0 48

(SN

(="

codd (n) — -

even

(SN

1
1

Appendix B
Additional Comments on the Relation of the Standard and Accumulated
Cost

Assume that predicate p is a cost center. As already said, in this case the standard
cost of a single call p(%) is the sum of its accumulated costs in all the cost centers in
the program. This is formalized by Theorem 1 in (Haemmerlé et al. 2016), which holds
under the assumption that p is a cost center. Intuitively, predicate c is “reachable” from
predicate p if ¢ = p or ¢ can be invoked (either directly or indirectly) by p. If p is a cost
center, Theorem 1 also holds if we restrict to the set of cost centers that are reachable
from p, or to the set of cost centers that are descendants (in the call stack) of p. The
reason is that if p is a cost center, and another cost center c (different from p) is not
reachable from p, then no part of the cost of a call to p is attributed to c. This is stated
in Lemma 3.

Assume that p is the main (entry) predicate in a program, and that we are interested in
knowing how its total (standard) cost is distributed over the (user-defined) cost centers.
In this case, p should be declared as a cost center. This is because if p is a cost center, the
residual cost (as defined in Section 4) of the call to the main predicate will be assigned
to p. Otherwise the residual cost will be left unassigned to any cost center.

If p is not a cost center, the standard cost of a single call p(%) is the sum of its
accumulated costs in all the cost centers that are descendants (in the call stack) of p,
plus the residual cost of that call.
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