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On the history...
http://www.math.stonybrook.edu/~aknapp/pdf-files/notices2.pdf

Finite Groups

In his work on algebraic number theory,
Dedekind noticed a curious thing about finite
abelian groups. Let G = {g1 = 1,92,...,9n} bea
finite group of order h, and let x4,,...,Xg4, be
commuting independent variables parametrized
by the elements of G. Dedekind worked with the
determinant 60(xg4,,...,Xg,) of the matrix
(x g gjl), and in the abelian case he proved that

0 admits a factorization

h
G(Xgl, o .,Xgh) = l_[ ( Z X(ng)xgj);
Jj=1

X

the product being taken over all multiplicative
characters of G.

Dedekind wondered to Frobenius how this
result might generalize to the nonabelian case,
and Frobenius ([4], vol. III) began his work in rep-
resentation theory in 1896 by introducing (irre-
ducible) characters for arbitrary finite groups and
solving Dedekind’s problem. Today a character
is the trace of a representation, but Frobenius
did not introduce representations right away. In-
stead, doing mathematics that looks strange
today, he initially worked directly with charac-
ters, introducing finite-dimensional representa-
tions only in a later paper.

Burnside, starting in 1904, and the young
I. Schur, ([13], vol. I), starting in 1905, each redid
the theory, the primary objects of each study
being matrix representations (homomorphisms
into the group of invertible matrices of some
size). According to E. Artin ([1], p. 528), “It was
Emmy Noether who made the decisive step. It
consisted in replacing the notion of a matrix by

NOTICES OF THE AMS

Information about the play:
www.portraittheater.net

the notion for which the matrix stood in the
first place, namely, a linear transformation of a
vector space.” Noether’s definition was thus es-
sentially the modern general definition of rep-
resentation given above. For Burnside and Schur
the spaces of representations were spaces
V = C" of column vectors, and the linear trans-
formations were viewed as matrices. Later when
representation theory was extended to Lie groups
and when quantum mechanics forced infinite-
dimensional representations into the study, it
would have been awkward to proceed without
Noether’s viewpoint.

portraittheater Yienna
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HOOK FORMULAS FOR SKEW SHAPES III. MULTIVARIATE
AND PRODUCT FORMULAS

ALEJANDRO H. MORALES*, IGOR PAK*, AND GRETA PANOVAf

(1) (i) (iii)

FIGURE 1. Skew shapes with product formulas for the number of SYT.
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Recall spherical representations and what we are about to do

Tensor products of Hilbert spaces

Biregular representation with alpha_i = beta_i=0

Realization of representations with only alphas

Realization of representations with alphas and betas summing to 1

ext, g-analogues of Pascal and Young graphs. Start with graphs with edge multiplicities.
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Given a Fibonacci word v, we first define the set ¥ C YF of its successors. By
definition, this is exactly the set of words w € YIFF which can be obtained from v by one
of the following three operations:

(i) put an extra 1 at the left end of the word v;

(ii) replace the first 1 in the word v (reading left to right) by 2;

(iii) insert 1 anywhere in between 2’s in the head of the word v, or immediately after
the last 2 in the hea /
Example. Take 222%21112 for the word v of rank 14. Then the group of 3 leftmost 2’s
forms its head, and v has 5 successors, namely

v = {1222121112, 2122121112, 2212121112, 2221121112, 222{%21112}.
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AM[1 ] := Table[If[i=] || 1=]J+1,1,0] +If[i=7-1, a[i], 0], {1, 1, L}, {J, 1, L}]
‘AM[3] // MatrixForm

1 a[l] ©

1 1 «[2]

0] 1 1
BM[Z_, k_] =

Table[If[i=]||i=]+1,1,0] +If[i=]-1,a[1+k+1], 0] +
If[1i=]j=1, alk+1]1-1,0], {i,1, L +1}, {j, 1, L +1}]

BM[1, 2] // MatrixForm

(@3] al4]
1 1

‘a[2] ~a[4] + a[4] -Det[AM[3]] + Det[AM[2]] - Det[BM[1, 2]] // Expand

af3] —a[l] ~a[3]

‘a[3] -Det[AM[2]] // Expand
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The substitution u = 2sin ¢ and integration by parts imply
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~ /2 /2
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0 0
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the moments have the form

. 1 2m )
(347) hgm.}.l = 0, hgm = m 1 ( m ), m = 0, 1, 2, e

The moment generating function of the semicircle distribution equals

(3.4.8) Hw):g(l— 1—cymﬂ, x> 2.
Proof. Clearly, all odd moments vanish. The substitution u = 2sin ¢ implies

1 2 92m+2 /2
s . 9 . 9 2
hom = — u?™ /4 — u?du = / (sin®™ ¢ — sin*™*+? p)dp =
0

2 J_o T
o2 o /2m =Dt 2m+ I 2m
oo 2 (2m)! 2m+2)')  m+1\m)/

It follows from the binomial identity that

1 5 = (2m — 1)l $¥m
3(1_ 1_8)_22 2m)!! m+1°

m=

Using the substitution s = 2/2 and the formula (3.4.7) which had been proved
above, we derive

)= 3 hanam = 2 (1= VT=@/aP) . D
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Pom = 2% / (1 —2¢/7)dsin®™ p = 22""—17r/ sin®™ p dp =
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the moments have the form

N

~n
(3.4.7) homsr =0, hom, m=0,1,2,....

The moment generating function of The erfcle distribution equals

(3.4.8) H(z) = % (1 /1= (2/.1,»):’) o>

Proof. Clearly, all odd moments vanish. The substitution u = 2sin ¢ implies
L, im+2 (/2  am2
‘1\7»/‘_;,71, = — u”m 4 —u?du = / (sin®™ @ — sin*" 1 @) dp =
2 ) _, ™ 0
2 S2m =D 2m+ DM 1] 2m
oo 2 (2m)!! Cm+2)")  m+1\m)/)’

It follows from the binomial identity that

1, : - S = (2m — 1)t 27
—(1—=V1—-5%)== .
.5( 5%) 2 mzz: (2m)!! m+1

Using the substitution s = 2/x and the formula (3.4.7) which had been proved
above, we derive
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