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Abstract: We introduce a four-parameter family of interacting particle systems on the
line, which can be diagonalized explicitly via a complete set of Bethe ansatz eigenfunc-
tions, and which enjoy certain Markov dualities. Using this, for the systems started in step
initial data, we write down nested contour integral formulas for moments and Fredholm
determinant formulas for Laplace-type transforms. Taking various choices or limits of
parameters, this family degenerates to many of the known exactly solvable models in the
Kardar—Parisi—-Zhang universality class, as well as leads to many new examples of such
models. In particular, asymmetric simple exclusion process, the stochastic six-vertex
model, g-totally asymmetric simple exclusion process and various directed polymer
models all arise in this manner. Our systems are constructed from stochastic versions of
the R-matrix related to the six-vertex model. One of the key tools used here is the fusion
of R-matrices and we provide a probabilistic proof of this procedure.
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1. Introduction

Integrable probability is an active area of research at the interface of probability/
mathematical physics/statistical mechanics on the one hand, and representation the-
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ory/integrable systems on the other. Integrable probabilistic systems are broadly char-
acterized by two properties:

(1) Itis possible to write down concise and exact formulas for expectations of a variety
of interesting observables of the system.

(2) Asymptotics of the system, observable and associated formulas provide access to
exact descriptions of new phenomena as well as large universality classes.

In light of these properties, there are two main goals in this area:

(1) Build bridges between algebraic structures and probabilistic systems and in so doing,
discover new integrable probabilistic systems and new tools by which to analyze
them.

(2) Study scaling limits of these integrable probabilistic systems and in so doing, expand
and refine the scope of their associated universality classes and discover new asymp-
totic phenomena displayed by these systems.

In this paper we work to advance the first goal. We develop a four-parameter family of
stochastic interacting particle systems, which are built off of higher spin representations
of the six-vertex model R-matrix. These systems benefit from properties inherited from
the R-matrix. In particular, they are diagonalizable explicitly in terms of a complete
set of Bethe ansatz eigenfunctions, and they also enjoy certain Markov dualities. We
use these two facts to compute moment and then Laplace-type transform formulas for
these processes. Asymptotics of these systems and the associated exact formulas are
in line with the second goal defined above. We do not pursue this here, but note that
such asymptotics have previously been performed on various degenerations of this fam-
ily of systems [BC14,BCF12,BCR12,BCFV14,CSS14,0014,Bar14, Vet14,BCG14].
In all of those cases, the resulting phenomena were that of the Kardar—Parisi—Zhang
(KPZ) universality class. It would be quite interesting to see whether other phenomena
can be accessed beyond that of the KPZ class.

Vertex models and more generally quantum integrable systems have long been objects
of intense research within mathematics and physics (see, for example, the reviews
[Fad96,Res08]). Generally, R-matrices are not stochastic, and neither are their associ-
ated transfer matrices. Here we work with a variant of the R-matrix, which is stochastic
and arises from conjugating the associated transfer matrix. We call this variant our L-
matrix (see Remark 2.2 for the relation to the usual R-matrix). This enables us to define
our vertex models on the entire line, such as in [BCG14]. The associated transfer matrix
is Bethe ansatz diagonalizable, as follows either from taking a limit of the finite lattice
algebraic Bethe ansatz or from the recent work [Bor14]. Moreover, as opposed to on a
finite lattice, there are relatively simple direct and inverse transforms with respect to these
Bethe ansatz eigenfunctions [BCPS14] (see also Appendix A). Our proofs of duality are
largely based on earlier methods from [BC13,Cor14]. In both cases (diagonalization
and duality), we first prove our results for the horizontal spin 1/2 (J = 1) and arbitrary
vertical spin L-matrix. Then we construct higher horizontal spin L-matrices (J € Zx>1)
via Markov functions theory, and the diagonalization and duality easily extends. This
construction provides a probabilistic proof of the fusion procedure [KR87] on the line.
Though initially the form of the L-matrix we find is not very explicit, we are able to
demonstrate a recursion relation it satisfies, and then explicitly solve that in terms of
g-Racah polynomials [Man14].

We also have a more concrete motivation behind this work, which we now explain. The
totally asymmetric simple exclusion process (TASEP) is arguably the paradigm for inte-
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grable stochastic interacting particle systems. The asymmetric simple exclusion process'

(ASEP) and g-deformed totally asymmetric simple exclusion process” (¢-TASEP) are
both one-parameter generalizations of TASEP.? In [BCS12] it was recognized that both
systems enjoy Markov dualities and have moment formulas that can be written in terms
of nested contour integrals. This prompted the question of whether both systems and
their associated results can be united as special cases of a more general integrable prob-
abilistic system. In [BCPS14] this question was addressed at a spectral level—it was
shown that the eigenfunctions that diagonalize both systems are special cases of a more
general set of eigenfunctions (recalled in Appendix A). In this present work we provide
a complete answer to this question in the affirmative. The four-parameter family of sys-
tems we introduce here has degenerations* to both ASEP and ¢-TASEP, at the level of
their transition operators. In other words, not only do the eigenfunctions degenerate, but
so do the eigenvalues.

In recent work, [CGRS14] discovered a family of higher spin particle systems which
interpolate from ASEP (spin 1/2) to g-TASEP (spin infinity) and proved dualities for
these systems using U, (sl;) symmetry. This two-parameter family of systems> does not
appear to be diagonalizable via Bethe ansatz except for the cases of ASEP and ¢-TASEP.
Hence it is unclear whether many of the nice properties of ASEP and g-TASEP hold
for the systems in between them. Besides the cases of ASEP and g-TASEP, the systems
and dualities proved in [CGRS14] appear to be different than any degenerations of our
four-parameter family of systems.

Besides ASEP and g-TASEP, our family of particle systems has a number of other
interesting degenerations. Some of this hierarchy of degenerations is illustrated in Fig. 1
wherein we show the relations to various known systems in the literature. There are,
of course, many other degenerations to study. The exact nature of the degenerations
are indicated below or in the cited literature. The left-hand side of the figure involves
g-Hahn TASEP [Pov13,Cor14] (see also Sect. 5.6), discrete time ¢g-TASEP [BC13], g-
TASEP [BC14,BCS12], the strict/weak polymer [CSS14,0014], and the semi-discrete
Brownian polymer [OY01,0°C12]. The right-hand side of the figure involves the sto-
chastic six-vertex model [BCG14] (see Sect. 5.5), ASEP [TW08,TW09,BCS12], and
Brownian motions with skew reflection [SS14]. Both sides have limits to the KPZ equa-
tion/stochastic heat equation/continuum polymer [BG,ACQ11,MFRQI15] and yet fur-
ther to the KPZ fixed point (e.g. with cube-root scaling and limiting GUE Tracy—Widom
one-point fluctuations) [TW09,ACQ11,SS10,BC14,BCF12,BCR12,BCFV14,CSS14,
0014,Barl4,Vet14,BCG14]. Besides these examples, there are also ‘determinantal’
particle systems (such as TASEP) which fall into the hierarchy of degenerations and are
not depicted.

Let us note that the log-gamma polymer [Sepl12,COSZ14,TLD14], g-pushASEP
[BP13,CP15], and two-sided g-Hahn ASEP [BC15] are not included in Fig. 1. These
systems are all diagonalized in the same basis (or degenerations thereof) as our four-
parameter family of systems, and they have explicit and elementary eigenvalues. While

1 Particles jump left with rate (i.e., according to independent exponentially distributed waiting times of
rate) p and right at rate ¢, assuming the destination is not already occupied.

2 Particles jump one to the right with rate given by 1 — ¢8¥P, where gap represents the number of holes
before the next particle.

3 TASEP arises from ASEP by setting either p or g to zero, and from g-TASEP by setting ¢ to zero.

4 Saying that one system degenerates to another will mean that the second is accessed from the first either
through a special choice of parameters, or through a limit transition.

5 Spin and ¢ being the two parameters.
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Stochastic higher spin
exclusion process / zero range process

/

Discrete time ¢-TASEP. Stochastic six-vertex model

\ polymer /
‘/ . .
Semi-discrete Brownian motions
Brownian polymer with skew reflection
KPZ equation / SHE / continuum polymer

KPZ fixed point (e.g. Tracy-Widom distributions)

Fig. 1. Hierarchy of various degenerations of the four-parameter family of higher spin particle systems. Each
arrow represents a particular degeneration of models (with the exception of the arrow to the KPZ fixed point
which is at the level of one-point limiting distributions). The arrows should be transitive, though not every
additional arrow has been proved

we expect that these systems can also be incorporated in some form into our hierarchy,
we do not pursue this direction here and leave it for future work.

1.1. Outline. Section 2 is devoted to the study of the J = 1 (or horizontal spin 1/2)
vertex models. In particular, Sect. 2.1 provides definitions of the J = 1 L-matrix,
describes certain conditions on parameters under which the matrix is stochastic, and
constructs three-parameter discrete time zero range and exclusion processes from the
L-matrix. Section 2.2 provides the Bethe ansatz diagonalization of these processes.
Section 2.3 contains the statements and proofs of dualities enjoyed by these systems.

Section 3 implements the fusion procedure through which we go from J = 1 to
arbitrary J € Z—thus yielding the fourth parameter.® In particular, Sect. 3.1 explains
the fusion procedure by which the horizontal spin is taken from 1/2 to J/2 for arbitrary
J € Z=. The higher spin L-matrix is constructed through use of the theory of Markov
functions, which draws on certain special properties we check for the J = 1 case. The
diagonalizability and dualities for the higher spin systems follow immediately from the
J =1 cases. The form of the L-matrix (and hence higher spin zero range and exclusion
processes) is initially rather inexplicit. Section 3.2 deduces a recursion relation in J sat-
isfied by the L-matrix. Section 3.3 provides an explicit solution to that recursion relation
in terms of g-Racah polynomials (or terminating basic hypergeometric functions).

6 The four parameters we work with are g, «, I, J or in a different parametrization, ¢, «, v, f.
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Section 4 utilizes the duality between the J higher spin zero range and exclusion
processes to compute nested contour integral moment formulas for the exclusion process
with step initial data. These lead to a Fredholm determinant formula for an e;-Laplace
transform which characterizes the exclusion process’s one-point marginal distribution.
We do not pursue asymptotics, though this type of Fredholm determinant has been used
before for such purposes (see references earlier in the introduction).

Proposition 2.3 identifies four different cases of parameters under which the J = 1
L-matrix is stochastic. Case (1) of that remark is assumed in the earlier sections of this
paper. However, in Sect. 5 we explain how to extend our results to the other three cases.
Section 5.1 addresses case (2). Section 5.2 identifies reflection and inversion symmetries
of the higher spin L-matrix. Section 5.3 addresses case (3) and Sect. 5.4 addresses case
(4). Section 5.5 demonstrates how the stochastic six-vertex model [BCG14] arises from
our systems, and establishes a new self-duality of that model. Section 5.6 describes
another degeneration to the g-Hahn processes [Pov13,Corl14]. Section 5.7 briefly notes
which results extend to spatially or temporally inhomogeneous parameters.

Appendix A recalls key facts (namely, the Plancherel theory) about the Bethe ansatz
eigenfunctions which diagonalize the systems considered herein. Appendix B contains
explicit formulas for L-matrix elements for J = 1, 2, 3. Appendix C states the Yang—
Baxter type equation satisfied by the L-matrix.

2. J =1 Higher Spin Stochastic Six-Vertex Model

2.1. Definitions and construction of processes. We will consider g, v as fixed throughout
and thus only include other variables explicitly in our notation. We will use the notation
Zsi ={neZ:n=>i},Z<i ={n e Z:n <i},and 1 is the indicator function of an
event E. The symbol E will denote expectation with respect to the process or random
variable that follows.

We proceed now to define the L-matrix which will play a central role in all the follows.

Definition 2.1 (The J = 1 L-matrix). For three generic complex parameters ¢, v, « and

any four-tuple (i1, ji, i2, j2) € (Z20)4 define a corresponding vertex weight as follows:
for any m > 0,

1+ag™ 1—g™
L, 0:m,0) = 2T O, 00— 1,1y = CE0D
l+a l+a 2.1
) 1 —vg™ ) a+vg" '
L, (M,l;m+1,0)=T, L, (M,l;mJ)ZT,
o o

and Lg,l)(il, Jj1; 12, j2) = O for all other values of (i1, ji, i2, j2) € (Z20)4. Notice that
all non-zero weights correspond to four-tuples such that i + j; = i2 + jo, a property
we consider as being particle conservation. Weights are associated graphically with
crosses labeled by (i1, ji, i2, j2) in the manner of Fig. 2 (see also Appendix B). It will
be convenient, at different points, to think about the i, ji, i2, j» as recording the number
of arrows (either up or right pointing) along the edges incident to a given vertex, or as
recording the number of particles in a given location (the i ’s) and the number of particles
to cross a given edge (the j’s).

We will treat these weights as matrix elements. Define a vector space V/ with basis
elements {0, 1, ..., I} if I € Z>1, and {0, 1, ...} otherwise. Likewise define a vector
space HY with basis elements {0,1,...,J}if J € Z>1,and {0, 1, ...} otherwise. As a
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| “output

inpﬁt_

Fig. 2. Left the weight associated to a vertex with (clockwise, starting on the bottom) labels iy, ji, i, jo in
Z> is given by L((xl)(i] , J15 i2, j2). The L-matrix takes as input (i1, j1) and produces output (i2, jp). Right
the representation of a vertex associated with (i1, ji, i2, j2) = (3, 1, 3, 1) in terms of arrows and particles

[H],4

[H7]5 Llas

Vi [V [V [V [V [V

Fig. 3. The association of L-matrices to each vertex in 72 as in Definition 2.1

matter of convention, when describing a linear operator acting between these spaces (or
their tensor products) we will only describe matrix elements in the above basis. Then

for I € Csuchthatv =g/ and J =1,LY: VI @ H/ — V! @ H’ is defined by its
matrix elements foj)(il, J1; i1, j2). We will associate L-matrices to vertices (x, y) € 72
and denote vector spaces [V » and [H7] y as associated with column x and row y. We
write [ij)] x,y to mean the matrix which acts as Léj) on [V, @ [H’] y and the identity
on all other [V/] + and [H'] y- This convention is illustrated in Fig. 3.

Remark 2.2. These weights are closely related to the matrix entries of the horizontal
spin’ 1/2 (i.e. J = 1) six-vertex model R-matrix. For instance, changing variables to
s,uviaa = —su and v = 52, we can match the above defined weights with those of
[Bor14, Definition 2.1]:

LG jis iz, jo) = waliz, fos it j) (=8)7 (=su) 277

7 In general, for I, J € Z>1 one says that our L-matrix is vertical spin //2 and horizontal spin J /2.
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The factor (—su)/27/1 is a conjugation which does not affect the overall transfer matrix
(cf. Remark 2.9) whereas the factor (—s)/! corresponds to conjugation of the transfer
matrix (cf. Remark 2.7). [Borl4, Proposition 2.4] further matches w, (i1, ji; i2, j2) to
the matrix entries of a particular normalization of the R-matrix considered in [Man14]
when J = 1.

‘We now identify various ranges of parameters under which our L-matrix is stochastic.
Notice that our weights have been normalized so that for i1, j; fixed,

> LV, iz, jo) = 1.

i2, 2

If ¢, v, @ are chosen so that all weights are non-negative, then fol) is a stochastic matrix
and provides the transition probabilities for going from the pair (i1, ji) to (i2, j2) (see
Fig. 2 for a graphical representation of this transition from inputs to outputs).

Proposition 2.3. The following choices of parameters ensure non-negativity (and hence
its stochasticity) of L((xl):

1) g,vel0,1),anda > 0,
(2)q € (—1,0], « € (0, 1/Ig]), and v € (— 1/lg|, min(1, &/|ql)),
B)gel0,1),v= q*lforl € Z>1, and o0 < —q”,

4) g € (1,+00), v = q"for I € Z>1, and —q_’ <a<0.
Proof. Each case follows from straightforward inspection. O

Remark 2.4. In the third and fourth cases, the weights are not always non-negative,
however restricted to i € {0, ..., I} (ie. V1) they are. The only way to transition out
of this range for i is to utilize the weight L((xl)(l ,1; 1 +1,0), but due to our choice of
v, this is zero. The first choice relates to models generalizing the g-Boson stochastic
particle system [SW98,BCS12] whereas the third and the fourth examples relate to
models generalizing ASEP and the stochastic six-vertex model (coming from letting
I = 1) [BCG14].

We will assume that g, v, « satisfy case (1) above, namely that
qg,vel0,1), and o >0, 2.2)

and prove all of our results under those conditions on parameters. In Sect. 5 we describe
how our various results extend to the other choices of parameters from Proposition 2.3.

We turn now to define certain sequential update, discrete time zero range processes
and exclusion processes based off of our stochastic L-matrix.® This is a general construc-
tion whose only input is the stochastic L-matrix. We will make use of this construction

later when Lél) is replaced by Lf)/).

Definition 2.5 (State spaces). Define the space of left-finite particle configurations on
the line as

G= {_g) =(..,8-1,80,81,...): all gi € Z>o U {+00},
and there exists x € Z such that g; = 0 foralli < x},

8 Strictly speaking, these might not be the most accurate names for these processes, but for lack of a better
name they will suffice.
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and likewise the space of right-finite particle configurations on the line as

Y = {? = (s Y1, Y0, V1, - - )¢ all y; € Zzg U {+00},

and there exists x € Z such that y; = 0 for all i > x}.

For k € Z>1, define the space of k-particle configurations on the line as
Gk = {_g) =(..,8-1,80,81,--.): Zgi Zk},
i

and Y* = {7 = (s =1, 50, Y15 - ) ZYi =k}.
i

Though G* and Y* are the same, we differentiate to keep track of the separate Markoy
processes for which they will be the state spaces. The spaces G and Y* are (respectively)
in bijections with (W for Weyl chamber)

WG = {71) =(m; <---<my): all m; EZ},

and WY = {7 =y > > ) alln ez}.

The bijection is given by associating to a state g or ¥, the ordered list of the k particle
locations. As a convention, for g we associate 7 with weakly increasing particle
location order, and for 7 we associated 77 with weakly decreasing particle location
order. Given an operator B acting on functions from G* to C, we will overload notation
and let B also denote the operator on functions f from WG* to C defined via (B f) (m) =
(Bf )(?) where _g> and 7 are associated via the bijection, and f (?) =f (). Finally,
define (for later use) Gy, Yy, G’;, and Y’; to be restrictions of the respective spaces so
that each g; or y; liesin {0, ..., I'}. Define WG’; and WY’} as the respective images of

G* and Y. In other words, having no clusters of equal m;’s or n;’s of length large than /.
Define the space of right-finite exclusion particle configurations

X= {7 =(x1 > x2 > ) all x; GZ},
and for N > 1 define the space of N-particle configurations
XN = {? =(x; > >xN): all x; GZ}.

By convention, we define ‘virtual particles’ x; = +oo for all i € Z<.

Definition 2.6 (J = 1 high spin zero range process). For k > 1, define the k-particle
discrete time J = 1 higher spin zero range process ? (1) with state space G¥ according
to the following update rule (see Fig. 4). Given state ? we update to state _g)’ sequen-
tially. Start at the left-most site x € Z suchthat g, > 0.Let 2z, = 0 and randomly choose
g, and hy4; according to the probability distribution L((xl)(gx, hy; &%, hys1). Now pro-
ceed sequentially so that given g,.1 and the choice of /., randomly choose g’ ,, and

hy+2 according to the probability distribution Lg,l)(g“l, hytt; g; +1» Px+2). Continue in
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0 / / /
T z+1 T+2

0 hy =0 hat hat2 hat3
9z 9r+1 Jr+2

Left to Right Update

W4 0
L4053, 1) payg 1.3,)
\‘ / LY (3,0:2,1)
Jx 9r+2 -
9x+1<’ '
p T+ 1 x + 2

Fig. 4. A schematic showing the discrete time zero range process sequential update. The grey particles on the
bottom of the figure are the ones which will move to the right by one

this manner, augmenting x. Since there are finitely many particles and since all proba-

bilities of the form L((xl)(O, J1; 12, j2) are strictly less than 1, it follows that eventually
the output of the sequential update step will be all zeros. The update can be stopped
and all subsequent g’ values are set to zero. We will denote the transition_;)robability
(given by the product of L-matrix weights) from state g to g’ as B*9%(g, g’) and
the transition operator” with matrix entries as 3%9%. This operator has a well-defined
action on functions f which are bounded as g goes to infinity.!” The odd superscript
notation B*9¢ is due to our eventual extension to B%# for arbitrary B (cf. Remark 3.18).
Note that the dynamics of this process preserves the total number of particles due to the
particle conservation property of the L-matrix.

We also define the infinite-particle version of the process ? (1) with state space G.
Since the update is from left to right and we are dealing with left-finite initial data,
we can show that the update is well-defined. Towards this end, for M € Z, define the
restriction of a state ? to Z<py as ? | v = (& - licm)iez and define a sequence of
finite-particle processes ? | 4 (1) such that ? | »(0) = ? ‘ - Each of these initial data
has finitely many particles, and hence the evolution according to the above defined finite-
particle version of the J = 1 higher spin zero range process is well-defined. We define
E)(t) as the inverse limits (in law) of the restriction of ? | (1) 1o Z<py (note: even
though the initial data was restricted to Z<js, the evolution may have left that sector).
Because of the left to right update and one-sided nature to particle movement, these
restrictions form a consistent family and the desired inverse limit exists. Though we

9 The operator acts on functions f: Gk - Cas (B"‘*q“ f) (%) = ZE}/EGI‘ B*4% (?» ?/)f(_g)/)-

10 By K going to infinity, we mean that the right-most particle in i goes to infinity.
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cannot write transition probabilities, we can still define a transition operator acting on
a suitable domain of functions. The operator B*9* will act on functions f: G — C
which are stable at infinity. By stable at infinity we mean that for each g € G, over all
¢’ > ¢, f(Z)) is uniformly bounded and f(?’|M) converges uniformly to f(g").
The inequality g’ > g means thatforallx € Z,>,_ g > >, _. g/ (in other words,
the state g’ can be accessed from g via moving particles to the right). For such stable
functions, limp—eo (B¥9% £) (g |,,) exists for all ¢, and defines (B*9% £)(g).

In the same manner as above, we define space reversed zero range processes 7 ()
in which particles are updated right to left with state space Y* (or Y). This reversed
process involves the L-matrix which is reflected in the y-axis. The space reversed tran-
sition operator B%9% = PB%4* P~! where (Pf)((vi)iez) = f((v—i)iez) is the space
reversal operator (note that P~! = P). We may likewise extend from finite to infinite
particle configurations.

Remark 2.7. The J = 1 higher spin zero range process describe in Definition 2.6 should
be thought of as a full line version of the transfer matrix built from the L-matrix with
matrix elements given in Definition 2.1. The standard construction of a transfer matrix on
7./ LZ involves taking the product of L-matrices and then tracing out the horizontal space.

In other words, one defines the transfer matrix as gy, ([L&l)] 1.1 [Lg,l)]z,l ... [L((xl) Iz )

The resulting matrix maps [V/]; ® [V/]; ® - -- ® [V] to itself. Under standard nor-
malization, it is not clear how to directly construct transfer matrices on Z. However, if
we work with stochastic L-matrices, then all weights are strictly less than 1, except for

the weight Lg,l)(O, 0; 0,0) = 1. This enables us to make sense of the infinite product
of these (stochastic) L-matrices, at least when restricted to the sector in which there is
a finite total number of particles. As in Definition 2.6, with a little more work one can
likewise construct infinite particle number versions of these resulting stochastic transfer
matrices (see also [BCG14]).

Remark 2.8. In light of Remark 2.2, our ZRP transition probability 8%9%(7 ; ") for
7,7 € WYF is related to the weight G+ 5/ up-to a simple conjugation by an
eigenfunction of G. Thus, our stochastic transition operators are Doob A-transforms of
the transfer matrices considered in [Bor14]. It would be interesting to investigate whether
conjugation with respect to other eigenfunctions result in stochastic transfer matrices.

Remark 2.9. The construction of the finite particle zero range process given in Defini-
tion 2.6 is invariant under conjugation of the L-matrix elements via multiplication by
f(j1)/f (j2) for any non-zero function f: H’ — C. Such a conjugation may, however,
destroy the stochasticity of the individual L-matrices (despite retaining that of the entire
transfer matrix).

Definition 2.10 (J = 1 higher spin exclusion process). Via a gap/particle transform,!!

we define an exclusion process. For N > 1, define the N-particle discrete time J = 1
higher spin exclusion process X (1) with state space XV according to the following
update rule (see Fig. 5). Given state X we update to state x ' sequentially. Start at
x1, randomly choose x] € {x1,x; + 1, ...} according to the probability distribution!?

LY (0, 0; 0o, x} — x1). Proceed sequentially up to j = N so that given x} and x 41,

1 we may consider our zero range process as describing the size of gaps between labeled particles. This
equivalence is unique up to an overall shift in the labeled particle positions.

12 This corresponds to taking the well-defined limit m — oo in Definition 2.1.



Stochastic Higher Spin Vertex Models on the Line 661

LD(3,0:2,1) LV(1,1;2,0) LY(2,1;2,1) LY (00,0500, 1)

/ / /

STTALY A2 STTATY AT
; I | | ; | ; I | ;
. ] I I . I . T I . _I—’
Xy x3 T2 x1
< _______________________________

Right to Left Update

Fig. 5. The exclusion process constructed from the L-matrix. The first particle x| is updated and then, based
on the length of the previous update, each subsequent particle is updated

randomly choose xl;. +1 € {xj+1, ..., x; — 1} according to the probability distribution
/!

j+l
probability from state X to X/ as 7%49%(%, X '), and the associated transition operator
with these matrix entries as 7*9%. This transition operator has a well-defined action on
functions which are bounded as X goes to infinity. In order to define the infinite version
of this process with state space X it suffices to observe that the first N particles evolve
according to the N -particle exclusion process (and hence the infinite-particle version can
be defined as an inverse limit of consistent laws of these processes). We can also define
the transition operator’s action on functions f: X — C which are stable at infinity. By
stable at infinity we mean that for each X eX,overall X' > X, f (X")is uniformly
bounded and f (X’ | ) converges uniformly to f (¥). The inequality ¥’ > X means

L,gl)(xj —xj41— 1, x} — X x} —x}+1 —1,x" ., —xjs1). We will denote the transition

that for all i € Z>1, x, > x;, and ?"N = (x1,...,xy). For such stable functions
limy_ 00 (T“’q"‘ f) €4 |N) exists for all %, and defines (T""q"‘ f) (7).

Definition 2.11 (g-Hahn distribution and zero range process). For generic complex
q, 1, v,and y € Z=, define the (complex) probability distribution!3 on s € {0,...,y}
as

s /s q)s (s q)y—s (q: q)y
(viq)y (@ Ds(q: @) y—s

(pu(SI.V) = (pq,u,v(sly) =M
n .
with (a; q), 1= H(l —aqg’™h.
=1

For k > 1 fixed and i € Z, define linear operators [ﬁ” ]l. via their action on functions
f: Y > C

Vi
([ﬁa]if)(?) - Z o-a(sily) f (Vi)
5i=0

Note the inclusion of the negative sign in ¢_q(s;|y;). Here, for 7 € Y¥, we have set
7: i1 = (.., yi—1+s,yi —s, ..., ). Define the k-particle space reversed g-Hahn zero

range process transition operator!#

13 One condition under which this is a bona-fide positive probability distribution is if |¢| < 1 and 0 < v <
1 < 1. For discussion and references regarding this distribution, see [Pov13,Corl4].

14 If the parameters ¢, , v are such that ¢, is always positive, then [Ho‘]i corresponds with the Markov
update by which s; particles are moved from position i to i — 1 according to the distribution ¢4 (s;|y;), and
HY is the Markov update by which one updates each site in parallel according to the H? single-site update.
‘We do not, however, rely upon such positivity in our use of this distribution and its associated operators.
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A v N L W I

In the same way as for B9 (up to space reversal), we also define the transition operator’s
action on functions f: Y — C which are stable at negative infinity. Likewise, define
the non-space reversed operator H* = PH®P~" where P is the space reversal operator
from Definition 2.6.

Remark 2.12. We will use the following properties of ¢, (s|y) which one can readily
check (here s € {1, ..., y}):

1 _qy+l—s 1 — qu—l/'u
OulsI) = gus = 1) 0 — = 23)

1 s y+l—s
Gans1) = 7 (1= 1" au61) = k(1= s — 1) 24

2.2. Bethe ansatz diagonalization. In Appendix A we recall the Bethe ansatz eigenfunc-
tion which, according to the result we now prove, diagonalize the higher spin zero range
process with transition matrix B*9% We will rely upon the Plancherel theory developed
in [BCPS14] for these eigenfunctions (also reviewed in the appendix). In what follows
we will, as described in Definition 2.5, overload notation and let operators acting on
functions of the 7y variables also act on functions of the 7 variables via their bijective
association.

Proposition 2.13. Assuming ] 11 UZZ’ ‘f:;} < 1forl<i <k, then®

!
5 — l+qgaz; —
B4yt =[]——" 9% @).

( z)(n) ilj[ll+otzi z(n)

Proof. We appeal to the known eigenfunction relations for the J = 1 higher spin six-
vertex model. This can be derived on the periodic lattice via algebraic Bethe ansatz
(cf. [Res08]). We use [Borl4, Corollary 4.5 (i)] wherein it is shown (via a symmetric
function theory approach) that if

Zi—S u-—S
‘ )<1
1—s57; 1 —su

foralli € {1, ..., k}, then

k
1 - i
[T @)y Gz = ZG—>//—>(v)c(n VFo/ (2, e 20)-

Here 77/, 7% € WY and, after changing z > sz,

(W) Fy szt .5z = [ | L)iwz(ﬁ)

15 By applying the space reversal operator P we can also produce eigenrelations for B*9%.
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where v = 52 in \IJ’_Z> (7). According to [Bor14, Definition 3.2] the term Gﬁ//7 (v) is

equal to the product of the weights from 7 to 7 where the weights are given as in
[Bor14, Definition 2.1]. Remark 2.2 explains the relation of the weights in [Bor14] to

those considered herein and setting & = —sv and v = 52 yields
k 1+qaz; T
I I L\ (o7 — R0, G0 r —

i=1
This, likewise, implies the desired relationship for left eigenfunctions as well. 0O

Proposition 2.14. Fora € Cand 1 —vz; #0for1 < j <k,

k
~ I +az
o\l -\ I A e

(H \P?)(n)_l_[] — wE (7).
=

Proof. This follows from [Pov13,Cor14,BCPS14]. In particular, [BCPS14, Proposition

5.13] records the desired result for 0 < v < —a < 1. The operator H* depends

polynomially on «, as does the eigenvalue. Thus, since both sides above are polynomial

in « and equal for an interval of values, they must match foralla € C. O

In Sect. 5.6 we develop the relationship between the operator H® and higher spin
versions of the zero range process transition operator.

In order to understand the following corollary, the reader is encouraged to recall from
Appendix A the direct and inverse transforms 79", 79" and the space WX on which
J4VF9V acts as the identity.

Ko B4 = () 7199, Boae = (%)™ 1<, and
H* commutes with itself for different values of «.

Corollary 2.15. On the space W¥

Proof. This follows by spectral considerations. Let’s prove the first claim. The formula
for 74V implies that!'6

(7)™ 1) G0 = 7 ((eve ) ™ (F2 1)) ()
(7)) = T4 (vga ) (FE £)0)) (D),

where evy (7)) = Hle % t‘f)z . Combining these yields

(7)Ao £) () = T4 (v gu O (FE ) O) ()

where ev,, b(_z)) = Hle LJ:ZZ . On the other hand, it follows from Proposition 2.13 that

(B4 £) ) = T (evequ O (FT* 1)) ()

as well. Conjugating everything by the space reversal operator P produces the second
claimed result. Similar considerations and Proposition 2.14 imply the last commutation
relation. O

16 In the below formulas, the dot represents the variable integrated in the application of the inverse transform.
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Remark 2.16. One of the methods used in Bethe ansatz is to rewrite an operator as
the direct sum of one-dimensional operators subject to two-body boundary conditions.
Not every higher spin transition operator is amenable to this method—for instance, the
stochastic six-vertex model [BCG14]. This proposition shows that 59% (and eventually
via fusion, the general B%# operator) can be written as the ratio of g-Hahn transition
operators. It would be interesting to see if this fact goes through to the case of transfer
matrices on the finite lattice Z/LZ.

2.3. Self duality.

Definition 2.17. We define a number of duality functionals. For Y € Xand 7 e YK
for some k € Z>1, define!”
Ly ) — Hq(xl"'l)yt

i€Z
For g € Gand ¥ € Y define
G(?, 7)) = qu>j 8Yi and G(?, 7) = q_Zigj 8iYj

Notice that unless g € G and y ¢ Y¥ for some k, k' € L, G(g. ) will equal
zero. In the case that g € GK and ¥ € Y* notice that

GE. V) =GT. )¢, (2.5)

For ? € GF and 7 € Y¥ we may overload these functionals as described in Defini-
tion 2.5 by replacing @ by 7 € WG and ¥ by 7 € WYX . Form € Z (orn € Z)
and g €eGor y €Y)

NL(E) =D g and NL(Z)=D g

L<m >m

For g € G* bijectively equivalent to 777 € WGK and Y €Y we have

k
6F. ) =aa. V) =[] i@,
—~ _~ k 1
and G(Z.3)=G@.Y)=]]q" N, (V)

—_

i=

For'g eGand ¥ € Y* bijectively equivalent to 77 € WY we have

’

0 —
(7.7 =]q" .
i=1

lk—[ -N ()

17 we employ the convention that the product is zero if y; > 0 for any i < 0. This is in accordance with the
convention that x; (-) = +oo fori < 0.

©
Il
©

€. )

I

G))
al
=¢

and G(Z.,7)
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Recall the g-integer [n] = %. For m € WGK and 7 € Y define

k
4
Gm(}'—n)’y) :H[ym[]q . ml—l(y)’ and Gm(m y) —H[)’m, le(y)

i=1 i=1
andfor ¥ € Gand 70 € WY* define

k' k'

e = N} (%

Gn(Z.7) =[]lgn-1l; - ¢" ¥, and Gn(Z.7) =][]lgnly - ¢ V.
i=1 i=1

Definition 2.18. Call X € X well-adapted to H if for ¥ € Y* the function ¥ >
H(X, ) lies in the space WX (see Definition A.5). Call g € G well-adapted to
G if for ¥ € Y* the function y +— G(g, ¥) lies in the space W{;ax Call ¥ €Y

well-adapted to G if for ? € G* the space reversal of the function g — G(?, _y))
lies in the space WK .

Remark 2.19. There are anumber of readily accessible examples of well-adapted X, ?,
and Y . Step initial data x; = —i,i € Z> is well-adapted to H. To show thls note that
for ¢ > 0 small enough and C > 0 large enough the function Y > H(X, ) lies in
Wexp( .0) which, by Corollary A.6 is a subset of Wr’;ax Similarly, one shows that spiked
initial data g; = +00l;—¢ and likewise y; = +001;—¢ are well-adapted to G.

We now state and prove our first duality result, one between the exclusion process
X (¢) and zero range process y (t). The approach of the proof follows, for the most
part, that of the proof of the discrete time Bernoulli g-TASEP duality in [BC13]. Indeed,
setting v = 0 our exclusion process becomes the Bernoulli g-TASEP.

Theorem 2.20. The J = 1 higher spin exclusion process with transition operator T *1%
is dual to the space reversed J = 1 higher spin zero range process with transition
operator B*9% with respect to H(X, ). Precisely,

T H = H(B*9)

where the equality holds for all matrix elements indexed by Y eX well-adapted to H
and all Y € Y*.

Proof. We will demonstrate the following ‘implicit’ version of the self-duality. Consider
the excluswn process X ( ) from Definition 2.10 with some (possibly random) initial
data X (0) € X and define

L) =E[HF 0. 7)]
where the expectatlon is over the evolution of X ( ) (as well as the initial data, if it is

random) and Y € Y for some k € Z>1. Then, assuming the initial data is such that
(YY) is everywhere finite, we claim that following equality

(H L) (V) = (HI 1) (7). (2.6)
holds for all t € Zsg and all y € Y*.
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Before proving (2.6), let us observe how it readily leads to the proof of the theorem.
In matrix notation, (2.6) implies that

TC{ an(HOl)T H(an')T

where we note that H is easily seen to be in the domain of these transition operators.
Since in the hypotheses of the theorem we have assumed that X € X Well -adapted to H,

we can appeal to Corollary 2.15 (which shows that B*9¢ = (H"‘) H4¢ when acting

on function in Wmax) to complete the proof of the theorem.

Thus, it remains to demonstrate (2.6) and the remaining portion of this proof is
devoted to that goal.

Let N be the smallest integer such that all y; = O for i > N. Note that by the
convention on H being zero if y; > 0 for any i < 0, it suffices to restrict the product
i <Nto0 <i < N and modify the definition of H* to only include terms [H*], for
1 <i < N. In other words, we can treat 0 as a sink since our functional becomes 0 for

all i < 0. We may now argue similarly to [BC13].
For j > 1 and ¢t > 0, let o/ denote the sigma-algebra generated by the random

variables x1(¢), ..., x;(¢). Conditioning on the history of the whole process up to time
t, we will show that, as cr,N measurable random variables,
N N
a0 |:Hq(xi (t+1)+0)y; | f’tN] — 4 Hq(x,- (0)+)yi (2.7
i=0 i=0

Since operators H® and H4% in both sides have a sequential structure (corresponding
to first moving s; particles from y; to yp, then s, particles from y; to yp, etc.), we can
further condition on what happened to particles x1, ..., x;—1 during time stept — ¢+ 1
(forany i = 1,..., N). We will show that the relevant contributions to both sides of
(2.7) behave as they should (i.e., the parameter « in the operator at time ¢ + 1 is replaced
by ga at time ). That is, we will show that for i > 2,

yi
Z 0o (silv)E [q(x,-(t+1)+i)(y,-—s,-)q(x,-_1(t+1)+i—1)s,- o, oti:ll]
si=0
Vi _ ‘
— Z O g (si |yl.)q(xz' (O+) (i *Si)q(xi—l(t)"'l*l)si’ (2.8)
SiIO
and fori =1,
P-aOyDE [ DM 0] = g0 Oly1)g O+, 2.9)

First, note that (2.9) is straightforward: conditioned on the knowledge of x1 (¢), the first
particle jumps to the right by one with probability o/ (1+0r) and stays put with probability
1/(1 + ). Therefore,

#—a(OyDE [q““””“m o]

= oy Oy (2 gt neim gy L ey
l+o l+o

= P—qa (O|y1)q(XI by,
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Here we have used s = 0 case of (2.4) with © = —«, which reads

1
—ga(0]y) = —— (1 +ag” ) p_q (0]y).
9—qaOly) = 7— (1 + g ")¢g—aOly)
To show (2.8), denote by I the indicator of the event that x;_j(t + 1) = x;_1(¢) + 1,
i.e., that the particle x; 1 has jumped to the right by one during time step 7 — 7+ 1. This
indicator is at’:ll -measurable, and it will help us to compute the conditional expectation in
the left-hand side of (2.8). Also for any r, s > 0 denote Z, ; := g5 ()+Drgi-1(O+i=Ds,
Using the definition of the dynamics of X, we can write
El:q(xi(t+l)+i)rq(x,~,1(t+1)+i7])s oN O,i—l]

t U+l

) o+ pgri-1O—xiO-1 1 _ ) axio1(0)—xi(1)—1
= IqA Zys qr 1 + 1
' l+a l+a

La(l— g i1 O—xi=1y ]y ggRiO—xi0)-1
+ .
I+« l+a

+ (1 - I)Zr,s (q

Noting that g*i-10—%"=1z —— 7 .1, we can simplify the right-hand side above
to

I
= —— (@™ +q" —aq” = DZp+ (04" =g +ag" —@)Zr 101
1
+——((@g" 4+ DZp + (—ag” +)Z-1501)
I+oa

(note that when r = 0, the coefficient by Z,_1 s+ is zero.) The left-hand side of (2.8) is
then equal to the sum (over s;) of p_ (s;|y;) times the above expressions with r = y; —s;
and s = s;. That is, left-hand side of (2.8) takes the form

" . -
Z Zy,-—s,-,s,- I:ﬁa—oz(si|yi)(aqyl +613' - O‘qy' 5 — 1)
Si:()

l+a

+@_a(si — 1yi)(vg”t — yqsi—l +aqy,-—s,-+1 . a)]

Vi

> Zyspi | P-asil3) g ™ 4 1D+ ool = Uy (—aq" ™ ).
5i=0

_+_

l+a

By properties of ¢_, (2.3), (2.4), the expression in the square brackets in the first sum
vanishes for any s;; and the expression in the square brackets in the second sum is equal
t0 @_gq(si|y;i). This yields (2.8).

Having now established (2.8) and (2.9), we can now prove (2.7). We have (assuming
yo = 0, otherwise (2.7) is trivial)

(7], .. [ﬁa]N1[ﬁa]N]E|:q(X1(t+1)+1)y1E[q(xz(t+1)+1)yz

.']El:q(xN_l(t+1)+N—l)yN_1E[q(xN(t+l)+N)yN }UIN’Ut}Xfl:I ‘UIN7UIIX;2:|
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. | UtN’ Utl+l] | UtNi|

=[H"], ... [ﬁa]N_lE[qul(Hl)H)ylE[q(xz(t+1>+1)yz - .E[q(fol(t+1>+N—1)yN71

YN

% z o_ a(SleN)E[ (oy (DN 0N =5) N1 (E DN =Dsw | o N N 1]
SN= =0
N _N-2 N 1 N

E %l]nm,%ﬁm]

= [’)—7“]1 L. [ﬁ“]N_l]E[q(xl(t+1)+1)y1E[q(X2(t+l)+1)y2

L1+ DN =Dyy_ N N2 N
..E[q(xN b )yNI}Gt » Ort1 ]»..‘Ut 7C71+1]’Gr:|
YN
x Z (p*qa(SN|yN)q(XN(I)"'N)()’N_SN)CI(XN—I(I)+N—1)SN.
sy=0

The first equality is by definition, and the second equality is by an application of (2.8)
corresponding to i = N, which leads to replacement of the operator [H“] y (for time
1 + 1) by the operator [H4%]; (for time #). Continuing using (2.8) fori = N —1,...,2
and (2.9) for i = 1, we arrive at the desired identity (2.7), and hence complete the proof
of the theorem. O

We turn now to self-dualities of the zero range process. The proofs are considerably
less involved and rely on an earlier discovered identity [Cor14, Proposition 1.2].

Theorem 2.21. The J = 1 higher spin zero range process with transition operator B>«
is dual tg the he space reversed process with generator B*9% with respect 10 G(g , y ) as
well as G( g,y ). Precisely,

B*9°G = G(B)",

where the equallty holds for all matrix elements indexed by g €eGkandy €Y, orby
Z €Gandy €YK Likewise,

B*49G = G(B*1)",

where the equality holds for all matrix elements indexed by ? € G and _y) ey,
provided both sides of the above equation are finite.

Proof. We prove this theorem in a few stages. Initially we deduce an ‘implicit’ form
of the G duality in (2.10). From this we deduce the G duality claimed in the theorem.
Finally, we use the G duality to deduce the G duality.

We begin by proving the following implicit form of the G duality. For any k € Z>1,

HI“G(HY)" = HG(H)T, (2.10)

where the equahty holds for all matrix elements with g € GXand Y € Y well- adapted
to G, or with g € G well-adapted to G and y € Y¥. We will assume the second case
below, though the first case follows similarly.
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To show (2.10), we demonstrate first that
G(H")" = H"G 2.11)

forall ¥ € Gand ¥ € Y. This follows from the fact that for each i € Z,

i Yi
G(IH") (. 7) =D eulsily)G(E. Vi) = D oulsilyNg" 8 G(E. Y)
s;i=0 5i=0

8i 8i
= ourileNg ™ G(E. V) = D 0urile)G(E iy V)

ri=0 ri=0

= [H"1:G(E, ).

In the first and last equation above we have written the composition of operators followed
by (g, ) to denote the corresponding matrix element. The equality between the end
of the first and beginning of the second line above relies on an identity proved in [Cor14,
Proposition 1.2].

From (2.11), we find that

H‘IUG(ﬁa)T — G(ﬁqa)T(ﬁa)T _ G(ﬁa)T(ﬁqa)T _ HaG(ﬁqa)T_

The only step in this deduction which requires justification is the commutation relation
(ﬁq“)T(ﬁ“)T = (ﬁ“)T(ﬁq“)T. This, however, follows from Corollary 2.15 and the
fact that we have assumed that g € G is well-adapted to G and y € WYX, Thus, we
have established (2.10).

Under the assumption that T €Gis well-adapted to G and T e Yrwe may apply
the first two identities from Corollary 2.15 to equation (2.10) to deduce the G duality
statement in the theorem. The theorem asks for this duality to hold for all ? e G
(without the well-adapted condition). Indeed, all g € G with D icz & = oo are well-
adapted to G. Thus, it remains to show that we can extend the duality to g € G¥ for
any k' € Z>. For s G¥ fixed, and M sufficiently negative (so as to be less than the
location of the most negative particle in ?) let ?M = +ooly + ?, where 1,/ is the
vector of all zeros, except a one at M. In other words, _g)M is equivalent to _g) except
with an infinite number of particles added at site M. From the above argument we know
that the G duality in the theorem holds for matrix elements M eGand any Y e Y.
It remains to show that both

lim B**G(gM,Y)=B"""G(E. ),
M——o0
lim G(B*9) (M, F)=G(B“) (. 7).
M——o0
Let us justify the first limit, as the second follows similarly. Call f(g ™) =G(gM,7)
and recall that (B""q “f ) (g M) gives the expectation of f after one step of the zero range
process started from initial data _g>M . The only way that the infinite number of particles
at M can affect the value of f is if one of them makes its way past the left-most particle

in ? However, this requires a large number of (0, 1; 0, 1)-vertices. Since the weight of
these vertices is strictly less than one, this probability goes to zero as M — —oo0. Since
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the above defined f is bounded by one, the desired convergence result clearly holds.
This establishes the G duality in the theorem.

Turning to the G duality, let us first prove it for g € GKand y € Y* for some
k. k' € 7. Recalling (2.5) we have that G(g,y) = ¢ G(g. V). Since g7
is a constant, multlplymg the G duality by it yields the G duality. We now extend to
all g ¢ € G and y € Y such that both sides of the G duahty are finite. Under these
conditions there must be a finite number (say k) of particles in "¢ which he to the left of
some particle in y and 11kew1se a finite number (say k') of partlcles in y which lie to
the right of some particle in g . It is easy to see!® that replacing g with its k left-most
particles and replacing Ty) with its kK’ right-most particles, the value of the left-hand and
right-hand sides of the G duality identity are unchanged. This completes the proof of
the duality and hence the theorem. 0O

Remark 2.22. The duality involving H and G can be made to look rather similar, though,
to our understanding, they are not equivalent From a state X € X define its gaps via
g =xi—1 —x; — L. Then x; +i = —g, — g2 +x1 + 1. Thus, up to thls last term
x1 + 1 the duality functional H( X,y ) can be written in a 51m11ar form as G. We are
not aware of a way to derive, for instance, the H duality from the G duality (the proof
of the latter is considerably simpler).

From the self-dualities of Theorem 2.21 we can derive four more self-dualities.

Theorem 2.23. The J = 1 higher spin zero range process with transition operator B"‘ q¢

is dual to the space | reversed process ) wzth generator B*% with respect to Gm(ni , y ),
Gm(m V), Gn(g, 1), and Gn (g, 7). Precisely,

B*Gp = Gm (Ba,qa)T’ and Ba,qaém _ Gm(ga,qa)T’

where the equality holds for all matrix elements indexed by e W(Gr’l‘ and 7) e Y.
Likewise,

BU19Gy = G (B49)" . and BY9*Gy = G (B49%)"

where the equality holds for all matrix elements indexed by ? €eGand 7 € WYk

For the G dualities, we also rﬁmre both sides to be finite. Recall from Definition 2.5
that WGk and WY" refers to m and 7 which are strictly ordered.

Proof. Observe thatform,n € Z, g € G,and ¥ € Y
qu,,_.<—y>) — N
l—¢q

NLG) NP )
Nt = q m —q m+1% Y
[ymlg - q N () = 1—q )
qNg(?) _q n l(g)
l—g¢g

{ —
[ymlg - qu_](y) =

)

NI (E) _

[gn—l]q - q

El

18 The update for g according to B"‘ 9% s from left to right, and opposite for ¥ according to B%4% . The
rightward movement of the particles in g besldes the k left-most does not change the value of G, and likewise
for the leftward movement of the particles in Y besides the k' 1i ight-most.
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“NECE) N ()

l—gq

Ny (%) _ 4

[gn]q q

We will use the above identities as well as the dualities for G and G to prove the theorem.
Since the proofs of all dualities are quite similar, we will only present the first one. In light
of the first of the above identities, for 71 € W(Glf and 7 € Y we have that Gy = CG
for the linear operator

k

eyt

i=1 I-¢

Here, (T f)(m) = f(m —1) and [T]; is the operator which acts as 7 in the i-coordinate.
It is important that we have restricted ourselves to strictly ordered 7 since otherwise
C would depend on the cluster structure of 7. In light of this, the duality which we
wish to demonstrate reduces to showing that as operators from WG* — Y, B*4*CG =

CcG (B""q"‘)T. This follows, however, because as operators from WGK — WGk, B4«
and C commute. One way to see this is to observe that C is diagonalized in the same
basis as 5%9%. In particular, because C acts symmetrically on all variables, it follows
that C \IIZ_{ = ev(z)\IJZ_Z) 19 In a similar manner as demonstrated in Corollary 2.15, this

implies the commutation. In fact, this deduction really requires restricting to y which
are well-adapted to G. As we have seen earlier in the proof of Theorem 2.21, it is then
possible to extend from well-adapted 7 to all _y) eY. O

3. Fusion and Self Duality for J € Z>,

Fusion of R-matrices is a representation theoretic mechanism introduced in [KR87]
to construct R-matrices with higher horizontal spin (i.e. J € Zx>1) from those with
J = 1 while maintaining the diagonalizability of the associated transfer matrices. The
procedure simplifies on Z in our case of stochastic L-matrices. We provide (in Sect. 3.1)
a rather simple probabilistic proof using Markov functions theory. Fusion also naturally
provides a recursion relation in J for the higher spin L-matrix L((XJ). We record the
recursion relation in Sect. 3.2 and solve it explicitly in terms of g-Racah polynomials
(or regularized terminating basic hypergeometric series) in Sect. 3.3. The self-dualities
proved earlier in Sect. 2.3 immediately generalize to all / € Zx>;. In Remark 3.18 we
observe how our L-matrix can be analytically continued so that ¢” « is replaced by an
arbitrary 8 € C. We comment briefly on the implications, and develop this further in
Sect. 5.

Definition 3.1 (General J higher spin zero range and exclusion process transition oper-
ators). For J € 7 define?’

pra’e — graegaeqie  pe’leg’e

19 Though the value of ev(z) is unimportant, it can be calculated to be
koq1_ 1—vz;

ev(z) = H %

i=1 4

20 The order does not matter since each operator is diagonalized in the same basis.
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qua‘q% N
Bq:’u.qﬁu .
Bq‘iu,q“-’a .

Bq3a.q4a .

qu(y,q3(1 .

Bqa.q20 .

B e AT

P P P

Fig. 6. Left the trajectory (in terms of arrows) of the application of the Markov transition operator B*9¢,

2 J-1
BI%-497¢ " through BY

A

higher grey row the output. Right due to the sequential update rule for each Bl wa’* ¢, instead of sampling

row by row, one can also sample this trajectory sequentially by updating one column (such as indicated in
grey) at a time from left to right

J .
*4" % (here J = 7). The bottom grey row represents the input to 5% 9% and the

and likewise B‘x’qlo‘. Also define

Tot,qjot — Ta,anqa,qzot . qu’loz,qjoz'

These correspond to taking J steps of the processes with parameters o, ge, . . ., ¢’ ~'a.

. . . . o i~y g

The left-hand side of Fig. 6 illustrates the sequential composition of the B4’ ®4’¢
operators for j = 1, ..., J. Since each transition operator is stochastic, their product is
as well. Moreover, it follows from Proposition 2.13 that:

Corollary 3.2. If | =5 €9 | for | < i <kand1 < j < J —1, then

1-vzi 1+q/a

k J
Joa'agl )7ty = TT 259 gt (3
(B w7 =[] o WL (7). (3.1)
The of choice parameters «, ga, ..., g’ ~'a implies the telescoping of the product

of eigenvalues and hence the simple form of the result.

The following is an immediate corollary of the corresponding J = 1 duality results
contained in Theorems 2.20, 2.21, and 2.23, along with the fact that the operators 5% 9¢
commute for different values of & (and the same fact for B%4% and 7%49%). Recall the
duality functionals from Definition 2.17.

Corollary 3.3. For all J € Z>1 we have the following Markov dualities:

e For all matrix elements indexed by T eX well-adapted to H and all 7 e Y,
Te4’ H = H(Bve'*)"
e For all matrix elements indexed by g € G¥andy €Y, orby g € Gandy e Y,

B G = G(B*')".
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e For all matrix elements indexed by _g) € G and _y> € Y, provided both sides of the
equation below are finite,

pea’o@ = G(fea’e)T.

e For all matrix elements indexed by*! m e WG]f and ? € Y (for the G duality, we
also require both sides to be finite),

e For all matrix elements indexed by ? €eGand 7 € WY’I‘ (for the G duality, we also
require both sides to be finite),

T T

3.1. Fusion. We can describe the update procedure for the Markov chain with the tran-
» 7 . . .
sition operator 849" ¢ started in a state g € GF in the following manner.

Definition 3.4. For x € Z, define the product of L-matrices
(L) = T L) b
so that
(D)), VL eE e - oH] - [VLeH) - oH],
has matrix elements
[(Lfy]))@qj]x)l (8x:hxts o hy gs s Bt 1y oo ikt )

with gy, g, € [V/]; and hy, € [H'], for 1 < y < J. These matrix ele-
ments represent the transition probabilities from inputs gy, iy 1, ..., hy j to outputs
g)’c, Nx+1.1, - - -, hxs1,7. In terms of the right-hand side of Fig. 6, these provide the tran-
sition probabilities from the arrows coming into a column (such as the one in grey) from
bottom and left, to those leaving to the top and right.

Asin Definition 2.6, we use (L&]))g)" "o update sequentially in the following manner.
Find the first x € Z such that g, > 0. In the first sequential update step, let z, , = 0
for 1 <y < J and randomly choose g; and hy4p,y for 1 <y < J according to the

stochastic matrix (Lg,l)) ®q j. The randomly chosen /1,y become input, along with gy11
for the next column update step, and so on sequentially increasing x. It is clear that the
above described update from TG’ agrees with B%4 fa,

This update procedure can be recast in the following notation (see the right-hand side
of Fig. 6). First, for x € Z define S to be the set of basis elements of H], ®- - ®[H!],
and S’ to be the set of basis elements of [’ ];. In other words, S is isomorphic to {0, I}J
and " to {0, 1, ..., J}. For all x € Z, define a Markov transition operator Py: § — S

21 Recall from Definition 2.5 that notation WGII and WY’I refers to 77 and 7 which are strictly ordered.
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whose matrix elements indexed by (hy 1, ..., hyx,y) € Sand (hy41,1, ..., hxt1,7) € S
are given by

Pe(het, oo vhe i horin, oo harr )
= (L)% (e Bt g et - B ) (3.2)

where we consider ? e Gk fixed, and have set

J

gy =gty — i, with hy =D hyy. (3.3)
y=1

As a corollary of the above definitions we have

Corollary 3.5. Fix ? € G* and assume without loss of generality that x = 0 is the
smallest x € 7 such that g, > 0. Consider the Markov chain with state space S,
transition operator Py, and initial state hyy, = 0 for 1 < y < J. Denote the value
at ‘time’ x as {hy y}1<y<y. Then, from the trajectory of this Markov chain we can

deterministically compute ?’ via (3.3) and the probability of having an output E)’

given g is equal to B*4'*(g , g").

Define the function ¢ : S — S which takes (hy1,...,hy.7) € S to hy =
2521 hy,y € S'. Define the operator ® : § — S’ which acts on functions as
(@f) (hx1s.. . hey) = f(qb(hx’l, s ]’lx"])). In other words, the matrix elements
of @, indexed by (hx.1,...,hy j) € S and hy € §', are given by

D(hy1seeshy g he) = Vo, hy )=h,- (3.4)

Define an operator A: S — S whose matrix elements indexed by h, € S’ and
(hy1,...,hy y) € S are given by

A (s 1)) = 27 Mgz - [ @5 GBS
v hyy=1

where Z equals the sum of the weights 1y, ..., p=h. = [l =1 ¢’ over all
(hx1,...,hx ) € S. Observe that A does not depend on x, and, moreover, it is a
Markov transition operator, meaning that for each h, € S’, A(h,;-) is a probabil-
ity measure in the second slot (over the set S), and for each (hx,l, e, hx’j) e S,

A ( (hx,l, el hx’J)) is bounded and measurable in the first slot (over the set ).

Proposition 3.6. The following two identities hold:

(1) A® = I, the identity operator on S’,
(2) For each x € 7 the Markov operator

0, = AP,® (3.6)

from S to S satisfies APy = Q,A.
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Proof. The first identity amounts to the claim that for any 4, the probability measure
A(hy; -)is supported entirely upon ¢! (1, ), the pre-image of &, under ¢. This, however,
is immediate from the definition of A.

The second identity relies on more involved properties of the L-matrix weights. These
are recorded in the following lemma (see also Fig. 7 for a pictorial representation of the
three identities of the lemma).

Lemma 3.7. For all « and all m € Z>g

1 . 1 . 1 . 1 .
gLy (m, 0:m — 1, DLL)m —1,0:m — 1,0) = L (m, 0; m, 0)LLY (m, 0:m — 1, 1),

3.7)
gL (m, 1m, DL (m, 1m+1,0) = L (m, 1im +1,00L) m + 1, Lim +1, 1),
(3.8)

q(L((xl)(m, Lim, DL (m, 0;m, 0) + gLy (m, 0:m — 1, L) (m — 1, 1:m, 0))

=L (m, 1;m+1,0)L{) m+1,0:m, 1) +q L (m, 0; m, O)L;Q(m, 1;m,1).
(3.9)

Proof. Each identity is readily checked by direct calculation. O

We will use the lemma to show that forany j € {1,...,J — 1},

AP (hys bt 1y oo Bt s het it << e )
= @M T AP (s Bt 1y <o Brt jots Be o - Bas ). (3.10)

Notice that the terms /1, j and hy41 j+1 have been switched between the left-hand and
right-hand sides.

Oiqu 0 Oiqa 1
q-wt = wt
00— 1 0—@— 0
m m
11—z 0 11—z 1
q-wt = wt
11— 1 1—a— 0
m m
0—jga O 1—g@ O 0—g 1 11— 1
q-|wt + q-wt — | wt + q-wt
11— 1 00— 1 1—+— 0 0—@— 0
m m

Fig. 7. Pictorial representation of the three identities in Lemma 3.7. The weight of a diagram is given by the
product of L-matrices for each vertex. The value of the o parameter is specified as either & or go depending
on the height of the vertex
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Lemma 3.7 readily implies (3.10). To see this, first write

LHS(3.10) = > Alhyi bty hyg)
hx.la-~wh.¥,16¢7l(hx)

XP.X(hX,la'~-7hx,J; hx+1,1’--~»hx+1,1)-

Let (j, j + 1) denote the permutation which transposes j and j + 1, and Id denote the
identity permutation. Then it follows by double counting that we can continue the line
of equalities as

= % Z Z Al hxo(l)s - hxo ()

By 1oy g €071 (hy) ge{ld,(j,jﬂ)}
XPy(Pxo(1)s - Bro (1) Bt s - ooy et ).

We may now expand the definition of P, into the product of L-matrices and factor out
all terms unaffected by the permutation o (i.e., terms not involving level j or j + 1). To
facilitate this expansion, let us temporarily introduce the notation that for any permutation
o, g;l = g, (which is given) and g;yﬂ = g;’,y + Ny o(y) — hx41,y- Note that for
o = (j, j + 1), the only value of g (x, y) which may differ from the case 0 = Id is for
y = j + 1. Then, we can continue the above line of equalities as

J
= % Z A(hx;hx,lv“-shx,J) H Lt(x])(gx,yv hx,y;gx,y+l» hx+l,y)
By, €71 () y;;]!ﬂ

x> g LD (g o ()i 87 s Bt DL
oef1d.(j.j+1}
X (87 ja1> Mx,o(j+1)i 8, j2s Pxat, j1)-

We have used here the fact that A(hy;hyo()s.-..heo)) = gMot=np
(hxi byt ooy he ).
Finally, observe that by applying Lemma 3.7 we have
D> @M LD g hao(y: 87 s et DL
oef1d.(j.j+1)}
X (85 j1s Px,o(j+1) 8x,j42s Pxa, j1)
= gl iy 3 gheotn R LO (g i b o () € s Bt j+) LY
oef{ld.(j.j+1)}
X (gg,jﬂ, hx,a(j+])§ 8x,j+25 hx+1,j)-
Notice that besides the factor of ¢”++1.i+1~/x+1.j the change on the right-hand side is that

hyx+1,j and hyi1 j+1 have been switched. Plugging this equality into the above line of
equalities, and gathering terms back into their original form we arrive at

Ryat jol—heet.; )
g I T AP (s Bt 1, - Bty B - e ),
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Py

S —5 "

@iTA @HA <I>HA

ST S e ey

T Qerl

Fig. 8. The intertwining relation for Markov function theory

as desired to prove (3.10).

It remains to use (3.10) to prove the second identity of Proposition 3.6. Observe that
AP (B hyst1s - hairg) (3.11)
AP (b hyt1, oo hesr,)

AP (hy; ¢~ (has))
(3.12)

= Z APx(hx;¢_1(hX+1))1hx+1:¢(hx+1,1,»-~7hx+1.1)

h.¥+l es’

‘We claim that

AP (B hyst 1y -5 hasr,g)
APy (hx; ¢71 (hx+1))

= A(hxs1: hasr 1o hasrg).

3.13)
This follows from two facts. First, given /.41, the left-hand side of (3.13) is a probability
measure on the set ¢_1 (hy+1) C S. To state the second fact, let us introduce short-hand
that LHS (3.13)(j’j+1) is equal to the left-hand side of (3.13) when /11, and Ay 41
are switched. Likewise define RHS (3.13):/*D 1t follows from (3.10) that for any
l<j=<J-1,

Lhoi=¢ st 1ohisn )

LHS (3.13) RHS (3.13)

LHS (3.13)U+*D " RHS (3.13)WJ*+D”

In fact, both sides are either equal to g -1 1or q. Thus, combining these two facts (along
with the fact that transpositions (j, j+1), 1 < j < J — 1 generate the symmetric group
S(J)) proves (3.13).

To complete the proof of the second identity of Proposition 3.6 combine (3.11) and
(3.13) to find that

AP (s (st 1, i )
= Z APx(hx;¢_](hx+l))A(hx+l;(hx+1,1s~~vhx+l,1))o
hx+les/

But APy (hx§ ¢_l(hx+])) = APy O (hy; hyt1) = Qx(hy; hyyr) implying APy = QxA.
O

We make use of the following sufficient condition for when a function of a Markov
chain is itself Markov. This comes from [RP81], though since we deal with an inhomo-
geneous Markov chain, we provide the (essentially unchanged) proof.
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Proposition 3.8. Consider measurable spaces S and S’ and a measurable transform
¢: S — §. Let ® be a Markov transition operator from S — S’ defined according to
®f = f o ¢p. Consider a collection of (x € Z=o)-indexed Markov transition operators
P.: S — S. Suppose that there exists a Markov transition operator A: S’ — S such
that (see Fig. 8).

o AD = I, the identity operator on S’,
e For each x € Zx( the Markov operator Qx = AP, ® from S’ to S’ satisfies AP, =

OxA.

Let X (x) be Markov with x-indexed Markov transition operators Px (so that Py takes
one from the x to x + 1 state) and initial distribution A(y, -) where y € S'. Then Y (x) =
¢(X (x)) is Markov with starting state Y(0) = y and x-indexed Markov transition
operators Q.

Proof. For Borel functions f: S — Rand f’: S’ — R the first condition implies that>?
A(Df)f = f'Af. Using the second condition we find that

AP(Df) f = 0 AM@fg = Qx f'AS.

In the same manner, we find that for any x € Zx¢ and Borel functions f: S — R and
for-on fii S = R,

A(PS) Po(Df)) ... Pt (RF) f = foQof1Q1fs... Quo1 fLAf.
This immediately implies the conclusion of the theorem. 0O

We return now to the specific definitions of S, §’, Py, ¢, ®, A, and Q, given earlier
in this section.

Corollary 3.9. Initialize the Markov chain with state space S and transition operator
P, to initial state ho,y = 0 for 1 < y < J and denote the value at ‘time’ x as
{hxyhi<y<y. Then hy = ¢(hx,1, - ,hXJ) is Markov with starting state hg = 0 and
Markov transition operator Q.

Definition 3.10 (General J L-matrix). The J higher spin L-matrix L((YJ) VI QH! —
V! ® H” is defined such that (here x € Z is an arbitrary and inconsequential index)

(LS 11 (8 B 8 hx) = Lguiny— gy O (s s, (3.14)
where Q, is defined with respect to g, (via Py) in (3.6).

‘We may now define the higher spin versions of the zero range and exclusion processes
introduced in Definitions 2.6 and 2.10 respectively. Observe that these depend now on
four parameters, ¢, v, «, J. As before, we assume that g, v, « satisfy the conditions of
(2.2).

Definition 3.11 (General J higher spin zero range process and exclusion process). For
J € Z> define the J higher spin zero range process according to the sequential con-

struction of Definition 2.6 with the L-matrix fo]) defined in (3.14). Now, anywhere
between 0 and J particles can move right in each update (i.e., the &, are basis elements
of H”). We still write the corresponding Markov chain at ?(t). Likewise, define the

22 Concatenation of operators and functions should be read from right to left, unless indicated by parentheses.
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LY)(2,3:5,0)

@

L (4,0;1,3)
il / L$)(3,0;1,2)
9z —

Ga+2
Ga+1

T r+1 T+2

Left to Right Update

LY (3,0;0,3) L(1,2;3,0) LY (2,3;3,2) L) (00,0; 00, 3)
/

Right to Left Update

Fig. 9. Illustration of the J higher spin zero range process (on top) and exclusion process (on bottom). Here J

is at least three (as there are clusters/jumps of size at least three). The L-matrix Lg/) determines the distribution
of the sequential updates

space-reversed zero range process y (¢) as in the J = 1 case. Similarly, define the J

higher spin exclusion process as in Definition 2.10 with the L-matrix Lé]). Now, parti-
cles can move right by up to and including J spaces. See Fig. 9 for illustrations of these
processes.

Corollary 3.12. Recall Definition 3.11. The transition operator for the J higher spin
o Rragla o Rag’a > ;
zero range process is B*1" %, it space-reversal is B*9" ¢ | and the exclusion process is
J
Toq

Proof. These results follow from Corollaries 3.5 and 3.9. O

3.2. Recursion relation for L-matrix weights. In (3.14) we have provided a method to
calculate Lf}/) in terms of Lfll). We can also write a compact recursive formula (in J)
that L((),J) must satisfy.

In defining L((X]) we applied A to h, € [H”],, so as to yield a probability measure
on the pre-image ¢! (hy). Let p)(h, 1|h,) denote the projection of this probability
measure onto hy 1, the first outgoing arrow. In other words, p(J)(Olhx) and p(J)(1|hx)
(respectively) represent the probability that #, ;1 = O or 1 given the value of 4,. One
calculates that for j € {0, 1},

PGl = > Alh: = heahea oo he )
(j:hx,lah.¥,2v---»hx‘1)e¢7l(hx)
hy ]
q q P
_ 17 ’ J - £
S N
qJ o J=1
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12
(%)

h1—a Jo—b

I1 72 decomposes as

b

1
i

Fig. 10. The decomposition of a higher horizontal spin vertex

Lemma 3.13. The L-matrix Lg/) satisfies the following recursion relation (let i, =

i1+ Jj1—Jj2)
LYy, jisia, o) = Z pPaljinL (i, a; iy +a — b, b)
a.bel0.1}
<LV +a —b, ji —aia, jo —b), (3.15)

which, along with its value at J = 1, uniquely characterizes its value for J € Z>.

L)

Proof. This follows from the definitions of and p“)(alj), and the decomposition

in Fig. 10. O

3.3. g-Racah form of L-matrix weights. We explicitly solve the recurrence relation in
Lemma 3.13 in a form similar to that which was (to our knowledge) discovered in
[Man14]. We provide an explicit proof of our L-matrix formula.

Definition 3.14. The regularized terminating basic hypergeometric series is given by?>

Iy q_n;a,..., ( ﬂq)k . .
,+1¢r( b ) Z e E(ai,q)k(biqk,q>n_k

- . g " ai,....a
—1_[1(bzyQ)n'r+1¢r( b17~--abr s )
=

Theorem 3.15. Fix J € Z=. Then, with B := aq’,

)
21-Ji 202~ 12 2' Li22= l)+t1/1
7 7

LG iz o) = Vi ji=ipenq 3
vjlfizaj2*j1+i2( av™ ’q)]z i
“ 4 Dir (= Qig+jy (Ba™l g =1 q) ),

_ 12; il _ va !
X4¢3(q q p. q q, CI)

1+j— —1
v, q +J2 ll’ ﬂa q —i2—J2
23 pochhammer symbols (a; q)n, where n is allowed to be negative are defined as in Mathematica by:

Hk 0(lfaq) n>0,
(@ qn =11, n=0,
12 (1 = ag™)=1, n <o0.
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In particular, L((xj) is stochastic and satisfies the recursion (3.15).
Remark 3.16. To relate to [Bor14], we may rewrite

/1 21-jF 273

LGy, jisia, o) = (=) (s )1 TRg T T
(qqu jza‘])oo D i i i
P TR (@2, j2, 015 J1)s
@ e
where the parameters (s, v) are related to our parameters (a V)aso = —sv, V= s>

andv = —a//v, s = /v. The general J vertex weight i’ from [Bor14, Corollary
6.5] is given by:
@i, jrs iz o)

( 1)11+]1 1 2 M jl_ilvil(vs_l;q)jl_iz

(g3 q),'l (VS: @iy+jy

g g7, q7sv, gsv”

X4¢3 ( q1+]1 12,q1+1 i1—J1 )q’q .
Proof. In order to prove this, it suffices to check that the / = 1 formula in the statement
of the theorem matches the formulas given in Definition 2.1, and then to check that for
J € Zx1, the formula in the theorem satisfies the recursion (3.15). The J = 1 case is
easily checked from definitions so we proceed to the recursion. To achieve this aim, we

utilize an identity (3.19) involving 4¢3, as well as a recasting of our L-matrix in terms
of g-Racah polynomials and an associated three term recursion for those polynomials.

= 1i1+j1 =ix+)2

Let us start by rewriting L((xj) and the desired recursion. Changing from «, v to s, v
variables via @ = —sv, v = s2, we can rewrite

) L2 2.2 .
201—iy 22— +12+11 4+ 202= i)
7 7 3 2

J) /e . . . I+ o+ 7]
L (1, 1,02, o) = Liyajymine o (1) 2201 g
gJ1t—i2y 2~ j1+i2(vs @) iy

(q q)i, (vs; q)lzm(q’ql @) j—j
—i1 -1
q,q). (3.16)

g 2 g7 g7 sv, gsv
X 4¢3 ( 2 Vi g+ ~i=j
For the remainder of the proof we will replace (i1, j1, i2, j2) by (g, k, g’, #’). By utilizing
the formula for L(l) and p” ), the desired recursion can be rewritten as follows (by
agreement, ¢’ = g + h — h’; note that this quantity does not change throughout the
identity):

LB g, n, g 1)

_ (—SU+Squ)(1—q ) (J D
(1 =sv)(1—g7) Ly

+(l—s g*)(1 —g"

(g h—1,¢ =1

L“ Dg+1,h—1,¢ K)

(1 —=sv)(1—g')
sl —g8) (g’ — g™ =1y _ ropr
+ 1 — s — ) L (g lvhvg h 1y

(1 —svg®)(q’ —q) LU-D
(1 —sv)(1 —q”’) Ly (g, h, g, ). (3.17)
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Using (3.16), we can recast this desired recursion as an identity between 4¢3 functions:

- q_g,;q_i"',qjsv,qsv_1
493 ( 52, gl¥li=g gl+i—h—g |91

(qh —1)(sq® —v) ; ¢ 9%, q"sv, sv—l‘ )
(q.]_l) (S_U) 493 Szth/_g’ql""]_h_g q,q
h 2 Wo_ T geth—H )
— v(g" = 1) (%% - 1) (q —9q )qg+ b (Qg ; q*gfl,qfsv,svfl‘ )
(q.] — 1) (S — 1)) (qug+h _ 1) 493 S2, qh’*g, q‘lihig q,q
N qg8@® -1 (sqg — Uqh) ; a1 g 50, sv_l‘
D A e A A
qh—h' (th _ qj) (svgé — 1) (vqh/ _ ng) ]
(g7 —1) (s —v) (svg&*h — 1) (

+

/
cfg;q{’g,qjsv,svf1
2 g1H g g T—h—g g -

For better notation, let us set g8 = G, qh = H, and replace qh/ by q‘g,GH. We arrive
at the following identity:

- q_g,; 1/G, quv, qsv_l)
4 (sz, Hq'¢ ¢ jc) 1

(1—H)Gs—v) - (¢q7¢;1/G,q'sv,sv™!
= T . 493\ 2 —g 1+J ‘q’q
(I—=¢g")(s—v) s, Hq™ 8,7 /(GH)
v(l — H)Y(GH — q¢*)Y(1 —5*G) - (¢7¢:47'/G, ¢’ sv, sv”’
(I —q7)(1 — GHsv)(s — v) 2, Hg=¢ ' jGHy 111
(1-G)s—Hvg™%) — (q=¢:q/G,q’sv,sv~!
+ 7 2 I—g’ 14J "1"1
(I—=g’)(s—v) s*,Hq % ,q"" /(GH)
(GH — q¥*')(s — Hvg™#)(1 — Gsv) - (q=¢11/G.q’sv, sw’
- —q))(1— GHsv) 2, Hg'=¢ ¢’y )

(3.18)

Note that for integer g’ = 0, 1,2, ..., both sides of the above identity are rational
functions in G, H, qJ, s, v, and q.

We will now use the following simple identity for basic hypergeometric series (which
can be readily verified by looking at individual terms in 4¢3):

- (g ":b,c,d (I-d)y(c—w) - (g™ b,cd
4¢3(q . CI,Z)— 4¢3(q . qq,z)

u, v, w " (c—d) (1 —wg") u, v, wq
+ (I—-ow-d) - (¢g7"; b,cq,d
Cc—d)d—wgn '\ u,v,wg

‘q,z). (3.19)

Using this identity, one can rewrite summands in the right-hand side of (3.18) with
bottom arguments Hg ™8 "or g’ /(G H) in terms of basic hypergeometric functions with
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bottom arguments H ql_g, and ¢'*/ /(GH). Let us denote the three resulting functions
by

- q*g/;q/G,q]sv,sv’1 ’
b, = ’ 5 5
77493 (sz, Hq'=¢ g jGH) T

- q‘g/; l/G,quv,qsv_l‘
q) = ’ b ’
L= s (s2,Hq1—g R IICel: 1

—g'. —1 J 2..—1
- (q78;97"/G,q’sv,qsv ‘
CD -1 = / N .
a”! 4¢3( s2, Hg'¢ g™ jcmy |11

Applying (3.19) to the first term in the right-hand side of (3.18), we get

(1—H)Gs—v) - (¢¢:1/G,q’sv,sv™!
T o 4\ 2 g e e 4.9
(I —=g")(s—v) s°,Hq™ %, /(GH)
(1-0G) (s—Hq gv) I—GHq_g/
= — P+ ————F Dy,
(1—¢7) (s —v) 1—gq’

The second term in the right-hand side of (3.18) is rewritten as follows (note that we
need to use (3.19) twice):

v(l = H)(GH —q¥*))(1 = 5°G) - (q7¢:¢7"/G,q"sv, 507!
T T (U—¢H(-GHsv)Gs -v) ° 3( 2, Hq=¢ ¢’ /(GH) “”’)
(G = Du(Gg — 1) (Gs2 — 1) q~¢ (sqg/ - Hv) (GHs — vq”) .
(qJ — 1) (s —v)(Gs —v)(GHsv — 1)(Ggs — v) 4
Gu(Gg = 1) (Gs> = 1) g% (¢ = H) (Hv = sq¢)
" (g7 = 1) (Gs — v)(GHsv — 1)(Ggs — v) 1

v(Gg — 1) (Gs2 - 1) qu/ (qgl - GHq) (vqj — GHqs)

@ —1) GHsv—D(Gags —v) (G —v) !
Gv (Gs2 — 1) q_g/ (q“l — H) (gs —v) (qg, — GHq)
_ b .
(g7 — 1) (GHsv — 1)(Ggs — v) (Gg?s — v) 4

The third term already contains @, so there is no need to apply (3.19) to it. The fourth
term in the right-hand side of (3.18) takes the form:

(GH — q¥*)(s — Hug=¢)(1 — Gsv) - (q~¢ 1/G,qfsv,s,rl‘
G- —ghH(d—GHsv) P\ Hg'¢ ¢/ j Gyl 11T

(G — l)q_g/(Gsv —1) (sqg/ - Hv) (vqj - GHs)
- (@7 —1) (s — v)(Gs — v)(GHsv — 1) I
Gq~¢ (Gsv —1) (¢7 — H) (sqg/ — Hv)

T (@7 1) (Gs — (GHsv— 1) 1.




684 I. Corwin, L. Petrov

We see that the right-hand side of (3.18) can be written as a linear combination of
®,, @1, and P g-1- Note that the left-hand side of (3.18) is a multiple of ;. Moreover,
collecting coefficients by ®,, ®1, and ® g-1> we see that (3.18) is equivalent to

GHq*g/ (1 —qg/) (1 —quj)
(1—g”7) (1 — GHsv)

@) = B®,-1 — (B+D)d; + D, (3.20)

where we are using the notation

Gv (Gs> = 1) (¢7* = H) (g5 —v) (1= GHq' ¥
(g7 — 1) (GHsv — 1)(Ggs —v) (Gg%s — v)
. (1-06) (s - Hq—g’v) (GHs — vq”) G(q — sv)
(1 —g7)(Gs —v)(GHsv — 1)(Ggs — v)

To complete the proof, we aim to match this desired identity (3.20) to the following
q-difference relation for the g-Racah orthogonal polynomials [KS96, (3.2.6)]:

q7"(1 —g™)(1 —abg™"R,(x)

= Bx)R,(x+1) — (B(x) + D(x))R,(x) + D(x)R,(x — 1), (3.21)
where
B( ) (1 _ aqx+l)(1 _ bdqx+1)(1 _ qu+l)(1 _qux+l)
X) = )
(1 _ qu2x+1)(1 _ qu2x+2)
Dx) = q(1 —g*)(1 —dg*)(b —cqg*)(a—cdg")
(1 — cdg?¥)(1 — cdg?x+1) ’
and
B q—n’ abq”“, q—x’ qux+l B
Rn(x)—4¢3( aq, bdg, cq q,.9), n=0,1,2,...,N, (322

with either of the following three truncations holding:

aq;
g~V = {bdg; (3.23)
Cq.
The above quantities R, (x), x = 0, 1,2, ..., N, are polynomials in g~* + cdg**! (of
degree n), and are orthogonal on {0, 1, 2, ..., N} with a certain weight.

In fact, for the identity (3.21) the truncations (3.23) are not relevant since (3.21)
is an identity between rational functions in a, b, ¢, d. We will utilize (3.21) with this
understanding.

Note also that since the bottom arguments of the hypergeometric function for R, (x)
do not depend on x or 7, the same identity (3.21) also holds if one replaces 4¢3 by 4¢3
in (3.22).
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Recalling our notation G = ¢¢ and H = ¢" and setting®*

n=g; x=g; a=s2/q; b:vqlfg//s; C:thgl; d:ng’fgfh/v,
(3.24)

one readily sees that

y leg,;l/G:qJSU,CISUq‘
D) =40 ) , = t-R ,
1 =493 (SZ,qu_g ,ql”/(GH) q,49 cons n(x)
®, =const - R, (x — 1), <I>q71 = const - R, (x + 1),

with the overall constant

const = (5% ¢) ' (Hg' ™' )¢/ (q"* /(GH); q) .
The coefficients in (3.20) and (3.21) also match:

(1 - qJ) (1 - GHsv)B = GH - B(x); (1 - qf) (1 - GHsv)D = GH - D(x).
This implies the desired recursion on the R matrix. O

Remark 3.17. From the above proof we see that the vertex weights L&J)(il, J15 12, j2)
can be interpreted as an analytic continuation of g-Racah polynomials. Namely, if v =
s = q‘l forsome I =1, 2, ..., then L((,/)(il , J1; 12, j2) is a multiple of the g-Racah
polynomial R;,(i1) (3.22) on iy € {0, 1,...,I}. The parameters of the polynomial
Ri, (i1) are®
a:qflfl’ b:_aq1+.]7i2’ C:qjlfiz’ d:_afqulsz

(these are the same parameters as in (3.24) expressed through & = —sv and v = 5% =
g~ "). The fact that ag is a negative integer power of g ensures that the index i> and
the variable i of the g-Racah polynomials are restricted to the finite integer segment
{0,1,...,1}.

Note that the parameters of the g-Racah polynomials also depend on (i1, ji; i2, j2),
and one cannot interpret the weights as values of a single ¢g-Racah polynomial R, (x)
(with constant parameters a, b, ¢, d) at various integer points x. This observation agrees
with the fact that we can choose vertex weights to be non-negative (see Proposition 2.3),
but the orthogonal polynomial R, (x) must change sign as a function of x.

Remark 3.18. Observe that our L-matrix formula in Theorem 3.15 admits an analytic
continuation in the parameter 8 := ag”. For f € C which is not equal ag”’ for some

J € Z>, itis unclear whether Lg is stochastic. One can argue, as in the comments after
[Bor14, Corollary 6.6], that for fixed i1, ji, the sum over i», j» of the L-matrix elements
equals 1 (though the nature of this convergence may not be so straightforward). It is the
positivity, however, which becomes suspect for general 8. By inspection of terms in the
summation defining 4¢3 one finds that unless g takes the special form (which results in
many terms being zero in the sum), the terms in the summation are not all of the same

24 1n fact, it is also possible to assign other values to a, b, ¢, d which match all the parameters. We will not
discuss all possible ways of choosing a, b, c, d.

25 Similarly one can take R;, (i2), which involves interchanging parameters (a, b) with (c, d).
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sign. Empirical computer testing indicates that for generic 8, L-matrix entries are not
always positive.

It is because of this lack of stochasticity that we do not pursue this 8 continuation
further at this time. One can certainly (as in the comment from [Borl4]) extend the
eigenfunction relations to general §. It may also be possible to extend the duality and
the formulas proved in Sect. 4 to this non-stochastic setting (in which case, expectations
in Sect. 4 must be replaced by signed expectations). The only case in which we deal
with an extension to general 8 is in Sect. 5.6.

4. Moment and e, -Laplace Transform Formulas

Combining the first duality result of Corollary 3.3 with the integrability of Bea’e given
in Corollary 3.2, we may employ results of [BCPS14] to compute moment formulas and
then follow the general scheme developed in [BC14,BCS12] to arrive at an e,-Laplace
transform formulas for the J higher spin exclusion process (recall from Definition 3.1)
with step initial data. The other dualities of Corollary 3.3 may prove similarly useful in
computing moment formulas (perhaps for different choices of initial data), but we do
not pursue these here.

Theorem 4.1. Fix J € Z>1, B = aq’ and consider the J higher spin exclusion process
X () with step initial data x;(0) = —i,i € Z>y. Foralln; > --- > nx > 1 and
t e Zz(),

k k(k—1)

, —Dfq >
E Xnj (t)+nl} — ( _% .. f
[Hq (27Ti)k Y1 14

i=1

k 1<A<B<k

L ZA 2B ﬁ(l—vzj)nj(l+,3zj)t dz;
l+az;

ZA—qu il -z zj(1 —vzj)

where the simple closed integration contours y{, ...,y are chosen such that they all
contain 1, the y 4 contour contains qy g for all B > A and all contours exclude 0 and

1/v.

Proof. This is proved in the same manner as [BCPS]4 Corollary 5.19], replacing the

1— 1
eigenvalue ¢ e T UZ’ therein by the present value []* i1 1:5?
J

the proof, we briefly explam the idea behind it. The first duality result of Corollary 3.3
implies that

Rather than repeating

k k

~ ]
]EI:HCIX"" (t+1)+n,-] — B%4 aEI:qu,,i (Z)+n,-:|’

i=1 i=1

where B%4 ‘o acts on the 7 variables via the associate of 7 with _y> ,as in Definition 2.5.
The operator Beva’e g diagonalized (Corollary 3.2) by the eigenfunctions introduced in
Appendix A and utilizing the associated Plancherel theory, we arrive at the solution to
the time evolution equation satisfied by IE[ Hf: A ], thus proving the theorem.

O
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For the exclusion process with step initial data, the formula from Theorem 4.1 provide
a complete characterization of the distribution of 7(t). This is because each random
variable g™ O 1 <p < N,isin (0, 1] for all ¢. The knowledge of all joint moment
thus suffices to characterize the joint distribution. Despite this fact, it is not obvious
how to extract meaningful asymptotic distribution information from these formulas. In
the case of one-point distributions (i.e. the distribution of x, (¢) for a single n) this was
achieved in [BC14]. We will apply the approach developed therein (in particular, the
general restatement of the calculation in [BC14] which can be found in [BCS12, Section
3D.

Theorem 4.2 provides two Fredholm determinant formulas for what is called the
eq-Laplace transform of the observable g™ O+1 " and consequently for the one-point
distribution of x,,(¢) (see [BC14, Proposition 3.1.1] or [BCS12, Proposition 7.1]). This
type of Fredholm determinant formula (in particular that of (4.1)) is quite amenable to
asymptotic analysis—see for instance [BC14,BCF12,BCFV14,BCR12,Bar14,FV13,
Vet14,0014,CSS14].

Theorem 4.2. Fix J € Z>1, B = aq’ and consider the J higher spin exclusion process
?(~) with step initial data x;(0) = —i,i € Z>1. Foralln € Z>1, t € Z>o, and
¢ € C\R4,

E[(;)] = det (1 + K¢) 4.1)

cqxn (t)+n i q -~

where det (1 + K;) is the Fredholm determinant of K, : L%(Cy) — L3*(Cy) for C1 a
positively oriented circle containing 1 with small enough radius so as to not contain 0,
1/q, and 1/v. The operator K is defined in terms of its integral kernel

1 100+1/2 T Rk g(w) 1

K (w,w') = —/ (=9)

271 ) 100412 SIN(—75) 9(¢*w) ¢*w — w’

w; Qoo \" ((Bw; Do) 1
9(w) = | —— : R
(w; @)oo (—aw; )/ (VW; ¢
The following second formula also holds:

. [( 1 } _ det (I+¢K) 42

cqr s q) (& @)oo

with

where det (I+§ I?) is the Fredholm determinant of ¢ times the operator I?; L2 (Co.1) =
L2(Co, 1) for Co 1 a positively oriented circle containing 0 and 1 (but not 1 /v or —1 /o).
The operator K is defined in terms of its integral kernel

R, wy = 22)/9a)
quw’ —w
where the function Q is as above.

Proof. This type of deduction of Fredholm determinant formulas from g-moment formu-
las has appeared before, cf. [BC14,BCS12,BCF12,BC13,BCFV14]. Hence, we provide
only the steps of the proof, without going into much detail. We also do not recall the
definition of Fredholm determinants, cf. [BC14, Section 3.2.2].
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In order to prove the first formula (which is sometimes called a Mellin—Barnes type
formula) we utilize the formula for E[qk (xn (1 )+")] from specializing all n; = n in Theo-
rem 4.1. Call i := E[¢*n(*")] 50 as to match it with the formula present in [BCS12,
Definition 3.1], subject to defining f(w) := g(w)/g(qw), with g from the statement of
Theorem 4.2. We may then apply [BCS12, Propositions 3.3 and 3.6] with the contour
Ca = Cy, and Dg 4, Dg 4.k specified by setting R = 1/2 (and d arbitrary, as it does
not matter for this choice of L). The output of these propositions is that

é‘k
Z,ukﬁ = det ([ + K{)
k=0 q

In the course of applying these propositions, it is necessary to check that a few technical

conditions on the contours, as well as ¢ and g are satisfied. These are easily confirmed for

|¢| small enough, and C; a small enough circle around 1. The only condition depending

on the function g is that |g(w)/g(¢° w)| remain uniformly bounded as w € Cy, k € Z>

ands € Dg 4. varies. This is readily confirmed for g from the statement of Theorem 4.2.
Now, observe that for ¢ with |¢| small enough, we also have that

¢ 1
Z/’Lka - (g-qxn(t)+n; q)oo ’

This is justified (as in [BC14, Theorem 3.2.11]) by the fact that q""(’)+” € (0, 1) and an
application of the g-Binomial theorem. This establishes (4.1) for |¢| sufficiently small
and since both sides are analytic in C\R the general ¢ result of (4.1) follows via analytic

continuation.
The Cauchy type formula (4.2) follows from [BCS12, Proposition 3.10] along with a
small amount of algebra. The proof essentially follows that of [BC14, Theorem 3.2.16].
0

Remark 4.3. Setting g; (t) := xj_1(t) — x;(t), E)(t) evolves as the zero range process
with step initial data corresponding to having g1(0) = +o0o and g;(0) = O fori > 1. Let
Ci(t) = Zf; +1 &i (t) be the number of particles of E) (¢) strictly to the right of site s at
time ¢. Then clearly {x,(¢) +n > s} = {Cs(¢) > n} and hence Theorem 4.2 provides an
exact formula characterizing the distribution of Cs(#) as well.

5. Generalizations, Specializations and Degenerations

5.1. Case (2) of Proposition 2.3. Recall that in case (2) of Proposition 2.3 we assume
g € (—1,0],a € (0,1/|g]), and v € (— 1/|g|, min(1, a/|g])). As already observed
in Proposition 2.3, under these conditions one readily confirms that the L-matrix is
stochastic. Thus, the zero range and exclusion processes built from the L-matrix in
Definitions 2.6 and 2.10 remain valid. The g-Hahn operators H* and H* remain well-
defined. All of the duality and fusion results extend as we now explain.

In Sect. 2 all of the results can be extended. Proposition 2.13 holds since the proof
only relies upon [Bor14, Corollary 4.5 (i)] which remains valid in such an extension of
parameters. Alternatively, one can observe that the equality demonstrated by the propo-
sition can be analytically continued into the regime of parameters we are considering.

In order to show the analyticity, one uses the bound that 11__—VZZ’ 2| < 1 which ensures
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1—z;

1—vz;
comes from the eigenfunctions whereas the factor ‘% comes from the weight associ-

ated with (0, 1; 0, 1), which is the only vertex weight which can occur an unbounded
number of times in the application of the operator Bae, Proposition 2.14 holds since
both sides are rational functions in the parameters and can be extended to the desired
range. Corollary 2.15 holds since the results of Appendix A hold for this present case
of parameters. Theorem 2.20 holds since the only properties the proof relies upon are
those notes in Remark 2.12 (both of which remain valid under the present choice of
parameters). Theorem 2.21 holds since the proof only relies upon [Cor14, Proposition
1.2] which holds as rational identity in the parameters ¢, v, @ and clearly extends to
the range of parameters presently considered. Theorem 2.23 holds since the proof only
relies upon Theorem 2.21 and the eigenfunction relations which remain valid.

All of the results of Sect. 3 besides those pertaining to the exclusion process hold
as long as the triple (g, v, ag/) satisfy the conditions of case (2) of Proposition 2.3 for
1 < j < J. This is because they all follow from results of Sect. 2.

We do not pursue modifying the results of Sect. 4. As it stands, the formula in
Theorem 4.1 is not well adapted to taking g negative (because of the nested structure of
the contours). Instead, one might first shrink the nested contours to all lie around 1 (cf.
[BCPS14, Proposition 3.2]) and then argue by analytic continuation that the formula in
which the parameters have been extends to case (2) of Proposition 2.3. Such a formula
would then serve as the input to establishing a result like Theorem 4.2. We leave the
justifications necessary to prove such formulas to future work.

the convergence of the left-hand side of equality in the proposition. The factor

5.2. L-matrix reflection and inversion. Let I, J € Z>1. Temporarily, to emphasize the
role of I and J, let us write

RG1, jisiz, joll, J o q) = L,
where the right-hand side implicitly depends on ¢ as well as I via v = ¢~ /.

There are two actions on a vertex we consider. The first is reflection in the diagonal
under which (i1, ji; iz, j2) = (J1,i1; jo2, i2) and the second is inversion of arrows under
which (i1, ji;i2, o) — (I —i1, J — j1; I —i2, J — j2). The result of these two actions
on the L-matrix is quite simple.

Proposition 5.1. Ler & = 1/a and g = 1/q then

R(j1,i1; jo. i2|l, J, @, q) = R(i1, j13 iz, j2|J, 1, @, @),

Composing the two transformations (reflection and inversion) results in yet a fourth
stochastic L-matrix in which (I, J) — (J, I) and o, q remain fixed.

Proof. These relations can be confirmed directly from our explicit formulas for the
L-matrices given in Theorem 3.15. O

Cases (3) and (4) of Proposition 2.3 are related by inversion of arrows: The range
g € [0,1) maps to ¢ € (1, +00) and the range « < —g ! mapsto —g~! < a < 0.
Despite this relationship, we will still consider each case separate. This is because when
we construct our zero range process from the L-matrix, the inversion of arrows takes a
state ? with > g; = k to an state with an infinite number of particles.
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Note that applying reflection to cases (1) and (2) of Proposition 2.3 leads to different
L-matrices and corresponding processes than we have presently considered. We do not
pursue the study of the resulting systems any further here.

5.3. Case (3) of Proposition 2.3. Recall that in case (3) of Proposition 2.3 we assume
that g € (0,1), v = ¢~! for I € Z=, and & < —v. With this choice of 7, V/ is
finite dimensional and given by the span of {0, ..., I'}. Consequently we must replace
G, G*, WGF, Y, YK, WY* by G/, GE, WGE, Y, YA, WYX as given at the end of Defi-
nition 2.5. The construction of the zero range processes with transition operators B% 9
and B%9% remains unchanged. However, in this finite spin case, we cannot define the
exclusion process with a right-most particle (whose transition operator was 7 *9%). This
is because that construction required having an infinite gap and in the finite spin setting,
that is not allowed. It may be possible to define an exclusion process with a doubly
infinite state space, so long as the gaps between particles is bounded by /. However,
as we have no use for that presently, we do not pursue it. Definition 2.1 remains well-
defined, even though ¢, _ »(s|y) is not necessarily positive (in fact, it has sign (—1)*)
for integers 0 < s < y < I. Likewise, the two equations of Remark 2.12 remain valid
(one readily observes that 1 + ag”~* remains non-zero for our choice of « and for all
O<s=<y=<D.

Appendix A describes how the Plancherel theory is modified for the present choice
of parameters. The eigenfunction relation of Proposition 2.13 follows since the results
of [Bor14, Corollary 4.5 (i)] are stated in sufficient generality. It is also possible to show
that the left-hand and right-hand sides of the relation in the proposition are analytic
functions of v and « in a suitable open domain which connects the parameters from
case (1) of Proposition 2.3 to the present choices. Analytic continuation then implies
the extension of the relation to the present case. This argument only requires showing
that for some fixed z;, there is an open domain of (v, &) € C? connecting cases (1) and

(3) of Proposition 2.3 such that the relation \ ]l:]féi %| < 1is preserved throughout the
domain. This fact is readily checked. Proposition 2.14 holds as written.

We will not make use of Corollary 2.15 (though it holds with Wr’;ax replaced
by W}‘;max from Definition A.5). We will also not make use of Definition 2.18 and
there appear not to be natural examples of initial data satisfying the well-adaptness of
Remark 2.19. Since we have not formulated an exclusion process for these parameters,
we do not have an analog of Theorem 2.20 presently. Theorem 2.21, however, holds for
the choice of parameters. Since we cannot make use of well-adaptedness, we demon-
strate this result by analytic continuation. Let us focus on establishing the first of the
dualities (the other follows similarly)

BrG = G (BT

Similarly to as above, note that there exists an open domain of (v, ) € C? connecting

case (1) and case (3) of Proposition 2.3 along which |'fT+5| < 6 for some § < 1.

Consequently, both sides of the above identity are analytic functions of v and « and

the result follows. The reason for analyticity is due to the fact that for ? and _y) fixed,
the only L-matrix weight which can be used an unbounded number of times is ‘i%,

corresponding with (0, 1; 0, 1)-vertices. That this weight is bounded above by § < 1 in
magnitude ensures the convergence of the left-hand and right-hand sides and hence the
analyticity. It should be noted that as we deform parameters, the transition operators are
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no-longer stochastic and it is only after arriving at the terminal locations for parameters
that this property is restored. Theorem 2.23 holds true by similar considerations. Notice
that even if we were to try to follow the proof given earlier in the text, we would run into
aproblem if I < k.

All of the result of Sect. 3 besides those pertaining to the exclusion process hold as
long as the triple (¢, v, ag’) satisfy the conditions of case (3) of Proposition 2.3 for
1 < j < J. This is because they all follow from results of Sect. 2.

5.4. Case (4) of Proposition 2.3. Recall that in case (3) of Proposition 2.3 we assume
that g € (1,00), v = q" for I € Z>1, and —v < o < 0. With this choice of 7,
V! is finite dimensional and given by the span of {0, ..., I}. Consequently we must
replace G, G*, WGk, Y, Yk, WY by Gy, G’;, WG];, Yy, Y’;, WY’; as given at the end
of Definition 2.5. The construction of the zero range processes with transition operators
B4 and B%9% remains unchanged. However, as in Sect. 5.3 we cannot define the
exclusion process with a right-most particle. Definition 2.1 remains well-defined, even
though ¢, _« ,(s|y) is not necessarily positive (in fact, it has sign (—1)*) for integers
0 <s <y < I.Likewise, the two equations of Remark 2.12 remain valid.

Appendix A describes how the Plancherel theory is modified for the present choice
of parameters. The eigenfunction relation of Proposition 2.13 follows since the results
of [Bor14, Corollary 4.5 (i)] are stated in sufficient generality. Proposition 2.14 holds as
written. We will note make use of Corollary 2.15 (though it holds with WX replaced
by W;‘;max from Definition A.5). We will also not make use of Definition 2.18. Since
we have not formulated an exclusion process for these parameters, we do not have an
analog of Theorem 2.20 presently.

Theorems 2.21 and 2.23 follow from analytic continuation of their analogous results
in case (3) with the following modiﬁcation in the case of the G, Gp, G, dualities, one
should restrict to g € G* and y € Y¥ for some k, k' € Z>1 (otherw1se terms may
fall to be finite). We may also, without loss of generahty, assume that g € G* and

y € Y for some k, k' € Z>1 when considering the G Gn, Gm dualities (see the end
of the proof of Theorem 2.21 for an explanation of how to go from this to general g and

y 7). So, given g € G* and y € Y¥ let us see how this analytic continuation works.
Let us focus on establishing the first duality (all others follow similarly)

510G = G(Be)T

This hold for case (3), in which ¢ € (0, 1) and @« < —g~!. Think of ¢, « as complex
variables and fix v = ¢~/ for I € Z-1. We want to extend this to also hold for case
(4) in which ¢ € (1, 00) and @ € (—g~ !, 0). We do this by observing that there exists
an open domain of (g, o) € C? connecting cases (3)—(4) along which |“+”} < § for
some § < 1. Consequently, both sides of the above identity are analytic functlons of g
and a and the result follows. The reason for analyticity is due to the fact that for g and
y fixed, the only L-matrix weight which can be used an unbounded number of times
is ‘;ﬁrﬂ, corresponding with (0, 1; 0, 1)-vertices. That this weight is bounded above by
6 < 1 in magnitude ensures the convergence of the left-hand and right-hand sides and
hence the analyticity.

All of the result of Sect. 3 besides those pertaining to the exclusion process hold as
long as the triple (g, v, ag’) satisfy the conditions of case (3) of Proposition 2.3 for

1 < j < J. This is because they all follow from results of Sect. 2.
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5.5. Stochastic six-vertexmodel. If I = J = 1(sov = 1/q), then the zero range process

g (t) we have been considering degenerates to the stochastic six-vertex model. In that
case, the L-matrix has six non-zero vertex configurations, and can be parameterized by
two parameters (b, b») which are between zero and one [GS92,BCG14]:

0 1 0 0 1 1
0 0] 0 { 0 0 T_>1 1—»—>1 1_1 ....... 0 1‘%_)1
0 1 1 0 0 1
1+aq a(l—q) a+q! 1—q*
=1 |b = — by = — -1
“ ! 1+a “ 14+« 2 1+« @ 1+« 2

Hereci =1—b1,co =1 — bs.
The I = J = 1 vertex weights are nonnegative if and only if the parameters («, q)
belong to one of the following two families:

(1) g0, 1),a <—1/g;
(2) g € (1,00),ax € (—=1/q,0).

Case (1) above corresponds with case (3) of Proposition 2.3 whereas the case (2) above
corresponds with case (4) of that proposition. The ratio b>/b; = 1/q is denoted by 7 in
[BCG14]. Under the present choices of parameters, Theorem 2.13 degenerates to match
the eigenrelations proved in [BCG14, Section 3.3] via coordinate Bethe ansatz (see also
[Lie67]). In [BCG14], the eigenrelations are used to compute transition probabilities for
the finite particle stochastic six-vertex model. The authors then focus on the case when
T < 1 (in other words, case (2) above where ¢ € (1, c0)) and when ¢ (t) is started
from the step initial data (g; (0) = 1,>1). Building on a combination of the approaches
developed in [TWO08,BC14], they compute a contour integral formula for IE[ILNi (?)],
L € Zs>1, and eventually utilize this to compute a e,-Laplace transform formula for
NECE)

Theorems 2.21 and 2.23 yield self-dualities of the stochastic six-vertex model which,
to the best of our knowledge, appear new. As described in [BCG14, Section 2.2], as
b1, by — 0 (with t fixed), the stochastic six-vertex model has a limit to the asymmetric
simple exclusion process (ASEP). Schiitz [Sch97] (see also [IS11,BCS12]) discovered
two self-dualities for ASEP. These arise as limits of two of our dualities, those involving
G and Gn Focusing on the Gn duality, notice that

o~ =
Gn ?77) ng Nn ()

where we have used the fact that for ¢ € {0, 1}, [g]l; = g. In the ASEP limit, this

duality becomes that recording in [BCS12, Theorem 4.1]. The G dualities limits to that
of [BCS12, Theorem 4.2].

Dualities provide closed systems of differential (or in discrete time, difference) equa-
tions satisfied by certain expectatlons of observables. For instance, taking the expectation
over the evolution of the g (¢) process, the duality involving Gn implies that

E[Gn(Z (t + 1), )] = B*E[Gn(g (1), 7)].
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This provides and alternative approach towards computing a formula for B[N (),
For ASEP with step initial data, Borodin et al. [BCS12] developed this approach. We
expect that a similar approach can be implemented to reprove the formula of [BCG14]

for E[z2Ni ()] (for step initial data) by utilizing our duality. The main challenge in this
pursuit is to compute the direct transform F47-" of ]E[Gn(? 0), 7)]. This is known for
ASEP, and one may observe that the ASEP eigenfunctions are (after change of variables)
the same as those considered herein.?® Thus, what is known in this respect for ASEP
likely follows for the stochastic six-vertex model. We do not pursue this any further here.

Remark 5.2. If I = J = 2 and ¢, « are as in cases (3) and (4) of Proposition 2.3,
then the L-matrix is stochastic. In this case, there can be up to two particles per site
and up to two particles can move in each update step. If @ = —1/g? then the zero
range process becomes a deterministic shift. In the six-vertex case (I = J = 1) this
occurs for « = —1/q. In that case, ASEP arises from an expansion around this shift,
as o = —1/q + €. We can perform the same expansion in the / = J = 2 case, setting
o = —1/q” + €. The below table is calculated from the J = 2 case of Appendix B. The
overall matrix (three by three) has rows and columns indexed by j; and j» in {0, 1, 2}
(respectively) and each matrix entry (a length three column vector) has entries indexed
by i1 in {0, 1, 2}. All terms of order smaller than € are left out of the matrix. A quick
inspection reveals that subtracting the shift (the order one terms) leaves something which
is not stochastic. Indeed, both g3 (1+¢) /(g —1) and ¢° / (1 —¢?) arises in this € expansion
and their respective signs will always differ.

€ qge
1 -5 1—¢2
0 2, 7 q(g+De
lq > +1 a1
0 -4 1 — 4°@+2)e
0 q*—1
q'e g’c 0
= g*-1 4 q22—1 £
g (a*+a’)e 4 —L
L =2t e
q - 4 q2e
0 q'e > +1
112*1 l—q
| — £°@g+De 0
q-— 4, 0
4> (g+De 1- 4= 0
— g-—1
q—1 Py
ge g€ 1
]7q2 q2—1

This seems to be a negative indication as to whether one can extract higher spin versions
of ASEP in this manner.

5.6. q-Hahn processes. In Remark 3.18 we observed the possibility to analytically con-
tinue our L-matrix weights so as to depend on parameters « and 8. However, for general
B # aq’, J € Zsy, these weights were not always positive. The following propo-
sition provides an exception to this, in which our L-matrix weights reduce to ¢g-Hahn
distribution weights (Definition 2.11).

26 The limit by, by — 0 (with 7 fixed) involves scaling «, but not changing ¢ (which is 1/7) and since g, v
are the only parameters which enter the eigenfunctions, the ASEP and stochastic six-vertex eigenfunctions
are the same.
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Proposition 5.3. Leta = —vand f = —pufor0O <v < u < 1. Then
LEGy, 13 ias j2) = Liyajiminto - @u(ialin)

forii, j1,i2, jo € Zxo. Consequently, the space reversed higher spin zero range process
Y and higher spin exclusion process for these parameters coincides with the q-Hahn
zero range process®’ and q-Hahn TASEP studied in [Pov13, Corl4].

Remark 5.4. For the above choices of «, 8, the proposition implies that the L-matrix
weights do not depend on j; and hence the processes constructed from these weights
become parallel update.

Proof. This reduction is essentially proved in [Borl4, Proposition 6.7] by studying
how the hypergeometric functions specialized with these parameters. The equality of
the associated processes constructed from these L-matrix weights follows immediately.
Note, however, that as far as the equality of the processes is concerned, this could be
shown directly by noting that the eigenfunctions and eigenvalues coincide under this
parameter specialization (cf. Proposition 2.14, Corollary 3.2). This route would require
extending Corollary 3.2 to general § in the manner described in Remark 3.18. 0O

5.7. Inhomogeneous parameters. Itispossible to define a time-inhomogeneous versions
of the zero range and exclusion processes considered earlier by replacing the time ¢
transition operator (from the state time ¢ to that at time ¢ + 1) by B% i (or likewise
T"‘“ﬁ'). As long as we assume f; = q”oe, for J; € Zx>1, this is stochastic and hence
generates a Markov chain. The duality of Corollary 3.3 clearly extends, and since these
operators for different ¢ are still diagonalized in the same basis (owing to Corollary 3.2),
we are able to develop analogous results to Theorems 4.1 and 4.2. The only change in
Theorem 4.1 is the replacement

(1+ﬁzj)t o ﬁ 1+ Bz
l+az; 5201+aszj’

and the corresponding change in Theorem 4.2 is the replacement in the function g

((—ﬂw; q>oo)’ R T (—Baw; @)oo

(—ow; @)oo o (oW oo

It is also natural to consider spatial inhomogeneities. In that case, the L-matrices
used to construct the zero range and exclusion processes should depend on location or
particle number (respectively) in so far as the parameter o can be replaced by «,. Under
this generalization, the eigenfunctions considered in Appendix A no-longer suffice for
diagonalization and no suitable replacements are presently known. An inspection of the
duality proofs as well as the proof of the fusion procedure seem to suggest that these
results can be modified to apply in this setting. We do not pursue this direction any
further here. However, it is worth noting that when v = 0, these processes relate to those
considered in [BC13] wherein duality and moment formulas were proved for both time
and space inhomogeneities. The moment formulas were generalizable in such a manner
due to the connection between the v = 0 case and the theory of Macdonald processes
[BC13, Section 6.2].

27 Also called the g-Hahn Boson process, or (g, i, v)-Boson process.
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Appendix A. Bethe Ansatz Eigenfunctions

We recall results about the Bethe ansatz eigenfunctions, most of which come from
[BCPS14].

Definition A.1. Assume that g, v are as in the first two cases of Proposition 2.3. Recall
Wy* from Definition 2.5 and let W¥ equal the space of all compactly supported functions
from WY* to C. Define left and right Bethe ansatz eigenfunctions®®

Z

cesk) 1<B<A<k o) TZo®B) I =vze())
k(k—1)
WL () = (DR = fg T mg () D)
oeSk)

—g! 1— S\
< 11 Zo(4) — 4 Za(B)H( za(,)) ’ (A1)

|<B<A<k (o) TZoB) 1 —vze(j)

where 7 = (z1,...,2) € (C\{1, v='P¥, and mq,v(ﬁ)) is given by

M<7>( Do
J

—
me (1) = [ === (A2)
=1 q>9)c;
where ¢y, ..., ¢y 5y are the cluster sizes of 77 (ie.ny = -+ = ne > Negl =

Neptey >0 )
Let 7Y be the direct transform which takes a functlon f € WK in the spatial variables
7 and produces a function in the spectral variables z according to

FHE)= D fODYL ().

7 eWY*

The function (fq*”f)(_z)) is a symmetric Laurent polynomial in (1 —z;)/(1 — vz;),
j=1,..., k. We denote the space of all such Laurent polynomials by C¥.

Let 79°¥ be the inverse transform which maps Laurent polynomials G € C to functions
in W¥ according to the following nested contour integration formula:

k

v Z —> —
7" G)(n)—f fdmm(z)j]"[(l_zj)(l_vzj) v ()G(D).

1

28 See Propositions 2.13 and 2.14 which describe certain operators for which these are eigenfunctions.
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The contour y is a circle containing around 1, not containing v~ and such that it contains
its image under multiplication by g. The term

NS e TSt ﬁ dz;

dm (7)) = — —, (A3)
an k! Hi;ﬁj(Zi _qZ])

L1l2m
J=1

where V(7)) = ]_[15,-< i<k (zi — z;) is the Vandermonde determinant.
The following result comes from [BCPS14, Theorems 3.4, 3.9].

Proposition A.2. Assume that q, v are as in the first two cases of Proposition 2.3. The
transforms F1V and J9V are mutual inverses in the sense that 79 F4'V acts as the
identity on WK and F4° T9 as the identity on ck.

If ¢, v are as in the last two cases of Proposition 2.3, some modifications are necessary.
Let I € Z= be such that v = ¢~/ and recall WY’,‘ (Definition 2.5), the space of

= (n1 > --- > ng) with clusters of equal elements of length at most 7 (e.g.if I =1,
the equality is strict). Similarly, denote by W;‘ the space of all compactly supported

functions from WY’; to C. When we substitute v = q" , Mgy (7) [and hence \IJ’_Z> (7)]
becomes supported on WY’;. This is because the factor (v; q)c; is zero if any cluster
cjof 7 exceeds length I. Therefore, in the direct transform, the summation over WY*
can be replaced by a summation of WY’; . The inverse transform similarly requires some
modification®”

£(0)

6= § - f ami [] : Wl ()G o).
v’ v’ j=1

Ak W3 ) (Vwjs g)a,

Some notation used above must be explained. For a partition®® A ; k if A - k and each
Ai < I. Define

_i €00 2
1— k_lk 5 1 L(r) Iy = dw s
dmy () = & ")‘( ‘) q det[ _ } wq? S (4
mylmy!. .. wigh — w; ij=1j=1 211
where W = (Wi, ..., wep)) € C*™ and for A - k, we use the notation
W ok = (wy, qui, ..., qk‘_lwl, w2, qW2, ..., q)“z_lwz, e Wiy Whggy s
gm0y, ) e CF (5)

The contour p’ is a small circle around 1 which does not contain v~ and does not
contain its image under multiplication by g.

Proposition A.3. Assume that q, v are as in the last two cases of Proposition 2.3. The
transforms F1V and J9V are mutual inverses in the sense that 79" F9V acts as the
identity on WY, and F1-° 79 as the identity on Cf.

29 When I ¢ Z, such a form of the inverse transform is also valid, with -; simply replaced by F.

30 Thatis, A, = (A1 > Ap > --- > 0), Aj € Z, with A| + A3 +--- = k if A F k. The number of nonzero
components in A will be denoted by £(1), and m ; will denote the number of components of A equal to j so
that x = 11272
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Proof. The case when ¢ € (0, 1) follows by applying the arguments of [BCPS14,
Theorems 7.2, 7.3]. One then observes that everything is analytic in g away from 1 and
thus the ¢ > 1 result thus follows readily. O

It is useful to extend the space W* to include non-compactly supported functions which

still have nice growth properties. In particular, for ¢, C > 0 define Wé‘xp(c ) a3 those

functions f: WYX — C such that |f(7)| < Cexpfc Zf‘{:l n;} for all 7 € WYX,

Likewise define Wf exp(c,C)"
Proposition A.4. There exist ¢ > 0 small enough and C > 0 large enough such that

JVVFDY acts as the identity on Wé‘ [and likewise for W;‘

xp(c,C) ;exp(c,C)]'

Proof. Let fy equal f on the support [—M, M]* and zero outside. For the choice of
contours p in the definition of 79'¥, there exists Cy, C, such that C; < 1]:5z <
holds for all z € y. This along with the exponential growth bounds on f implies that
(F9" f3)(Z) is uniformly convergent as the z; vary along y. This, along with the fact

that 79V F4V fyr = far implies the desired result. O

Definition A.5. Let WX . be the space of all functions f: WY* — C such that

JPVFY f = f (and likewise for Wf,max).
The following corollary is a consequence of Proposition A.4.
Corollary A.6. For ¢ > 0 small enough and C > 0 large enough, Wé‘ Wk

xp(c,C) - max
(and likewise for WK ).

I;max

Appendix B. Vertex Weights for J = 1,2, 3

B.1. J = 1 vertex weights.

Jj2=0 j2=1
g g-—1
14+ agd W a(l—¢9)
L I VA 0 0
1=0 % 14+« ||| 14+«
g g
g+1 g
1—vq9 a—+vgd
. 1 11— 0 1 1
S AR
9 [

When g = 0, the configuration (g, 0, g — 1, 1) has zero weight, as it should be.
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B.2. J = 2 vertex weights.

J2=0 jo=1 jo=2
g (1+aq?)(1+agth) g a(1+q)(1—¢%) (1+ag%) a?(1-¢%)(4=¢%)
1 1 1 1
=0 (1+a)(1+aq) 0l OFO0Fe0 0 (1+a)(I+aq)
9 9
() (tagrt) _
g+l (1-vg9)(1+agst?) g 1 (1(1+;¥))((1++w1)g) 91 a(1-¢9%)(agtvq?)
. o L— (e Ve
=1 (o) (1ag) B e | , ey
g 9 9
92 1o 9L gt I (atvet)(agtrg?)
i=2| gl wmEa |, I aseres ) M ,  UFatan
9 9 9

Again, note the automatic vanishing of suitable probabilities triggered by factors 1 — g8
and g — ¢8.

B.3. J = 3 vertex weights. For J = 3, there are 16 vertex types, so we will no longer
draw the arrow configurations. We will also omit the common denominator (1 + o) (1 +
ga)(1 + g°a) which is present in all probabilities. The table of J = 3 vertex weights is
the following:

J2=0 Jj2=1 J2=2 Jj2=3
Z1+q+°
=0 | (+ae)0 £ag™) La(l vt )(+ag) | T TT0D) Q¥1-q)
. x (14 ag? x (14 aq? 1—¢9 X (q—q7 —q7
(1+ag??) ( gz] =) | S (= g9) (g — ¢9) (4= ¢))(q" — ¢%)
1+a
( ) ‘ azq(1+q+q2)
x (a(l+q+¢°) +ag!(ag—q—1)
A =vg) (I tagrth) | N _ x (-v+ag®+aq) | a?(1-¢%)(qg—q%)
=1 x (1+ ags™?) +‘3?g(1£1jga‘§q) +ag¥(a+ag—1) | x(ag®+vg9)
1 ¢ q X (V—aq2+1/q)
+arg?(1+q+4%) ) | +a?vg® (1+q+¢%)
— g
G agrve)
x | a(l+q+q?) X(a(1+q+q2)
, L—vg?)(1 —vg™) | +ag(a+ga—1) a(l = ¢%)(aq + vg9)
j1=2 ( — aq9ti(1 —
s x (1 4+ agdt?) +rv¢9(1+q — qa) aqgl( +4—qa) x (ag® +vq?)
+ avget! +v¢!(1 —a —qa)
29 2
x (14 q+q%) +avg*(1+q+q°)
=3 | A=) 0 —ve™) [ +q+ ) at+ve’) [1+q+¢)(a+re) [(atrg)ag+rq’)
! x (1—vgt?) X (1=vg?)(1—vg?™h) | x (ag+vq?)(1 —vg?) | x (ag® +vg?)

Appendix C. Yang-Baxter Equation

Denote, for this section, ng’;&’;(kl, kos ki, k) = Lg,ll)(m, ky; ¢, ki)L&lz)(E, ka; n, kb)

where £ = m +ky —k| = n+ky —ka. Let Y10 (ky, ka; K|, k) = LYW8 (k) Ky ki, ka)
and define the matrix
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1 0 0 0
__ qui—up) _ l1—¢q 0
suiuz(u1—quz) suy(uyr—quz)
Y = _ 1— _ up—up
suz(u1—quz) sujuz(u1—quz) |
0 0 0 pamem
under the association ; = —su; and v = s2. Then the Yang—Baxter equation amounts

to the fact that ng’g’f and Lé,"l’(;’g (note the interchange of indices in a1, o) are similar
with respect to Y':

L(m,n)Y — Yi(m,n)

o2, op,02°

This can be derived, in light of Remark 2.2, from [Bor14, Proposition 2.5], which itself
is just a restatement of the standard six-vertex Yang—Baxter equation.

References

[ACQI11] Amir, G., Corwin, I., Quastel, J.: Probability distribution of the free energy of the continuum
directed random polymer in 1 + 1 dimensions. Commun. Pure Appl. Math. 64(4), 466-537
(2011). arXiv:1003.0443 [math.PR]

[Barl14] Barraquand, G.: A phase transition for g-TASEP with a few slower particles. Stoch. Proc.
Appl. 125, 2674-2699 (2015). arXiv:1404.7409 [math.PR]

[BC13] Borodin, A., Corwin, I.: Discrete time q-TASEPs. Intern. Math. Res. Not. (2013).
arXiv:1305.2972 [math.PR]. doi: 10.1093/imrn/rnt206

[BC14] Borodin, A., Corwin, I.: Macdonald processes. Probab. Theory Relat. Fields 158, 225-400
(2014). arXiv:1111.4408 [math.PR]

[BC15] Barraquand, G., Corwin, L: The ¢-Hahn asymmetric exclusion process (2015).
arXiv:1501.03445 [math.PR]

[BCF12] Borodin, A., Corwin, I. Ferrari, P.: Free energy fluctuations for directed polymers in ran-

dom media in 1 + 1 dimension. Commun. Pure Appl. Math. 67(7), 1129-1214 (2014).
arXiv:1204.1024

[BCFV14] Borodin, A., Corwin, 1., Ferrari, P., Veto, B.: Height fluctuations for the stationary KPZ equa-
tion (2014). arXiv:1407.6977 [math.PR]

[BCG14] Borodin, A., Corwin, I., Gorin, V.: Stochastic six-vertex model (2014). arXiv:1407.6729
[math.PR]

[BCPS14] Borodin, A., Corwin, I., Petrov, L., Sasamoto, T.: Spectral theory for interacting particle
systems solvable by coordinate Bethe ansatz (2014). arXiv:1407.8534 [math-ph]

[BCR12] Borodin, A., Corwin, I., Remenik, D.: Log-Gamma polymer free energy fluctuations via a Fred-
holm determinant identity. Commun. Math. Phys. 324(1), 215-232 (2013). arXiv:1206.4573

[BCS12] Borodin, A., Corwin, I., Sasamoto, T.: From duality to determinants for -TASEP and ASEP.
Ann. Probab. 42(6), 2314-2382 (2014). arXiv:1207.5035

[BG] Bertini, L., Giacomin, G.: Stochastic Burgers and KP2 equations from particle systems. Com-
mun. Math. Phys. 183(3), 571-607 (1997)

[Borl4] Borodin, A.: On a family of symmetric rational functions (2014). arXiv:1410.0976 [math.CO]

[BP13] Borodin, A., Petrov, L.: Nearest neighbor Markov dynamics on Macdonald processes. Adv.

Math. (2013). arXiv:1305.5501 [math.PR]

[CGRS14] Carinci, G., Giardina, C., Redig, F., Sasamoto, T.: A generalized asymmetric exclusion process
with Uy (slp) stochastic duality (2014). arXiv:1407.3367 [math.PR]

[Corl4] Corwin, I.: The ¢g-Hahn Boson process and g-Hahn TASEP. Intern. Math. Res. Not. (2014).
arXiv:1401.3321 [math.PR]

[COSZ14] Corwin, 1., O’Connell, N., Seppilidinen, T., Zygouras, N.: Tropical combinatorics and Whit-
taker functions. Duke J. Math. 163(3), 513-563 (2014). arXiv:1110.3489 [math.PR]

[CP15] Corwin, I., Petrov, L.: The q-pushASEP: a new integrable model for traffic in 1+ 1 dimension.
J. Stat. Phys. 160(4), 1005-1026 (2015). arXiv:1308.3124 [math.PR]
[CSS14] Corwin, L., Seppildinen, T., Shen, H.: The strict-weak lattice polymer (2014). arXiv:1409.1794

[math.PR]


http://arxiv.org/abs/1003.0443
http://arxiv.org/abs/1404.7409
http://arxiv.org/abs/1305.2972
http://dx.doi.org/10.1093/imrn/rnt206
http://arxiv.org/abs/1111.4408
http://arxiv.org/abs/1501.03445
http://arxiv.org/abs/1204.1024
http://arxiv.org/abs/1407.6977
http://arxiv.org/abs/1407.6729
http://arxiv.org/abs/1407.8534
http://arxiv.org/abs/1206.4573
http://arxiv.org/abs/1207.5035
http://arxiv.org/abs/1410.0976
http://arxiv.org/abs/1305.5501
http://arxiv.org/abs/1407.3367
http://arxiv.org/abs/1401.3321
http://arxiv.org/abs/1110.3489
http://arxiv.org/abs/1308.3124
http://arxiv.org/abs/1409.1794

700

[Fad96]
[FV13]
[GS92]
[IS11]

[KR87]
[KS96]
[Lie67]

[Man14]

[MFRQ15]
[0°C12]

[0014]
[0Y01]
[Pov13]
[Res08]

[RP81]
[Sch97]

[Sepl2]

[SS10]

[SS14]
[SW98]
[TLD14]

[TWO08]

[TWO09]

[Vet14]

I. Corwin, L. Petrov

Faddeev, L.D.: How algebraic Bethe Ansatz works for integrable model. In: Les-Houches
Lecture Notes (1996). arXiv:1407.3367 [math.PR]

Ferrari, P., Veto, B.: Tracy—Widom asymptotics for g-TASEP. Ann. Inst. Hen. Poin. (2013).
arXiv:1310.2515 [math.PR]

Gwa, L.-H., Spohn, H.: Bethe solution for the dynamical-scaling exponent of the noisy Burgers
equation. Phys. Rev. A 46, 844-854 (1992)

Imamura, T., Sasamoto, T.: Current moments of 1D ASEP by duality. J. Stat. Phys. 142,
919-930 (2011)

Kirillov, A.N., Reshetikhin, N.Y.: Exact solution of the integrable XXZ Heisenberg model with
arbitrary spin. I. The ground state and the excitation spectrum. J. Phys. A 20(6), 1565-1585
(1987)

Koekoek, R., Swarttouw, R.E.: The Askey-scheme of hypergeometric orthogonal polynomials
and its g-analogue. In: Technical Report, Delft University of Technology and Free University
of Amsterdam (1996)

Lieb, E.H.: The residual entropy of square ice. Phys. Rev. 162, 162-172 (1967)

Mangazeev, V.: On the Yang—Baxter equation for the six-vertex model. Nucl. Phys. B 882,
70-96 (2014). arXiv:1401.6494

Moreno Flores, G., Remenik, D., Quastel, J.: (2015, in preparation)

O’Connell, N.: Directed polymers and the quantum Toda lattice. Ann. Probab. 40(2), 437-458
(2012). arXiv:0910.0069 [math.PR]

O’Connell, N., Ortmann, J.: Tracy—Widom asymptotics for a random polymer model with
gamma-distributed weights (2014). arXiv:1408.5326 [math.PR]

O’Connell, N., Yor, M.: Brownian analogues of Burke’s theorem. Stoch. Proc. Appl. 96(2),
285-304 (2001)

Povolotsky, A.: On integrability of zero-range chipping models with factorized steady state.
J. Phys. A Math. Theor. 46, 465205 (2013)

Reshetikhin, N.: Lectures on the integrability of the 6-vertex model. In: Les-Houches Lecture
Notes (2008). arXiv:1010.5031 [math.PR]

Rogers, L.C.G., Pitman, J.W.: Markov functions. Ann. Probab. 9(4), 573-582 (1981)
Schiitz, G.M.: Duality relations for asymmetric exclusion processes. J. Stat. Phys. 86, 1265—
1287 (1997)

Seppildinen, T.: Scaling for a one-dimensional directed polymer with boundary conditions.
Ann. Probab. 40(1), 19-73 (2012)

Sasamoto, T., Spohn, H.: Exact height distributions for the KPZ equation with narrow wedge
initial condition. Nucl. Phys. B 834(3), 523-542 (2010) arXiv:1002.1879 [cond-mat.stat-
mech]

Sasamoto, T., Spohn, H.: Point-interacting Brownian motions in the KPZ universality class
(2014). arXiv:1411.3142 [math.PH]

Sasamoto, T., Wadati, M.: Exact results for one-dimensional totally asymmetric diffusion
models. J. Phys. A 31, 6057-6071 (1998)

Thimothée, T., Le Doussal, P.: Log-gamma directed polymer with fixed endpoints via the
replica Bethe Ansatz. J. Stat. Mech. 2014(10), P10018 (2014)

Tracy, C., Widom, H.: Integral formulas for the asymmetric simple exclusion process. Com-
mun. Math. Phys. 279, 815-844 (2008). arXiv:0704.2633 [math.PR]. [Erratum: Commun.
Math. Phys. 304, 875-878 (2011)]

Tracy, C., Widom, H.: Asymptotics in ASEP with step initial condition. Commun. Math. Phys.
290, 129-154 (2009). arXiv:0807.1713 [math.PR]

Veto, B.: Tracy—Widom limit of q-Hahn TASEP (2014). arXiv:1407.2787 [math.PR]

Communicated by N. Reshetikhin


http://arxiv.org/abs/1407.3367
http://arxiv.org/abs/1310.2515
http://arxiv.org/abs/1401.6494
http://arxiv.org/abs/0910.0069
http://arxiv.org/abs/1408.5326
http://arxiv.org/abs/1010.5031
http://arxiv.org/abs/1002.1879
http://arxiv.org/abs/1411.3142
http://arxiv.org/abs/0704.2633
http://arxiv.org/abs/0807.1713
http://arxiv.org/abs/1407.2787

	Stochastic Higher Spin Vertex Models on the Line
	Abstract:
	1 Introduction
	1.1 Outline

	2 J = 1 Higher Spin Stochastic Six-Vertex Model
	2.1 Definitions and construction of processes
	2.2 Bethe ansatz diagonalization
	2.3 Self duality

	3 Fusion and Self Duality for Jin mathbbZ 1
	3.1 Fusion
	3.2 Recursion relation for L-matrix weights
	3.3 q-Racah form of L-matrix weights

	4 Moment and eq-Laplace Transform Formulas
	5 Generalizations, Specializations and Degenerations
	5.1 Case (2) of Proposition 2.3
	5.2 L-matrix reflection and inversion
	5.3 Case (3) of Proposition 2.3
	5.4 Case (4) of Proposition 2.3
	5.5 Stochastic six-vertex model
	5.6 q-Hahn processes
	5.7 Inhomogeneous parameters

	Acknowledgments.
	Appendix A. Bethe Ansatz Eigenfunctions
	Appendix B. Vertex Weights for J = 1,2,3
	B.2. J=2 vertex weights

	Appendix C. Yang--Baxter Equation




