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Abstract: Spin g-Whittaker symmetric polynomials labeled by partitions A were
recently introduced by Borodin and Wheeler (Spin g-Whittaker Polynomials, 2017.
arXiv preprint arXiv:1701.06292 [math.CO]) in the context of integrable sl vertex
models. They are a one-parameter deformation of the t+ = 0 Macdonald polynomials.
We present a new more convenient modification of spin g-Whittaker polynomials and
find two Macdonald type g-difference operators acting diagonally in these polynomi-
als with eigenvalues, respectively, ¢ ~*' and ¢g*V (where A is the polynomial’s label).
We study probability measures on interlacing arrays based on spin g-Whittaker poly-
nomials, and match their observables with known stochastic particle systems such as
the g-Hahn TASEP. In a scaling limit as ¢ ' 1, spin g-Whittaker polynomials turn
into a new one-parameter deformation of the gl,, Whittaker functions. The rescaled Pieri
type rule gives rise to a one-parameter deformation of the quantum Toda Hamiltonian.
The deformed Hamiltonian acts diagonally on our new spin Whittaker functions. On
the stochastic side, as ¢ ' 1 we discover a multilevel extension of the beta polymer
model of Barraquand and Corwin (Probab Theory Relat Fields 167(3—4):1057-1116,
2016. arXiv:1503.04117 [math.PR]), and relate it to spin Whittaker functions.
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1. Introduction

1.1. Overview. This paper deals with new classes of symmetric functions inspired by
the U, (sl2) Yang—Baxter equation and applications to integrable stochastic interacting
particle systems and random polymer models.

Symmetric functions have been very useful in studying integrable stochastic systems
in the past two decades, starting from the works on asymptotic fluctuations in longest
increasing subsequences of random permutations [BDJ99] and the TASEP (totally asym-
metric simple exclusion process) [Joh00], and continuing through the frameworks of
Schur processes [OkoO1], [OR03] and Macdonald processes [BC14]. Here and below
by a process associated with a family of symmetric functions (like Schur or Macdon-
ald) we mean a probability measure on sequences of partitions with probability weights
expressed through these functions in a certain way (cf. Definition 4.3 in the text). See
the scheme of symmetric functions in Fig. 1.

More recently, quantum integrability (in the form of the Yang—Baxter equation /
Bethe ansatz [Bax(07]) has brought new structures allowing to extend the range of exactly
solvable stochastic systems to the ASEP (partially asymmetric simple exclusion process)
[TWO8], [TW09] and stochastic vertex models [BCG16], [CP16], [CT15], [Lin20], and
discover new asymptotic phenomena around the Kardar—Parisi—Zhang universality class
[Cor16]. In the process of exploring quantum integrability from these perspectives, two
new families of symmetric functions were discovered:

e Spin Hall-Littlewood symmetric functions [Bor17]. They are a one-parameter gen-
eralization of the classical Hall-Littlewood polynomials [Mac95, Ch. III], and are
Bethe Ansatz eigenfunctions of a number of integrable stochastic systems, including
ASEP (under a certain choice of parameters). These functions retain many properties
of Hall-Littlewood polynomials including Cauchy type summation identities, Pieri
type rules, torus scalar product orthogonality, and the presence of difference operators
acting on them diagonally [BCPS15], [BP18], [BMP21, Section §].

e Spin g-Whittaker polynomials [BW17]. They form a one-parameter generalization
of the g-deformed gl, Whittaker functions [GLO10], and also possess Cauchy type

Spin Hall-Littlewood (¢, s)
Dynamic stochastic siz ver-

Spin ¢-Whittaker (g, s)
Stochastic higher spin six vertex

Macdonald (g, t)

tex model; stochastic higher model; q-Hahn TASEP; 4¢3 model
spin siz vertex model q=0 f=0 and q-Hahn PushTASEP
5= 0\ / =0 \ qg—1
I;:;;];jg:w;;dy(gr)_ g-Whittaker (q) Spin Whittaker (S)
tox model/' ASEP q-TASEPs; q-PushTASEPs Beta polymer models
t= 0\ q :‘/ q H\ ./5 — 400
Schur Whittaker
Directed last / first Log-gamma polymer;
passage percolation O’Connell-Yor polymer

Fig. 1. A scheme of various families of symmetric functions together with stochastic systems based on them.
Arrows indicate degenerations or scaling limits. The two families which are our main focus are indicated in
bold
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summation identities, Pieri type rules, and certain first-order difference operators
acting on them diagonally [BMP21, Section 8]. Notably, torus orthogonality relation
for spin g-Whittaker polynomials is not known.

Marginals of spin Hall-Littlewood and spin g-Whittaker processes are matched in
distribution to various Uy (slz) stochastic vertex models, including the stochastic six
vertex model [GS92], [BCG16] (with its “dynamic” extension [BP19]); the stochastic
higher spin six vertex model [CP16], [BP18]; and the more recent 4¢3 stochastic vertex
model [BMP21] (which is close to the g-Hahn PushTASEP of [CMP19]).

The (undeformed) g-Whittaker polynomials admit anontrivial scaling limitasg — 1.
In this limit [GLO12b], [BC14, Theorem 4.1.7], the g-Whittaker polynomials become
the gly Whittaker functions. The latter play an important role in representation theory
and integrable systems [Kos80], [Giv97], [Eti99]. In particular, the Whittaker functions
Va(up)sh = (A1, ..., An) € CV upy = (uy, ..., uy) € RV, are eigenfunctions of the
quantum gl Toda lattice Hamiltonian

v N
1
J(3oda — _ Z 5+ Z eI G (uy) = (‘5 Z)le) Va(uy)-
i=1 i=l
(1.1)

Probability measures based on Whittaker functions describe distributions of inte-
grable models of directed random polymers: the semi-discrete Brownian polymer
[O’C12], and fully discrete polymers in random environments with independent log-
gamma distributed weights [COSZ14], [OSZ14], [OO15], [CSS15].

The contribution of this paper is two-fold. First, we present a new version of spin
q-Whittaker polynomials which generalizes the ones from [BW17] and strengthen their
properties. Second,inag — 1 limit, we discover a nontrivial one-parameter deformation
of the gl Whittaker functions. The new spin Whittaker functions are eigenfunctions of
a deformed quantum Toda Hamiltonian, and are also related to random polymers with
beta distributed weights. Let us briefly describe our main results.

1.2. A new version of spin q-Whittaker polynomials. First, we introduce modified ver-

sions of the spin q-Whittaker symmetric polynomials F, (x1, ..., x,), where A = (A1 >
. > Ay > 0), A; € Z, are (nonnegative) signatures. Our polynomials are more general

than the Borodin—Wheeler’s version Ff W IBW17]. More precisely, we have

=T (xa, ..., x0).

F}»(-xl’-x23 e ’xn)|x|:0

Under the degeneration s = 0, both families [, and coincide and turn into the
usual g-Whittaker polynomials.

The new spin g-Whittaker polynomials I, share all the properties known for the
Ffw’s, including symmetry, Cauchy summation identities, and Pieri type rules. More-

over, we strengthen other known properties of the spin g-Whittaker polynomials:

BW
]F)»

e (Sect. 3.2) We present g-difference operators ®1, D which act on our new spin
g-Whittaker polynomials diagonally as ©F; = ¢*"Fy and ©F; = ¢ *F,. The
operator D reduces, as x; — 0, to the known eigenoperator ¢ [BMP21] acting on
]Ffw with the same eigenvalue q_kl. The operator 51, and the fact that the other
eigenvalue ¢g*V can be extracted from spin g-Whittaker polynomials, are new.
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e (Sect. 3.3) We observe that the operators ©1, D can be represented as conjugations
of the first g-Whittaker g-difference operators (these are t = 0 degenerations of the
Macdonald operators from [Mac95]). From higher g-Whittaker operators we thus
get higher order g-difference operators commuting with either ® or D1 (the conju-
gations leading to ©; and D are different, even though these operators commute).
The higher order operators coming from the g-Whittaker operators are not diagonal
in the spin g-Whittaker polynomials.

e (Sect. 6) For spin g-Whittaker processes on interlacing arrays of signatures, we
construct sampling algorithms (“Yang—Baxter fields”) based on bijectivizations of
the Yang—Baxter equation, using ideas of the previous works [BP19], [BMP21].
We consider several Yang—Baxter fields, and by the very construction each of them
possesses a marginally Markovian projection to a one-dimensional system: stochastic
higher spin six vertex model; 4¢3 stochastic vertex model / g-Hahn PushTASEP; or
the ¢g-Hahn TASEP from [Pov13], [Corl4]. The former two connections already
appeared in [BMP21] (for processes based on ]F)’ig W), while the matchings to the
q-Hahn TASEP or the g-Hahn PushTASEP are new.

e (Sect. 5) Setting ¢ = s = 0, we see how the Yang-Baxter equation reduces to
the classical Robinson—Schensted—Knuth row insertion algorithm [Knu70], [Ful97],
[StaO1].

e (Sect. 6.6) In a simplified “Plancherel” (or “Poisson-type”) continuous time limit
we construct a Markov dynamics on interlacing arrays under which the last rows
marginally evolve as a continuous time version of the g-Hahn TASEP (appeared in
[BC16b]). Our new two-dimensional continuous time dynamics is a one-parameter
deformation of the g-Whittaker 2d-growth model introduced in [BC14, Definition
3.3.3]. The latter growth model has continuous time g-TASEP as the last row marginal
dynamics.

Our modification of the spin g-Whittaker polynomials originates from computer
experiments informed by the existing definition from [BW17] combined with the desire
to have g-difference eigenoperators (a particular case of one of the eigenoperators
appeared earlier in [BMP21]). The new spin g-Whittaker polynomials can be formulated
as partition functions of up-right path ensembles (cf. Fig. 3, left), where paths must stay
above the diagonal, and the vertex weights at the diagonal are special. These special
corner vertex weights turn out to satisfy a version of the Yang—Baxter equation (given
in Proposition B.2 in Appendix). Combined with the Yang—Baxter equation for the spin
qg-Whittaker bulk vertex weights written down in [BW17] (which is a fusion of the most
basic Yang—Baxter equation for the six vertex model), this brings most of the desired
properties of the new polynomials, including their symmetry and Cauchy summation
identities. We also note that for s = 0, corner and bulk vertex weights coincide, so the
effect of the new corner weights is present only at the s # 0 level.

It would be very interesting to connect our corner vertex weights and the correspond-
ing Yang—Baxter equation with known integrable vertex model constructions.

1.3. Spin Whittaker functions, random polymers, and deformed quantum Toda. Our
second series of results deals with the ¢ — 1 scaling limit of the spin g-Whittaker
polynomials. Stochastic systems which we have associated with the spin g-Whittaker
polynomials already known to possess such limits:
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e The g-Hahn TASEP becomes the strict-weak directed polymer model in an envi-
ronment built from independent random variables with beta distribution [BC16a].
We recall it in Definition 8.4.

e The g-Hahn PushTASEP scales [CMP19] to another beta polymer type model—a
rather complicated system determined by a random recursion with negative beta bino-
mial random weights. We recall (a slight generalization of) this model in Definition
8.9.

Introduce the scaling
q_)I’ xi:qX[v SZ—CIS, q_kizLi7

where S > 0, |X;| < S,and 1 < Ly < ... < Lj are fixed real numbers. We show
(Theorem 7.14) that under this scaling, the spin g-Whittaker polynomial Iy (x1, ..., xy)
converges to a new object — the spin Whittaker function fx, ... xy(L1, ..., Ly) (which
also depends on S).

The functions fyx,,.. xy(L1, ..., Ly) may be defined via a recursive Givental-type
integral representation. Let L)y, = (Ly_;,...,L}) and Ly = (Ly,...,L1) be
interlacing sequences:

l1<Ly<Ly_ <Ly <...<L)\<L

(notation: Ly, _, < Ly). Define

-X
1 Ly---L;
fx(Ly_1: Ly):= ( 7 >
1

BE+X,S—x)N-T\L}_ L

N-—1 —X— _ _
Llj S—X—1 Lj+1 S+X—1 Lj+1 1-28
<[1(1-7 =7 -2=)
j=l1 J J J

where B(S + X, § — X) is the Beta function. Set fx, (L) := LI_X‘, and, inductively,

/ l dLNfl
fX] ,,,,, XN(LN):Z le ,,,,, XN_1(LN—1)fXN(LN_1;LN) L/ .
Ly_y: Ly_<Ly =N-1

(1.2)
Example 1.1. In the simplest nontrivial case N = 2 we have

fx.y(u,z) = (z/u)Su=*"V,F <S+ XZ’SS+ Y’ 1-— i) , l<uc<g,

where 5 F is the Gauss hypergeometric function (A.10).

Remark 1.2. Observe that in contrast with the usual Whittaker functions, the spin defor-
mations depend on ordered tuples L. This also corresponds to the fact that the inte-
gration in (1.2) is over sequences Ly, _, interlacing with L.
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The spin Whittaker functions fx, . x, (L) defined by the recursion (1.2) are sym-
metric in the X;’s. This fact is far from being obvious from this recursive representation,
and follows from the symmetry of the spin g-Whittaker polynomials (which ultimately
is a consequence of the Yang—Baxter equation).

We show (Theorem 9.3) that the functions fx,
deformation of the gl quantum Toda Hamiltonian

xy (Lp) are eigenfunctions of a

,,,,,

N
1 20—} i
Hoi= -5 2-—1: O+ Y STRUTDEMITH(S — 8, )(S + Bu,).- (1.3)

I<i<j<N

Introduce a change of variables L; = § N+1=2jotj Then in these variables we have

1
Fofx,,...xy = ——ZX§ FX1 Xy -

The functions fyx, ... xy (L) satisfy a version of the Cauchy type identity with inte-
grationover |l < Ly <...<Ly:

M N
I'(X1+7Y)) I'(X; +Y)I2S)
/fx. Xy (Ly) oy, yM<LN> ,1:[ TG+ X (QF(S+Xi)F(S+Yj))'

(1.4)

Here gy,,....v,, (L) are certain dual spin Whittaker functions, see Sect. 7.4. For the
usual Whittaker functions, first Cauchy type identity with M = N is due to Bump
and Stade [Bumg89], [Sta02], [GLOO08], and was later generalized in [COSZ14, (1.2)],
[BC14, Section 4.2.1].

We also define spin Whittaker processes. These are probability measures on interlac-
ing sequences of reals L; < Ly < ... < Ly, Ly = (Lgx < Ligj—1 < ... < Lg1),
with probability weights expressed through the spin Whittaker functions. Cauchy type
identity (1.4) provides an explicit normalizing constant for the spin Whittaker process.
We match the distribution of the marginal process L k to the strict-weak beta polymer
model of [BC16a] (Theorem 8.6), and the distribution of the other marginal process Ly
to the other beta polymer like model which appeared in [CMP19] (Theorem 8.11).

As S — +ooandunderthescalingL; = SN*1=2/¢t X ; = —i);, the spin Whittaker
functions fy, ... xy (L) formally reduce to the usual Whittaker functions v (uy). A
similar reduction brings spin Whittaker processes to Whittaker processes from [0’ C12],
[COSZ14], [BC14]. We do not fully justify these limit transitions, as this requires a
much finer analysis and justification of the interchange of the S — +oo limit with
Givental-type representations, which is outside the scope of this paper. However, we
note that at the level of marginals, the strict-weak beta polymer becomes the strict-weak
log-gamma polymer [BC16a, Remark 1.5]. We also show (Proposition 8.13) that the
other beta polymer type model turns into the log-gamma polymer from [Sep12].

Finally, we note that at the level of quantum Toda Hamiltonians the limit lim 3, =
S—+00

is quite straightforward. Indeed, the only terms surviving this limit have j = i+1,
and then S72(S — 8, )(S + dy,,,) — 1 leads to (1.1)

g_fTOda
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Remark 1.3. In representation theory, the term “Whittaker functions” refers to special
matrix elements of certain (infinite-dimensional) representations. The name “spin Whit-
taker” functions for our new objects fx,.... xy (Ly), 9y,.... v, (L) is naturally suggested
by their place in the hierarchy of symmetric functions in Fig. 1. At this point we do not
claim the existence of a matrix element interpretation of these functions (that would make
them “Whittaker” in a representation-theoretic sense). Finding such an interpretation is
an interesting challenge which falls out of the scope of the present paper.

1.4. Outline. The paper has two main parts. The discrete part, Sects. 2-5, discusses
spin Hall-Littlewood functions and our new variant of g-Whittaker functions, Cauchy
type summation identities via Yang—Baxter equations, difference operators diagonal-
ized by these functions, and related integrable stochastic models. The continuous part,
Sects. 7-9, deals with continuously labeled spin Whittaker functions and their proper-
ties. These include Givental-type integral representations for spin Whittaker functions,
Cauchy type identities, connections to random polymer models with beta weights, and
a new deformation of the quantum Toda Hamiltonian.

In Sect. 10 we discuss a number of further directions, and formulate conjectures about
torus scalar product orthogonality of spin ¢-Whittaker and spin Whittaker functions.

Appendix 10.5 collects notation relevant to special functions used in the paper. In
Appendix 10.5 we list Yang—Baxter equations used throughout the discrete part. Appen-
dices 10.5 and 10.5 contain certain technical proofs used in the main text (in Sects. 7
and 9, respectively).

1.5. Notation. We use the g-Pochhammer symbol notation

(@ r=0—-a)l—aq)...(1 —ag"™", (@ q:=1. (1.5)

Occasionally we will need multiple g-Pochhammer symbols (ay,...,an; @)k :=
(ar; @)k - - - (am; q)k. Certain special functions such as g-hypergeometric and hypergeo-
metric functions, as well as useful probability distributions based on them are described
in Appendix 10.5.

Throughout the paper, 14 denotes the indicator of an event A.

2. Spin g-Whittaker and Spin Hall-Littlewood Functions

Here we introduce symmetric functions we use throughout the paper which are variants
of the spin Hall-Littlewood and spin g-Whittaker functions of [Bor17], [BW17].

2.1. Signatures. Our symmetric functions are indexed by nonnegative signatures (i.e.,
partitions with a specified number of parts N). We will drop the word “nonnegative”,
and refer to them simply as “signatures”. Signatures form a set

Signy :={A=@R1 =--- > Ay = 0): X; € Zx0}, N € Zs>o.

By agreement, Sign, = {&}. The number of positive parts of a signature A is denoted
by

) =#{i: A > O).
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=

Fig. 2. An example of a signature A = (5,4,1,1) € Signf? Its transposed signature is A =
(4,2,2,2,1,0,0) € Sign3*

When A is a partition (and not a signature), the quantity £(A) takes the name of length. We
will not use such terminology as it creates confusion with the number N of coordinates
of the signature A.

For notational convenience, we will also label certain symmetric functions with the
transpose of a signature. To define the transposition in the context of signatures, introduce
the set of boxed signatures

Signf,[N::{A: (A =>-=>iy>0):0<x <N} CSigny.
Clearly, these signatures can be represented as belonging to the box Box(N, M), where
Box(N,M)={1,...,N} x {1,..., M}.
LetA € Signf,IN. By the transposed signature ). we mean
A=#{j A >0}, i=1,...,N.

Clearly, A’ € Signf,M . See Fig. 2 for an illustration.
We will also use multiplicative notation for signatures:

A= 1m®Wm®) o where  m;(A) =#{j: Aj = i}.
Given two signatures p € Sign; and A € Sign;,; we say that they interlace if
MZp1=A=pr > = pk = Al 2.1

We will use notation . < A for interlacing. Interlacing also extends to the case when A
and p have the same number of elements by dropping the last inequality in (2.1). We
will use the same notation . < A in this case. When A and p are such that u’ < A/, we
say that they are transposed interlacing, and use the notation u <" A.

2.2. Directed path vertex models. Symmetric functions introduced in this section are
constructed through a vertex model formalism. That is, we define symmetric functions
as partition functions (= sum of weights of allowed configurations) of ensembles of paths
flowing through a planar lattice, where the global weight of each path configuration is
the product of Boltzmann weights of local configurations around each vertex. We need
two separate classes of ensembles: up-right and down-right.
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Definition 2.1 (Up-right paths). We consider up-right directed paths living in the half-
quadrant {(i, j) € Z>0 x Z>1: j > i}. We divide its vertices into three categories:

e left boundary vertices I at (0, j), for j > 1;
e bulk vertices + at (i, j), for 1 <i < j;
e right corner vertices 1 at (i, i), fori > 1.

Paths we consider emanate from left boundary vertices and proceed in the up-right
direction in the bulk of the lattice. Multiple paths are allowed to go along one horizontal
or vertical edge. When a path meets the diagonal it gets reflected in the upward direction.
The reason why we distinguish the nature of the vertices is that we will use different
weighting systems for each of them. See Fig. 3, left, for an illustration.

For a configuration of up-right paths, define foreach k € Z 1 the signature A* € Sign,
by

Ak - )\;‘H = #{paths occupying the edge (i, k) — (i, k + 1)},

1

wherei = 1,...,k — 1. Let also )»ﬁ will be the number of paths reflected at the right
corner (k, k). In this way the up-right path ensemble is bijectively encoded by a sequence

AMca?c..., Ak esign,.

Here the relation A¥ € A**! means inclusion of the respective Young diagrams. For
example, for the up-right path ensemble in Fig. 3, left, we have A> = (1,0) and A* =
(3,3,2).

Definition 2.2 (Down-right paths). Down-right paths live inside the finite rectangle
{0,..., N} x{1,..., M}, where N, M are fixed positive integers. We divide its vertices
into three categories:

e left boundary vertices F at (0, j),for 1 < j <
e bulk vertices + at (i, j),for1 <i < N, 1 <jJ
e right boundary vertices 4 at (N, j), for 1 < j

Down-right directed paths we consider originate at left boundary vertices and terminate
atthe lower base of the rectangle. Once paths hit the right boundary they are automatically
sent all the way down. See Fig. 3, right, for an illustration.

To each configuration of down-right paths we can also associate a sequence of growing
signatures

Aca?c...caM, aFeSigny,
where
kf - Afﬂ = #{paths occupying theedge (i, M —k+1) — (i, M — k)},

with AK N+1 = 0,by agreement. For example, for the path ensemble in Fig. 3, right, we have
A=(1,0,0,0,0),22=(2,0,0,0,0),23=(2,1,1,1,1),and A* = (3,2,2, 1, 1).



1340 M. Mucciconi, L. Petrov

— 1 —_—t i
4 5 0o ¥ 2 ¥ A

Fig. 3. Left: Example of an up-right path ensemble. All paths must be above the main diagonal. Right: Example
of a down-right path ensemble with N = 5 and M = 4. All paths must be inside the rectangle

2.3. Spin q-Whittaker polynomials. The spin g-Whittaker polynomials are partition
functions of up-right path ensembles. Assign the following weights to the left bound-
ary, bulk, and right corner vertices (here and below we use the g-Pochhammer notation

(1.5)):

: i (=s/x;q);
Wt (j)i=x) — 2 (2.2)
A (q:9);
S o (=s/x59) j, (=% @iy — (G5 @iy
W2 (i1, jis 02, j2) = Liyajimint o Liy o X7 ; (2.3)
Xx,s ttj1=i2+j2 122 (q#])jz(q;CI)i]sz(Sz;Q)iz
, (q:q);
w2 (j)i= ————. (2.4)
e (—=s/x;q);

Here in (2.2) and (2.4), j € Z>¢ denotes the number of paths going through the vertex,
andin (2.3) the numbers iy, ji, i2, jo € Zso denote, respectively, the numbers of entering
vertical, entering horizontal, exiting vertical, and exiting horizontal paths to/from the
vertex.

The weights (2.2)-(2.4) depend on the main quantization parameter q, on a spectral
parameter x, a spin parameter s. While g, s are assumed fixed, the spectral parameter
will depend on the vertical lattice coordinate.

When speaking of symmetric functions and properties like Cauchy identities or eigen-
relations, the parameters x, s, g are assumed to be generic complex numbers (such that
the denominators of all the expressions involved do not vanish). When dealing with
stochastic objects, the parameters need to satisfy certain inequalities, see Definitions 4.4
and 4.5.

Remark 2.3. One can readily check that the condition i1 > j» in (2.3) implies that up-
right path configurations with nonzero global weight are those associated with sequences
of interlacing signatures A' < A% < .. .. In particular, the configuration in Fig. 3, left,
has global weight zero.

Remark 2.4. When s = 0, the bulk and the corner weights (2.3)—(2.4) coincide. More
precisely, we have W ((j) = W/ (0, j; j,0) = (¢; @);.
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Definition 2.5 (Spin q-Whittaker polynomials). For given interlacing signatures p < A
with € Sign; and A € Sign, ., the skew spin g-Whittaker polynomial in one variable
is the weight of the unique path configuration between w and A at the k-th slice. It is
given by

(=% @ (=55 Dy (43 9)
Fj/p (x) - 1_[ s 4 i~ q l/-i*)\igl 9> 9)xi—2iv1 . (2.5)
i=1 (Qa C])A,-fu,' (Qa q)/,l,,‘f)u,'.ﬂ' (S ) q))»if)»,'.ﬂ'
This is clearly a polynomial in x, even though the right corner weight (2.4) is not
polynomial. We will often abbreviate the name “spin g-Whittaker” as sqW.

For u € Sign, and v € Sign,,, we also define n-variable polynomials in a standard
way via branching:

Fofu (it o xn) = Y Fopu(xr, s Xao ) Fopoe (). (2.6)
b4

The polynomials '/, (x1, ..., x,) are partition functions of up-right path ensembles as
in Fig. 3, left, in a domain with the bottom and the top boundary conditions determined
by u € Sign; and v € Sign,,, respectively.

We will use the shorthand notation Iy (x1, ..., x,) = Fy e (x1, ..., x,), where A €
Sign,,.

Remark 2.6. It is important to notice that the number of variables in a sqW polynomial
IFy/, is determined by the signatures v, u. If v € Sign,,,; and u € Signy, then we can
only evaluate I, /,, at n variables.

2.4. Comparison with Borodin—Wheeler’s spin q-Whittaker polynomials. Itisimportant
to note that our version of the spin g-Whittaker polynomials is different from the original
definition of Borodin and Wheeler [BW17]. Namely, the one-variable skew polynomials
in [BW17] have the form

FEW(.X.) — x|k|—|u\ 1_[ (_S/X; C])AI-—M,- (_SX; Q)ui—AM (C], CI)A;—A,-+1 ’ (27)
/n (@5 Dri =1 @ D i 8% Dri—rii

i>1

where u € Sign,, A € Sign;,, and the product over i extends to i = k + 1 with the
agreement that A;1o = pg+1 = 0. That is, our one-variable functions differ from (2.7)
as

(—s/x; ‘])Akﬂ F

Fy) () = 2 (%) (2.8)
Mu (Sz; Q)Ak+1 I
The n-variable polynomials Ff VX (x1, ..., x,) are defined from Ff /Z (x) by branching

as in (2.6). They admit a lattice path construction similarly to I/, but with the right
corner weights W} replaced by the bulk weights W (.

The Borodin—Wheeler’s spin ¢g-Whittaker polynomials arise from our [F,, as a partic-
ular case:

Proposition 2.7. For all . € Sign,, we have

F3.(0,x2, ..., %) = FEW (0, ..., x). (2.9)
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Proof. Ttis informative to consult Fig. 3, left, for an illustration related to this proof. The
up-right paths that start at the left boundary at y-coordinate 1 must immediately turn up at
the right corner at (1, 1). If there are j such paths, their contribution to the global weight
is Wy, ((HW3 () = x{. For x; = 0, this forces no paths to start at y-coordinate 1.
Next, due to the presence of 1;,> j, in the bulk weight W} ;, we see that paths started
at larger y-coordinates 2, ..., n cannot reach the diagonal with the special right corner
weights. Therefore, the partition function for F; (x{, x2, ..., x,) with x; = 0 involves

only left boundary and bulk weights, and is thus the same as the partition function for
FAW (xa, ..., xp). u!

Note that ]Ff w (x2, ..., x,) is well-defined for any A, and vanishes if £()), the number
of nonzero parts in A, exceeds n — 1. If £(A) < n — 1, then we can treat A as an element
of Sign,, with A, = 0, and then (2.9) holds. Moreover, one readily sees that both sides
of (2.9) vanish if A,, > 0. Therefore, any polynomial Ff W can be obtained from our
polynomial F, by specializing one of the variables to zero. (By symmetry, see Sect. 2.5
below, we can specialize to zero any variable, and not necessarily the first one.)

2.5. Properties of the spin q-Whittaker polynomials. The fact that the Borodin—
Wheeler’s sqW polynomials are symmetric in their variables follows from the Yang—
Baxter equation which we reproduce in Appendix 10.5 as Proposition B.1. By looking
at (2.8), it is not immediately clear why our version of the sqW polynomials should also
be symmetric. We prove this next.

Proposition 2.8. For any u € Signy, v € Sign,,,, the polynomial I,/ (x1, ..., x;) is
symmetric with respect to permutations of its variables x;.

Proof. We use the Yang—Baxter equations of Propositions B.1 and B.2 and employ the
standard “cross dragging” / commuting transfer matrices argument, cf. [Bor17, Theorem
3.6]. Using branching, it suffices to consider the two-variable case. The two-variable
polynomial I/, (x, y) is a partition function of up-right paths on two consecutive levels,
with parameters x, y at the bottom and at the top, respectively, and boundary conditions
determined by A, u.

First we use the new relation (B.3) that, as shown in Fig. 13b, implies that swapping
the spectral parameters x <> y at the right corners makes a cross appear at their left.
Then we sequentially move the cross to the left while swapping the spectral parameters
using the bulk Yang—Baxter equation (B.2), as shown by Fig. 13a. We proceed till the
left boundary of the domain.

At the left boundary, we can swap the last two spectral parameters by noticing that

% Qoo

P T S

Wy (00, 1;00, /), forany!l € Zso. (2.10)
This means that the left boundary weights W" also satisfy the Yang—Baxter equation
(B.2), and so we can take the cross out of the lattice. This completes the proof. O

Our sqW polynomials also satisfy an index shifting property which is the same as for
the classical homogeneous Macdonald polynomials Py (-; g, t) [Mac95, VI(4.17)]:

Proposition 2.9. For any signature A € Signy with Ay > 0, we have

Folxy,...,xn) =x1---xnFy _v(x1, ..., xn), A—1N =M —1,...,ay — 1.
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Proof. First, note that (2.5) implies that the one-variable skew polynomials satisfy the
shifting property as

]FU//,L(-X) ZXF(U_lkH)/(#_lk)(x), (211)
for any v € Sign;, and u € Sign; with vg; > 0 (this also implies px > 0, since

Wk > Vi+1)- Next, we use the expansion

B, ..oxn) = Y FuGen)FupGa) .. Favo v en-) F e ()
M <aN=14)

2.12)

coming from iterating the branching rule, and apply the shifting property (2.11) to each
of the terms to get the desired result. O

Remark 2.10. The polynomials Ff W do not satisfy the index shifting property of Propo-
sition 2.9, which can be seen from (2.8).
On the other hand, the polynomials IFf W satisfy the stability property

FEV (i, .o an—1, =) = F2V (xp, .. xv—1),
whereas the polynomials I, do not. More precisely, we have
F(x1s s xn—1, —8) = (=) VFx(x1, ..., xy_1),

where & = (A; > --- > Ay_1) and this is easily proven since the branching coefficient
(2.5) evaluates as [F /,, (—s) = (—5)*N ]_[lNz_]l 1=y,

In the following proposition we use the coefficient
N-1

2 @i .
C) = —_— A € Signy.
il] (43 D=2 N

Proposition 2.11. Let |sx;| < 1 fori =1, ..., N. Then we have

(=N xr L xN Do (7 N

Y =M, xy) = , : (2.13)

reSigny, (=8X15 @)oo - - - (—SXN; @)oo

An=0

Proof. We will use the identity
n
b; s n— b;

Z"k( Dk (@ Pn-k _ (@ Q)n’ (2.14)
= @GOG Dk (@5 Dn

that follows from the g-Chu—Vandermonde identity (e.g., see [GR04, (II.6)]). Expand
the left-hand side of (2.13) as:
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N1 (—s/xn; q)AN_AN—l
- 1M

> Yoo s

5 N_,N-I1
A=AV eSigny AN—leSigny_ @ q))‘l Ay
AN=0
N—1 — . — .
N (—=sxn; q)kﬁil—)‘/y ( S/XN, q))\llcV_)LIi\’*l
X (—sxN)"* "% - -
k=2 (q7 q))L,I(V:II,)VI(V (q7 q))h,l(vf}h,?”l
(=$xXN; q), N1
- N-1
X —— N7y (—S)l}L lFAN—l(xl ,,,,, XN—1).

Summing over A]lv by means of the ¢g-binomial theorem gives us the factor (s2; ¢)oo/

(—SxN; g)oo- We then sum sequentially over indices Ao )\%_1 and using (2.14) we
are left with

2. (—SxN;q),N-1

Kilie An_ -
& .—NIC)»N—l(—S)l)LN II]F)LN—](X],...,XN_l),
(=sn3 Qoo AN-TeSign @ q))”%i}
N—1 -

where C, v-1 is the result of applying (2.14). Repeating the same procedure we can reduce
the previous expression to

2. 2
(5% @5
(—SXN; @)oo (—8SXN—1; @)oo

((—=$)2XN—1XN; @) N2
x Z *n-

N-2
AN=2eSigny_,

c . |)LN72|
SN2 (=) Fiv—2(x1,...,xn-2).
(g3 Q)ij

Here the reason for the appearance of the product (—sxy)(—sxy—i1) in the g-

Pochhammer symbol is again (2.14), where we also used that A%:} is not necessarily

zero (in contrast with the first summation over A%). Continuing inductively, we exhaust

all the summations down to the bottom one over k}, from which we recover the factor
((—sx1) -+ (—SXN); @)oo/ (—5X1; @)oo- This completes the proof. O

2.6. Dual spin Hall-Littlewood rational functions. Along with the sqW polynomials I,
we will define two families of dual functions, with which the FF)’s satisty Cauchy-type
summation identities. The first are the dual spin Hall-Littlewood rational functions. For
them we use down-right path ensembles as in Fig. 3, right, and define the weights by

w(j) == v/; (2.15)
wyy :=see Fig. 4; (2.16)
W*d(il’jl;iZ):: 1i]=j|+i2- (217)

These weights depend on the main parameters s, ¢, and on the spectral parameter v. It
is easy to see that with this choice of vertex weights the only allowed configurations of
down-right paths in the rectangular grid {0, ..., N} x {0, ..., M} are those associated
with sequences of transposed interlacing signatures A' < - .. </ AM.
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g g+1 g g

| I I [

m I 1 T
g g g g+1
wionng | P | A |opm [ g

Fig. 4. Bulk vertex weights used in the construction of the dual spin Hall-Littlewood functions. Vertex
configurations not listed are assigned weight zero. Note that the weights vanish unless i1 + jp = ji +i2

Definition 2.12. For given u, A € Signf,M with u <’ A, the skew dual spin Hall-
Littlewood function in one variable F}, I (v) is the weight of the unique down-right path
configuration between u and X (at the top and at the bottom, respectively) at a single row
of vertices, where we take weights (2.15)—(2.17) with the spectral parameter v. More
explicitly, we have

N—-1
Fiow@i= > witGo) Wy, jn—ismy) [T wii @, jr—vsm). i),
Jos-s in-1€{0,1} r=1

where 2’ = 11 .- NN and &/ = 1”1 - .. N"™¥ belong to SignAS,,N.

Multi-variable extensions F:‘j / (U1, ..., u), where v, 2 € SignAS,IN and k is arbitrary,
are defined using the branching rule in the same way as in (2.6). The single-index (non-
skew) functions are defined by F} (vq, ..., ) = F:’;/()M (v, ..., vg),wherev € Signf,IN,

and 0M is the signature from SigniIN with all parts equal to zero.

Remark 2.13. The sHL functions Fv /%(vl, ..., Ug), are defined for any number of vari-
ables k, regardless of the signatures v and »¢. This should be contrasted with the sqW
polynomials, cf. Remark 2.6.

The functions F*,_ are stable in the sense that

v/
Ffj/%(v], o, 0) = Ff/%(vl, e UR).

Indeed, this readily follows from the vertex weights (2.15)—(2.17).

The version of the spin Hall-Littlewood functions of Definition 2.12 is essentially
a particular case of the inhomogeneous spin Hall-Littlewood functions from [BP18],
where the N-th spin parameter sy is set to zero. This allows to derive a lot of their
properties by specializing the corresponding results of [BP18]. As the functions F}; >
from Definition 2.12 are central to our discussion and we do not use other versions in the
present paper, we simply refer to the F} / .. S as (dual) spin Hall-Littlewood functions.
For convenience, we will omit the dependence on N in their notation. We will often
abbreviate the name “spin Hall-Littlewood” as sHL.

The sHL functions F} admit an explicit symmetrization formula:
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Proposition 2.14. Let 1. € Signy;", then for all k > M we have

vi —qu; v — s \ M1 1\ Bi<n
Fr(ur, ..., u) = C(h —— L [ | — :
o =ew Yol T 2 (150) (=5

0e6;  l<i<j<k ' i=1

(2.18)

where the symmetric group Sy acts on the variables v; but not on elements of the
signature \;, and the constant prefactor has the form

N

(1—q)* (% Dmi )
CA) = . 2.19
@ G5 Di—en) E G5 Dm; ) (2.19)

Proof. This formula follows from [BP18, Theorem 4.14, part 1] via several specializa-
tions. The latter result is a symmetrization formula for a more general vertex model
partition function Fgon'smb’ non-dual . hich involves inhomogeneity parameters & jand s;
depending on the horizontal lattice coordinate j € Z>¢. Let us describe the necessary
specializations. In the first step, we set all the parameters &; to 1.

For the second step, we take a stable limit described in, e.g., [BMP21, Section 3.3]
(the second of those limits). Namely, put so = 0, then by [BMP21, (3.7)] we have

Fstab, non-dual
A

1 non-stab, non-dual
(Wi, %) = R k-t (vi, ..., V) |‘m:0. (2.20)

(45 Pr—e0y Y

Here A UOF—t™) ¢ Sign,, is obtained by appending the partition A = (A1, ..., Agp)) by
k — £(A) zeroes. Then (2.20) is given by the symmetrization formula [BP18, (4.23)]

Aj—1

(1—q)k Vi —qU; ) v; v —S;
—ZU{ 1_[ U,‘—vjjl:[ll— nl—sj'v,'}’

; - s Sxp;Vj -
@ D 2 Uoa wVii

where we used the fact that s = 0 to pass from the product over 1 < j < k to
L=< j=<t®).

For the third step, we use the fact that the weights w:j; we use differ from the w,, ’s
for Fion'mb’ non-dual o 5 conjugation factor (s2; ¢);/(q; ¢)i [BP18, (2.2)], which brings
the product over i in €(1) (2.19) involved in our function F3.

For the fourth step, we add the right boundary at N to our vertex model by setting

_ . 1 . 1 L. <N
sy = 0 (recall that 41 < N). This turns the factor 1= Gy into (lfsxj u_,) =N,

Finally, we set s = ... = sy_1 = s to recover the homogeneous parameter s, and
arrive at the desired symmetrization formula. O

The Yang—Baxter equations of Propositions B.3 and B.4 translate into Cauchy iden-
tities for the functions I and F*.

Proposition 2.15. Fix M > 1. For N > 0, let 1 € Signy," and i € Signy¥,. Then, we
have

1+vx
Z oy () Fly 0 (0) = :

<M
N+l

3 Fus@FL L. @21)

M

— SV

veSign %ESign,S\,
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For N =0, we have
Z Fy () Fly 0 () = (14 0x) Fi (x). (2.22)

veSignlsM

Note that all the sums in this proposition are over finite sets of signatures, so there are
no convergence issues.

Proof of Proposition 2.15. The proof of (2.21) is similar to that of Proposition 2.8 as it
also uses a “cross dragging” argument. The summation in the left-hand side of (2.21) is
the partition function of path conﬁgurations across two rows of vertices glued together:
W+

o the lower row has weights Wy ., W[ ¢,

and v at the top;
e the upper one has weights wfjj 5w j;', W*~ and boundary condition v at the bottom
and A at the top.

Recall that the encoding of arrow configurations by signatures is described in detail in
Sect. 2.2.

The Yang—Baxter equation (B.6) implies that the action of swapping weights at the
rightmost pair of columns, makes a cross weight appear at their left, as shown in Fig. 15b.
We then push the cross to the left one vertical step at a time, each time swapping the
vertex weights and using the Yang—Baxter equation (B.5) as in Fig. 15a. This procedure
sequentially turns the left-hand side of (2.21) into the right-hand side.

At the final step, we push the cross out of the lattice at the leftmost site. Using (2.10)
and

W+ and boundary condition u at the bottom

wy" () = A =sv)wj (0. ls00, j),  forl=0.1,

we obtain the combined contribution of the cross vertex weights R, s (defined in Fig. 14
in the Appendix) corresponding to the two cross configurations = and ;<. Their sum
gives the factor (1 + vx)/(1 — sv) in the right-hand side of (2.21), as desired.

The second identity (2.22) can be verified by simply using definition of functions. O

Combining the skew Cauchy identities of Proposition 2.15, we come to the following
corollary for several variables:

Corollary 2.16. For any positive integers N, M, m we have

m 1 N—-1 N m
Z IF)\(xl,...,xN)FI,(vl,...,vm)=l—[(l_sv) l_[l_[ 1+vjx;).
j=1 J i=1j=1

)LESign;[N J=

(2.23)

Proof. We use the branching expansion of functions Iy, F}, and then apply the single-
variable skew Cauchy identities (2.21) and (2.22). O

Proposition 2.17. Let0 < g < land —1 < s < 0. Forany A, u € Signf,[N andk > M,
we have

1 dzy dzy Zi —2j
0 P omic 75 Smic I1 R R Yz = C Ly,
sJy 1 y k I<ij<k i q J

(2.24)

where y is a positively oriented contour encircling 0, g/ s for all j > 0, and the contour
qy, but not the point s~
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Proof. This follows from [BP18, Corollary 7.5] after specializing the inhomogeneous

spin Hall-Littlewood functions FKOH'Stab’ non-dual ;¢ described in the proof of Proposition
2.14. |

2.7. Dual spin q-Whittaker polynomials. Let us also define the dual versions of the sqW
weights. These dual weights correspond to down-right lattice paths, and are given by
(we use the notation (2.2)—(2.3)):

W () =Wy () (2.25)

%9 @i
(q; Qi % @iy

Wil jisia, jo) = Wy (@2, jisits o). (2.26)
We will also use the right boundary weights W* (i1, ji; i2) as in (2.17).

This choice of vertex weights implies that nonzero global weights are assigned to
configurations of down-right paths in the grid {0, ..., N} x{0, ..., k} which are encoded
by sequences of interlacing signatures A! < - - - < A*. (Compare this with the transposed
interlacing property for the sHL functions.)

Definition 2.18. For given interlacing signatures A, i € Signy, the skew dual spin q-
Whittaker polynomial in one variable F} /) is the weight of the unique down-right
path configuration between p and A at a single row of vertices, with the weights (2.26),
(2.25) and (2.17). Recall that the encoding of arrow configurations by signatures is
described in Sect. 2.2.

An explicit expression for the skew dual sqW polynomial is

N—1
|A] =]l (_S/ya q))»N—[LN (—S/ys q)}»,‘—//.i (_Syv q)[Li—)»,q.[ (qv q)/l.,’—;l.lq.[
(@ Diy—n (@5 D=1 @ D i =i %5 D s i
2.27)

F5, () i=y
i=1

Observe that I} /) is a polynomial in y.
Multi-variable extensions FK u (Y1, ..., yx), where A, u € Signy, are arbitrary, are

defined viabranching in the same say as in (2.6). The non-skew functions are '}, = Fl’i JON >

where v € Signy, and OV € Signy, is the signature with all parts equal to zero.

Remark 2.19. Like the dual sHL functions (cf. Remark 2.13) and unlike the usual sqW
polynomials (cf. Remark 2.6), the dual sqW polynomials SO V) make sense
for any number of variables k, regardless of the signatures A, ut.

Proposition 2.20. The polynomials F} In 1, .- -, Yk) are symmetric.

Proof. This follows from the Yang—Baxter equation (B.2) and the sum-to-one property
of the R-matrix R given by (B.1). It suffices to consider swapping two variables. We apply
the usual “cross-dragging” argument to exchange spectral parameters of two consecutive
rows of vertices. Similarly to the proof of Proposition 2.8, identity (B.2) suffices to swap
spectral parameters from the leftmost column up until the rightmost one. Since the right
boundary weights W*:~ differ from the bulk weights W**, we have to prove that we can
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drag the cross one more step to the right. We have using the definition of W* that the
partition function near the right wall with the cross vertex is equal to

D Reylinsins ki k) W Gks, kas ) W73, ks k3)
ki,k2.k3
=Y Reyriniiy +ia — js —k.k — j3).
k
(We used the arrow preservation property i1 + iz + j3 = i3.) The right-hand side is equal
to one. Indeed, this sum-to-one property readily follows from the g-Chu—Vandermonde
identity. On the other hand, without the cross vertex, the partition function near the right
wall is equal to Zk W*(i3, ia; k)W*(k, i1; j3). This is also equal to 1, because only
the summand with k = i + j3 is nonzero. This completes the proof. O

We finish this subsection by describing Cauchy identities for our two sqW families
F, F*.

Proposition 2.21. For N > 0O, let u € Signy and A € Signy, ;. Then, for |xy| < 1, we

have

(=5%; @)oo (=5Y; Poo
(5% @)oo (x¥5 @)oo

> Fuyu@F,0) = > Fame0)Fh ().

veSigny, 2e8Signy
(2.28)
For N = 0, we have
(—5X; @)oo
F,(x)F* ), (y) = —————TF, (x). (2.29)
2 P, 0 Qoo

veSigny,

Proof. For N > 0 this is proven using the same method explained in Proposition 2.15
with the help of identity (B.10) when extracting the cross vertex weight from the right-
most column. For N = 0 the statement is simply the g-binomial theorem. O

Corollary 2.22. Let |x;y;| < 1foralli=1,...,N, j =1,..., k. Then, we have

> Fulx xn) F5 (y y ﬁ<( sy”Q)‘”>N IIN“[ﬁ (=5%i5 4)oo

AAXL e AN A0, k —_—

»eSigny e Do i1 o1 i de
(2.30)

2.8. Pieri rules. Pieri type rules for the Borodin—Wheeler spin g-Whittaker polynomi-
als Ffw are given in [BW17]. These are analogs of the classical Pieri type rules for
Macdonald polynomials. The Pieri type rules follow from skew Cauchy identities, and

here we present these rules for our version of the spin g-Whittaker polynomials.

Proposition 2.23. Let |x;y| < 1 foralli =1, ..., N. Then we have

Y B, xn) Fr () = (Z y EIEDi gy, ...,xm)lFu(xl,...,xN).

AeSigny i>0 (@: q)i
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Proof. By the skew Cauchy identities of Proposition 2.21, we can write

. (=591 Doo \ Ny (5535 Do
Z FA(XI,-..XN)F)L/M())) = (27 Hﬁlﬁ‘pﬂ()ﬂ ..... )CN),
LeSigny 5% @)oo el (xi y; @)oo

2.31)

and the claim follows by expanding (%)N_l MY, % using (2.30). O

Proposition 2.24. We have

N
ZFA()Q, L XN) Fi//ﬂ/(v) = <Z F?i)(v) Flix,.. .xN)) Fu(xi,...,xn)
A i=0

Proof. By the skew Cauchy identities of Proposition 2.15, we have

1 N—1 N
> ]Fk(xl,...xN)FI/u(v)z<1_Sv> [T +xFuter. ... xn). (2.32)

reSigny

and the claim follows by expanding (1= )Nf] TV, (1 + x;v) using (2.23). O

1—sv

Pieri type rules of Propositions 2.23 and 2.24 are eigenrelations on the spin g-
Whittaker polynomials in the label variable. Indeed, define operators $°4V, $HL as

OGN =D FOIFL, 0. @M =Y FOIFY, ). (2.33)
A A

Then these operators act diagonally on spin g-Whittaker functions f(A) = F, (x1, ...,
xn), with respective eigenvalues

N
i(—S/yiq)i *
Zyl( {y 9) Fi(xi.....xy)  and Y F& @) Fpx,...xy).
i>0 (CI’ q)l i=0

3. Difference Operators

Here we show that the sHL and sqW functions satisfy certain eigenrelations under
operators acting the spectral parameters (as opposed to labels as in Sect. 2.8). These
operators are s-deformations of the (g = 0 or # = 0) Macdonald difference operators.
Half of these eigenrelations essentially appears in [BMP21] (see Theorems 3.2 and 3.10
below), but here we obtain eigenrelations in a form which is more symmetric with respect
tog,?.

We will denote the “quantization” parameter by g throughout this section, except for
Sect. 3.1 where it will be denoted by ¢ instead of g. This is done for consistency with
classical literature (e.g., [Mac95]), where Hall-Littlewood functions (obtained from sHL
functions by setting s = 0) are the g = 0 degenerations of the Macdonald polynomials
P, A(.; q,t )

Throughout the entire section we make use of the shift operator

Ty fztooovzm) = f(21 -0, Zie15GZis Zitls -+ 2 TM)-
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3.1. Eigenrelations for the spin Hall-Littlewood functions. We begin by essentially
repeating the definition of a family of eigenoperators for the spin Hall-Littlewood poly-
nomials from [BMP21].

Definition 3.1. For r € {1, ..., M}, the r-th Hall-Littlewood operator is given by

52( — Z 1—[ Vg — tl:_i l_[ To.,-

v J—
1c{l,..M}  iel k iel
[Il=r kefl,...MN\I

This is the g = 0 specialization of the r-th Macdonald difference operator [Mac95, Ch.
VI1.3]. The operators Ef act diagonally on the Hall-Littlewood symmetric polynomials.

It was discovered in [BMP21] that the (stable) spin Hall-Littlewood functions (first
introduced in [GAGW 17]), much like the classical Hall-Littlewood polynomials [Mac95,
Ch. III], are eigenfunctions of the difference operators 5>: The same result holds for
our dual sHL functions F}, and it is given in the next theorem.

Theorem 3.2. For any A € Sign,,, we have
DF =e (1, 1,... MO (3.1)

Here e (x1,...,2,) = Z Ziy - -+ Zi, IS the r-th elementary symmetric polyno-
1<iy<--iy<n
mial.

Proof. The proof is analogous to that of [BMP21, Theorem 8.2]: we get (3.1) by directly

evaluating the action of 5;k on the symmetrization formula (2.18) (with g replaced by
t). We do not repeat the argument here. O

The operator we introduce next depends on the number of variables M and on an
additional positive integer N. Moreover, this operator acts only on a certain subspace of
rational functions. Namely, let V(M) be the space of symmetric rational functions in M
variables vq, ..., vy of degree < 1 in each variable. That is, its elements are functions
fi,...,oy) =a(vy,...,vy)/b(vy, ..., vy), where a and b are polynomials such
that degvi (a) — degvi () < 1foralli =1,..., M. One readily sees that V(M) is a
linear space. The dual sHL functions F¥(vy, ..., vay) belong to V(M), see (2.18).

Definition 3.3. For positive integers M, N define the dual s-deformed Macdonald oper-
ator by

M
v —ty
TN= Z]‘[ vf o ¢in, (3.2)
. J =

where

l)j—S

N—-1
Cin:=v; )N ' limeT,1 , .
I J l—svj (=5) g0 & Vi

The limit lim; 0 & T, vj is well-defined on V(M), so Z)’f  acts in the space V(M).
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Theorem 3.4. For any boxed signature A C Box(N, M) (recall that this is Signf,lN ), we
have

ivFi=el . T F (3.3)
where ) is the transposed signature. In particular, Xy, = #{i: A; = N}.

Proof. We make use of the symmetrization formula (2.18) (recall that we have replaced
the parameter g by ¢ throughout this subsection). We use the notation

£(A) A—1 1, <N
v — Uy 1 r
A= —— and B= ,
1_[ v — v Hvr(l—sv,) (l—svr>

I<l<r<M

so that Ff = C(1) )° o {AB}. The operator CDl  acts as

OGGM
v —
FA—G(A)ZH v’ %S ¢ (o {ABY).
i=1j=1 " GEGM
J#

The action of €; x on the product o {AB} can be split as

¢ n(0{AB}) = lim o{A}‘ x €; N (o{B}). (3.4)
e—0 vi=l/e
Assume now that )‘;v = L,thatis Ay = --- = A, = N and A;41 < N, for some
L € {0, ..., M}. We focus on the second factor of (3.4). A simple computation shows
that
o{B} ifieoc({l,...,L}),
eniBy =17 { } (3.5)
0 else,

that in particular, implies that ¢; yo{B} = 0 when L = 0, confirming (3.3) in this
specific case. _

For L > 0 and a permutation ¢ such thati € o ({1, ..., L}), call k the element such
that o (k) = i. We rewrite A into a product of factors A = Aj A, A3, obtained dividing
the triangular product as

v — tv v — tUg v — tv
ar= ] S A= ] £ A= ] .
- V= - U — Vg v — v
I<l<r<k ’ 1<i<k k 1<l<M 4
max(l,k)<r<M

We can evaluate the first factor in the right-hand site of (3.4) as

M
—ty;
]_[ — 7 lim o {A}

Vi —V; ¢=0
j=1 /
J#i

= F 1o (A1 A2 A5),

vi=l/¢e

where
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The action of ’D’f,  on the sHL function can be therefore expressed (ignoring C(1)) as

Z k= 12 3" o{A1AA3B) = Zt’*l 3 o{aidA3B).  (3.6)

=1 i=loeSy =1 ceGy
o (k)=i

To prove relation (3.3) we show that each term 0{A1X2A3B} is equal to one of the
terms 7{A1 A2 A3 B} in the expansion of the original sHL function. For each permutation
T € Gy and each k define the permutation o as

G+ ifj=1,....k—1,
o(j)=3t)  ifj=k,
() ifj=k+1,...M.

With this choice we can easily check that 0 {A3B} = t{A3B} and more crucially that
a{AlAz} = 1{A| A} since the cyclic shift in the first k terms of o makes up for the
exchange of Az and A». This in particular shows that the symmetric sum in the right-
hand side of (3.6) is independent of k and it is equal, up to a factor C(}) that we omitted,
to F¥(vy, ..., vy). The sum Z;%:] t*=1 is the desired eigenvalue ey (1,1, ..., t)‘}v_l).
This completes the proof. O

Remark 3.5. (Limit to the Hall-Littlewood case) In the limit s — 0, the new operator
D1 y (3.2) acting on the dual sHL functions should be replaced by

i —tu N
li To-1 ., 3.7
— J 821’%)8 : Vi ( )

:la

M
DT,N = Z

~—
l
L —

by mimicking the action (3.5). Similarly to Theorem 3.4, one can show that Dy  acts
diagonally on the Hall-Littlewood polynomials Py (-; 0, 7).

The same operator (3.7) can be also obtained as a ¢ — 0 limit of a certain opera-
tor diagonal in the Macdonald polynomials P; (-; ¢, ). Take the first Macdonald ¢ ~'-

difference operator

IxXi —Xx;
M| = ! J

1. 3.8
imli=1 YT a7 69
i#]j

It acts on the Macdonald polynomials P; (xq,...,xpy; q,t) with eigenvalues Zlﬁil
g%t~ (this follows from, e.g., [BC14, Section 2.2.3]). Denote by Py the subspace
of polynomials in xp, ..., x) which have degree < N in each of the variables x;.
It is spanned by the Macdonald polynomials P; (x1,...,xm; q,¢t) with Ay < N, i.e.,
A € Box(N, M).OnPy consider the operator g™V M. Its limit as ¢ — 0is well-defined.
By looking at eigenvalues on Hall-Littlewood polynomials Py (xy, ..., xp; 0, ) with
A1 < N, one readily sees that this limit coincides with D]“’ N
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3.2. Eigenrelations for the spin q-Whittaker polynomials. The duality between sHL
functions and sqW polynomials (Corollary 2.16 and Proposition 2.17) allows to pass
from the eigenoperators for the sHL functions to the ones for the sqW polynomials.

Definition 3.6 (Spin q-Whittaker difference operators). Fix a positive integer N, and
define the s-deformed q-Whittaker operators

NN (1+sx;)
D= L 3.9
1 Zl_[ 1—)6,'/)6/ q,%; ( )
i=1 j=1 .
J#
and
N N
— (1+s/x;)
D= T 1. 3.10
1 Zl_[]_xj/xi gL xi ( )
i=1 j=I
J#

Let us make two remarks after this definition.

Remark 3.7. The operators ©1 and D reduce for s = 0 to the r = 0 specializations

of the two Macdonald g-difference operators. The first one is the standard first order
tx;

Macdonald operator > ' T] i ;,’ T,.x; (denoted by D}, in [Mac95, Ch. VI]), and

the second one is ZlN=1 ]_[Hél );"__t;’ T,-1 y, (denoted by DN in [BC14, Section 2.2.3]).
Remark 3.8. The operator D is new. The other operator D1 is only a slightly more
general version of the operator & from [BMP21, Section 8]. The latter is diagonal in the
Borodin—Wheeler’s sqW polynomials Ff W To recover ¢ from (3.10) one has to take
the limit x; — 0, which agrees with Proposition 2.7 connecting the Ff w>
sqW polynomials [Fy.

s with our

We establish two eigenrelations for the sqW polynomials in the next two theorems.

Theorem 3.9. For all signatures X € Signy we have
i1, xn) = gV Fux, ). (3.11)

Proof. We will prove the identity

(1—(1— @)D} y) M(x;v) = DII(x; v), (3.12)
where
M | N—1 N M
M(x; v) = H(l_sv) < [T +vjx (3.13)

j=1 i=1j=1
Indeed, modulo (3.12), the Cauchy Identity (2.23) and the eigenrelations (3.3) imply
Z q}LN]F)L(xl,...,XN)F;‘L/(Ul,...,UM)
ACBoX(N, M)

= Z @]Fk(x],...,xN)Fi/(v],.-.,UM),
ACBox(N, M)
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and hence (3.11) follows by orthogonality of the sHL functions (Proposition 2.17).
It thus suffices to establish (3.12). Define

M
h(z):= H(l +v;2).

j=1

‘We have

DiM(x;v) _ Dih(x)--hxy) _ _?g S xi(L+52) higz) _dz
x| XN

M:v)  hG)--hGy) o iroxi—z h(@) z(1+s2)]

where in the second equality we used the residue expansion of the complex integral and
the contour encircles only the poles xi, ..., xy. By subtracting 1 from both sides, we
can enlarge the complex contour to also include the pole at z = O (note that i(z) is
nonsingular at z = 0). After a change of variable z = —1/w, we get

M N
—1+D)I(x; — .
( ]? (x; v) = —ﬁ | | W a% (w—s)N! | | al dw.
IT(x; v) Vit g W Uk i<l I+xjw

(3.14)

In the right-hand side of (3.14), after the change of variable, we switched the contour to
a positively oriented curve around vy, . . ., vy, which yielded the negative sign in front.
Using

X1 XN

N
1
(= s/e)VT ,11(1 P =

e—0

and expanding the right-hand side of (3.14) as a sum of residues, we can rewrite it as

(1= @)D7 yH(x;v)
M(x; v) ’

This proves (3.12), and hence the desired eigenrelation (3.11). |

Theorem 3.10. For all signatures A € Signy we have
D,F, = g MF,. (3.15)

Proof. The proof of this eigenrelation is identical to that given in [BMP21] and similar
to that of Theorem 3.9. It uses the fact that

oM (1 —a- q)§T> M(x; v) = DM (x; v),

where I1(x; v) is given by (3.13). We will not repeat the detailed argument here. O
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3.3. Commutation and conjugation. The g-difference operators ©; (3.9) and D1 (3.10)
commute. For this statement we cannot appeal to the eigenrelations of Theorems 3.9
and 3.10 since we did not prove that the sqW polynomials form a basis for the ring of
symmetric polynomials in N variables. Nevertheless, the commutation can be checked
independently:

Proposition 3.11. We have ©1DF = DD F for all symmetric polynomials F in N
variables.

Proof. By polarization, it suffices to check the action on product form functions
F(xt,...,xn) = f(x1)... f(xn), where f(x) is an arbitrary polynomial.
The action of each operator can we written as a contour integral:

1 N L xi(l+s2) flgz)  dz
QIF__%%UQ“) ) F@ 2 +50)

Xi —2
— w+s \ flg" 'w) dw
f H [ (i) :
27'[1 —X; fw) w+s
where both integrals are over a contour containing x1, . .., x and no other poles of the

integrand. Throughout the proof we assume that all contours exist, which might impose
some restrictions on the x;’s. After checking the commutation under the restrictions, we
can lift these restrictions by an analytic continuation.

We have
) w+s x;(1+s2)
DD F = 2 f f <f(-xl [—>
(27”) ) —Xi X —2
w—2z fq)f(q"'w) dw  dz
w—gz f@Qfw) w+s z(1+sz)
where yzl contains both yug and q_lyul}, while yul) is around xi, ..., xy and no other

poles. In the other order, we have

— N xi(1+sz) w+s
D= (2m)2f §£ U(f( S w—xi)

g 'w—2) flg'w)flgz) dz  dw
g lw—z  fwf@ z(0+s)w+s’

but now y,% contains both )/Z2 and g yzz, while yz2 isaround x1, ..., xy and no other poles.
Note that the integrands in both formulas coincide.

In the first expression, deform the integration contour yzl to coincide with yul), which
picks up the residue at z = ¢~ 'w. In the second expression, deform the contour y£ to
coincide with yzz, which picks up the residue at w = gz. The resulting double contour
integrals are over the same contours and are thus equal. It remains to check the equality
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of the single integrals of the residues. We have
Res (integrand in @191) = —(—1) 1—g)(s+ w)N 1(q +sw)N !
=q~ w
N
1—[ xi f(xi)
i (w—x)(w —gxi)’

Res (integrand in ©191) = (DN (1 = ¢)(1 +s2)V (s + g2)V !
w=qz

N

1—[ X f (xi)

iy @—x)(gz —x)

‘We must show that the integral of the first expression over yul} is the same as the integral of
the second expression over yzz. Noting that both expressions have zero residue at infinity
due to quadratic decay, we can compute the first integral as a sum of minus residues at
w = qx;. Then one readily sees that each minus residue at w = gx; is the same as the
residue of the second expression at z = x;. This shows the desired commutation. O

Remark 3.12. Similarly to [BP18], [OP17], one can define the following inhomogeneous
generalizations of the operators ©1 and ®1, respectively:

N N-1 N N-1

ZH(1+srx1)l_[1_x/x - Zn(l+sr/x,)l_[1_x]/x T,i,

i=1 r=1 i=1 r=1
J#l J#t

A straightforward modification of the proof of Proposition 3.11 shows that these oper-
ators commute, too.

The discussion in the rest of this subsection aims in part to demonstrate why the result
of Proposition 3.11 is a rather unexpected one.

Both operators ©1 (3.9) and 51 (3.10) are related via conjugation to g-Whittaker
difference operators. The latter are t = 0 degenerations of the Macdonald g-difference
operators from [Mac95]. Denote forr =1, ..., N:

=2 I 5

|1|=riel,j¢1

e W= 2. 11

[I|=riel, ]@é[

HTq’l,xw

z/x] ]/xzi

(3.16)

where the sums are over subsets of {1, ..., N} of cardinality r. These operators are diag-
onal in the usual g-Whittaker polynomials (which are t = 0 versions of the Macdonald
polynomials). In particular, W]{, and W]{, have eigenvalues ¢V and ¢ ~*1, respectively,
on g-Whittaker polynomials. All the operators W}, W;,, r=1,..., N, commute. We
refer to Sections 2.2.2 and 3.1.3 in [BC14] for details. Let

N

|
Uve= ] ——= _1_[

i=1 (—S)C,‘, ‘])oo ( S/xh CI)

A straightforward computation shows:
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Proposition 3.13. The spin q-Whittaker operators (3.9), (3.10) are conjugates of the
first q-Whittaker operators (3.16):

D, =Uy' WUy, D1 =Vy' Wiy,

where Uy, etc., mean multiplication operators.

Because the g-Whittaker operators (3.16) commute, we get many operators commut-
ing with either ® or ©;. Thatis, forr =1, ..., N we have:

[0, Uy'WUN] =0, [®1,Vy'WLVy]=0. (3.17)
For example,

1

—1y72 _ \N-1 N—1
Uy' WUy = D (I+sx)V ' (1 +sxp) I1 Ry Tyox;

ik ik jijik

TfJ«Xk .

(3.18)

However, one can directly check that the operator U;,l W]%,UN does not commute with

;. This suggests that the operators U&l Wy Uy or V;,] WI’\,VN, r > 2, should not be
diagonal in the spin g-Whittaker polynomials ;. The following example shows that
this is indeed the case:

Example 3.14. Take N = 2, then (1 — sz)F(l,o) (x1, x2) = s+x1+x2+sx1x2. Applying
(3.18) to this function, we obtain (1 + sx1)(1 +sx2)(s +gx1 +gx2 + sq2x1x2), which is
not proportional to (1 g)(x1, x2) unless s = 0. Note that for s = 0 both Uy and V are
the same (and are equal to the identity), and D1, 51 are the usual g-Whittaker difference
operators.

We also observe that by (3.17), polynomials of the form U;l WLUNEy, 1 =
2,..., N, are eigenfunctions of the operator ©; with eigenvalues q)‘N. Similarly,
V;,l W{VV ~ [, are eigenfunctions of D, with ei genvalues q’M . However, one can check
that ©; does not act diagonally on, say, the polynomial IU;,I WI%,UNJF(LO).

It remains unclear how to construct higher order g-difference operators which would
be diagonal in the sqW polynomials (and whether such operators exist at all).

4. Integrable Stochastic Dynamics on Interlacing Arrays

In this section we implement the general scheme of passing from symmetric functions
satisfying Cauchy type summation identities to probability measures. This approach
closely follows the ideas of Schur / Macdonald processes [OR03], [BC14]. We use the
framework of skew Cauchy structures which is explained in detail in [BMP21, Section
2].
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4.1. Skew Cauchy structures and random fields. We say that two families of functions
3§, 6 form a skew Cauchy structure if they satisfy the following properties:

L. 5 u> i/ are symmetric rational functions in their respective variables, parametrized
by pairs of signatures A/p (with appropriate numbers of parts). In particular,
S/ G,y are nonzero only if u C A.

2. Branching rules: for all u, A we have

SU/A(”]» ey Up) = ZS;L/)L(’/H, s ”n—l)&v/u(un)
i

for any n and any set of variables uq, ..., u,, and analogously for &.
3. There exists a function IT and a set Adm C C? such that the skew Cauchy identity
(15 0) Y FpufseWBisoe () = D Foyau) G/, (v) (4.1)
el v

holds numerically for all (u, v) € Adm. Note that u, v stand for single variables, as
in Propositions 2.15 and 2.21.

4. There exist two sets P, P C C, with P x P C Adm, such that for any choice of
u € Pand v € P the functions Sa/u(u), &y /u(v) are non negative for all A, . In this
case we say that u, v are positive specializations. (Nonnegativity of single-variable
functions together with branching implies nonnegativity of multi-variable versions
of the functions.)

Consider now two sequences of signatures A = (Al, oA andp = (,ul, R u"‘l)
with
Moptcr?oprc . pmmhean

and sequences of positive specializations uy, ..., u, and v1, ..., v, respectively of §
and &. The §/® process is the probability measure

n—1
1
PrOb(xv M’) = E gkl (ul) (1_[ 6)\5//4i (U[’)S}LHI/IU (Mi+l)>®)»n (Un)v (42)
i=1

where the normalization constant is Z = ]—L»’ i IT(u;; vj).

For applications to stochastic dynamics, 1t is of interest to consider random fields
(A&} of signatures indexed by Zio, whose marginal distributions along down-right
paths are given by suitable §/® processes. A down-right path is

o = {oy = (i, x): 0 <k <L}, where ig=,L =0 and w4 —ox € {e], —e2}.

Here L is arbitrary and depends on =z, and ey, e; are the standard basis vectors
(1,0, (0, D).

Definition 4.1. Consider positive specializations u1, u3, ... and vy, v, ... respectively
of functions § and &. An §/® field is a probability measure on the set (A7) : i, j € Z>¢}
that associates the probability

1
7 l_[ Samient 3.7k (Uigyy) 1_[ Gk 3ok (V). 4.3)

w
k: @y =wk+e] k: @Dy =wr—e2
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Fig. 5. A down-right path (highlighted) in a random field, and edge decorations

to the event of finding signatures ™!, ..., A®”L-! along an down-right path @ . Here the
normalization constant is Z, = ]_[(i’ ) below IT(u;; vj), and at the boundary we fix

100 = 100 — & with probability one.

Remark 4.2. While the §/® process is defined uniquely by (4.2), an §/® is not deter-
mined uniquely by Definition 4.1. Below in this section we outline two different con-
structions of a field in our particular cases. See also the discussion in [BMP21, Section
2.6] for more details and additional references.

To visualize an §/® field, decorate edges (i — 1, j) — (i, j) of the first quadrant
with specializations u;, and edges (i, j — 1) — (i, j) with v;. Then for each down-right
path @, the probability of finding the sequence A™* is computed by climbing down @
and picking up skew functions §(u;, ) along horizontal edges, and & (v, ) along vertical
edges. See Fig. 5 for an illustration.

In this paper, particularly interesting instances of §/® processes will be those arising
when considering paths @ of the form (0, T) — (N, T) — (N, 0). Taking the marginal
distribution of AT . AW-T) we arrive at the following definition:

Definition 4.3. The ascending §/® process is the probability measure on the set of
signatures

e cal
assigning to each such sequence the probability weight

1
N T
[T ITj=y iz vp)

St 1) Fpzpp @2) -+ G jpv-1(un) Gyn (v, - -+, vr).

4.2. Fields based on spin q-Whittaker polynomials. Here we specialize skew Cauchy
structures to two cases involving spin g-Whittaker and spin Hall-Littlewood functions.

Definition 4.4. Let s € (—1,0) and take parameters x; € [—s, —s 1, v; € [0, D).
The sqW/sHL field is obtained by specializing §5/, (x;) = Fj . (x;) and &y, (v;) =
F*/ /(U )

V/w\Yi
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The corresponding skew Cauchy identity is Proposition 2.15. One readily verifies
that the sHL and sqW functions specialized like this are nonnegative, which leads to
probability distributions. Joint distributions along down-right paths in this field are given
by sqW/sHL processes which are specializations of (4.2).

Definition 4.5. Lets € (—1, 0) and take parameters x;, y; € [—s, —s~ 1. The sqW/sqW
field is obtained by specializing § /. (x;) = Fj . (x;) and &/, (y;) = Fj/u(yj).

The corresponding skew Cauchy identity is Proposition 2.21. The range of parameters
here also leads to nonnegative functions IF, F*, thus producing probability measures.
Joint distributions along down-right paths in the sqW/sqW field are given by sqW/sqW
processes which are specializations of (4.2).

Remark 4.6. Both types of fields were already defined in [BMP21], though using slightly
different versions of the sHL and sqW functions.

4.3. Sampling a field via bijectivization. As mentioned in Remark 4.2, a random field
is not determined uniquely. Moreover, its properties (like marginal stochastic dynamics)
heavily rely on a particular choice of the field’s construction. This choice can be encoded
by certain Markov transition operators. Let us return to the general formalism of skew
Cauchy structures.
Suppose that we have Markov transition operators
UE,V’VS(% —>vlAip  and UM = A,

u,v

that satisfy the reversibility condition

UM (e — v | A, )T 0)F ey (1) B /50(v) = USSI (0 — 3¢ | A, 1)y (1) By (v).
4.4

Here Uiv’vg(% — v | A, u) encodes the probability of a transition >z — v conditioned

on XA, i, whereas UB‘)’ZJ"(U — | A, ) describes the probability of the opposite move
(specializations u, v are assumed positive). See Fig. 6, left, for an illustration. Summing
(4.4) over both v and 5 and using the Markov property of U™d, UP"4, one recovers the
skew Cauchy Identity (4.1). Condition (4.4) determines UP¥¥ once U™ is given, and
vice versa.

If U™d is given, we can construct arandom field (A7) : i, j € Zs>o} asinFig. 6, right.
Namely, fix empty boundary conditions. Inductively for n > 2, assuming we already
sampled signatures A (/) with i + j < n, pick signatures A3 for each i’ + j=n+l1
at random with probabilities

S e NG SN Y NI UV RN
J

Ui, v,

independently for various pairs (i, j’). We say that the field is generated by U™,

Proposition 4.7. Assume that U™ is known. Then the procedure described right above
samples an §/® field.

Proof. One has to show that the distribution of the signatures along any down-right path
is described by the corresponding §/® process. This is readily verified by induction
on adding one box to the area below the down-right path, and using (4.4). We omit the
details. |
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1,3
)\ ................... v )\( )
yiwd sl S o

g/f\u;,m A(22)

; ; 2% SRS SN
: ubwd 5/&( ;%(2,1) AGD
T H ; : ; 5
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1
%)

Fig. 6. Left: forward and backward transition operators. Right: construction of a random field using yfwd,
where lighter arrows correspond to moves happening later in the update

4.4. Borodin—Ferrari fields. Let us now describe a particular choice of the forward
transition probabilities which guarantees the existence of a field for a skew Cauchy
structure. This construction is based on [BF14] and follows an earlier coupling idea of
[DF90]. Choose

gu/x(”)ﬁv/u(v)
IT(u; v) Z% 3;1/%(”)6)»/%(”) '
(3 V)T )5 (W) G5,/ (v)
Zu Su/k(”)ﬁv/u(v)

Uiv’vf(% - v Ap=
(4.5)

UB‘f{,d(v —> x| A, pu) =

In general, although transition probabilities (4.5) are explicit, in particular examples
their concrete meaning may be far from transparent.
A helpful simplification can be made if we assume that & admits expansion

Gy (v) = (v — vV (g, + O — v¥)), (4.6)

for some fixed value v* independent of v, u, coefficients g, /u> and a “nice” degree
function d such that d(v/v) = 0. Then one can consider a Poisson-type scaling limit of
the field (4.5) as v; — v* for all j. Under this scaling, the discrete vertical axis becomes
continuous, and the field turns into a Markov dynamics {A(i”): i € Zso,t € Rxo},
where ¢ is the continuous time variable. The dynamics lives on sequences of signatures.

When §, & are Schur functions, such continuous processes is the push—block dynam-
ics introduced in [BF14].

4.5. Bijectivization of the Yang—Baxter equation. In many cases, skew Cauchy Identities
descend directly from the Yang—Baxter equation (cf. Sects. 2.6 and 2.7). This observation
was used in [BP19], [BMP21] to provide an explicit construction of random fields for
sHL and sqW functions, which we briefly recall here. In general, this approach produces
fields which differ from the Borodin—Ferrari ones. On the other hand, Yang—Baxter fields
by design possess Markovian marginals.
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For any given identity with positive terms
> wia) =) wb), (4.7)
acA beB

we say that two stochastic matrices p™4(a, b) and p®™4(b, a) (with indices a € A,
b € B) form a (stochastic) bijectivization of identity (4.7) if they satisfy the reversibility
condition

p™(@ = byw(a) = p™4 (b — a)w(b) foralla € A, b € B.

A bijectivization always exists since we can take p™(a — b) x W(b). A bijectivization
is unique only when A or B has a single element. Another simple case is given when
both A and B have only two elements.

Example 4.8. When A = {a1, a>} and B = {b1, by}, identity (4.7) becomes
W(ai) +W(az) = W(b1) + W(b2).
In this case all stochastic bijectivizations p'™¢ are expressed as
W(a2) —W(b2) + (1 — y)w(ar)

w(az)
P = b)) =1-y, P — by) =1 —p™ar — by),

p™ar — b)) =y, p™(ay — by) =

’

for a parameter y € [0, 1]. We do not explicitly need the backward probabilities, but
they are expressed as p®¥4(b — a) = p™i(a — b) w(b)/W(a).

Let now (4.7) be one of the Yang—Baxter equations (B.5), (B.6), (B.7), (B.8) from
Appendix 10.5, corresponding to Fig. 15. Let us rewrite them in a unified notation as

ZWI(K | 1,J) = Zwr(K’ | 1,J), (4.8)
K K’

where I = {i1,i2,i3}, J = {j1, j2, ja}, K = {k1, k2, k3} and K’ = {k/, ké, ké}, and
weight functions wl, wr denote the terms in the left and right-hand sides of each of (B.5)-
(B.8). Equations (B.6) and (B.8) with the right boundary, by agreement, correspond to
1=92. )

Denote by ptIV’VJd(K — K’) and p'}""’]d(K " — K) a stochastic bijectivization of (4.8).
Then pg"”}i is the probability of moving the cross from left to right (in the local configura-

tion in Fig. 15), while transforming the occupation numbers K into K'. The probabilities
p';fvjd(K " — K) similarly correspond to moving the cross from right to left. By the con-
servation of paths at each vertex, once I, J are fixed, the configuration K is completely
determined specifying only one of the numbers k1, k2, or k3 (and similarly for K”).

Bijectivizations of the Yang—Baxter equation are building blocks of operators
Utwd 'Ubwd Given s, u € Sign N> A, v € Signy,; we identify path configurations
through two rows of vertices as in Fig. 7 (in the same way as in Sect. 2.2). Vertices
crossed by blue paths are assigned non dual weights W (2.2)—(2.4) whereas those in red
have dual weights w* or W*. We assume that at the leftmost column an infinite number
of paths flows in the vertical direction. The transition probability U™d (3 — v | &, u) is
the product of probabilities of sequential local moves pfd obtained dragging the cross
vertex from the leftmost column to the right. The operator U™ is constructed using the
opposite local moves with probabilities pP*9, starting from the N + 1-th column. See
Fig. 7 for an illustration.
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He—1—he ‘ fe—Het ‘ ‘ﬂ<+l —fiet2 ‘ [P ‘H(‘*Hﬂ‘f»] ‘ ‘ Het1 — Heta ‘
I pfd
[

Ve—1—Ve ‘ He— et ‘ ‘ Hetl — Het2 ‘ Ve—1—Ve ‘ Ve = Vetl ‘ ‘ He4l — Het+2 ‘

[
bwd
p \
Xe—1-Ae [Ae=Aes | [Aeri —Acsz | Aem1-Ac [Ae=Act1] [Aers—Acrz]

Fig.7. Alocal random move in a Yang—Baxter field. Moving the cross through the column ¢ updates the value
of 220 — 341 10 Ve — Vet

Proposition 4.9. Let p™9 and p®4 be a stochastic bijectivization of Yang—Baxter equa-

tions (B.5), (B.6) for the weights W, w*, and U™9 be constructed from sequential local
moves p™9. Then the random field generated by U™ is a sqW/sHL field.

Proof. This is analogous to [BMP21, Section 6.3]. See also [BP19, Theorem 6.3]. 0O

Proposition 4.10. Let p™9 and pP™9 be a stochastic bijectivization of Yang—Baxter equa-

tions (B.7), (B.8) for the weights W, W*, and U™4 be constructed from sequential local
moves pt™4. Then the random field generated by U™ is a sqW/sqW field.

Proof. This is again analogous to [BMP21, Section 6.3]. O
By the very construction, we see that for any fixed ¢ > 1, the update (s¢q, ..., 3¢) —
(v1, ..., vc) is independent of s¢;, u;, A; for alli > ¢ + 1. Therefore, we have:

Proposition 4.11. Let (1@ : i, j € 7o} be a Yang—Baxter random field as above. For
any ¢ € Zx1, the marginal process {(Ail’j) > > ,\2””) i, J € Zxo} is a Markov
process.

Proof. This is [BP19, Proposition 6.2]. |

In the simplest case ¢ = 1, transition probabilities of the one-dimensional marginal
field can be written down explicitly:

Proposition 4.12. Ler (A7) i, j € 70} be a random field generated by U™4 con-

structed from bijectivization of the Yang—Baxter equation. Let {kgi’j ). i,j € Zso} be

the first row marginal process. Then for all i, j > 1 we have
Prob{A" = n | ATV = 2T = g 207D —
=Ly ,m—k,L—kin—{,n—m), 4.9)
foralln,m, k,n > 0, where L is the stochastic vertex weight
wr({k}, k3, 00} | {0, 0, o0}, {1, j2, 00})
Zkl,kZ Wl({kla k25 OO} | {07 07 Oo}’ {.]1 ) j25 OO}) ’

Note that interlacing implies that k < m < n, k < £ < n, so the arguments of L, ,, in
(4.9) are all nonnegative.

(4.10)

Luv(j2, j1s Ky, Ky) =

Proof of Proposition 4.12. This is proven in [BMP21, Section 6.4] and we briefly repro-
duce the argument here. The update A(ll —Li=b )\Y’]), once Agl_l’]) , )\(1”_1) are fixed,
is determined only by a single random move at the leftmost column of vertices. By con-
struction, the vertical direction at the leftmost column has infinitely many paths. The
corresponding Yang—Baxter equation is

> wiki, k2, 00} | {0, 0, 00}, {1, ja, 00})
ki,k2
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= > wr({kj. k5, 00} | {0, 0, 00}, {1, j2. 00)). (4.11)
K K,

This implies that taking
PG 0011 jr.oo) (1K1 k2, 00} = (K}, K. 00}) = Ly (jo. ji: Ky KY)

indeed produces a bijectivization.! Here u, v denote generic spectral parameters of
weights appearing in the Yang—Baxter equation. Recall that occupation numbers are
related to signatures as

)‘Y—Lj) )»(' Lj— 1), ja _A(lj D )»(' Lj— 1)

j1=
Y @, / D (l 7 (i— ' )
ki =17 = Ay , ky =177 — Ay
This completes the proof. O

The fact that the sqW functions are parametrized by signatures with specified number
of rows also allows to access the random dynamics of last rows of a field by writing
down explicit bijectivizations. In particular, the evolution of {)\;"’ ) 11, j = 0} is related
to the Yang—Baxter equations (B.6), (B.8) corresponding to configurations depicted in
Fig. 15b.

Remark 4.13. The construction of a random field using stochastic bijectivizations does
not guarantee that the evolution of last rows is autonomous. This contrasts with the fact
that the first rows form autonomous Markov marginal processes by the very construction
of Yang—Baxter fields (Proposition 4.11). In Theorems 6.7 and 6.13 below we show that
the marginals {)»5”] )i ,J = 0} of sqW/sHL and sqW/sqW fields, respectively, are in
fact autonomous for a particular bijectivization we construct.

5. Schur Case: Robinson—-Schensted—Knuth from Yang-Baxter

In this section, as a simpler illustration, we consider the degeneration of the vertex
weights and the Yang—Baxter equation obtained by setting ¢ = s = 0, and show how
this produces (via bijectivization) the classical Robinson—Schensted—Knuth (RSK) row
insertion algorithm [Knu70], [Ful97], [StaO1]. We would obtain a “local” description of
the RSK insertion in terms of “toggle” operations. We refer to, e.g., [Pak01], [KB95],
[Fom95] and also to the recent notes [Hop14] for this description.

We consider the ¢ = s = 0 degeneration of the Yang—Baxter equations (Propositions
B.5 and B.6) proving the sqW/sqW skew Cauchy identity (Proposition 2.21). Note that
for ¢ = s = 0, the spin g-Whittaker polynomials become the Schur polynomials.
The Yang—Baxter equations we need are illustrated in Fig. 15. In fact, in the Schur
degeneration the corner Yang—Baxter equation Proposition B.6 illustrated in Fig. 15b is
the same as the usual one, and so we only need the equation from Proposition B.5.

The weights entering the Yang—Baxter equation degenerate as follows:

+ . . . . i
Wi oG, jis iz, j2) = Lijeji=inejp Lis=jo X2,
st .. i
W0 G, jis iz, j2) = Lijsjo=igejy Lia=jo Y77, (5.1
Rays (i1, j13 02, j2) = Liga =iy (x)™0272),

! This bijectivization is in fact unique for our choices of weights (this follows similarly to [BMP21]).
However, we do not need this fact.
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Equation (B.7) thus reads for all fixed i1, i2, i3, ji, j2, j3 € Z>0:
Z Larrow preservation 1y, >max(ji, j2) x/2y/t (Xy)mm(kl k2)
k],kz,k3 >0

NGt i) KK
= Z Larrow preservation 1i32k§ ljszki (x)’)mln(J] x 2y, (5.2)
K K} K, >0

where by “arrow preservation” we mean the intersection of all the conditions of the form
ai + by = ay + by in (5.1) which the indices ki, k2, k3 and k|, k5, ks must satisfy. In
particular, by arrow preservation we have

ky=ir+ki—i1, ks=iz+ji—ki, ky=j+ki—ji, ky=ii+j3—kj,

and thus the summands in the left- and right-hand sides of (5.2) are indexed only by
ky or ki, respectively. Equation (5.2) admits a bijective proof (or, in terms of Sect. 4, a
bijectivization which is deterministic):

Lemma 5.1. Setting
ki = ji —min(ji, jo) +min(ky, iz + ki — i) (5.3)
produces a bijection between the terms in both sides of (5.2).

Proof. By (5.3) we see that the powers of y in the corresponding terms match. The
powers of x match, too:

Jo +min(ky, iz + ki —i1) = min(ji, j2) + jo + Kk} — Jji,

where k| is given by (5.3). It remains to check that if k; is such that the product of
indicators in the left-hand side of (5.2) is nonzero, then the same holds for k| in the
right-hand side. This check is straightforward. O

Let us now interpret a sequence of bijective Yang—Baxter transformations as a row
RSK insertion. Fix signatures A, it and use Lemma 5.1 to construct a bijection between
the sets

{se: e <A, <} xZsog<— {viv>=2x, v>pu}. 5.4

This bijection is equivalent to a local move in the Fomin growth diagram [Fom95]
interpretation of the RSK.

Interpret p, s, A as a path configuration as in Fig. 7. The numbers of paths through
vertical edges are then equal to (e — e+, 2 — #c+1, and A. — Ac41. One can also check
that the horizontal edges carry p. — s and A, — s paths.

Attach a cross at the leftmost boundary of the path configuration. This cross is not
uniquely determined since at the leftmost boundary (with i3 = j3 = 00, i1 =i = 0)
the Yang—Baxter equation (5.2) takes the form

S
o r NGt i) e o K
xJ2y/t Z(x)’) = (xy)mm(]l )= Z Larrow preservation X 1 Y"1

k=0 kiZO

Arrow preservation in the right-hand side here means that there exists an arrow config-
uration with the given k7.
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Selecting an arbitrary k in the left-hand side is equivalent to selecting an element of
Z>¢ in the left-hand side of (5.4). Then we set based on the Yang—Baxter equation (see
Lemma 5.1):

ky = ji —min(j1, j») +k.

In terms of signatures, k| corresponds to the new number of paths on the horizontal
edge, and so the above equation means that

Vi — @1 = A1 — 2 —min(Ay — 31, 0 — 321) +k,
that is,
vi =k +max(Aq, uy). (5.5)

After dealing with the leftmost boundary, we move the cross one by one to the right,
updating each s, — ¢4 to v — V41, Where ¢ > 2. Ateach step the signatures correspond
to the path numbers as

J1=Acsl — Herl,  J2=Mesl —Hexl, ki =he — 2, ko =i2+ki — i1 = pe — 2,
Ky = verl — Herts,  ky = jo+ k] — ji = Ver1 — Aesl.

The local bijection of Lemma 5.1 then leads to

Ky = j1 — min(jy, j2) + min(ky, k2)
= Aesl — Hegl — MiN(Aey] — Herls fetl — Herl) +Min(Ae — ¢, fle — #¢)

= Aest —Min(Aeq1, fes1) — e +min(re, fe),
which leads to
Verl = max (Aesl, hetl) +min(Ae, fbe) — . (5.6)

Formulas (5.5)—(5.6) for v in terms of s provide the local RSK bijection between the
two sets (5.4). Moreover, these formulas have the “toggle” form, e.g., see [Hop14].

Therefore, we see that in the Schur degeneration the Yang—Baxter equation of Propo-
sition B.5 produces a bijection, and this bijection coincides with the “toggle” bijection
in the local description of the classical Robinson—Schensted—Knuth row insertion.

6. Marginals of Spin ¢-Whittaker Fields

In this section we study two random fields of signatures defined in Sect. 4.2 based
on sqW functions. We identify their Markov marginals corresponding to the first and

last coordinates )LY’J ) and A;l’] ) These are matched with stochastic vertex models or
particle dynamics introduced in [Pov13], [CP16], [CMP19]. These results extend the
characterization of marginals of the g-Whittaker processes given in [MP17] by adding
the spin parameter s into the picture. The matchings are summarized in the table in
Fig. 8.
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(i.9)

i

first row A(li’j ) last row A

] 6.3] Stochastic higher spin six [6.2] Stochastic higher spin si +
saW /sHL field [ . ochastic higher spin six vertex
aw/ vertex model [CP16], [BP18§] model [CP16], [BP1§]

- . 6.5] 4¢3 vertex model and g-Hahn [6.4, 6.6] ¢-Hahn TASEP / B ar-
saqW /sqW field [ ; .4, 0.0] g-Hlahn 0SON par
aW/sd PushTASEP [CMP19], [BMP21] | ticle systems [Pov13], [Corl4]

Fig. 8. A summary of matchings of Sect. 6, with numbers of relevant subsections

6.1. Stochastic vertex models. We work with two typologies of stochastic vertex models:
up-right or up-left. These are probability measures on directed path ensembles (of the
corresponding direction) in the integer quadrant, constructed from families of stochastic
vertex weights L; ;). By “stochastic” we mean that the weights must satisfy the sum to
one condition

Z L jy(ar, ;a2 B2) =1 (6.1)

a2,$2>0

for all p, B1, where ay, a2, B1, B2 € Z>o are the occupation numbers of edges at a
vertex (i, j).

For the first type of stochastic vertex models, equip the lattice with up-right vertex
weights L‘(‘lr 7 subject to the arrow preservation condition

L plar, friaa, po) =0 if a1+ p1 # e + fo.

Definition 6.1 (Up-right stochastic vertex model). The up-right stochastic vertex model
with weights L‘(Jl.rj) and boundary conditions Bh = {bh, bg, ...}, BY = {b],b3,...},

with bf.‘, b‘lf > 0, is the unique probability measure on the set of up-right directed paths
on Z=1 X Z=, such that:

e cach vertex (1, j) emanates b} paths initially directed to the right;

e cach vertex (i, 0) emanates b,}.‘ paths initially directed upwards;

e the probability of observing a configuration (o1, B1; a2, B2) at vertex (i, j), con-
ditioned on the configuration at all vertices (i’, j') with i’ + j' < i + j, is given by
L‘(‘lr i (a1, B1; a2, B2). Moreover, this event is independent of choosing arrow config-
urations at other vertices ..., (i — 1, j+1), (i +1, j — 1), ... on the same diagonal.

Up-right directed lattice path configurations can be encoded by the height function:

H™ (i, j) = #{occupations at horizontal edges} — #{occupations at vertical edges},
(6.2)

where occupations are counted along the path (%, %) - (+ %, %) - 0+ %, Jj+ %)
(equivalently, along any up-right directed path from (%, %) to (i + % Jj+ %)). See Fig. 9,
right, for an illustration of the vertex model and the corresponding height function.

Remark 6.2 (Up-right model and TASEPs). Path configurations can be interpreted as
trajectories of particles performing totally asymmetric random walks, with time running
in the upward direction. In particular, one can define a process

{X(@) = x1(1) > X2(t) > -+ )}hiezso
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1 0 1 2 3 3 1
0 0 0 2 2 3 0
o 1 2 - T o 1 2 - )

Fig. 9. Realizations of the up-left and the up-right stochastic vertex models (left and right panels, respectively)

by setting X, () := H" (n, t) — n. Then X is a discrete time totally asymmetric simple
exclusion process, in which the random jump X, (¢ — 1) — X, (¢) of the n-th particle at
time ¢ is governed by

Ll(];;’l)(xn—l(t - 1) - Xn(t - 1) — l,Xn_l([)
—Xp—1(t — 1); Xp—1(t) — X, (1) — 1, X (1) — X, (¢ — 1))

Let us now turn to up-left path ensembles. The up-left weights LY

) satisfy the
following arrow preservation property:

LY @, Briag, f) =0 if a1+ # i+,
Definition 6.3 (Up-left stochastic vertex model). The up-left stochastic vertex model
with weights L‘(*il’j) and boundary conditions Bh = {bh, bg, ...} BY = {b],b}, ...},
with blh, bY > 0, is the unique probability measure on the set of up-left directed path on
Z>1 x Z=g, such that:

e each vertex (1, j) has b} paths entering from its left;

e cach vertex (i, 0) emanates b? paths initially directed upwards;

o the probability of observing a configuration (o1, 81; o2, B2) at a vertex (i, j), con-
ditioned on the path configuration at vertices (i’, j') with i’ + j' < i + j, is given by
L‘(’l1 N (o1, B1; a2, B2). Moreover, this event is independent of choosing arrow config-
urations at other vertices ..., (i — 1, j+1), (i +1, j — 1), ... on the same diagonal.

Up-left directed lattice path configurations can be encoded by the height function:

HY (G, J) = #{occupations at horizontal edges} + #{occupations at vertical edges},
(6.3)

where occupations are counted along the path (%, %) — (+ % %) — (i + %, Jj+ %)
(equivalently, along any up-right directed path from ( %, %) to (i + 1, Jj+ %)). Notice the
difference in sign with the definition of H"" (6.2). See Fig. 9, left, for an illustration of
the up-left vertex model and the corresponding height function.

Remark 6.4 (Up-left model and PushTASEPs). Define a process

{Y@) = (y1(0) > ¥2(t) > - )}rezoy
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Fig. 10. The stochastic vertex weights L;fu for the up-right stochastic higher spin six vertex model

by setting Y, (1) = —H"(n, 1) —n. Then Y is a discrete time totally asymmetric simple
exclusion process under which particles jump to the left, and a pushing mechanism is
present. The random jump y, (t — 1) — y,(¢) of the n-th particle at time ¢ is governed
by

L (a1t = 1) =Yt — 1) = Ly (¢ — 1) = Ya_1(0);
Yn—-1(t) = Yn () = Ly, (t = 1) — yn(t))

In the rest of this section we establish the matching results outlined in Fig. 8.

6.2. Last row in sqW/sHL field. We start by defining the stochastic higher spin six vertex
model:

Definition 6.5 ((CP16], [BP18]). Specialize the up-right stochastic vertex model of
Definition 6.1 by taking L‘(Jlr H= L;‘f’vl,, where the latter are given in Fig. 10. We refer
to this model as the up-right stochastic higher spin six vertex model. We consider the
step-stationary boundary conditions:

v,
b% ~ Ber (x‘—f) and b} =0,
1 +x1v;

(6.4)

where Ber(-) are independent Bernoulli random variables with the probability of success
given in the parentheses.’

Remark 6.6. The model in Definition 6.5 is equivalent to that of [BP18] (the latter with
step boundary conditions b; =1, blh = 0), under specializations §1S; — x1, S% — 0,

Saby — X, Sfl — —sxq and ug — —vg.

Theorem 6.7 (sqW/sHL last row). The last row marginal {Agi’j )}iz 1,j=0 of the sqW/sHL
field has the same distribution as the height function {H}{g(i, j)}i>1,j>0 of the up-right
higher spin six vertex model with step-stationary boundary conditions.

2A slightly broader class of boundary conditions than the step-stationary ones, where also M are allowed
to be positive numbers, can be considered using the fusion argument introduced in [Agg18]; see also [IMS19],
[BMP21].
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Proof. We use Proposition 4.9. During the update
A=Li=h 0 for fixed ALD p0ni=D)

weighted by the stochastic matrix U™, the law of the rightmost local move is given
by a stochastic bijectivization of the Yang—Baxter equation (B.6). A straightforward
computation shows that one such bijectivization is given by the choice
DU i) (2 s (K1 K2, Ka) — (K K, K5 )
=LY, (3 —ia+i1 — ki, ks j3 — i +i1 — ky, kY). (6.5)

This can be readily verified using the parametrization from Example 4.8. For simpler
notation, let us denote

2 — 3 (=Li=D) 3 = (=10 o= 5 (r=1) Y
In terms of elements of these signatures, the integers i1, i2, j3, k1, k’1 are interpreted as

1 =Vp—1 — Mn—1, D=V 1 —Ay_1, J3 = Mn—1 — Un,
/
ki =Xp—1 — »—1, kl = Vn — Un.

Remarkably, transition weight (6.5) only depends on j3 — iy +i] = Ay,—1 — U and
on ki, kﬁ, but not on other edge occupation numbers. Observe that these quantities
involve only the last components of the signatures u, s, A, v. Therefore, the law of

the last component v, = )»ﬁ,"’t) is fully determined by the last components A,_; =
)Lfl":l]‘t), Un = )Lfln’tfl), and sg,_| = )\,(l":l]"*]). This implies that the last row marginal

{Agi’j ) }i>1,j=0 is an autonomous Markov process. Moreover, this autonomous process
has the same multitime joint distribution as the height function of the up-right higher
spin six vertex model because L"" appears in (6.5). This completes the proof. O

In [CP16] [BP18], joint g-moments of the up-right stochastic higher spin six vertex
model were expressed in terms of nested contour integrals. These moments completely
determine the joint distribution of the model’s height function Hjg(-, j) along any
given horizontal line (because ¢ € (0, 1) and the random variables in question are
nonnegative). Let us reproduce the g-moment formula:

Proposition 6.8 ([BP18]). Consider the up-right stochastic higher spin six vertex model
with step-stationary boundary conditions and assume vy, # qug. For any iy > ... >
ig > 1 we have

4
Enqﬂﬁsak,n:q@)% dﬂyg ST BT}
Y

el y[=vI1] 2mi [—vl€] 2mi |<A<B<t ZA —4ZIB
. i ; (6.6)
y 1—[ 1 1—[ Xo (1 +528) 1—[ 1+ qugzk
1 k(1 +s21) wot Yo T L 1+ vezk

Here, integration contours are y[—V|k] = y[-V] U r*=Lco, where y[—V] encircles

—1/v1, ..., —=1/v; and no other singularity, cq is a small circle around 0, and r > q_l.

All curves are positively oriented, and r*='cq never intersects y[—v¥] fork =1, ..., L.



1372 M. Mucciconi, L. Petrov

Proof. This follows from Theorem 9.8 in [BP18] by identifying the parameters as in
Remark 6.6 and noting that Hj{5 (i, j) is the same as the height function h(i) at the j-th
horizontal slice. Note also that [BP18, Corollary 10.3] is essentially the same as our
g-moments (6.6), but with contours dragged through infinity, and identification of s%
with x1. The latter follows by comparing (6.4) with [BP18, Remark 6.14]. O

Eigenrelations for sqW polynomials given in Theorem 3.9 can be employed to provide
an alternative proof of the moment formula (6.6).

Alternative proof of Proposition 6.8. We express g-moments of lastrows of the sqW/sHL
process using the g-difference operators 1 (3.9) at several levels, following the argu-
ment in [BCGS16, Proposition 4.4].

Denote by Qgi) the operator © acting on i variables xi, ..., x;. Then for any £ and
any sequence 1 <ij; < ... <iy, we have

ko= , (6.7)
M(x1, ..., XN V1, .0, V)

¢ 5 ) @Yl) . --CDYDH(xl, e XN UL, e, )
E[]q
k=1

where N > i, is arbitrary, and

J 1 N-1 N j
I"I(xl,...,xN;vl,...,vj)=1_[<1 sv) HH(1+vrx,-)
- r

r=1 i=1r=1

is the partition function in the right-hand side of the sqW/sHL Cauchy identity (2.23).
Equality (6.7) is a straightforward consequence of the Cauchy identities (2.21), (2.23),
eigenrelation (3.11), and the branching rules for the sqW functions.

Let us now express the right-hand side of (6.7) in terms of nested contour integrals.
For

J
h@ =[] +v2),
r=1

we have

;g(lil) . ggif)h(xl) o h(xy)

r.hs. (6.7) = h(x))---h(xy)

Moreover, for any meromorphic function 2 we have

W ooy — L T (7 xa<1+sz>)ﬁ<qz> dz
97" (h(x1) h(xn))—hifmg@(xa) i

where the curve y;; encircles 0 and all poles of ﬁ(qz) / 7 (z). The latter poles may include
infinity, too. In other words, the integral over y;; is equal to the sum of minus residues
of the integrand at x1, ..., x,.

By iterating this integral representation, we can evaluate (6.7) and match the resulting

expression with the g-moment formula (6.6). The equivalence of processes )»Ei’j ) and
’HIE{S (i, j) stated in Theorem 6.7 allows us to complete the proof. m]
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o2 g g+1 g—1 g
B1 : B2 |l| |l|_ _|,| _|l|_
I I I I
ay g g g g
L, (o1, B a2, B2) 1;322" mvliri‘";v L_ng mfj:c(i)y

Fig. 11. The stochastic vertex weights L;{U for the up-left stochastic higher spin six vertex model

6.3. First row in sqW/sHL field. Let us define an up-left version of the stochastic higher
spin six vertex model. Take an up-left model in the sense of Definition 6.3, with the
weights L‘&l By = LE}’UJ,, given in Fig. 11. We take this model with the same step-
stationary boundary conditions (6.4). In fact, this model is essentially the same as the
one from Definition 6.5:

Remark 6.9. When at most one path occupies each horizontal edge (as in our case),
swapping the horizontal occupation numbers 0 <> 1 is a bijection between up-left and
up-right models. Their height functions are related as Hj{(i, j) = j — H%Ils @, j).
Moreover, the weights L;‘{U become the weights L}, from Fig. 10 after this swapping
of horizontal occupations, and the inversion of the parameters (x, v) — (x~!, v™1).

However, it is convenient to work with the up-right and the up-left models separately,
as in the sqW/sqW case they are genuinely different.

Theorem 6.10 (sqW/sHL first row). The first row marginal {)\Y’j )},-21, j=0 of the
sqW/sHL field has the same distribution as the height function {Hﬁls @, DYi=1,j=0 of
the up-left stochastic higher spin six vertex model with step-stationary boundary condi-
tions.

Proof. We use Yang—Baxter fields similarly to the approach taken in [BMP21, Section
7.3]. Let us specialize the general notation of Proposition 4.12. We need to match the
stochastic vertex weight L of (4.10) with L%, and verify boundary conditions.

The random move XEI_I’J_I) — XEI’J), conditioned on )\Y’]_l), A(ll_l’]) is deter-
mined by the bijectivization of the Yang—Baxter equation (B.5) fori > 1, j > 1 and by
the bijectivization of (B.6), if i = 1. We start with the first case, where in (4.10) we get
(after canceling common factors)

. vl (=s/x5q);
WI({k1. k. 00} | 10,0, 00}, (i o, 00) = R (0, 0s ky. k) —— iz T3 D
1—sv (q; q)j2
Ky / (_S/-X; q) !
vl k
wr({k{, kb, 00} | {0,0, 00}, {ji1. j2. 00}) = Rux,v.s Ky, K13 ja. j1) xo—————=2
I—sv (@ @,

One readily sees that then (4.10) gives the stochastic weight L;{U.
For the boundary signature A(ll’j ) case, configuration weights wl, wr become (after
canceling common factors)
WI({k1, k2, 00} | {0, 0, 00}, {2, j2, 00}) = R 0,5 (0, 0; k1, k2) x72,

K} ”
X2

)

wr({ky, k5, 00} | {0, 0, 0o}, {@, jo, 00}) = —
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which leads to the step-stationary boundary conditions (6.4) since A% = @ foralli. O

6.4. Last row in sqW/sqW field. Define the up-right stochastic weight by

]L,lél:y(als 1317 Ol2» ﬁZ) = 10!1+/31:0Q+/32 gﬂq,xy,—sx (,32 | al), (68)
where ¢ is the g-beta-binomial distribution (A.1)—(A.2).

Definition 6.11 ([Pov13]). The g-Hahn vertex model is the up-right stochastic vertex
model, in the sense of Definition 6.1, with weights L}"/ = ng Vi We consider step-

stationary boundary conditions:
by ~ @gxy;—su(e|00) and b} =0, (6.9)

where the random variables for b}f are independent. Denote the corresponding height
function by Hy -

Remark 6.12. The model of Definition 6.11 is equivalent to that of [BP18, Section 6.6.2],
where parameters have been specialized as si — —sxq and g7 — —y,/s.

Theorem 6.13 (sqW/sqW last row). The last row marginal {k?i’j ) }i>1,j=0 of the
sqW/sqW field has the same distribution as the height function {'H;{Hahn (i, D}li=1,j=0 of
the up-right qg-Hahn vertex model.

Proof. This follows from Theorem 6.7 which established an analogous result matching
the last row of the sqW/sHL field and the height function of the up-right higher spin six
vertex model. By fusion, the dual sHL functions turn into the dual sqW functions (cf.
[BW17]). Therefore, the sqW/sHL field under fusion turns into the sqW/sqW field.

On the other hand, the same fusion procedure turns the up-right higher spin six vertex
model into the up-right ¢g-Hahn vertex model>. This completes the proof. O

In [BP18, Corollary 10.4] the multi-point g-moments of the up-right g-Hahn vertex
model were expressed in terms of nested contour integrals:

Proposition 6.14 ([BP18], Corollary 10.4). Assume ming |sxy| > g maxy |sxq|. For
anyip > ...>ip > 1 we have

14
E [ o)) = (_1)eq(§)f dwy yg dwe 1 Lazvs
_ yilsx) 271 Jypeex 200 L WA —qws

)4 ix

Xl_[ 1—[ 1 — wy ﬁl+wkya/s
wk(l — u)k) 1+ wr/(sxq) ol 1 — wyg

(6.10)

Integration contours encircle —sx1, —sxa, ..., and leave out 0,1 and are q-nested in
the sense that qyktrl[ —sx] is inside y; H[—sx] for allk =1, =1,

3 Fora practical explanation of fusion in the context of s, stochastic vertex models see [BW17] and [CP16],
[BP18] and references therein.
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Proposition 6.14 was obtained in [BP18] as a corollary (under fusion) of the multi-
point g-moment formula (6.6) for the up-right higher spin six vertex model. Both of these
g-moment formulas have several different proofs: via duality [CP16], manipulations
with symmetric functions using Bethe Ansatz [BP18], or distributional matchings and
difference operators [OP17]. Eigenrelations for the sqW polynomials provide yet another
independent proof:

Alternative proof of Proposition 6.14. Similarly to the alternative proof of Proposition
6.8 given in Sect. 6.2, we will use eigenrelations of the sqW polynomials to compute
g-moments. To express g-moments of the sqW/sqW field, we use formula (6.7), after
replacing the function IT with the right-hand side of (2.30). The action of the difference
operator 1 (3.9) (in n variables) on a meromorphic function 4 can be written as

n 7 1 - 7~ o 1 ﬁ d
D (h(x1) -+ h(xa)) = ——yg I1 (h(x,,,)x ( ”Z)> (qz) _dz
X1

2 Jy Xn e Xo — 2 h(z) z(1+s2)°

where the integration contour contains xi, ..., X,, but doesn’t contain O or any pole
of h(gz)/h(z). Using this formula repeatedly, we can match the g-moments of the
marginal )»l(”] ) to expression (6.10). The equivalence of processes between last row of
the sqW/sqW field and height function of the g-Hahn vertex model stated in Theorem

6.13 yields the proof. O

6.5. First row in sqW/sqW field. For our fourth and final vertex model, define the up-left
stochastic weight by

Y5 xeemen gPB @D (s oy (=5 /y: )y
(=$/%5@Dey (=51 D p1 (@5 @), (—q/(5Y); @) pr—ar

(24725 @)oo (XY Qoo — g P g P, —sx, —q/(sy)
’ : ’ .q ), 6.11
(=57: @)oo (—5X; @)oo a3 —s/y,qlwl_ﬂls _qu—ﬂz—al/s q.9 ( )

]Lil,y(al, Bii @2, B2) := 1 1py=ar 45

where 4¢3 is the regularized ¢-hypergeometric function (A.4).

Remark 6.15. An expression equivalent to (6.11) for the stochastic weight ]L;l y Is given
by
1 .
H—‘;,y(ga Ea g+ L— Ev L)
min(¢,L)
= Y Otgrmsqet K L O Wy _ghssy —gesjesrqen (L — k), (6.12)
k=0

where we used the ¢g-beta-binomial and the g-hypergeometric distributions (A.1), (A.6).
This can be proved through simple manipulations of the g-Pochhammer terms. From
(6.12) it is immediate to see that ]Lﬁl y possesses the sum to one property (6.1). The
positivity of the weights (under certain restrictions on the parameters) follows from
Proposition B.8.

Definition 6.16. The 4¢3 vertex model is the up-left stochastic vertex model, in the sense
of Definition 6.3, with weights L}‘rl = ]Lﬂll,,vj. We consider the same step-stationary

boundary conditions as in (6.9). The height function of this model is denoted by Hgl.
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Theorem 6.17 (sqW/sqW first row). Let s € (—./q,0). The first row marginal
{)\gl’] )}i, jezso of the sqW/sqW field has the same distribution as the height function
{Hgl(i, D}ijez=o of the 4¢3 stochastic vertex model.

Proof. The proof of this matching is similar to that of Theorem 6.10, and follows from

Proposition 4.12. Namely, we specialize formula (4.10) using the Yang-Baxter equations
(B.7), (B.8). For updates of “bulk” transition kghl’]*l) — )\5”]), fori > 1,j > 1,
(j=1) 5 G=1Jj)
1 v A

conditioned on A , the stochastic weight (4.10) uses

wI({k1, k2, 00} | {0, 0, oo}, {j1, j2, 00})

Sy (=8/x: )
(@ 9)j @:9)),

wr({ky, k3, 00} | {0, 0, 00}, {1, j2. 00})

_ C(=S/yi @ (=S/X5 9y
=Ry s (ky, ki3 jo, j1) ¥y ———L X ———2.
(45 @i (5 9,

=Ry ,5(0,0; ki, ko) y/!

Using the expression of the R-matrix Ry y ¢ and summation identity (B.10) one can

match Ly , with Ly ,. At the boundary )\(11,1 ), we use a stochastic bijectivization of
(B.8) and therefore in this case we have

wl({k1. k2, 00} | {0, 0, 00} {2, ja. 00}) = Ry y.(0. 0: k1. k) 72,
K IV D =5y oo g

wr({ky, k3, 0o} | {0, 0, 00}, {2, j2, 00}) = y™ x°2,
2 2 VT Fe

that yields boundary conditions (6.9) after using again summation identity (B.10). O

6.6. Push—block dynamics for sqW/sqW process. Let us now present another, more
explicit matching of last rows of the sqW/sqW field in a “Plancherel” (or ‘“Poisson-
type”) continuous time limit. Here the dynamics of the last rows is matched to the
corresponding continuous time limit of the g-Hahn TASEP. This construction is very
similar to how the continuous time g-TASEP emerges from g-Whittaker processes in
[BC14].

Consider the Borodin—Ferrari forward transition map (cf. Sect. 4.4)

Fu/k(x)Ft/ﬂ(y)

UM Ge— v | hp) = :
) T0Ges 9) D5 Fpuyoe COFF 1 (0)

(6.13)

(=5%:9) 00 (=5Y:9) 0
(Xy:9) 00 (239D 00
sqW function at a single variable becomes (we use the notation [r], = (1—¢")/(1—g))

where I1(x; y) = .Inthe limitas y = —s + &(1 — ¢), ¢ — 0, the dual

Fyju(=s+e(l —q)
1+0(e), A= U,

=1, (—s) =1 (gri-1=4t g,
[rlg  (gHi-17s25 q),

+0(e?), A= p+re; forsomei,r > 0.
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. rob(M+1 — N+1|N — N
rate(AF — RE[AR-1) prob( ! )

——+—+—+—o—+—+—o—+— [k —tt——+——F——+—e— j+1
Ny Y AT NN
——t——+—+—+—+—+o— k-1 ——t+—+—@—+—t—+—F—+—J
)\k 1 )\I_‘:—l Y /\‘:
(a) (b)

Fig. 12. Push-block mechanism in the half-continuous sqW/sqW field. Each )Li.‘ jumps to Xf = Af +r atrate

(6.14), which only depends on A= see left panel. When a jump happens at level k£ and breaks interlacing,
it triggers an instantaneous push at levels above to re-establish interlacing; see right panel

see (2.27). Take y; = —s + &(1 — ¢g) for all j and rescale M = [t/e], t € Ry,
in the sqW/sqW field. Thus, we get a continuous time dynamics on interlacing arrays
A < Az(t) < ---, where at time ¢, each )»f? jumps to )\f +r,r > 1, according to an

exponential clock with rate (see (6.13))
rate(Af — AKX + re; | P
— k—1
(=) (_qxf—xf lS/Xk, qx ik qxl 1A oy

k k_yk=1, k_ 1k 1_5k_
[Flg (@M= g g2 M T g,

(6.14)

When an update occurs at level j bringing A > A =) +re;, the signature A/*1 i
instantaneously updated to 7%9*V in the following way:
o if X/ <A™ then Ti*! = it
~i i g+l ~j ;
o if A/ > A/, then assume 27 — /" = m and set AJ*! = A/t + (m + £)e; with

1

probability

FM“/M (X)F S+ ] (62)

prob(A/ ! = X A > %) = lim

5%02 =2t (m+0)e; ,,/)J(X)F n/a ) y=—s+e(l q)
for any £ > 0 (for £ large enough this probability vanishes). See Fig. 12 for an
illustration.

When s = 0 and ¢ € (0,1) in our dynamics, we recover the continuous time
g-Whittaker 2d-growth model introduced in [BC14, Definition 3.3.3]. Further setting
g = 0 brings the original Borodin—Ferrari’s push-block process corresponding to Schur
measures [BF14]. Note that in our case, in contrast with the Schur and g-Whittaker
situations, jumps are long range.

Restricting attention to the last rows (leftmost diagonal) of the array and setting

= k in (6.14), we see that the rate only depends on )»’,i and k’,:{. Moreover, the
pushing mechanism does not affect the leftmost diagonal of the array. Thus, the marginal
evolution of the particles in the leftmost diagonal is an autonomous Markov process. Its
jump rates are

k—1
( s)r ! (qkkfl_kf”_’;q)r
[rly  (—gHa =M sx; @),

rate(Ak — AK 4+ |2k =
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These rates correspond to an inhomogeneous version of the continuous time g-Hahn
TASEP studied in [BC16b], which is also a continuous time degeneration of the g-Hahn
TASEP of [Corl14]. Thus, we see that the continuous time push—block dynamics in the
sqW case agrees with the last row marginal evolution.

7. Spin Whittaker Functions from ¢ — 1 Limit

In this section we introduce new one-parameter deformations of the gl,, Whittaker func-
tions [Jac67], [Kos78]. These deformations arise from our version of spin g-Whittaker
polynomials in a scaling limit as ¢ — 1. The deformation parameter is denoted by
S>0.

7.1. Whittaker functions. Before proceeding with deformations of Whittaker functions,
let us recall the usual gl Whittaker functions. These functions play a central role in
representation theory and integrable systems [Kos80], [Eti99], [Giv97] as well as are
related to several models of random polymers [O’C12], [COSZ14], [OSZ14], [BC14].

The gly Whittaker functions vy, . 5, () are indexed* by N-tuples u N =
UN1, ... un.n) € RV, depend on A = (Aq,...,Ay) € CV, and may be defined
through the recursion (following from the Givental integral representation [Giv97], cf.
[GKLOO06]):

N—-1

Vi ) = [ Wiy ) 7N ) [T v
. 7.1)
where
YV uy_y)

i ZN ;ZN—l ) N-1
—e i=1 UN,i=2 =1 UN-Li 1_[ exp {_euN—l,i*”N,i _ e”N,i+l*”N—1,i} (7.2)
i=1

is known as the Baxter Q-operator. The function A +— (x4, ) is an entire function
of A € CN for all Uy € RY. For N = 1, we have Y (u) = éM_ For N = 2, the
Whittaker functions can be expressed through the (single-variable) Bessel K function
Ky(z) = % [0 eV exp (=5 (e" +e™)) dx.

For the Whittaker functions, iVN_)N - (upy,upn_1) plays the role of a branching

function like the single-variable sqW function I,/ (x) (2.5) (here x plays the same
role as Ay, and v, u correspond to u,, u,_1). Note that the Whittaker functions are
not indexed by ordered sequences of numbers u . Rather, in the Baxter Q-operator,
the interlacing condition among arrays u _;, i is replaced by the “mild interlacing”.
Namely, QV~>N=1 (7.2) decays doubly exponentially whenever uy ;+1 > uy_1.; or
UN—1,i > UN,i-

4 To match the historical notation for Whittaker functions, here and in the discussion of the spin Whittaker
functions we place the “variables” into the subscript of a Whittaker function, and the “index” in the parentheses.
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The Whittaker functions satisfy the following analogue of the Cauchy identity due
to Bump and Stade [Bum89], [Sta02], [GLOO0S]:

N

N
/R T Y ) [T dun g = [T Tvy =i, (73)
j=1

jok=1

See also [COSZ14, (1.2)], [BC14, Section 4.2.1] for a generalization when one of the
Whittaker functions is replaced by a certain integral coming from the limit of the torus
product representation of Macdonald polynomials:

T N . ) |
Oy (uy) == A{N WK(ZN)HHF(Yi —1ivg) m 1_[ mdk

i=1k=1 1<A#B<N
(7.4)

where Y = (Y1, ..., Yr) € RT. We refer to 0y (uy) as the dual Whittaker function.
Similar integral representations for dual spin Hall-Littlewood functions are found in
[Borl7, Proposition 7.3], [BP18, Section 7.3].
The Whittaker functions are eigenfunctions of the gl quantum Toda Hamiltonian
U-Cg(’da, see formula (1.1) in the Introduction.
Convention on multiplicative notation. The papers [COSZ14], [OSZ14] use multi-
plicative parameters Uy ; = e*Vi € R instead of the additive ones. In multiplicative
notation, the integration in (7.1) and (7.3) is over the product measures of the form

I dé/# It is convenient for us to adopt multiplicative notation throughout most of the

discussion of the spin Whittaker functions. We will often denote multiplicative variables
and parameters by capital letters.

7.2. Signatures in continuous space. In contrast with the usual Whittaker functions
indexed by unordered N-tuples of reals, the spin Whittaker functions will be indexed by
nondecreasing sequences of real numbers. Introduce the Weyl chamber of Rg | by

Wy :={Ly = (Ln,i)1<i<N € RQI tLynv <Lyny-1=<...<Ln1}. (15)

By 7j1/N denote the interior of the Weyl chamber with strict inequalities in (7.5).
Given two sequences Ly _; € Wy_1 and Ly € Wy, we say that they interlace if

Lyivt <LN-1i <Lyn;, forl<i<N-—-1. (7.6)
As in discrete setting, we denote interlacing by Ly _; < L. The interlacing relation
is naturally extended to sequences of the same length by dropping the last inequality in

2.1).
We endow the Weyl chamber Wy with the measure dLLAflV = ]_[,ICVZ 1 dLLTN;(k. In most

cases we do not explicitly indicate the integration domain Wy when the measure dLAA’/"
is used.
Define the continuous Gelfand-Tsetlin cone as

N(N+1)/2
GTy :={L, = (Lx.i)1<i<k<N € sz 2 Ljstin < Lei < Lied), (17)

which is the set of interlacing sequences L; < --- < L. The set G7); is endowed with

dL dLj;
=N akbji
the measure L, [Ti<i<j<n L
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7.3. Spin Whittaker functions. We begin with a branching function from which we can
recursively build spin Whittaker functions. The branching function is an analogue of the
skew polynomial evaluated at a single variable.

Fix a deformation parameter S > O throughout the section. Let us denote

| o\ S—X—1 LN S+X—1 u\ 128
= (17 - - :
Asx v 2= g e 5% ( z) ( v) ( z)

(7.8)
where 1 <u < v < zarereal, and |X| < S. Here B(-, -) is the beta function (A.7).
Definition 7.1. Let | X| < S and k > 1. The spin Whittaker branching functions are
given by

Lis1,k41 - Lis1,1
Lig--- Lk

_X k
) [ [ As.x Lisrist. Liis Lisr ).

fX(£k§ Lk.,.l) = 1Q{<Q+l (
i=1

We now introduce the main object of the present section.

Definition 7.2 (Spin Whittaker functions). For N > 1, consider parameters X1, ..., Xy
and S such that |X;| < § for all i. The spin Whittaker functions §x, .. xy(Ly), Ly €
Wy, are defined recursively by

fx, (L1, =L} (7.9)
for N = 1, and via the branching rule
dLy_,
X1, xy (Ly) == Fx1xyo1 (Ly—1) Fxy (Ly—15 Ly) 3 (7.10)
Ly <Ly =ZN-1
for N > 2.

Example 7.3. (Two-variable spin Whittaker function) Let us compute the integral (7.10)
for N = 2. Denote X, = (X, Y), Ly = (u, u + o), where u > 1, o > 0. Then

fx.v(u, u+ o)

_ (uu+a)~Y (1_ u )1725/u+avyixil (1_ v )S—Y—l (1—E>S+Yildv
B(S+Y,S-Y) u+ao u u+o v

Y +a)s 1
I ChL / u+ 1) X5 (1 = SV =1 S =lgy
B(S+Y,S-Y) Jo

where we changed the variableas v = u+at,t € [0, 1]. The integral can now be evaluated
using Euler’s representation of the Gauss hypergeometric function  F7 (A.10). Let us
also rename back z = u + «. We have

S+X,S+Y‘1_£>‘ (7.11)
u

fx.y(,z) = (z/u)Su X"V, F ( 29

When |1 — z/u| > 1, the hypergeometric function in (7.11) should be understood in the
sense of analytic continuation.

We remark that most of the properties of the spin Whittaker functions given below
in this section can be directly derived for N = 2 from known properties of the Gauss
hypergeometric function , Fj.
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Proposition 7.4. For X 5y = (X1, ..., Xy) with |X;| < S, the spin Whittaker function
fxy (Ly) is well-defined and continuous in L, € Wy.

In particular, we can first define fx v (Ly) for Ly € ‘I;VN, and then extend to the whole
Weyl chamber by continuity. (Note that As x (u, v, z) (7.8) might have a singularity at
u = z.) The proof of Proposition 7.4 is based on the next two lemmas.

Lemma 7.5. Let £ > 0 and let f(-) be a left continuous function on Rx1. Then, we
have
[ de
lim ——As x (L3, L2, £1) f(€2) = f(£1). (7.12)
Gty Jiy D
Proof. To compute the limit set £3 = £; — & for a small positive §. After a change of
variable {5 = £1 — 8(1 — £}), the integral in (7.12) becomes

1 L 2
B(S+X,5—X) Jo 0 —8(1— 10y

Using the left continuity of f, we see that the integrand converges to (1 —
€5)S=X=1g55* =1 £(¢1) as § — 0. The limiting integrand integrates to B(S+X, S — X),

S+X
) (1 — y)S=X=15 X1 poy — 51 — €5)).

and so by the Dominated Convergence Theorem the lemma follows. O
Lemma 7.6. Let f : Wy_1 — C be left continuous in each of Ly_1,;. Define F :
‘I;I/N — Cas
dLy_,
Py = [ FLy ey Ly 7.13)

Then F is continuous and can be extended by continuity to Wy.

Proof. For Ly € ‘;VN, the singularities of the integrand in (7.13) come only from the
branching function fx (L y_;, L) and they are of the form

Ly S—X—1 Lyin S+X—1
] - — , or ]— ——
Ly.i Ly_1,

for some i. Because | X| < S these singularities are summable. Therefore F, is contin-

uous inside the interior Wy of the Weyl chamber.
To prove that F' can be extended by continuity to Wy we first define, from small

positive increments 81, ...,8y—1, the quantities d; = §; + --- + dy—1 for eachi =
1,..., N — 1. We aim to compute the limit
lim F(Ly N, LN N-1+dN_1,...,Ln1+d}),
81seby_1—0

when some of the Ly ;’s are equal to each other. Before the limit, this function is equal
to

Ly N-1+8N-1 dL
N—1,N—1
/ As x(Ly.N, LN-1,N—1, LN N—1 +ON—1) ———
LN Ly-1,N-1
Ly 1+dr+61 dL
, N—1,1
/ Asx(Ly2+do, Ly—1,1, Ln1+da +81))———f(Ly_1)
Ly o+ds Ly-11

B X
15 Ly
l_[lNzl(LN,i +d;)
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For any i such that Ly ; = Ly i+1, make the change of variables Ly_1; = Ly; +
diz1 —6;(1 —£€x_1.;). As in the proof of Lemma 7.5, this removes all the corresponding
singularities. Therefore, the limit as &1, ...,8y—1 — O exists, is finite, and can be
computed using (7.12). O

Proof of Proposition 7.4. For N = 1 the spin Whittaker function (7.9) is clearly con-
tinuous. Therefore, by Lemma 7.6, fx, x,(L,) is well defined and continuous on #5.
Proceeding by induction on N, we get the result of Proposition 7.4. O

The next corollary gives a Givental type representation of the spin Whittaker func-
tions, obtained by writing down explicitly the recursive definition (7.10).

Corollary 7.7. We have

k lL]fl\] dL
Xy, xy (Ly) = f [] LT Asxen Lierinn Lii, L) —L.
L ) L
1<k<N i=1 1<i<k<N-1 =N-1

(7.14)

Proof. Because the sequence of integrations as in (7.10) leading to fx, (L) is (abso-
lutely) convergent, so is the integration over the Gelfand-Tsetlin array G7,,_,. The two
integration procedures give the same result by the Fubini—Tonelli theorem. O

7.4. Dual Spin Whittaker functions. In this section we define a dual family of functions.
Given interlacing sequences L; < L; of the same length k, introduce the dual spin
Whittaker branching functions

~ ~ Y ~ S—-Y—1
(_ - 1 Lik-Li | — Ly
gy (Ly; Ly 4(<L,( I(S—Y) \Lis-Li1 Lia

(7.15)
x HAS,—Y(Zk,i, Lii. Li-1).
i=2
For pairs of interlacing sequences L;,_; < L;, k > 1, of different lengths, set
gy (Ly_13 L) =9y ((1, Li_1); Ly).
Remark 7.8. One can also write gy as
-y ~ S—v—1
or @y L) = =kl (1 Las Foy(€_1s L) (7.16)
YLy Loy F(S—Y) Lk’l —Y\&r_15 L) .
where L, = (€,_;, L,1).
Definition 7.9. Let N < M and consider parameters Yy, ..., Y)s such that |¥;| < S for
all i. The dual spin Whittaker functions are defined recursively by
- ~ dLy .
ary,..., YM,1(LN)9YM(LN;LN) Z 1fN<M,
g1,y (Ly) = = i (7.17)
[ o Enpan Ey il 2= N =,
Ly,
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In particular, for M = N = 1 we have

L_Y(l _ L—l)S—Y—l

gr(L) =gy(I; L) = rGS_71)

The next two propositions explain that gy, . y,, are well-defined as elements of the
“dual” space of compactly supported continuous functions on the Weyl chamber W)y .

Proposition 7.10. Let f(Ly) be a compactly supported continuous function on Wy.
Then the function

~ ~ dL
Ly~ /gY(LN;LN)f(LN)L;N, (7.18)
=N

is also compactly supported and continuous.

Proof. We evaluate the integral (7.18) using expression (7.16) for gy as

~ Syl
dLy, 1 Ina / dty_, -
v 1-— - 14 , L —yyn_15Ly).
/ LT F(S—Y)( LN,1> fUy_1. L) T f-yEy_1: L)

By Lemma 7.6, the integral in the variables £, _; defines a family of continuous bounded
functions in L »;, depending on L v 1. The (improper) integral in Ly is convergent both
at Ly 1 and oo (the latter because f vanishes for Ly 1 large enough). This proves the
claim. O

Proposition 7.11. Let f(L ) be a compactly supported continuous function. Then the
integral

dLy

Ly

is absolutely convergent.

Proof. This follows from Proposition 7.10 applied recursively after expanding gy, ...y,
using the branching rules (7.17). |

7.5. Convergence of the sqW functions as ¢ — 1. Here and in the following subsection
we establish that the spin Whittaker functions fy (L) and gy(L,) are scaling lim-
its, as ¢ — 1, of the spin g-Whittaker functions F) (x1, ..., xy) and FZ(yl, ey Vi),
respectively. Recall that they also depend on two parameters, g € (0, 1) ands € (—1, 0).

First, in this subsection we deal with the non-dual functions. Let us fix a scaling of
all parameters.

Definition 7.12 (Scaling). We consider the following renormalization of parameters:
xi=q%, s=—¢% A =llog,(1/Li))]. (7.19)
We will assume throughout that
§>0, |Xil<S§, —and 1=<Ljy1j1 <Lij=<Liu,
for all i, j. Therefore, the pre-limit quantities in (7.19) satisfy s € (0,1), x; €

—1 i+1 i i+1
iy < AHFL < AL < \b
(—s,—s7"),and 0 < )‘,/+1 < )»J < )»j .
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For any triple of real numbers 1 < f3 < €, < {1, set n; := Llogq(l/ﬁi)J (so
0 <n3 <ny <mp).

Lemma 7.13. With the above notation, for any function f : Z — R we have

Z fna) = f L p(og, (/e 2 (7.20)
s o Ag(l3, €2, £1) 4 0 :
where
—logg ifns <ny <ni;
min(¢y,¢g7"271) dr’. lo nyp i < o = -
Aq(&,ﬂz,ﬂl)::/ €h _ Jloe@ty dms < =ns g )
max(t3.472) 6 —log(g"™*€3) ifny =na <ny;

log(€1/¢3) ifny =ny =ny.
When €3 = £, the integral in (7.20) is understood in the limiting sense.

Proof. This follows by observing that A, is the measure of intervals where the function
0y +— Llogq(l/ﬁz)J is constant, and simultaneously £ lies in the interval [£3, £1]. O

The rescaled spin g-Whittaker functions are defined recursively as

N—1
(q) . 1 .
fxy@Ln-1:Ly) = Fyn jpn-1(xn) ;

N=D =N 1!:[1 Ay(Lnk+1, LN—1%, L k) M scaling (7.19)

1
_ qlelogq(l/Ll,nJ;

A
L) =x!
scaling (7.19)

dLy_;
1, Ly) = / B (v F (L3 L) 7
N 1
The next theorem is the main result of this subsection:
Theorem 7.14. We have
: (q) _
lim 1)y = P (7.22)

uniformly on any compact subset of Wy.

Pointwise convergence in (7.22) is a consequence of a simpler result stated in Lemma
2.2 of [BCl16a] (reproduced as Lemma C.1 in Appendix 10.5):

g™
im ("B—q)o‘) = (1—0)B4, (7.23)
9—1 (€g”: @)oo
forany £ € (0, 1) and A, B > 0.
By (7.23) and through a repeated use of the identity
4 ry@® ;
(qb Dn =1,_0+1,-; q( )( )b a(é] CI)oo (7.24)
(q”; @n ~Ty(@) @ @)oo

where I'y is the g-Gamma function (A.5), one readily gets the pointwise convergence
of the branching function f(q) (Ly_1; Ly) tofx(Ly_1; Ly). Nevertheless, for the finer
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uniform convergence result of Theorem 7.14, a slightly more accurate analysis of ratios
of g-Pochhammer symbols appearing in the sqW functions is required. We postpone
this technical discussion to Appendix 10.5. Let us summarize the main technical result
proven in Appendix 10.5:

Proposition 7.15. Let f (L _,) be a continuous function on Wy_1. Then forany L €
Wy we have

tim [ £ 8 i L) P = [ £ i L) T

N 1
(7.25)

and the convergence is uniform on compact subsets of Wy.

The continuous function f in Proposition 7.15 can also be replaced by a uniformly
converging sequence:

Corollary 7.16. Let f(q)(LN_ﬂ be a sequence uniformly convergent as ¢ — 1 on
compact subsets of Wy _1 to a continuous function f(Ly_;). Then

tim [ 70 18 Ly L) L = [ e L) P

N 1
and the convergence is uniform on compact subsets of Wy.

Proof. This follows from Proposition 7.15 and the fact that for fixed L , € Wy, the func-
tions Ly_; — f(q)(LN_l; Ly)and Ly_; — fx(Ly_;; Ly) are compactly supported
on Wy_1. O

Proof of Theorem 7.14. For N = 1 we have

f(q)(L) LIqu(l/L)J ﬁ L~ X — le(L)

uniformly with respect to L > 1 varying in any compact domain. Corollary 7.16 then
implies Theorem 7.14 by induction on N. O

7.6. Convergence of the dual sqW functions as ¢ — 1. We now establish the conver-
gence of functions F* to the dual spin Whittaker functions g. The scaling of parameters
we adopt is that of Definition 7.12. For consistency with the previous sections, dual
functions will depend on y variables for which the scaling is

yi =q", ;| < S. (7.26)

For two interlacing arrays Z « < L define the rescaled dual spin Whittaker branching
functions

k
1
@) 7 S—Y, *
gy, Ly L) = (1 —g)° ™ ~ ~ Foy 56 (k) ,
¥y ;Ell Ay(Lij, Li,j, Lk, j—1) M/ scaling (7.19),(7.26)

(7.27)
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where, by agreement, Zk,o = 00, and A, is given by (7.21). In particular, the rescaled
one-variable function is (assuming L > 1 and ¢ close enough to 1)

S—
1 @ Dpeg, 0] g llog; (/1)
(—logq) (43 D |10g,1/1) |

For interlacing arrays of different lengths L,_; < L;, we set gy Lk sLy =

<q) ((1, Ly_;); Ly),as before. Define the rescaled dual spin g-Whittaker functions recur-
swely as

oy (Cey) Ly LN)— ifN < M,
—N

(/g%{ﬂn,ggN Doy Ly BLy)F LIt ey -y,
N 1

(9)
gY] ,,,,, YM(

The next result establishes a weak convergence of rescaled branching functions g(@).

Theorem 7.17. Let f (L ) be a compactly supported continuous function on Wy. Then

. ~ dL ~ dL
lim / gy (Ly: Ly) f(Ly) =X = / gy (Ly; Ly) f(Ly) =2, (7.28)
Und Ly Ly
and the convergence is uniform with respect to Z N

Proof. We start by rewriting the branching function g(q) (Ly; Ly) as (this follows from
straightforward algebraic manipulations with (7.27))

@ Ou g5
(q: q)kff_xﬁ Ay(Lg,1, L1, 00)

q £ (6,1 Ly).

The integral in the left-hand side of (7.28) becomes
S—Y. ~
/dujqnﬁq R B D
L,lcl (@3 @k 5% Ag(Li,1. L1, 00)

dl ~
/ I =1 f(q Cr—1: L) f&_qs Li,1)- (7.29)
Zk—1

The inner integral involving the function f(f;, is uniformly (with respect to Z ) convergent
to

dey_, ~

I f—Y(ﬁk_ﬁLk)f(ék_ka,l)
L1

by virtue of Proposition 7.15. On the other hand, the term inside the parentheses in (7.29)

is uniformly convergent to

-Y

k,1 =4 S—-Y—1
——(1—-L L ,
(s — Y)( k1/Lk.1)
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when Ly 1 is keptaway from L k,1- Moreover, the term inside the parentheses is absolutely
bounded by const x (1 —Lk 1/ Lk, D57 Y= when L1 approaches Lk 1, thanks to Lemma
C.2. Since the resulting term after the ¢ — 1 limit coincides with the expression (7.16)
for the dual branching function gy (L 5; L), we are done. O

Similarly to Corollary 7.16, we can let the test function f depend on g:

Corollary 7.18. Let @ (L N) converge, asq — 1, to acompactly supported continuous
Sunction f(Ly), uniformly on Wy. Then

dL ~ dL
iim / 0 Ly L) fO L) Y = f or@y: L) Ly Y
=N L

and the convergence is uniform with respect to L ;.

7.7. Properties of the spin Whittaker functions. In this subsection we describe the prop-
erties of the spin Whittaker functions which follow in the ¢ — 1 limit from the corre-
sponding properties of the spin g-Whittaker functions.

Proposition 7.19 (Symmetry and shifting). The spin Whittaker function fx, . xy(Ly)
is symmetric in the X;’s for all L, € Wy. They also satisfy the shifting property:

PXpxy@ly) = a X177y oy (Ly),  a> L
Proof. The symmetry follows from the corresponding symmetry of the sqW polyno-
mial F) (x1, ..., xy), which ultimately is a consequence of the Yang—Baxter equation.

The shifting property can either be deduced from Proposition 2.9, or obtained in a
similar way by noting that the branching spin Whittaker functions themselves satisfy
fx(aLy:aLy) = a=Xjx (Ly: Ly)- O

We now turn to Cauchy type identities for the spin Whittaker functions.

Theorem 7.20 (Skew_Cauchy type identity). Assume |X|,|Y| < Sand X +Y > 0.
Then, for any Ly _q, Ly we have

LN
/fX(LN 15 _N)QY(LN, _N)_

DX+ (25
TS+ X)T(S+Y)

dZN 1
/ @y In)ay @y Ly ZN=1 (7.30)
LN 1

and, when N = 1 we have
dLi F(X +7Y)

/fX(Ll Doy (Li1; L) Ll TGS+X) fx(L1,1). (7.31)

Proof. We first observe that (7.31) is equivalent to the integral representation of B(S —
Y, X+7Y).

In order to prove the general case (7.30) we use Corollaries 7.16 and 7.18. Take a
compactly supported continuous test function ¢ (L _;), and set

q’f(LN)i=/¢(LN DixLy_is Ly) Ly,
N—l
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Qg(ZNq)::/gY(LN Ly oLy 1) 4Ly L
N 1

Analogously define <I>(q) and CI>(q) by substituting respectively fx and gy with f(q) and

g()f]) in the above forrnulas. It follows from the skew Cauchy Identity for sqW functions

(Proposition 2.21) that

dL
f 3 Lya i L) T

(X +Y)ry(29) @~ dLy_,
T TS+ X)Ty(S+7Y) % Ly Ly @y Ly 1) To (7.32)

By Corollary 7.18 we have @g") — @ uniformly, and further ® 4 is compactly supported
and continuous by Proposition 7.10. This implies, by Corollary 7.16, that the right-hand
side of (7.32) converges to

T(X +Y)[(25)
T(S+X)I(S+7Y)

/fx(LN 1»_N)¢’ (Ly_ 1) Ly L.

N 1

The integral in the left-hand side of (7.32) is absolutely convergent when X + Y > 0.
Since d>§q) — @; uniformly by Proposition 7.15, Corollary 7.18 implies that the left-
hand side of (7.32) converges to

o dLy
Pj(Ly)oy (Ly: Ly)
Ly
Since the function ¢ was arbitrary, equality (7.30) follows. O

Corollary 7.21 (Full Cauchy typeidentity). Let N < M and | X;|, |Y;| < S, X;+Y; > 0
foralli, j. We have

N
N
1—[ X, +Y;) <l—[ I'(X; +Y)r'2s) ) (7.33)
izl ra+Xy) iy CS+X)I(S+7Y;)

Proof. Immediately follows from Theorem 7.20 and the branching rules for the functions
f. g u]

We also have an identity involving a single spin Whittaker function:
Proposition 7.22. Let | X;| < S. Then we have

N-1 B
/ frxn L) T (1 - LN"/H)% tdlng TS+X)- T(S+Xy)
Lyn=1 Lyees AT . Ly, L]1V+§ TSN+ X1+ +Xy)

Proof. This is a scaling limit of Proposition 2.11. O
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We now consider the scaling limits of eigenrelations for the sqW functions stated in
Theorems 3.9 and 3.10. This produces two operators acting in the X; variables which
are diagonal in the spin Whittaker functions. For the next definition we use the shift
operator

Tx f(X):= f(X +1). (7.34)

Definition 7.23. For any N > 1 set

Dlzziﬁxi—”%{. D, ZE'Iﬂ[ i 71
i X=X : it Xi XJ T
J#i J#i

The next proposition represents a partial generalization of eigenrelations satisfied by
Whittaker functions (e.g., see [KLO1]).

Proposition 7.24 (Eigenrelations for spin Whittaker functions). We have

Difxy..xy (Ly) = Ly'y Fxi..xy (Ly),
5ITX| ..... XN(LN):LN,lfxl ..... XN(LN)'

Proof. We easily see that operators Dy, 51 are limiting forms of ®1, 51 (Definition 3.6)
under the scaling (7.19). At the same time we have ¢g*¥ — L;,}N and ¢~ — Ly
under the same scaling. Therefore, (3.11), (3.15) and convergence (7.22) imply the
claimed eigenrelation. O

7.8. Formal reduction to the usual Whittaker functions. Just like the sqW polynomials
reduce to the g-Whittaker polynomials setting s = 0, it should be possible to prove
that, under the correct scaling, our spin Whittaker functions converge to the Whittaker
functions. An evidence for this is suggested by the following computation.

Set

L = SH1720uei - X = —iay, (7.35)
then, in the limit § — oo we have

I3 L Xis1 k+1 k
) I—— {mk (z s — z)} ;
i=1

L1 k1 -+ Lis11 P

N\ S—Xpei—1
(1 _ Lk,l ) exp{—e“"*i_L’k+'~i};

Li+1,i
L . St+Xp+1—1
(1 _ k+1,i+1 ) exp {—euk+|’i+l_uk’i} : (736)
Ly,
Lk+1,i+1 1-25
1] - — e S
Lii,i

45STB(S+X,S—X) — 5 27
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All the limits in (7.36) are straightforward (note that the last one requires the Stirling
approximation). Thus, the branching function f, rescaled by a factor depending solely
on S, converges locally uniformly to the Baxter Q-operator QN =N=1(7.2) for the usual
Whittaker functions:

N-1

4o \ 2 scaling (7.35) =
(m) fXN(LN_ﬁLN) T‘—> QN N= I(MN’EN—I)'

These computations suggest that the same type of convergence should hold for the
full functions. Namely, under (7.35) and as § — +oo, the spin Whittaker functions

fx, (Ly) rescaled by 45 '7w/16%) e should converge to the usual Whittaker func-
tions v, (u ). A proof of this convergence would require a finer analysis to justify the
exchange of the S — +ooc limit and integration, and goes beyond the scope of this paper.

8. Spin Whittaker Processes and Beta Polymers

In this section define spin Whittaker processes, and establish their connection with two
beta polymer type models introduced in [BC16a] and [CMP19], respectively.

8.1. Spin Whittaker processes. The definition of spin Whittaker processes is a straight-
forward analogy of the discrete level §/®& processes (Definition 4.3). The key role
is played by the Cauchy type identities (established for spin Whittaker functions in
Sect. 7.7).

Definition 8.1. Set X = (Xy,..., Xy) and Y = (¥y,..., Y7), with | X;|, |[Y;| < S
and X; +Y; > Oforall i, j. The (ascending) spin Whittaker process is the probability
measure on interlacing sequences L N(T) = (L.i(T))1<i<k<n (thatis, on the Gelfand-

dL
Tsetlin cone GT , (7.7)) with the following density with respect to the measure = =
=N

a’L/,.
H1<l</<N L .

Fx, (L)fx, (L Ly) -+ - fxy (Ly—_1: Ly)ay (Ly)
Inx;y '

The normalizing constant in (8.1) follows from the Cauchy identity of Corollary 7.21:

nx;Y) = ! F(X1+Y/')(N LX; +Y)raes )
* _]1:[1 T(S+X1) EF(S+X,-)F(S+X/) :

Px:v(L,) = (8.1)

For the next result we denote the ascending sqW/sqW process, subject to the rescaling
(7.19), (7.26), by

e (LD (Lys Ly -0 (Ly 1 Ly)gy (L)
l'I(ff)(X, Y)
where the normalization constant is (cf. (7.32))

H(Q)(x.Y)_ﬁFq(Xl"'Yj) (ﬁ Iy (Xi +Y;)I'¢(25) )
’ _j=1 Ly(S+X1) i=2Fq(S+Xi)Fq(S+Yj) '

Py L,) =

’
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Theorem 8.2. Under the scaling (7.19), (7.26), the ascending sqW/sqW process con-
verges weakly to the spin Whittaker process

Py — Frov. (8.2)

Proof. For any continuous bounded test function (L N) on GT ) we have

]E(q)(d)) LN ((1)(

Ly)

@ x; Y)/
dLN—l (q) @) (q)

/L_ fx, (Lfy, (Lys L) -+ fx, (Ly—13 L)@ (L) (8.3)
=N-1

The integral is absolutely convergent and as a consequence of Corollaries 7.16 and 7.18
it converges to the average E(¢) with respect to the spin Whittaker process. O

Remark 8.3. Developing the argument sketched in Sect. 7.8 it should be possible to show
that the spin Whittaker process of Definition 8.1 converges to the o-Whittaker process
from [COSZ14], [BC14]. In this case the correct way to rescale the random variables
Ly i(T)is

Lk,i(T) — ST+k+172i€uk‘i(T). (84)

In the limit S — oo the process {ux ;(T): 1 <i < k < N} should be then described by
the density

Ol 0y, 00 0% g, uy) -+ QNN ., uy 0¥ ()
[T T DX + 7))

where Q1K and Ay are given in (7.2) and (7.4), respectively.

; (8.5)

8.2. Strict-weak beta polymer model. We will now recall the strict-weak beta polymer
introduced in [BC16a].

Definition 8.4. Let B; ; ~ B(X; +Y;, S — Y;) be a family of independent beta random
variables. The strict-weak beta polymer model partition function Z(i, j),i > 1, j > 0,
is the random function satisfying the recurrence
Z(i, j))=2G,j—-DBij+ZGi—1,j—D - Bi;) forl <i <j;
Z(,j)=Z2(1,j—- 1By for j > 0O;
Z(i,0)=1 fori > 0.
Note that all the partition functions Z(i, j) belong to (0, 1]. In particular, the probabil-

ity distribution of the strict-weak beta polymer is completely determined by the joint
moments.

Proposition 8.5. Recall the q-Hahn vertex model height function Hq Hahn (Sect. 6.4).

Define Z9 (i, j) =g My a0, Then, under the scaling (7.19), Z9 converges weakly
to the strict-weak beta polymer partition function:

ZD3, j) —> Z(3, j).
qg—1
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Proof. This result is equivalent to Proposition 2.1 of [BC16a] in the homogeneous case
X; = X,Y; =Y foralli, j.One can easily check that the proof given there also works
in our inhomogeneous setting. O

Theorem 8.6. The marginal process {Li (T)"':k = 1,...N, T > N} of the spin
Whittaker process 3xy is equivalent in distribution to the strict-weak beta polymer
partition functions model {Z(k,T): k=1,...,N, T > N}.

Note that since L «(T) € R, we have kak(T)_1 € (0, 1], which agrees with the
range of the beta polymer partition functions.

Proof of Theorem 8.6. This is adirect consequence of Theorems 6.13 and 8.2 and Propo-
sition 8.5. Indeed, the last row marginal of the sqW/sqW process is matched to the g-Hahn
vertex model height function, and in the limit ¢ — 1 this implies that the last coordinate
marginal of the spin Whittaker process is matched to the beta polymer Z(i, j). O

Let us make two remarks on this result.

Remark 8.7. A weaker version of Theorem 8.6 that matches Ly, x; (T)~! and Z(k;, T)
for each single time T can alternatively be proved using moment formulas. Namely, the
eigenoperators of Definition 7.23 may be used to extract multiple integral formulas for
the joint moments of Ly, , (T) ~! under the spin Whittaker processes. These formulas can
then be matched to the ones for the joint moments of the beta polymer. The latter in the
homogeneous case are obtained in [BC16a, Proposition 3.4], and their inhomogeneous
generalization is rather straightforward, cf. [Pet21, Proposition 6.1].

Remark 8.8. Tt was noticed in [BC16a, Remark 1.5] that under the scaling Z(i, T) =
ST=i*17(i, T) the process z(i, T) converges, when S — o0, to the strict-weak gamma
polymer model introduced by Seppéldinen in an unpublished note and studied in [OO15],
[CSS15]. This scaling of polymers corresponds to the scaling (8.4) for the full spin Whit-
taker process. As S goes to infinity, Theorem 8.6 turns into the matching between strict
weak gamma polymer model and o-Whittaker process that was originally discovered in
[OO15]. This observation is another piece of evidence supporting the formal S — +oo
scaling described in Sect. 7.8.

8.3. Another beta polymer type model. Let us now recall the beta polymer type model
which was introduced in [CMP19]. We employ notation from Appendix 10.5.

Definition 8.9. The random function Z (i, j),fori, j € Z>¢ is defined by the recurrence

1 for j =0,
Z(,j—1)By; fori =1,

Lo s s S (86)
Wi’jZ(l,] -+ - Wi’j)Z(l —1,)) ifZ@G, j—1)>2ZG—-1,j),
A=W NZG. j— D+ W5ZG—1,j) i ZG.j—1) <Zi—1.)),

ZG, j) =

where El’ i~ 31X, + Y;, S — Y;) are independent inverse beta random variables,
and

Zi—-1,)—-ZG—1,j—1
ZG,j—-D)—ZG—-1,j—1)
ZG,j—D)—ZG—-1,j—1)
Zi—-1,)—ZG—1,j—1

Wi?ng\[ﬂﬁ_l (25—1, Xi+Yj,S—Yj),

(8.7)

WS ~ BB~ (23—1, ,X,~+Y,-,S—X,->.



Spin g-Whittaker Polynomials 1393

Fori > 1, j > 0, we have 2(1’,]‘ —1) # Z(i — 1, j) with probability one.
Proposition 8.10. Recall the 4¢3 vertex model height function H;l(i, J) (Sect. 6.5).

~ ul s
Define Z'D (i, D= qud’ @, Then, under the scaling (7.19), Z9 converges weakly
to the process Z:

Z9DG, jy — Z, J).
g—1

Proof. Inthe homogeneous case X; = 0,Y; = Y foralli, j, this was provenin [CMP19].
The same argument also essentially applies to the inhomogeneous case, and we will not
repeat the computations here. The non-trivial part of the proof is to understand how the

X; parameters appear in the definition of W< W> The interested reader can check
the validity of our statements starting from (6 12) and reproducing the computations of
Section 4.3 of [CMP19]. |

Theorem 8.11. The marginal process {Ly1(T): k = 1...N, T > N} of the spin
Whittaker process Bx.y is equivalent in distribution to the process {Z(k,T): k =
1,...N, T = N}.

Proof. This is established similarly to Theorem 8.6 by combining the matching of The-
orem 6.17 with the ¢ — 1 scaling limits. O

8.4. Reduction to log-gamma polymer. Here we show that the model V4 (i, j) of Defini-
tion 8.9 reduces, as S — +00, to the well-known log-gamma polymer model introduced
in [Sep12]. This proof is more involved than the rather straightforward observation for
the strict-weak beta polymer (Remark 8.8).

Definition 8.12 (Log-gamma polymer). Let{g; j: i, j € Z>1}be asequence of indepen-
dent inverse gamma random variables, g; ; ~ Gamma_l(X i +Y;) with density (A.8).
The random function 7 defined by the recurrence

8, @i —1,/)+ZG, j—1) ifi,j>1landi+j > 3;
Z(, ) = 1811 ifi=j=1 (3.8)
0 else,

is the point-to-point log-gamma polymer partition function.

The log-gamma polymer model was introduced (with a proof of its exact solvability)
by Seppildinen in [Sepl2]. One can view Z(i, j) as a partition function of up-right
directed paths from (1, 1) to (i, j), where the weight of each path equals the product of the
quantities g;/ ;- along the path. In [COSZ14] the log-gamma polymer model was given
a powerful combinatorial interpretation using Kirillov’s geometric RSK (Robinson—
Schensted—Knuth) algorithm. This showed the distributional matching of the log-gamma
polymer with a marginal of the Whittaker process (8.5).

The next statement shows that the log-gamma polymer model can be obtained in a
S — +00 scaling limit from the beta polymer like model of Definition 8.9. Modulo
Remark 8.3, this together with Theorem 8.11 produces an alternative derivation of the
results of [COSZ14].
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Proposition 8.13. Consider the scaling Z (i, j) = SI+=125) (i, j) of the process from
Definition 8.9. Then the rescaled process ZS) converges weakly to the log-gamma poly-
mer:

289G, j) — ZG, ).
S—o00

Proof. We argue by induction. When i = j = 1, then 2 (1,1) = S8 1(X; +
Y1, S —Y1). In the large S limit this converges to Gamma ! (X1 +7Y1), which is precisely
7, 1).

Fix i, j and assume that for all i/, j* such that i’ + j/ < i + j the convergence
Z8(’, i) — Z(’, j') holds. Let us compute the densities of random variables S~ ! Wi’>j

and §7! Wl.fj, that are rescalings of (8.7), in the large S limit. We show the computations

only for Wi’>j since the other case is very similar. The density of §~! Wifj (depending on
the variable x € (0, 1)) is, from (8.7) and (A.9), equal to

Xi+Yj+1 S-Yi—1
@ =-5) (S +Xi)
N'(X;+7Y)) SX+ir(S —v))

25—1 28— 1,8+ X; 1
x(1 = ps) 2F1( S— Y, ps<1—§ ; (8.9)

where
Zi-1.p-Zi-1,j-1) ST -1,)-F0G0-1,j-1)
§ = ZG,j—-1D—ZG—1,j—1) SZOGj—1) =280 —-1,j—1)
CZi—1,))
P=za -1

is smaller than 1.
The limit of the first few factors in (8.9) is straightforward:

~

- )T rsexn (e

X

r'X; +Y;) SXi+tYip(§ — Y;)) S$—oo M'X; +Y;)

To compute the limit of the Gaussian hypergeometric function, we use the Euler trans-

formation
2F (“’C”)z) = (1=27 " (C_“’CC "’(z>,

so that the remaining terms in (8.9) become

25—1
I —ps ( ps\—Xi—Yj —S—Yi+1,-X;—-Y; 1
s - +—) F ik A f’ 1——)).
(l—ps+’§;> ps Sx 211 S—v, pPs Sx

We have

25—1
1— —Xi—Y; o
(_m) (1-pss Y57 ¥ - gy,
1-— + &5 Sx S—o0
pPs Sx
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whereas

-S-Y;+1,-X; - Y; 1 -X;i =Y
F o, /‘ l—— || —— 1F ' f)—
2 1( S—v; Ps( Sx)) P o( _ p

— (] +p)Xi+Yf.
Our computations imply that

-1, ) 436 7 —1
iy, Bl D
S—oo  z(i, j 1) —z(i I, J)

Gamma_l(Xi +7Y)).

Essentially repeating the computations for §~! Wifj , we obtain

-1 )+ = 1)
S—»oo  z(i—1,j) =231, j—1)

Nk W

Gamma ™' (X; + Yj).

Thus, we see that in the scaling limit as § — +o0, the beta polymer like model recur-
rence relation (8.6) becomes (8.8), the recurrence for the log-gamma polymer partition
functions. This completes the proof. O

9. Deformed Quantum Toda Hamiltonian

In this section we consider the scaling limit of the Pieri rule (2.32) which states that
the spin g-Whittaker polynomials F; (x1, ..., xy) are eigenfunctions of an operator
acting on the label ). This scaling limit leads to an eigenoperator for the spin Whittaker
functions. This operator acts as a second order differential operator in the (additive
versions of the) variables L. We call is the S-deformed quantum Toda Hamiltonian.
Our scaling of the Pieri rules are inspired by [GLO12b] where the Pieri rule for the g-
Whittaker polynomials was understood as a discretization of the (undeformed) quantum
Toda Hamiltonian.

9.1. Refined Pieri operators. We start by refining the Pieri operator (1L f)(n) =
> fOOFE /H,(v) introduced in (2.33), by considering its expansion in powers of v.
Recall identity (2.32) which states that

1 N—-1 N
&) = ((m) []a +xiv)> ), fO) =TFalxr, ... xn).

i=i

Defining $; by

N
(1 — o)V 1ot = 3 "ok gy, (9.1)
k=0

we see that

D = ex(x1, ..., xn)Fy. 9.2)
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The action of the $;’s on functions f(X) can in principle be recovered using the
vertex weights w™* in Fig. 4 (without the denominator 1 — vs) which compose the sHL
functions (1 — vs)V~! F e In the simplest cases k = 0 or N one can verify that

57)0=Id, ﬁN=7;,L1"'7;LN3

where 7 is the shift operator

flu+e), ifpu; <pjqori=1
0, otherwise.

(T, 1) () =

Indeed, $Ho requires no vertical arrows to change from w to A, and $Hy corresponds
to adding a full horizontal path starting at zero and ending at N, so that the arrow
configuration corresponding to A is obtained from the one for © by adding one vertical
arrow at location V.

When 1 < k < N — 1, explicit formulas for $; look significantly more involved. We
need only the one for k = 1, and will not discuss the other operators Sﬁk.s In the next
statement, by agreement, we set (Lo = +00, [Uy+] = —OO.

Proposition 9.1. We have

N1 =hoold+ Z hice Ty -+ Tigs
O<k<t<N

with
N—-1
hoo = —s Z griTrin,
j=1

hk,@ =(1-— q#k—ﬂkn)(_S)f—k—lqﬂml—m(1 _ qull«l—ll«ul).

Proof. Express the action of ) as

H1f(w) =Y H@ M0,

<A

where the term H (i; A) corresponds to the weight of a row of vertices having a config-
uration A at the top and pu at the bottom. Recall that we are using down-right directed
paths as in Fig. 4, and all the individual vertex weights are multiplied by (1 — vs).
Observe that each vertex H— somewhere in the bulk comes with the weight v(1 —
g"i~Hi+1) Therefore, terms proportional to v can only come from configurations with no

horizontal arrows H H H H H or with a single sequence of horizontal arrows

The first case, corresponding to A = u, provides us with the

term hg . For the latter case, let k be the column of the leftmost vertex emanating an
horizontal arrow, and let £ be the column where the single horizontal path stops. Such
configuration corresponds to a partition A = i +ex4] + - - - + €. Isolating the coefficient
of v in the expansion of product of vertex weights, we recover hy ¢. O

5 Appropriate scaling limits of the higher operators $); could potentially lead to higher order differential
operators commuting with the deformed quantum Toda Hamiltonian 3, introduced below in this section. We
leave this investigation to a future work.
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9.2. Scaling of the Pieri operators. Introduce the differential operators acting in the
variables uy, ..., un:

Hi= ) 9.3)

N
1 i) 1t
Hoi= =3 .§1agi+ d SIS = 3,)(S + D). (9.4)
1=

I<i<j<N
In the second operator, the product is understood in the usual way as
(S =0 )(S+0y;) = S?1d + S(0u; — Ou;) — Ou; Ou; -

For the next result we define the rescaling

_ , et -
g=e¢*, qh= SN S = 5, 9.5)

Proposition 9.2. Under the scaling (9.5), we have

1
H; = lim — (9 — N),
e—>0¢

1 1 3
=—1lim — (9 —N+-9% — 29y += .
96 = — lim — (f_)l N+ 595 — 29y + 2)

We remark that the combinations of the refined Pieri operators leading to 3 and 3,
are the same as in the g-Whittaker case [GLO12b, Proposition 2.1], and correspond to
the scaling of eigenvalues in the proof of Theorem 9.3 below. The scaling (9.5) of the
variables, however, is different.

Proof of Proposition 9.2. First, expand the shift operator as ¢ — 0. From (9.5) we see
that the increment by 1 in y; corresponds to the increment by log(g~!) = ¢ in the scaled
variable u;. Therefore,

2
&
T, = 1d + 60y, + 73@ +0(e?),

and hence

L 2
&
Ty - Ty =1ld +e Z Oug + 5 Z Oug,up + o(e?).

a=k+1 k+1<a,B<t

This implies that

N

1 3

Eﬁ%\/ — 29N + 5= —¢ Zaui +0(£2). 9.6)
i=1
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Next we address the scaling of £1. Set

Sk pue = ifl<k<¢<N,
ak.¢ = 0

else.

Expanding the coefficients &y ¢, we have

N-1

2
) 2
hoo = <1 —6‘S+7S > E aj j+1 +0(e7),

j=1

and (recall that we assume k < £)

hie = (k1,6 — kg — Qral 41 + Ak 041)

+ 85{ — (£ —k — D(@r+1,0 — ax,e) + (€ —k + 1) (ar+1,041 — ak,€+l)}
& 2 2 2 2
+ 75 (€ —k — 1) (aks1,e — ake) — (€ — k + 1) (k1,041 — Ak e+1) { +0(7).
Together with the action of the shifts 7, we see that hy ¢ 7Ty - - - Ty expands as

(k1,6 — ke — Grs1,e41 +ag e41) Id

+8{ =S —k—D(aks1,e — ak,e) Id + S — k + D) (ags1,041 — ag,e+1) Id

¢
+ (ake1,6 — Qke — Qkal 041 + Ak, e41) Z 3ua}

a=k+1
2

&€
> {S2<e —k = D (arer.e — ar.e) 1d — S2(C — k + D> (k1,041 — ar.e41) 1d

2
+ (Qk+1,0 — Ake — Akl 01 + Ak e41) Z 9

Ug,Up
k+1<a,B<t
¢
+28( = (€ =k = D@re1.e — ae) + (€ = k+ D(@re1.001 — @ e01)) Y Bua} +0(e?).
a=k+1

To evaluate the summation Y o gy Pk.¢ 7., - - - Ty, » We use the identities in Propo-
sition D.1. We obtain
ho,o + Z i e Ty - '774@

0<k<t<N

N | X
=N+ey o, +e 5 doop = Y SHDeiT (S —8,,) (S+du,) ¢ +0(D).
i=1 i=1

I<i<j<N

Together with (9.6) this yields the proof.



Spin g-Whittaker Polynomials 1399

For the next result we employ the spin Whittaker functions in the additive parameters
u;, where the multiplicative parameters Ly = (Ly,n, ..., Ly,1) are expressed through
the u;’s as

Ly, = SNt1=2pui, 9.7)

Denote the spin Whittaker function fy(L,) in the additive parameters by f;}d‘l
(ug,...,uyn). Here X = (X1, ..., Xy) are such that | X;| < S forall ;.

Theorem 9.3. The spin Whittaker functions f;dd (u1, ..., un) in the additive variables

(9.7) are eigenfunctions of the differential operators H; (9.3) and H> (9.4). In particular,
we have

FOfg . oun) = — X+ -+ X0) 59 ),

1
f]fzfzdd(ul,-u,MN) = ~3 (X%++X,2V) fidd(ul,...,uN).

Proof. This result is a combination of the refined Pieri rules (9.2) viewed as eigenrela-
tions for the spin g-Whittaker functions, and the convergence of the functions (Theorem
7.14) and the operators (Proposition 9.2). More precisely, under the scaling x; = e~*%i
for the eigenvalues ey (x1, ..., xy) we have

1
—(el(xl,...,xN)—N) — —X;— - — Xy,
& e—0

and

1

1 3
2 (el(xl,...,xN) —N+EeN(xl,...,xN)z—ZeN(xl, ...,xN)+§)

— l(Xf +-X%).
e—0 2
This leads to the desired results. m|

9.3. Reduction to the quantum Toda Hamiltonian. 1t is natural to call the second order
differential operator H, (9.4) the deformed quantum Toda Hamiltonian. Namely, it is
diagonal in the spin Whittaker functions which (formally) reduce, as S — +o0, to the
classical gl,, Whittaker functions (Sect. 7.8). Further justification to this name comes
from the fact that the operator HH; itself degenerates as S — +oo to the usual quantum
Toda Hamiltonian

1 N N-—1
J_(%"oda — _ 3 Z 831‘ + Z plit1 Ui (9.8)
i=1 i=1

Proposition 9.4. As S — +00, the operator H; (9.4) converges to the quantum Toda
Hamiltonian iH;Oda (9.8).

Proof. The factors S~2U~) 1 <i < j < N, in the sum in (9.4) decay at least as fast
as S72 as § — +oo. Therefore, the only surviving contribution in the limit S — +o0
comes from the terms with j = i + 1, for which we have

SRS = 04, ) (S + Bupyy) —> €T, S — 400,

This completes the proof. O
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10. Desired Properties and Conjectures

This paper developed the spin ¢g-Whittaker polynomials and spin Whittaker functions,
and established many of their properties which are one-parameter generalizations of
the corresponding facts about the g-Whittaker polynomials and gl, Whittaker func-
tions. In this final section we briefly discuss further desired properties and conjectures
corresponding to our deformed situation.

10.1. Orthogonality and spectral theory for spin q-Whittaker polynomials. The q-
Whittaker polynomials satisfy orthogonality relations coming from (the + = 0 degen-
eration of) the Macdonald torus scalar product [Mac95, Ch. VI.9]. This relation states
that the s = 0 versions of F; (z1,...,zn) and F, (1/z1, ..., 1/zy) are orthogonal to
each other when v # A with respect to a certain weight on the N-dimensional torus
™ ={|zil=1,i=1,...,N}.

Remark 10.1. Under the generalization with a spin parameter, the spin Hall-Littlewood
polynomials also satisfy a version of the torus orthogonality (called spatial orthogonality
in [BCPS15, Corollary 3.10], see also [Bor17], [BMP21, Proposition 8.6]), as well as
another biorthogonality involving the summation of over A instead of integration over
z. Here we discuss only the former conjectural orthogonality of the spin g-Whittaker
polynomials.

Define

1 % 2i/2 oo Tx 1
mév,s(zl,---,ZN):m H - - I_;O; HZni-’ 1., 2n) € TV,
T I<i#j<N 82is =8/2ix Qoo <

When s = 0, mtys

mials on TV, which is a t = 0 degeneration of the Macdonald’s torus scalar product
A(z1,---,2N5 9, 1), cf. [Mac95, VI.(9.2)].

reduces to the orthogonality measure of the g-Whittaker polyno-

Lemma 10.2. Both eigenoperators ©1, D1 (3.9), (3.10) for the spin q-Whittaker poly-
nomials are self-adjoint with respect to the scalar product

(f’g>q,s = \/’]\I'N f(Z]a’ZN)g(Zlv’ZN)m;\{g(Zla7ZN)dZ1dZN7

where f, g are Laurent polynomials with coefficients in R(q, ).

Proof. A direct verification. O

Conjecture 10.3. We have for all signatures A, ji:

N
./11‘N FpGoezn) Fu(/zy, o 12y mg sz iN)dzy-rdziy ==y,

(10.1)

where

N—-1

2 Doo (@5 Dirg—rin
6= izt (10.2)
* 1_[ (45 Doo (8% @ry—rin

i=1
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Note that for N < 2 the statement (up to the concrete formula for the norm c;)
follows from Lemma 10.2 and the eigenrelations of Theorems 3.9 and 3.10. However,

for N > 3 the two operators ©1, D are not sufficient to conclude orthogonality.

Remark 10.4. When s = 0, the constant ¢, (10.2) coincides with the ¢+ = 0 degeneration
of the torus scalar product norm of a Macdonald polynomial [Mac95, Ch. V1.9, Example
1].

Let us present one further argument in favor of Conjecture 10.3. It was proven in
[IMS19, Proposition 4.10] that the probability mass function of a tagged particle in the

homogeneous g-Hahn Tasep with parameters v = s and u = —ys is
@GO\ [ n Tz ).
]P’(H(N,t)zﬁ)z( my (21, ..., 2N)
(5% @)oo ™ H (—s; y)
(10.3)
< (_S)N ) (Z(l S)ZN9 q)OO(Szv 51)007 d d
X z1 -+ dzn,
zZ1-0an/) (=821, ..., —SIN oo
. (=52 @)oo .
where I1(z; y) = ﬁ The same probability can be expressed as
—5Y;q)o
Z F}\,(_s7-"7_s))i_[(y—.y)s
reSigny (=s:9)
An=L

Assuming Conjecture 10.3, this sum becomes

N H(Z],y)) < (—s)N )
/Tqu,s(Zl,...,zN)l_[<H( 5 y) 1w

—¢)A
Z ( S) ]F)‘(l/zl""’I/ZN)dZI"'dZN

Ca

L

AeSigny
AnN=0

Here we used the Cauchy Identity and the torus scalar product to express the dual
function I}, and the shifting rule of Proposition 2.9 to take out the monomial of degree
£. Evaluating the sum inside the integral as in (2.13), we recover exactly (10.3).

10.2. Accessing spin q-Whittaker polynomials via free field. In this paper we did not
focus on Fredholm determinantal structures for marginals of spin ¢-Whittaker processes.
These aspects have been covered quite extensively in literature for specific models in the
last few years [Cor14], [CP16], [IS19], [IMS19], [BMP21]. Techniques to access such
Fredholm determinantal formulas usually rely on manipulations with integral represen-
tations of g-moments (as in [BC14], [BCS14]).

In the realm of Macdonald processes there exists an alternative approach to expose
the determinantal nature of specific observables. This is done via a free field realiza-
tion of Macdonald functions and Macdonald operators [FHH+09], [Kos19], see also
[BCGS16] and, e.g., [FW09] for the Hall-Littlewood case. In the yet simpler case of
the Schur processes this reduces to the infinite wedge representation of Schur functions
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[OkoO1], [ORO3]. It would be of great interest to understand to what extent our spin
g-Whittaker functions, operators, and processes admit a description in terms of Fock
type representations of a hypothetical (g, s)-deformed Heisenberg algebra. It is worth
mentioning that an example where symmetric functions coming from solvable vertex
models have been incorporated in the language of Fock space representation can be
found in [BBBG18].

10.3. Sampling and RSK like constructions. The sqW/sHL and sqW/sqW random fields
of signatures (described in Sect. 4) can be sampled using the bijectivization of the cor-
responding Yang-Baxter equations. While these sampling algorithms are well-adapted
to particle system marginals, there could be other randomized procedures to sample the
whole signatures (and resulting in potentially different random fields).

In particular, there could exist distinguished “least random” (i.e., using the least
possible number of random variables) sampling procedures resembling the classical
Robinson—Schensted—Knuth (RSK) insertion algorithms. At s = 0, such (rather com-
plicated) RSK-like algorithms were developed in [MP17] for sampling g-Whittaker
processes. Further setting ¢ = 0 recovers the classical RSK algorithm related to Schur
processes (which we rederive directly from the Yang—Baxter equation in Sect. 5). We
refer to [BMP21, Section 2.6] for a detailed historical discussion of sampling random
Young diagrams / signatures whose probability weights are expressed through various
families of symmetric functions. It would be very interesting to extend RSK-like sam-
pling algorithms to the spin g-Whittaker level.

In the scaling limit as ¢ — 1, the RSK-like sampling algorithms of [MP17] degen-
erate into the well-known geometric RSK algorithms introduced and studied in [KirO1],
[NYO04]. The geometric RSK’s are naturally associated with Brownian and log-gamma
polymer models and gl,, Whittaker functions [O’C12], [COSZ14]. It would be very
interesting to lift geometric RSK’s to the spin Whittaker processes / beta polymer level
developed in the present paper. This beta polymer version of the RSK could arise in the
corresponding scaling limit of the spin ¢g-Whittaker RSK.

10.4. Higher polymer interpretations and random walks. The strict-weak log-gamma
polymer model is matched in distribution to the last row marginals of the Whittaker
process (cf. Remark 8.8). Moreover, this connection extends (via the geometric RSK)
to the so-called higher polymer partition functions, i.e., partition functions of k-tuples
of noncrossing paths (in the same log-gamma environment), k = 1,2, ..., where k = 1
corresponds to the original strict-weak log-gamma polymer [NYO04], [COSZ14]. The
higher log-gamma partition functions are matched with joint distributions of several
components of the Whittaker process. It is very interesting to find similar higher polymer
like interpretations of joint distributions of multiple components in the spin Whittaker
process introduced in Sect. 8.

The strict-weak beta polymer partition function admits an alternative description as
a certain probability for the random walk in beta random environment [BC16a]. Could
multiple components in the spin Whittaker process be matched to certain probabilities
of interacting random walks in beta random environment?

10.5. Further properties of spin Whittaker functions. Whittaker functions have a num-
ber of important properties whose generalization to the spin Whittaker level seems



Spin g-Whittaker Polynomials 1403

potentially very interesting. This includes connections to representation theory [Kos80],
Mellin-Barnes integral representation [GKLOO06], and orthogonality relations [STS94].
We only make a conjecture about the latter which is in effect a scaling limit of Conjecture
10.3.

Conjecture 10.5. For all L, L), € Wy we have

, N iy Lyisi\' ™
/( o 1ZEN 2Ly M D) dZy . dZy = ]1 (1 - ﬁ) 8py-1)»
) (10.4)
where EmISV is the S-deformation of the Sklyanin measure

l—[ r'S+z)H)re —2z)
re)rz; -z -’

MY (2) =
| N
N!Q2ri) I<isj<N

and ‘SLN —L, is a delta function.

In support of this conjecture we note that the eigenoperators D and D for the spin
Whittaker functions (Definition 7.23) are self-adjoint with respect to the scalar product
defined by the S-deformed Sklyanin measure E)ﬁg (this can also be checked directly).
This implies the desired statement for N < 2, up to the concrete expression for the norm
in the right-hand side of (10.4).

The theory quantum Toda Hamiltonians and Whittaker functions extends from gl
to other classical Lie groups [Kos80], [GLO12a]. It would be interesting to extend our
deformation (9.4) of the gl, quantum Toda Hamiltonian to other symmetry (Killing-
Cartan) types.
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Appendix A. Special Functions and Probability Distributions

We use the g-Pochhammer symbol notation (1.5).

A.1. g-beta binomial distribution Recall the definition of the g-deformed beta-binomial
distribution ¢, , , from [Pov13], [Corl4].

Definition A.1. For m € Z>¢, consider the following distribution on {0, 1, ..., m}:
i /s q) (s @m—j (@ Dm
(V5 @)m (@9 (@ Dm—j’

When m = +00, extend the definition as

Oqun(J I m)=p 0<j<m (Al

W/ (W oo
(@D Vi@oo

The distribution depends on g and two other parameters ., v.

©g.uv(J | 00) = j € Z>o. (A.2)
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When 0 < u < 1and v < p, the weights ¢, ,(j | m) are nonnegative.® They also
sum to one:

m
> @qun(ilmy=1, mel{0,1,...}U{+o0}.
j=0

A.2. g-hypergeometric function and related quantities The unilateral basic hypergeo-
metric series 41 ¢k is defined via

o0
aj ... agsl @i, ..., k41 Pn
k+1Pk 1 g,z ) = 7" (A.3)
* (bl-'- b1 ) ,;(bl,...,bk,q;q)n

If one of a; is g™~ for a positive integer y, then this series is terminating. Otherwise we
assume |q|, |z| < 1 for the sum to be convergent. In the terminating case, we also define
the regularized version by

— ay...a g "a...a
k1P (q b: b’;;q,z) =1, b @ - k+1¢>k( by b; . Z:l ;q,z>
(A4)

(g ] /
_Z i) @i, ..., a:9)j (¢’ ... ¢/ brs On—j.-
(@:9)j

The g-gamma and the g-beta functions are

((qu oo (1— q)l—X’ Bq(X, Y) = M for X,Y > 0.
q°.4

Iy (X) = - rX+7)

(AS)

The g-hypergeometric distribution is

(@. b @) (¢, ¢/(@h): @)oo
Vaabeln) = (ac) (. q:q)n (c/a.c/b: @)oo (4.6)

The fact that the weights (A.6) sum to one over n € Zsqo follows from the Heine
summation formula [GR04, (I1.8)]:

(c/a, c/b; q)oo
(¢, ¢/(ab); @)oo

A.3. Spin Whittaker level quantities It is well-known that I'; (X) converges to I'(X)
as ¢ — 1 uniformly for X > 0, where I' is the usual gamma function I'(z) =
fooo e 't*7ldt, z > 0 (e.g., see [And86]). Hence B, (X,Y) — B(X,Y) uniformly
for X,Y > 0, where B is the beta function

291 (Z b s C/(ab)>

_Tory oyl
B(x,y) = —F(x ) /0 7 (1 —1)" dt, x,y > 0. (A7)

6 These conditions do not exhaust the full range of (g, i, v) for which the weights are nonnegative. See,
e.g., [BP18, Section 6.6.1] for additional families of parameters leading to nonnegative weights.



Spin g-Whittaker Polynomials 1405

The inverse gamma distribution I'(«) on (0, +00) with a parameter o > 0 is

x*lfaefl/x

71 _
r (ot)[x]——r(a) . (A.8)

The beta distribution on (0, 1) with (real) parameters m, n > 0 has density

xm—l (1- x)n—l
B(m,n)[x] = ————  forx € (0, 1).
B(n, m)
We also recall that a random variable with negative binomial distribution has probability
mass function

k+r—1
k
andr > 0,0 < p < 1. Sampling x in the interval (0, 1) with B(m, n+k) law, where k is a

ANB(r, p) independent random variable generates the negative beta binomial distribution
on (0, 1). It has the probability density

NB(r, p)[k] = pF(1 — p)’( ) fork € Z>o

_ rom—1 _ \yn—1
BB, p.m, m)[x] = (I=p)Yx™(1—-x) JFy (r, nn+m ‘ o1 —x)) (A9)

B(n, m)
where we used the Gauss hypergeometric function
a,b (@ (b)x 2
F ’ ‘ = _— A.10
2‘<cz) ,;(ok k! (A10)

and (r)y = r(r+1)---(r + k — 1) is the Pochhammer symbol. Note that the inverse
gamma, beta, and the negative beta binomial are continuous distributions, while the
negative binomial is a discrete distribution.

Appendix B. Yang-Baxter equations

In this section we list the Yang—Baxter equations used throughout the paper. We employ
the special function notation from Appendix 10.5.
A.4. sqW/sqW Yang—Baxter equation Let us introduce the cross vertex weight

(=s/y; @) V/x: @iy—jo (@5 @iy

;9 j,(q; @Qiy—jp (=5/%; @i,
(B.1)

Ry y (i1, ji5 12, j2) = Liyajimint o Liys jy (/%)%

This cross vertex weight is involved in the following Yang—Baxter equations:
Proposition B.1. For any i1, iz, i3, j1, j2, j3 € Z>0, we have
D Reylinsiv ko, k) Wy (i3, kis ks, j Wy ks, kas s j2)
ki,k2,k3=0
= ) W (s ia ks, k)W (K, ins j3, KD Ry (K, ks o, ),
K} Kb k5=0
(B.2)

where W* are the bulk weights defined by (2.3). See Fig. 13 a for a graphical interpre-
tation.
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Js Js J2 J J2 g1
i1 2 g iy e KL iy "2 g o | R |
/_|k_ B . / -/_;J i _ | i
ia / oy Ve iz —I—4 J1 iz / k] g —

(a) (b)

Fig. 13. Yang-Baxter equations (B.2), (B.3) correspond to local changes in the lattice illustrated by (a) and
(b), respectively

g \ g R g \

1-¢%sv zv+q9sv ‘ 1—¢? ‘ g7 +vz

i1

Rz v,s 741 ]11127.72

1—sv 1—sv 1—sv

Fig. 14. The cross vertex weights involved in the Yang—Baxter equations for the sHL and sqW vertex weights.
Note that these weights vanish unless i| + jo = j1 +i2

Proof. This is obtained in [BW17, Corollary 4.3] via fusion from the elementary Yang—
Baxter equation for the higher spin sl vertex model. Note that the claim of [BW17,
Corollary 4.3] contains a typo: the spectral parameters x, y in the definition of the cross
vertex weight should be swapped. This is corrected here by defining Ry y in (B.1) with
parameters already swapped. O

Proposition B.2. For any iy, iz, j1, jo € Z>0, we have

D Reylia ivi ko, k)W (k)WY (ki ks 2, )W ()
ki,k2>0 (B.3)

= W2, ()W} (o it oy W3 (),
where W+ are the right corner weight defined by (2.4). See Fig. 13b for an illustration.

Proof. Expanding both right and left-hand side of (B.3) and simplifying common factors
we end up with the identity

lzz(y/ )k J (y/x q)lz k( SX; CI)k i _ (_SY§C])i2—jl
@ Dir—k (@5 Qk—j, (4 Dir—jy

k=]
which follows from the g-Chu—Vandermonde identity (e.g., [GR04, (IL.6)]). |

A.5. Yang-Baxter equations with dual Weights Our additional Yang—Baxter equations
involve the dual sHL weights w} . which are given in Fig. 4 in the text and the dual sqW
weights (2.25)—(2.26). We use the cross vertex weights R , s given in Fig. 14 and the
following cross vertex weights:
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J3 J3 Js 2 Js J2

. . . . . . J . k)
0 e iy e KL o i T ]| iy e |

ks = K, : . ks = A
io kx Ji (2 Ky, o J1 ip k1 | 1o " |

2

i3 i3 i3 i3
(a) (b)

Fig. 15. Graphical representation of the Yang—Baxter equation for dual weights

gP+3202=D (5x) 12 (g Dji

(5% @) j1+i2 (G5 ) jo(@: Qi (—q/(5%); @)iy—jy

= (a7, —sy, —q/(sx)
X (—S/x, g —yg! TR s ‘ )

Rx,y,s(il’ .]19 i2’ ]2) = 1i2+j1=i1+j2

(B.4)

Here 4¢3 is the regularized g-hypergeometric function (A.4). We remark that one of
the first 4¢3 type formulas for vertex weights of the fused six vertex model appeared in
[Man14]. See also [CP16], [BP18] for a probabilistic explanation of the fusion procedure
which goes back to [KRS81].

Next we list Yang—Baxter equations involving a usual and a dual family of vertex
weights. There are two instances of these Yang—Baxter equations, one with sqW/sHL
weights, and another with sqW/sqW weights. Moreover, each of these has two different
forms, in the bulk and at the boundary. In total there are four statements. The bulk
statements are available from [BMP21] (and also can be found in [BW18]), and the
statements on the boundary need to be proven.

Proposition B.3. For any i1, j1 € {0, 1} and iz, i3, j2, j3 € Z>0 we have

D Rawslin ivs ko, k) wiod (s, kis ks, jn) W (s, kas s, ja)

ki,ky,k3>0
+ . Y w470 . ’ ’oar . . (BS)
= Z Wxﬁ.s(l3’l2;k3’k2) Wy,'s (k3yll§]3,](])Rx,v,s(k2,k|§]2,]1)-
K}, k), Ky >0
** See Fig. 15a for a graphical interpretation.
Proof. This is [BMP21, (A.11)]. O
Proposition B.4. For any i1 € {0, 1} and iz, i3, jo, j3 € Z>0, we have
D Ruwslins it ko ki) Wo™(is, kis k3) Wi (k. ko ja. o) Wi ()
ki,ky,k3=>0
+--//_|/>k/--/*-|//.(B'6)
=Y W (300 Ky, k) W () w (K5, s s k) WS, ki o).
K ) 1y =0

See Fig. 15b for a graphical interpretation.
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Proof. Consider separately the cases i1 = 0 and i1 = 1. Start with i1 = 0. We see that
(B.6) is nontrivial only when i> +i3 = j» + j3 (say jo = ip +i3 — j3) and jz > i>. Under
these conditions we have

R 2, 0502, OW (i3, 25 3, ia +i3 — ) Wil (ia +i3 — j3)
+ Ruws(i2, 05ip + 1, DW{ (i3 — 1, ia+ 15 j3,in + i3 — )W (2 +i3 — ja)
=w} (3.0 3. OW] (i3, i3 j3. ia +i3 — B)Wi (2 +i3— j3)
+wy (3 —1,0; j3, DW{ (i3, i j3 — Liin+i3 — 3+ DW7 (2 +i3 — jz+ D).
After the required simplifications, the previous relation reduces to
(1 = g2sv)(1 +sxg” 271 + (xv + svg) (1 — ¢#772)
= (1 —svgP) (1 +sxgB7 27 4+ xv(l — gB72)(1 — s2¢ 57,

that can be checked directly.
When i; = 1, as in the i1 = 0 case, (B.6) is an equality between sums of at most two
terms that after simplification reduces to

(1= g?)(1+5xg772) + (" + xv)(1 — ¢/ 72
= (1 =g (1 452" 72) +x(1 = gP 72w — 5¢7),
which is again checked directly. O
Proposition B.5. For any i1, ji,i2, i3, j2, j3 € Z>0 we have

> Reyulin ins ko k) Wit s, ks ks, j1) Wi (ks ko s, o)
ki,k2,k3>0

) (B.7)
= > Wi i3 ini Ky k) Wity s o k) Ry ys (K5, KL s i)
K}y k>0
See Fig. 15a for a graphical interpretation.
Proof. This is [BMP21, (A.13)]. O
Proposition B.6. For any i1, i2, i3, j1, j2, j3 € Z>0, we have
Z Ry y.s iz, i1 ko, k) WSz, ks k3) Wy (ks ka; 3, j2)Wits () (B.3)
ki.k2,k3=0
(_Sy; t]) P o ’ /. . r.o
= (ﬁ)‘” D W s in Ky k)W ()Wt (ks s . kD W™ (k). ki ).
) oo

K KK >0

(B.9)
See Fig. 15b for a graphical interpretation.

Proof. This follows from the analogous relation (B.6). In fact both the R-matrix R and
the vertex weight W** can be constructed respectively from R and w** via fusion with
respect to the spectral parameter v (see [BW17], [BMP21] for details). The coefficient

% arises from fusion of w** and does not simplify since in the left hand side of
(B.6) the bulk weight w** is missing. One can check that the fusion procedure preserves
identity (B.6) and hence (B.8) holds. |
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We also need a useful summation identity that was stated in a slightly a more general
form in Proposition A.5 of [BMP21]:

Proposition B.7. For |xy| < 1 and under the usual conditions 0 < q < 1 and —1 <
s < 0, we have

6L, 6% Pee(xy; Qoo
(B.10)

3 Rey s 0,00, ) = Y (o)) (=s/x;@)j(=s/yiq)j  (=5X;@)oo(=5Y; oo
j=0

i,j=0

The R-matrix Ry y ¢ is positive if we assume its parameters to be in a specific range:

Proposition B.8 ([BMP21, Proposition A.8], see also [CMP19, Proposition 3.1]). Let
us take the parameters q € (0,1), s € (—./q,0) and x,y € [-s, —s71. Then
Ry,y,s(i1, j15 i2, jo) = 0 for all iy, iz, j1, j2 = 0.

Appendix C. Proof of Proposition 7.15
Lemma C.1 ([BCl16a], Lemma 2.2). Let A, B > 0. Then

€q™; @)oo B—A
a7 9o _ (| yyB-a .1
M B - Y €D

uniformly in £ belonging to any compact subset of (0, 1).

Note that the uniformity in £ in (C.1) is not claimed in [BC16a] but easily follows from
the uniformity of all Taylor expansions involved in the proof in the cited paper (which
we do not reproduce).

Lemma C.2. Let A, B > 0. Then, foralln € Z>1 and all g € (%, 1), we have

s = —q"P 4, (C.2)

where c is a constant independent of q, n.

Proof. Set g = e~%. The result of the Lemma is restated, taking the logarithm of both
sides of (C.2), as

(1 _ efe(A+n+k))
Zlog m — (B — A) log(l — efen) < C/, (C3)
k>0

for all ¢ € (0, —log2) and a constant ¢’ independent of ¢, n. Using Lagrange mean
value theorem, we can rewrite the generic term of the infinite sum as

(1 _ e—a(A+n+k)) e

log (A—-B)

- e—e(B+n+k)) - es(z}+n+k) -1’

where numbers 7; belong to the interval (min(A, B), max(A, B)). We show that for any
positive bounded sequence {# }x C (0, M), with M fixed, the quantity

3 tlog(l—e ) (C.4)
ea(tk+n+k) -1 g € :

k=0
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is absolutely bounded uniformly in ¢ and » and this would prove (C.3) and hence (C.2).
To evaluate the infinite sum over k we fix a positive constant § and distinguish two cases.
Case 1, k > §/¢. We use the estimate
& _ek €
es(tk+n+k) -1 =e 1 — e*(S ?

that implies, summing over k,

e - 1 & <210g2 Cs
k;s;aea(tkwwk)_l—ea_l]_es—eé_l' ()

Case 2, k < §/¢. In this case we use again Lagrange mean value theorem to express the
denominator of the generic term of the summation of (C.4) as

£ e_ggk.n
k) — 1 T pin+k’

This implies the bounds

forsome & , € (0, tx +n + k).

o—&(Mn+k) e |

< < .
M+n+k — eftetnth) — 1 — nik

We focus first on the lower bound given by the first inequality in (C.6). Summing over
k we find

3¢ —e(M+n+k) 8/e p—e(M+n+k) S+e(M+n) ,—K S+e(M+n) 7
_ > 7dk:/ dk’zf — —1)dk,
=0 M+n+k 0 M+n+k &(M+n) k' e(M+n) k'

(C.6)

which gives
8/e

£ 5
D et = log <1 * m) — 4. (C.7)

k=0
We turn now our attention to the second inequality in (C.6) and, since

52/5: 1 </6/s+n dk |
vk~ )y k=172
we obtain
8/e e s
D e~ = log <1 + m) : (C.8)

Combining results obtained from the analysis of cases k > §/¢ and k < §/¢ in (C.5),
(C.7) (C.8) we can finally write

1 1 i 1 —en O < (C4
og(( +m)( —e ))+ 6) <(C4H

8 —&n

This concludes our proof since the arguments of the logarithms in the left and right-hand
side are bounded functions for ¢ € (0,log2) andn > 1. O

< log ((1 +
£
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For the next lemma we define the quantity

1 (qs X» ‘Z)nl —ny (q ,Q)n27n3 (q;Q)nlfm

APy (3, 0, 0) = :
5.X Ay (3,82, 81) (G5 Dny—ny G Pny—n;3 (61253 Dni—n3

where we assumed 1 < £3 < £, < ¢; and n; = |_10gq(1/£l-)J. Here A, is defined in
(7.21). We think of qugf as a g-deformation of Ag x (7.8).

Lemma C.3. For any continuous function f(€2) we have

lim | f(ﬁz)A(q) (t3, ez,m— / f(zzmsx(zs,ez,zl)—, (C.9)
3

uniformly for any £3 < €1 bounded away from oco.

Proof. Fix small positive §. We will prove our claim distinguishing two cases, based on
the distance between £3 and ¢.

Case 1, £; — £3 > §. The integral in the left-hand side of (C.9) can be decomposed as

a1 £1—-8/2 £3+8/2
/2.3 _~/£:3+5/2 /Z ~/51 5/2

When €3 +6/2 < £, < £1 — §/2, by virtue of Lemma C.1, we have

06—-8/2

6-8/2 diés diy
/ FE)A (5. b0, )~ — F)As x (3, &2, £1) =,
£3+8)2 b q=1 Joysp2 %)

uniformly.
On the other hand, when ¢3 < ¢, < {3 + §/2 we use estimates

CAs x(£3,4£2,£1) if n3 < ny,
(q) x €z, €2, 1) < Cc < l—gq )S+X , ;
if n3 = no.
Ay(l3, 62, L) \1 —4€3/44

valid for some constant C independent of g of £> and that can be deduced using Lemma
C.2 and identity (7.24). This implies that

£3+5/2 _ S+ X
/ T A 65, 0, el)— —0() + (1Tq> .
4

3

In an analogous fashion one can also show that
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K] dﬁ 1 _ S—X
/ FU)AL (s, 62, 6)== = 0(8) + O <_"> .
0,-58/2 ’ £s 8

This concludes the proof of (C.9) when £; — ¢3 > §.
Case 2, {1 — £3 < 4. Assuming § is very small, for any ¢, € [¢3, £1], we can write, by
continuity, f(£2) = f(£1) +0(1), where o(1) tends to 0 as § — 0. Thus, we have

G dié,
F) AL (s, £, €)==
A ’ £

ni
= Y (ft)+0() g~ STy oy as(nr —nalny — n3)

ny=nj3
= f(£1) +o(l),

and by Lemma 7.12 this concludes the analysis of the case £1 — {3 < 4.
Since all the estimates we provided are controlled as functions of §, the convergence in
(C.9) is uniform provided that ¢; stays bounded. O

Proof of Proposition 7.15. The integral in the left-hand side of (7.25) is equal to

/‘LN‘N' dLy_1,n-1
L

A(Sq)X(LN,N, Ly_i,n—1, Ly N=1)---
N,N LN*I,N*] ’

Lva dLy_1, Ly_in—1--Ly_11\"
/ _— Afg[{)X(LN,z,LN—l,l,LN,l)< . . ) F(Ly_p)
Lo Ly_11 Lyn---Ln

and we can take the ¢ — 1 limit in each of the N — 1 integrals using Lemma C.3. This
establishes the convergence to the right-hand side of (7.25) as ¢ — 1, uniformly on any
compact subset of Wy. O

Appendix D. Triangular Sums

Here we write down a number of identities of summations of certain symbols ax ¢, by
used in the proof of Proposition 9.2. Fix a positive integer NV, and assume that the symbols

by, =1, ..., N commute with each other. Let a; , be
0 ifO0=k,or{ =N +1;
ake =131 if0<k=4¢<N;
eR else.

Proposition D.1. For any N > 1, the following identities hold

N-1
Z k1, — ke = Akrl,641 + Ak erl = N — Z aj j+i;
Jj=1

0<k<{l<N
N-1
D @ —k+ D@ — aren) — (C—k — D(@rsre — ace) = Y aj s
0<k<t<N j=1

12 N

D (@iie — ke — @srest +aest) Y be =Y bas

0<k<¢<N a=k+1 a=1
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D U=k = DX @10 — are) — (€= k+ 1) (@rere01 — ar41)

0<k<{<N
N-1
= - Zaj,j+1 -2 Z ak.¢;
=1 I<k<t<N
N
2
D (@ire —are — @ren Faces)) Y babg =Y bi+2 > aribibe
0<k<t<N k+1<a,B<l a=1 1<k<t<N
¢
> (€=t D@ = ace) = €=k = D@ —a) Y ba
O<k<t=N a=k+1
N
= Z a,¢ (b — by).
1<k<t<N

Proof. All these identities are elementary and can be proven by induction in a straight-
forward way. o
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