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Appendix A: Mathematical Preliminaries and Proofs of Section 4

A partially ordered set (or poset) (L, <) is called a lattice if for all z,y € L there exists
a least upper bound and a greatest lower bound. A lattice (L, <) is called complete if for
all S C L, there exists a least upper bound and a greatest lower bound, denoted by \/ S
and A S respectively. Every complete lattice has a least element and a greatest element,
denoted by L and T respectively. We will use the following two convenient equivalent
definitions of complete lattices (Davey and Priestley 2002, Theorem 2.31, page 47):

Theorem 4
A partially ordered set (L, <) is a complete lattice if L has a least element and every
non-empty subset S C L has a least upper bound in L. Alternatively, (L, <) is a complete

lattice if L has a greatest element and every non-empty subset S C L has a greatest lower
bound in L.

Given a partially ordered set (L, <), every linearly ordered subset S of L will be called
a chain. A partially ordered set is chain-complete if it has a least element | and every
chain S C L has a least upper bound.

Proposition 1
Let D be a nonempty set. For every predicate type m, ([7],, <) is a complete lattice
and ([7], =) is a chain complete poset.

Proof

Consider the first statement and let 7 be an arbitrary predicate type. Recall that 1< _
exists; it suffices to show that for every non-empty subset S of [7], the least upper
bound of S exists and belongs to [7] .

The least upper bound can be defined inductively on the structure of predicate types.
If 7 = o, then \/<O S is defined in the obvious way. For m = ¢+ — 71, we define for all
deD, (Ve S)(d) = Ve, {f(d) | f € S} Finally, if 7 = m1 — 7, we define for
all d € [m]p, (Vgﬂﬁw S)(d) = \/Swz{f(d) | f € S}. We need to verify that for type
w1 — mo the least upper bound is a Fitting-monotonic function. This is a consequence of
the following auxiliary statement, which we need to establish for every predicate type m:

Augziliary statement: Let I be a non-empty index-set and let d;,d, € [r]p, i € I. If for
all i € I, d; = d}, then \/__{d; |i € I} %, \/_{d} | i € I}.



The proof of the auxiliary statement is by a simple induction on the structure of .
For type m = o the statement follows by a case analysis on the value of \/_ {d; | i €
I}. For types ¢ — m; and m; — w2, the statement follows directly by the induction
hypothesis. The auxiliary statement implies that (\/ <ty S) is a Fitting-monotonic
function. More specifically, for all d,d’ € [m], with d <, ', it holds f(d) =, f(d')
for every f € S (because the members of S are Fitting-monotonic functions). Then, the
auxiliary statement implies that \/STr2 {f@) | f €S} =n \/SM {f(@) | f € S} which
is equivalent to (\/Sn_mz SH(d) =r, (\/Swl_m2 S)(d"), which means that (\/Sﬂl_”r2 S) is
Fitting-monotonic.

Consider now the second statement. Notice that ([7],, <) is not a complete lattice
(for example, the set {false, true} does not have a least upper bound with respect to
=,). However, it is a chain complete poset. For every type m, L<_ exists. Moreover,
given a chain S of elements of [r],, it suffices to verify that \/ <, S exists and belongs
to [7] 5. The proof is by induction on the structure of 7. For type m = o it is obvious.
For m = ¢+ — m, define (\/jb_”r1 S)(d) = \/jﬁ{f(d) | f e St Form=m — m
define (Vinww S)(d) = \/57r2 {f(d) | f € S}. We need to verify that (\/jﬂﬁﬂz S) is
a Fitting-monotonic function, i.e., that for all d,d’" € [m], with d =, d’, it holds
Ve ) Zna (Vo S)(d), or equivalently that V__{f(d) | f € S} =n,

) —T1 T2

\/57r2 {f(d") ] f € S}, which holds because for every f € S, f(d) <, f(d'). O
The proof of the above lemma has as a direct consequence the following corollary:

Corollary 1
Let D be a nonempty set and 7 a predicate type. Let I be a non-empty index-set and let
d;,d; € [r]p, i€l If for all i € I, d; < d}, then \/Sﬂ{di |iel} <, \/Sﬂ{d; |iel}.

Appendix B: Proofs of Section 5

Proposition 2
Let D be a nonempty set. For every predicate type , ([7]}, <) and ([7]5", <) are
complete lattices.

Proof

We give the proof for the case ([7]p,<r); the case ([7]5, <) is symmetrical and
omitted. The proof is by induction on the structure of 7. For m = o the result is immediate.
We show the result for types ¢« — 7 and m; — 79, assuming it holds for 7, m; and 7.

Consider first the set [¢ — «]} = D — [x]™. This set has a least element, namely the
function that assigns to each d € D the bottom element of type . Let S C D — [x]™
be a nonempty set. For every d € D we define (\/ _ _5)(d) =V _{f(d) | f € S}, which
by the induction hypothesis exists and belongs to [7]7. -

Consider now the set [r; — mo]p = [([m1]5 @ [m1]3) = [72]D]- This set has a least
element, namely the function that assigns to each pair (z,y) € ([m]} @ [m]5) the
bottom element of type L r,; this function is constant and therefore obviously monotone-
antimonotone. Let S C [([m]} @ [m]5) = [m]h] be a nonempty set. For every
(w.9) € (I © [N we define (Vo S)(w.9) = Vo {f(z.y) | f € S}, which

ma

by the induction hypothesis exists and belongs to [m2] . It remains to show that \/ .S
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is monotone-antimonotone. Consider (z,y), (z/,y') € ([m1]}} ® [71]5') and assume that
z <2’ and y > y'. It suffices to show that (/. Sz, y) <n, (VSM_WQ S)(a',y').
Since every element of S’ is monotone-antimonotone, for every f € S it holds f(z,y) <n,
f(@',y'). Therefore, \/__ {f(x y) | f e St <n Vo, {f(x y') | f € S}, and thus
V 5<71%2)($ ¥) <m (VS<,, )@ y). O

The proof of Proposition 3 requires the following lemma which can be established by
induction on the structure of 7:

T Ty

Lemma 6
Let D be a nonempty set and let 7 be a predicate type. Let S C [7]]} and g € [7]

am

e Ifforall feS, f<g, then \VS <g.
e Ifforall feS, f>g, then AS>g.

Proposition 3
Let D be a nonempty set. For each predicate type 7, [7]7} @ [7]3 is a complete lattice
with respect to <, and a chain-complete poset with respect to <.

Proof
For every 7 it is straightforward to define the bottom elements of the partially ordered
sts (13 112 <o) and (o1 [+ =)

Given S C [7]5 © [#]3. we define VS = (V- {f | (£.9) € $}.V<_{9| (f.0) €
S}). It can be easily seen that \/_ S € [r ]]ma @ [r]7" due to Proposition 2, Lemma 6
and the fact that for every pair (f,g) € S, f < g.

On the other hand, let S C [7]}} ® [7]3" be a chain. We define \/_ S = (Vo {f |
(f,9) € S}, A< {g1(f,9) € S}). Tt is straightforward to show that \/<;5 is the < -least
upper bound of the chain. Moreover, V< 8) e [T @ 7] because Vo {f1(f,9) €
St <z A< {9 | (f,9) € S} (this can easily be shown using basic properties of lubs and
glbs, Lemma 6, and the fact that S is a chain; see also Proposition 2.3 in (Denecker et al.
2004)). O

Proposition 4
Let D be a nonempty set and let 7 be a predicate type. Then, for every f,g € [n], and
for every (f1, f2), (91, 92) € [7] ® [7]3', the following statements hold:

m=(f) € (I7]5 @ [7]3") and 77 (f1, f2) € [7]

If f <, g then 7:(f) < 7=(9).

If f<,gthen 7:(f) <, 7=(g )

If (f1, f2) =x (91,92) then 7' (f1, f2) == 77 ' (91, g2)-
If (f1, f2) <x (91,92) then 7' (f1, f2) <z 77 (91, 92)-

CUp W=

Proof
The five statements are shown by a simultaneous induction on the structure of w. We
give the proofs for Statement 1, Statement 2 (the proof of Statement 3 is analogous and
omitted) and Statement 4 (the proof of Statement 5 is similar and omitted).

The basis case is for m = o and is straightforward for all statements. We assume the
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statements hold for 7, m; and 7. We demonstrate that they hold for « — 7 and for
T — 9.

Statement 1: Consider first the case of ¢« — 7. It suffices to show that 7,_,.(f) € ([t —
7|5 @ [ = 7]3). By the induction hypothesis, 7(f(d)) € ([7] ® [7]3'). There-
o (012 ), o comeanents O /) M S @))€ (1
*® [ — 7]5'). We next show that 7.1 (f1, f2) € [v = 7] p. Since (f1, f2) € ([t —
]] ® v — 7r]] M, f1 < f2 and (f1(d), f2(d )) € (715 @ [7]3"). By the induction
hypothesis, 7 (f1(d), f2(d)) € [7]p and Ad.77 1 (f1(d), f2(d)) € [e = 7]

Consider the case m — 2. We show that 7o, (f) € ([m — m]) @ [m —
ma]5'). Let (dl,dg) € ([m]7 @ [m]3"). By the induction hypothesis 7' (di,d2) €
[m1lp, (72, (di,d2)) € [m2]p, and 7y (f (7! (dladz))) ([m]%" @ [m]%), which has
as a direct consequence that [7r, (f (75, (d1,d2)))1 < [Try (f (77,1 (d1, d2)))]2. Therefore,
Mdy, d2).[7r, (f (751 (d1, d2)))]1 < A(dy, da).[7r, (f (75,1 (d1, d2)))]2. It remains to show that
the function A\(dy, d2) [Trs (f (7,1 (d1, d2)))]1 is monotone-antimonotone and the function
A(d1, d2).[7r, (f (75} (d1,d2)))]2 is antimonotone-monotone. This follows by using the in-
duction hypothesis for Statement 4, the Fitting—monotonicity of f, and the induction
hypothesis of Statement 2. The fact that 7', (f1,f2) € [m1 — m2], follows using
similar arguments as above.

Statement 2: Consider first the case of « — 7. It suffices to show that:

(Ad. [z (f(d))]1, Ad. [ (f(d))]2) = (Ad.[7x(g(d))]1, Ad- [T (g(d))]2)

or equivalently that Ad.[7:(f(d))]1 < Ad.[7x(g(d))]1 and Ad.[7=(f(d))]2 > Ad.[7x(g(d))]2,
or equivalently that for every d, [1:(f(d))]1 < [mx(9(d))]1 and [7+(f(d))]2 > [t (g(d))]2.
This holds because, since f < g, it holds f(d) = g(d) and by the induction hypothesis,
T=(f(d)) < 7:(g(d)). Consider now the case of m; — ma. It suffices to show that:

(Md1, d2).[7r, (f (7, (dv, d2)]1, Ada, da)- [Ty (f (77, (d1, d2)))]2) =

(Md1, d2).[7r, (9(77, (d1, d2)))]1, Ada, d2). [T, (9(7 (d1, d2)))]2)
or equivalently that A(dy, d2).[7r, (f (75,  (d1,d2)))]1 < A(dy,d2).[7r, (9(75 (d1, d2)))]1 and
Ady, do).[7r, (f (751 (d1, d2)))]2 > )\(dl, d2).[Try (9(77,1(d1, d2)))]2, or equivalently that for
all dy,da, [, (f (75, (d1, d2)))1 < [Ty (9(7 1 (dr,d2)l1 and [7r, (f (77 (d1, d2)))]2 >
[Tr (9(771(d1, d2)))]2- Since f = g, it holds that f(r, _1(d1,d2))) =< g(77,'(d1,dz))), and
by the induction hypothesis 7, (f (75, (d1,d2))) =X 7, (9(75,' (d1, d2))), which is the de-

sired result.

Statement 4: Consider first the case of ¢« — 7. It suffices to show that:
M. (fi(d), f2(d) 2 Ao (91(d), g2(d))

or equivalently that for every d, 7 1(f1(d), f2(d)) = 7. (g1(d), g2(d)). Since (f1, f2) =
(91,92), it holds (f1(d), f2(d)) < (91(d), g2(d)), and the result follows from the induction
hypothesis. Consider now the case of m; — mo. It suffices to show that:

AT (fr(Try (), fo(Tr () = AT (91 (7 (), 92(7, ()

or equivalently that for every d, 7! (f1(7x, (d)), fa(7x, (d))) 2 7.} (g1(7x, (d)), g2(7x, (d))).

Since (f1, f2) = (g1,92), it holds (fi(7x, (d)), fo(7x, (d))) = (91(7r,(d)), g2(7x, (d))), and
the result follows from the induction hypothesis. []



Proposition 5

Let D be a nonempty set and let 7 be a predicate type. Then, for every f € [x],
Tr 1(T7r(f)):f7 and for every (f17f2) IIW]]D ®[[7r]]DaT7T( (f17f2)):(f17f2)~

Proof
The proof of the two statements is by a simultaneous induction on the structure of .
The case m = o is immediate. Assume the two statements hold for 7, m; and m5. We

demonstrate that they hold for ¢« — 7 and for m; — 7s.
We have:

T n (Tisn(f) =

= 7 (Ad[mr(f(d)]1, Ad- [ (f(d))]2)

(Definition of 7, ,)

= A7 ([ (f(d)h, [ (f(d))]2)
(Definition of 7,21,)

= M. (1 (f(d)))
(Definition of [-]; and [-]2)

= Md.f(d)
(Induction Hypothesis)

= f

Also:
TL‘)W(TL:;[TF(flv f?)) =

= TL*)TF(AdT (fl( ) f2(d)))

Definition of 7,71 )

Ad.[7x (7 (f1(d), fa(d)]1, Ad-[7x (7 (f1(d), f2(d)))]2)

Definition of 7,_,)

(
E
= E ((f1(d), fo(d))]1; Ad-[(f1(d), f2(d))]2)
(
(

Induction Hypothesis)
Ad. f1(d), Ad. f2(d))
Definition of []; and []2)
= (f1,/2)

Consider now the case of m; — 7. We have:

7_7r11—>7r2 (7-7T1 —T2 (f)) =

= T, (M(dy, do) [Ty (f (77,1 (d1, d2)))]1, AM(da, da). [Ty (f (77,1 (d1, d2)))]2)
(Deﬁmtlon of T, —r,)

= MM [, (f(77, 1(T7r1(d))))]17[Tﬂz(f(T;ll(Tm(d))))]Z)
(Deﬁnltlon of -1, )

7T1*>7T2

= M7 ([ (F(A))]1, [y (£(d))]2)
(Induction Hypothesis)

= )\d-Tﬂ—_Ql (T7r2 (f(d)))
(Definition of [-]; and []2)
— Ad.f(d)

(Induction Hypothesis)
= f



Also:

Try—mo (7_7:11—>7r2 (fh fQ)) =

= Tﬂlﬂﬂz()‘d'Tvr;l(fl(T‘m(d))7f2(T7T1(d)))

(Definition of 771, )
= (Mdr, d2) [T (7, (f1 (T, (7,1 (d1, d2))), fo (T, (771 (d1 s d2)))))]1 s
A(dy, do) [Ty (77, (f1 (T, (77,1 (d1, d2)), fo (T, (77, (d1, d2)))))]2)
(Definition of 7, ;)
(A(d1,d2).[f1(dr, d2), f2(d1, da)]1, AM(d, d2).[f1(d1, d2), fa(dy, d2)]2)
(Induction Hypothesis)
= (Ad1,d2).f1(d1, d2), A(dy, d2). f2(dy, d2))
(Definition of [-]; and []2)

(

The above completes the proof of the proposition. [

Appendix C: An Extension of Consistent Approximation Fixpoint Theory

In this appendix we propose a mild extension of the theory of consistent approximating
operators developed in (Denecker et al. 2004). We briefly highlight the main idea behind
the work in (Denecker et al. 2004) and then justify the necessity for our extension.

Let (L, <) be a complete lattice. The authors in (Denecker et al. 2004) consider the
set L = {(z,y) € L x L | < y}. Intuitively speaking, a pair (z,y) € L° can be
viewed as an approximation to all elements z € L such that x < z < y. An operator
A: L° — L° is called in (Denecker et al. 2004) a consistent approxzimating operator if it is
<-monotone (see below) and for every x € L, A(xz,z); = A(z,x)2 (the subscripts 1 and
2 denote projection to the first and second elements respectively of the pair returned by
A). In Section 3 of (Denecker et al. 2004), an elegant theory is developed whose purpose
is to demonstrate how, under specific conditions, one can characterize the well-founded
fizpoint of a given consistent approximating operator A. Since approximating operators
emerge in many non-monotonic formalisms, the theory developed in (Denecker et al.
2004) provides a useful tool for the study of the semantics of such formalisms.

In our work, the immediate consequence operator Tp is not an approximating operator
in the sense of (Denecker et al. 2004). More specifically, Tp is a function in (HF2QHE") —
(Hp2 @ HE™). In other words, there is not just a single lattice L involved in the definition
of Tp, but instead two lattices, namely HE? and H3". Moreover, the condition “for every
x € L, A(z,x); = A(z,z)2” required in (Denecker et al. 2004), does not hold in our case,
because the two arguments of Tp range over two different sets (namely Hp? and H3").
We therefore need to define an extension of the material in Section 3 of (Denecker et al.
2004), that suits our purposes.

In the following, we develop the above mentioned extension following closely the state-
ments and proofs of (Denecker et al. 2004). The material is presented in an abstract form
(as in (Denecker et al. 2004)), with the purpose of having a wider applicability than the
present paper. In order to retrieve the connections with the present paper, one can take
A= Tp, L1 = n'-:na and L2 = Hlapm.

Let (L,<) be a partially ordered set and assume that L contains a least element L
and a greatest element T with respect to <. Let Li,Lo C L be non-empty sets such
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that L1 U Ly = L and (L1, <) and (Ls, <) are complete lattices that both contain the
elements 1 and T. We will denote the least upper bound operations in the two lattices
by lubr, and lubr, respectively (we will also use \/; and \/; ). We denote the greatest
lower bound operations by glb;  and glb;, (also denoted by A, and A\, ). We assume

that our lattices satisfy the following two properties:

1. Interlattice Lub Property: Let b € Ly and S C L; such that for every z € S,
x < b. Then, \/L1 S < b.

2. Interlattice Glb Property: Let a € L; and S C Ly such that for every = € S,
2 > a. Then, /\L2 S > a.

Remark: It can be easily verified (see Lemma 6 in Appendix B) that both the Interlattice
Lub Property and the Interlattice Glb Property hold when we take L; = HF* and
Lo =H3™.
Given (z,y), (2',y') € L1 X Lo, we will write (z,y) < (2/,y') if x < 2/ and 3/ < y. We
will write:
Ly®@Ly={(z,y) |z € L1,y € Ly,x <y}
The above set is non-empty since (L, T) € Ly ® Lo.

Definition 22
A function A : L1 ® Ly — L1 ® Lo is called a consistent approximating operator if it is
=<-monotonic.

We will write Appa(L1 ® L) for the set of all consistent approximating operators over
L1®Ls. In the following results we assume we work with a given consistent approximating
operator A (and therefore the symbol A will appear free in most definitions and results).

Definition 23
The pair (a,b) € Ly @ Ly will be called A-reliable if (a,b) < A(a,b).

Given a € Ly and b € Ly, we write [a,b]r, = {# € L1 | a < z < b}. Symmetrically,
[a,b]p, = {z € Lo | a <z < b}.

Proposition 8
For all @ € Ly and b € Ly, the sets [L,b]r, and [a, T|r, are complete lattices.

Proof
We use Theorem 4 of Appendix A. Consider first the set [L,b]r, which obviously has a
least element (since L is the least element of both Ly and Ly and therefore L€ [Lb],).
Let S be a non-empty subset of [L,b]z,. Since L is a complete lattice, \/; S € L1. It
suffices to show that \/; S € [L,b]z,. Since S C [L,b]z,, for every x € S it holds = < b.
By the Interlattice Lub Property, \/; S < b, and therefore \/; S € [L,b],.

The proof for the case of [a, T], is symmetrical and uses the Interlattice Glb Property
instead. [

The following proposition corresponds to Proposition 3.3 in (Denecker et al. 2004):

Proposition 9
Let (a,b) € L1 ® Ly and assume that (a,b) is A-reliable. Then, for every = € [L,b],, it
holds L < A(x,b); < b. Moreover, for every x € [a, T|L,, it holds a < A(a,z)s < T.
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Proof

Define a* = lubr,{y € L1 | y < b}. By the fact that @ < b and the definition of a*,
we get that a < a*. By the Interlattice Lub Property we get that a* < b and therefore
(a*,b) € Ly ® La. Moreover, (x,b) < (a*,b). Due to the <-monotonicity of A we have
A(z,b) = A(a*,b), and therefore A(z,b); < A(a*,b);. Then:

A(a*,b)1 < A(a*,b)2 (Consistency of A)
< A(a,b)s (a <a* and A is <-monotone)
< b (A-reliability)

For the second part of the proof, define b* = glb; {y € L2 | y > a}. By the fact that
b > a and the definition of b*, we get that b* < b. By the Interlattice Glb Property
we get that b* > a and therefore (a,b*) € L1 ® Ly. Moreover, (a,z) = (a,b*). Due to
the <-monotonicity of A we have A(a,z) <X A(a,b*), and therefore A(a,z)s > A(a, b*)s.
Then:

Aa,b*)y > A(a,b*); (Consistency of A)

> A(a,b); (b* <band A is <-monotone)
> a (A-reliability)

This completes the proof of the proposition. [

The above proposition implies that for every A-reliable pair (a,b), the restriction of
A(.,b)1 to [L, ], and the restriction of A(a,.)s to [a, T|f, are in fact operators (namely
functions [L, by, — [L,d]r, and [a, T|r, — [a, T]L,) on these intervals. Since by Propo-
sition 8 we know that ([L,b]r,,<) and ([a, T]L,, <) are complete lattices, the operators
A(-,b)1 and A(a,-)2 have least fixpoints in the corresponding lattices. We define:

bt = Ufp(A(-, b))
and

al = lfp(A(CL, )2)
In the following, we will call the function mapping the A-reliable pair (a, b) to (b%,aT), the
stable revision operator for the approximating operator A. We will denote this mapping
by C4, namely:

Calz,y) = (y* ") = (Up(A(,y)h), Yp(A(z,)2))
We have the following proposition, which corresponds to Proposition 3.6 of (Denecker
et al. 2004):

Proposition 10
Let A € Appr(L1 ® La). For every A-reliable pair (a,b), b* < b, a < a' < b, and
(bl,aT) €11 ® Ls.

Proof

The inequalities bt < b and a < af follow from the definition of the stable revision

operator. By the A-reliability of (a,b) we have A(a,b)s < b and therefore b is a pre-

fixpoint of A(a, -)2. Since a' is the least pre-fixpoint of A(a,-)s, we conclude that a™ < b.
Let a* = luby,{z € Ly | # < a'}. Since a € {& € Ly | < a'} and since a* is the lub

of this set, it holds a < a*. Moreover, notice that a* is in the domain of A(-,b); because



(by the Interlattice Lub Property) a* < a', and since a™ < b we get a* < b. We have:
A(a*,b); < A(a*,a"); (A is <-monotonic)
< A(a*,a")y (A is consistent)
< A(a,a’)y (A is =-monotonic)
= af (a" fixpoint of A(a,-)s2)

Consequently, A(a*,b); < a' and therefore A(a*,b); € {z € Ly | z < a'}. But a* =
lubp,, {z € L1 | z < a'} and therefore A(a*,b); < a*. It follows that a* is a pre-fixpoint
of the operator A(-,b);. Thus, b* = Ifp(A(+,b);) < a* <a'. O

Definition 2/
An A-reliable approximation (a,b) is A-prudent if a < b*.

Proposition 11
Let A € Appa(L1 ® Lo) and let (a,b) € Ly ® Ly be A-prudent. Then, (a,b) < (b%,a’) and
(b*,a') is A-prudent.

Proof
By Proposition 10, it holds b* < b, a < a' and a' < b. Since (a, b) is A-prudent, we get
(a,b) < (b*,al).

Notice now that by the < monotonicity of A we get that b* = A(b+,b); < A(b*,a’),
and a' = A(a,al)y > A(b*, al),. This implies that (b*, al) is A-reliable.

Observe now that since a” < b and A is <-monotonic, it holds that for every z € [L
,allp,, A(z,b)1 < A(x,a');. Therefore, each pre-fixpoint of A(-,a’); is a pre-fixpoint of
A(-,b)1. By the proof of Proposition 10 we have that A(a*,a'); < a', and by the definition
of a* in that same proof, it follows that A(a*,a’); < a*. Therefore the set of pre-fixpoints
of A(-,a"); is non-empty. Consequently, b* = Ifp(A(-,b)1) < Ifp(A(-,a");) = (a")}, and
therefore (b, a') is A-prudent. [J

The following proposition (corresponding to Proposition 2.3 in (Denecker et al. 2004))
now requires in its proof the Interlattice Lub Property.

Proposition 12
Let {(ax,bx)}rx<x, where A is an ordinal, be a chain in L; ® Lo ordered by the relation
<. Then:

LoV das |k <A} < Ap {be | £ <AL
2. The least upper bound of the chain with respect to < exists, and is equal to

(Vi {an |5 <AL AL {be [ £ <A}).

Proof

We demonstrate the first statement; the proof of the second part is easy and omitted.
For the proof of the first part, notice that since the chain is ordered by =<, A, {bx |
Kk < A} = by. Moreover, for every k < A it holds a, < b, because (a,,b;) € L1 ® Lo;
since b, < by, it is a, < by for all kK < A. By the Interlattice Lub Property, we get
Vi das | k<A <bo= A {bs [ 6 <A} O

The following proposition (corresponding to Proposition 3.10 in (Denecker et al. 2004))
and the subsequent theorem (corresponding to Theorem 3.11 in (Denecker et al. 2004))
have identical proofs to the ones given in (Denecker et al. 2004) (the only difference being
that our underlying domain is L ® Ls):
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Proposition 13
Let A € Appx(L1 ® L2) and let {(ax,bs)}rx<r, where A is an ordinal, be a chain of
A-prudent pairs from L; ® Ls. Then, \/j{(am bi) <, is A-prudent.

Theorem 5

Let A € Appz(L; ® Ls). The set of A-prudent elements of L; ® Lo is a chain-complete
poset under < with least element (L, T). The stable revision operator is a well-defined,
increasing and monotone operator in this poset, and therefore it has a least fixpoint
which is A-prudent and can be obtained as the limit of the following sequence:

(a0, bo) = (LT
(axt1,0a+1) = Calax,bx)
(ax,by) = Vz{(ax,bs) : £ <A} for limit ordinals A

The proof of the following theorem is also a straightforward generalization of the proof
of Theorem 19 in (Denecker et al. 2000):

Theorem 6
Every fixpoint of the stable revision operator C4 is a <-minimal pre-fixpoint of A.

Appendix D: Proofs of Section 6

Before providing the proofs of the results of Section 6, we notice that Proposition 4
extends to the case of Herbrand interpretations as follows:

Proposition 14
Let P be a program. Then, for every Z, J € Hp and for every (11, J1), (I2, J2) € (Hp* @
Ha™), the following statements hold:

7(Z) € (HF* @ H3™) and 71 (11, J1) € Hp.

If Z < 7 then 7(Z) X 7(J).

IfZ < J then 7(Z) < 7(J).

If (I1, Jl) = (12, JQ) then T_I(Il, Jl) = 7_1(12, JQ)
If (Il, Jl) < (IQ, Jg) then ’7'_1(]1, Jl) < ’7'_1(]2, J2)

Al

Lemma 3
Let P be a program and let (I, J1), (I3, J2) € HF? @ Ha"™. If (I;,J1) = (I2,J2) then
Te(I1,J1) < Tp([g,.]g).

Proof

It follows directly from the definition of Wp together with Lemma 2 and Corollary 1
in Appendix A that ¥p is <-monotonic. It follows from Proposition 14 that 7=1(I, J;) =
771(I5, J5). Since Wp is =<-monotonic we get Wp(r~ (I, J1)) =X ¥p(r71(I2,J2)). By
applying again Proposition 4 we have that Tp(I1,J1) = Tp(l2,J2) that concludes the
proof. [

Lemma 4
Let P be a program. If (I,J) € HF? ® HA™ is a pre-fixpoint of Tp then 771(1,J) is a
model of P.
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Proof

From the definition of 7p and using the fact that (I, J) is a pre-fixpoint of Tp, it follows
that 7(Up(7~1(1,J))) = Tp(I,J) < (I,J). By applying 7! to both sides of the state-
ment and using Proposition 14 we get that 7= (7(¥p(r=1(I,J)))) < 771(I,J) which
gives Up(771(1,J)) < 771(1,J). From the definition of ¥p and the definition of model,
it follows that 7=1(I,J) is model of P. [J

Lemma 5
Let M € Hp be a model of P. Then, 7(M) is a pre-fixpoint of Tp.

Proof

By the definition of Up we have that for every predicate constant p in P, ¥p(M)(p) =
VAIENM) | (p + E) € P}. Since M is a model of P it follows that [E](M) < M(p) for
every clause p < E in P, i.e., M(p) is an upper bound of the set {[E](M) | (p < E) € P}.
Therefore, \/ _{[E](M) | (p < E) € P} < M(p), which implies that Up(M) < M. By
Proposition 14 it follows that 7(¥p(M)) < 7(M). Moreover, by the definition of Tp and
Proposition 14 we have that Tp(7(M)) = 7(Up(771(7(M)))) = 7(Vp(M)) < 7(M), and
therefore 7(M) is a pre-fixpoint of Tp. [

In order to establish Theorem 2 that follows, we need the following lemma:

Lemma 7
Let P be a program. If (I, J) € HF? @ H&™ is a minimal pre-fixpoint of Tp then 771(1,.J)
is a minimal model of P.

Proof

Let M = 771(I,J). By Lemma 4, M is a model of P. Assume there exists a model
N € Hp of P such that ' < M. Applying 7 to both sides and using Proposition 14 we get
that 7(N) < 7(M). By Lemma 5, 7(N) is a pre-fixpoint of Tp and since 7(M) = (I, )
is a minimal pre-fixpoint of Tp, we get that 7(N') = 7(M). Applying 7~ to both sides,
we get N =M. O

Theorem 2
Let P be a program. Then, Mp is a <-minimal model of P.

Proof

By Theorem 6 (see Appendix C) every fixpoint of Cr, is a minimal pre-fizpoint of Tp.
Since by Theorem 1 (I5, Js) = 7(Mp) is a fixpoint of Cr,,, 7(Mp) is a minimal pre-fixpoint
of Tp. By Lemma 7, 7=1(7(Mp)) = Mp is a minimal model of P. []

Theorem &
For every propositional program P, Mp coincides with the well-founded model of P.

Proof

In (Denecker et al. 2004)[Section 6, pages 107-108], the well-founded semantics of proposi-
tional logic programs (allowing arbitrary nesting of conjunction, disjunction and negation
in clause bodies) is derived. By a careful inspection of the steps used in the above refer-
ence, it can be seen that the construction given therein is a special case of the technique
used in the present paper. []
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Appendix E: The Model Mp for an Example Program

Consider the following program P which is a simplified non-recursive version of a program
taken from (Rondogiannis and Symeonidou 2017). Initially we use a Prolog-like syntax:

s(Q,V) « QW)
p(R) < R
qR) « ~w(R)
w(R) < ~R

In the above example, the type of p, q and w is 0 — o, and the type of s is (0 — 0) —
0 — o. In HOL notation the program can be written as follows:

s < AQ.AV.(Q W
p < AR.R

q < AR.~ (v R)
W < AR.(~R)

Notice now that the bodies of the clauses of s, q and w do not involve other predicate
constants, and therefore the calculation of their meaning can be performed in a more
direct way. On the other hand, the body of the clause concerning q involves the predicate
constant w, and therefore the calculation of the meaning of q is more involved.

The first approximation to the well-founded model of P is the pair (Iy, Jy) = (L, T)
(see Theorem 1). Consider now (I3, .J1). We have:

L= Ufp([Te (-, D) = Ufp([r(¥e(r— (-, T))h)
and

Ji = Ufp([Te(L, )]2) = Ufp([r(Tp(r~1(L,))]2)

where, as discussed in Appendix C, the [fp in the case of I; is the least upper bound of
the sequence 19, I1, ..., defined as follows:

R = [r(Te(r (L ))h
I o= [r(Te(r (IR, T))h
= (e IR, T))h

and the [fp in the case of J; is the least upper bound of the sequence JY, Ji, ..., defined
as follows:

B = [r(@e(r7H(L, 1))
i = [F(e(rTH (L ID)))l

JP = (e (L I



13

For the predicate constant w we have:

B(w) = [r(We(r=H (L T))h(w) = [r([AR.~ R[(r7 (L, T)h = [r(Awo™H)]
Ii(w) =[r (‘I’P( I, T () = [r(IAR.~ RI(r~H(IP, T))h = [F(Aw.v™ Y]y

) =[r (‘I’P( IR, )W) = [r(IAR.~ B)(r~H(IF, T))h = [r(wo™H]h

Similarly, we can show that for every ordinal «, J{*(w) = [r(Av.v=1)]2. The above imply
that Mp(w) = Av.wo™!. In other words, the denotation of w is the not function over our
3-valued truth domain. In a similar way, it follows that Mp(p) = Av.v. In other words,
the denotation of p is the identity function over our 3-valued domain.

Consider now the predicate constant q. We have:

() = [7(Tp(r~ (L, T))i(@) = [r([AR.~@ B](r~1(L, T)))1 = [r(Av.undef)]x
Ii(q) =[r (‘I’p( NI, D)@ = [r(IR.~ BT, T))h = [(f)]h

If*q) = [r (‘I’P( I, T = [F(R.~w BJ(-HIR, T)h = [7(H)h

where f is the function such that f(true) = f(undef) = undef and f(false) = false.
Similarly, we have:

JP(q) = [r(¥e(r~ (L D))l2(a) = [r([AR.~w RI](r7H (L, L)))]2 = [r(Av.true)]2
Ji(e) = (\pr( HL IP2(@) = [F([AR~G (T (L, JD)))2 = [7(9)]2

@) =1[r (\I’P( L I)e(@) = [F(AR. A~ B (r7H(L, T7))]2 = [7(9)]2

where g is the function such that g(false) = g(undef) = undef and g(true) = true.
Consider now (I, J2). We have:

I = Ufp([Te (-, J)]1) = Yp([r(Up(r 7 (-, J1)))
and

Jo = Ufp([Te(I1,))2) = Ufp([r(Te (™' (11,-)))]2)

where the [fp in the case of I is the least upper bound of the sequence I3, I1, ... defined
as follows:

Iy = [r(Te(rH (L))
I = [r(¥p(r7' (I3, J1))h
I = [r(Pe(r (15, 1)

and the Ifp in the case of J is the least upper bound of the sequence J9, J3, ... defined
as follows:

Jy = [r(Te(r (I, I7)))]e

Jy = [r(Te(r (11, J9)))]e

T = (e (11, J8))
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where I is the least interpretation in H3™ such that I; < I} (namely, the bottom
antimonotone-monotone element of the interval [I7, 1], see the construction in Appendix C).
Consider again the predicate constant q. We have:

I3(q) = [r(¥e(r~ (L, J1)))1(q) = [r([AR.~w RI](~1 (L, 1))
I(q) = [r(We(r~1 (13, J))(@) = [F([AR.~Cw RIJ(77H (I3, J1)))l1 = [r(Mv.v)h

I3+ (@) = [r(Tp(r~ (I, J1))(a) = [T(IAR.~G R](r~ (15, J1)))]1 = [T(Av.0))

because for all ordinals «, I§(w) = [r(Mv.v™1)]; and Ji(w) = [r(Av.v~1)]s. Similarly, we
have:

J3 () = [r(Tp(r7 (11, 17)))]2(q) = [T([AR.~w R (7 (11, 1})))]2
Ja(q) = [r(We(r~ (1, J3)]2(@) = [T([AR.~w R](7 (11, J2)))]2 = [r(Av.v)la

I @) = [T(Wp (77 (11, J5)))]2(@) = [T(AR.~ RY](77 (1, J5)))]2 = [T (Av.v)]

because I (w) = [r(Av.wo~1)]; and for all ordinals «, J§(w) = [r(Av.v71)]2. The above
imply that Mp(q) = Av.v. In other words, the denotation of q is the identity function
over our 3-valued truth domain. Notice that despite their different definitions, p and q
denote the same 3-valued relation (in some sense, the two negations in the definition of
q cancel each other).

Finally, consider the predicate constant s. We have:

IY(s) = [r([AQ-AV. (@ W(r~H (L, J)))]r = [r(Ag-Av.(qv))]y
Ii(s) = [7([AQ-AV. Q@ W](r~H(IP, T = [r(Ag-Mv.(qv)]y

{4 (s) = [r(IMQ-AV. Q@ W71, )l = [r(Ag-Mv.(gv)h

and also:

J(s) = [7([AQ-AV. (Q V](r7 (11, L)))]2 = [T(Ag-Mv.(qv))]2
Ji(s) = [7([AQ.AV. (@ V](7H(L, D)2 = [T(Ag-Av.(qv))]2

J{H'l(s) = [7([AQ.AV. @ V](r7 (L, JM)))]2 = [T(Ag A v.(qv))]2

The above imply that Mp(s) = Ag. \v.(qv).



