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|. Symmetric functions as partition
function of vertex models




Schur symmetric polynomials
A=A = ... 2 Ay = 0) - partition

A+N—jiN
det [xl- / ]i,j=1

S (Xps -aes Xy) = - Schur symmetric polynomial

Hi<j (xi o X])

Exercise (Combinatorial formula).

The polynomial s,(x;, ..., Xy) is equal to the

partition function - the sum of weights of S,\(XL, ---JXN) N %

all collections of up-right paths in

Z-1 X {1,..., N} with boundary conditions

determined by A, where the weight of a path collection

Is the product of the vertex weights

S _|— | — l— —I one of possible five-vertex models
L1 11




Vertex models

Previous vertex weights for s, were too simple! They can be much more general:

 We can allow paths to intersect
» There are 6 choices of weights, traditional notation ay, a,, b, b,, ¢, ¢,
 The weights a,, a,, by, b,, ¢{, ¢, may depend on the lattice site as a,(i, j), etc.

But, with the dependence on i, J it is much too general - we lose integrability.

a,a, + bb, — cc,
2\/01612[91192

At a minimum, A =

should stay the same throughout the lattice.
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Previous vertex weights for s, were too simple! They can be much more general.: Mosver s 0, (6

 We can allow paths to intersect

» There are 6 choices of weights, traditional notation ay, a,, b, b,, ¢, ¢,
 The weights a,, a,, by, b,, ¢;, ¢, may depend on the lattice site as a,(i, j), etc.

But, with the dependence on i, J it is much too general - we lose integrability.

. a,a, + b1b, — cic, .
At a minimum, A = should stay the same throughout the lattice.
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We focus on the free fermion six vertex model where A = 0.

(x determinan \;a\)
Simpler running example. Factorial Schur functions: , 2
N X =[410) { w1 2/
J

: det [(z; | y)MtN—I J.v._l
; _I_ I L1 L — sx(x|y) = (c 1) ]z’]_, (z|y)=(@+y)...(z+ )
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Fully inhomogeneous free fermion six vertex model (our definition)

12

J1 . 72

(8

wev (21, 71572, 72) ai a2 b1 b “ ©2
i ey [swo0Pe | yow [ w@Pen |y o)
e 2y —x r %z —vy 2y —r g z(r2-1) | y(s~2-1)
W (i1, jr; i2, j2) Yy — Y — Y — @ 1 Yy — X Yy—&

Renormalize so that the infinitely often
vertex has weight 1

Plus free fermion condition, leaves us
with 4 parameters

Organize the parameters by rows and
columns in the interest of integrability
(via Yang-Baxter equation)

Row parameters are variables



Fully inhomogeneous free fermion six vertex model (our definition)
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Renormalize so that the infinitely often
vertex has weight 1

Plus free fermion condition, leaves us
with 4 parameters

Organize the parameters by rows and
columns in the interest of integrability
(via Yang-Baxter equation)

Row parameters are variables

(7],55)

{ M+ -1 ] / 2= (3,2))




From F, to factorial Schur functions e
N
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We will also see G/I counterparts, which are symmetric rational functions § /I(X | y) [Morales-Pak-Panova 2017]

Next: our favorite properties of the symmetric functions F), G,



Cauchy identity Theorem [ABPW ‘21]. 2 G, (Wi, ..oy Wi Y301, ..y 058) Fy(Xp, ooy X3 Yi T - os Ty S)
A=(A,>...>2y>0)




Cauchy identity

Theorem [ABPW 21 ) Gy, ..o Wi ¥i 0, oo, O 8) Fi(xy, oo X3 ¥ P s 73 S)
I=(y>...2Ay>0)

Proof. Yang-Baxter equation and rewriting of partition function B
\;\Vi.r Ww,9 \ ;)\ T
= % f 5
N B
Ww;9 \l/\‘/at,r G)\ 0< >0,\/
L ") /
X XA |X | A | X - S
i D-1k | IX-6w | xew | x(1-r) | w8
X-GW | X-gW | x-gw| %W | x-gw

Add extra cross vertices, move them to the left,

)
™S

then remains only the domain-wall partition function which is

an explicit product in the free fermion case y




Explicit determinantal formulas

—9
H1<i<j<N(Ti Ti — Zj)

H1§i<j§N(x’i — zj)

N
det [QOAj+N—j(fUi ‘ Y S)]z',j=1

1. Double alternant formula for F F (x; y:T; s) —

1 — T = 5;°Y;
(Note: F, is symmetric up to a simple prefactor) k(T |y;s) = H =




Explicit determinantal formulas

—2
H1<i<j<N(Ti Ti — Zj) N

1. Double alternant formula for F) F\(x;y;r;s) = . . det [QOAj+N—j (2 | y; S)] ij=1
H1§i<j§N(x’t — zj) ’
1 rx— S Yy
(Note: F, is symmetric up to a simple prefactor) k(T |y;s) = H =
Ye+1 — & iz L —Yj

2. Biorthogonality

-2 k o
inle | yis) o= WA DT 20U - .b%\om %u):i__e) (170
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Explicit determinantal formulas
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[Li<i<jcn(ri “zi — x5) N
1. Double alternant formula for F F\(x;y;r;s) = =] . . det [QOAﬂ_N_J (i | y;s )] ij=1
H1§i<j§N(x’t — zj) ’
1 LT — S ‘Y
(Note: F, is symmetric up to a simple prefactor) k(T |y;s) = H =
Ye+1 — & iz L —Yj

2. Biorthogonality
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K

3. Jacobi-Trudi type formula for G, (Macdonald’s “variation”) (2 | y:5) M o, _ 9 w;
he,m(W;y;0;8) = %é ]1;[1 —
7 Yi — U N (o
Gr(W;y;0;8) = H Zy Y det [h)\ +N—i, ](W y; 0;8s)) ij=1
(/




Explicit determinantal formulas

2
[Li<i<j<n(ri “zi — z5) N
1. Double alternant formula for F F\(x;y;r;s) = =] . . det [QOAFLN_J (i | y;s )] ij=1
H1§i<j§N(x’& — zj) ’
1 rx— S Yy
(Note: F, is symmetric up to a simple prefactor) k(T |y;s) = H =
Ye+1 — & iz L —Yj

2. Biorthogonality

3. Jacobi-Trudi type formula for G, (Macdonald’s “variation”) (2 | y:5) M o, _ 9 w;
he,m(W;y;0;8) = %75 ]1;[1 —
7 Yi — U N (o
GA(W; y; 0; S) — H Z det [h)\ +N —1, ](W y; 0; S)] i j=1
1<i<j<N Yj — Y

S

/)
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4. We also prove a Sergeev-Pragacz type formula for G, GA(@1;- .-, TM; Y315 8)

J

82(1 _xj) M 82(33]’r 2 1) M
like for supersymmetric Schur polynomials (long...) = SA { 1 — 52z, } { | _ 2,2 }

j=1 Ty %5 Jj=1

N




Factorial Schur case

det |(z; | y)>‘j+N_j]].V

— 1,J=1 k .__
1. Double alternant formula a(x|y) = [i<icj<n(@i — z)) ) (z|y)" =@ +wy1)...(z+yx)
1 1
2. Biorthogonality QL,C(;I; y) = A H , k> 0.
T+ Yk+1 7 T+ Yi

1
3 P 1 9)n(e | y)dz = L
71
KOXO\AY\A ‘\/L

Similar to some det formulas from [Morales-Pak-Panova 2017]

3. Jacobi-Trudi type formula for s, _ . _

1 i_1¢Aj+j 1( )d
<
27” Hk 1 (wg — 2)
OXO\AY\A Y

Sx(wi,...,wy | y) = det

4. Cauchy identity (new? at least different from [Molev 2009])

Yo lnaly=T[-——— ol <l

W; — T
A i J




ll. From symmetric functions to
probability distributions




Cauchy identity + positivity = probability

Z GWiyooos Wi Y501, .., 058) Fy(X(, oo, Xas Y5 Fis -5 3 S)
A=(1,>...>1>0)

—2
B H1<z<]<N(rl A T xJ)H1<z<]<N
- N
K Hi,j=1 (yl o x])
Lemma. F;, G, > 0 (and also all vertex weights) under conditions Z

-2 —2 —2 -2 .
w; <Yy <w T <yis77and x; <y <xr T <ys; “foralli,j

Define probability distribution on 4 = (4, > ... > Ay = 0) by normalizing the Cauchy identity:

]
P(1) = ~ (X y;158)G(W; y; 05 8)

More generally, we can consider random

path ensemble whose probability weights are
proportional to products of vertex weights

(“Random tableaux”)




An equivalent model of domino tilings, for which we get bulk asymptotics

(thanks to free
fermion structure, it’s
a dimer modell!)

11722 33 445566 7788 99

(a) 1<:i<T: 5 (b) 1<i<N:

Wi — Y T; — S; 2y,
- _2yj T +Z O v J y] T+ ’l% 1
W; — S5, _1Yj-1 A B




Analogy with plane partitions f :

volume(P) // \\&‘”ﬂ? [oow ) I vol= 1

P(plane partition P) = 1 0<g<1l | T %
Z v
S | e os I8
p L (1 =gy MacMahon, 1900s] P ,%ﬁl,{’
"

(measure is uniform, conditioned on the number of boxes) - ll //I. ."”/?/'
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Analogy with plane partitions f

P(plane partition P) = 1 ,0<g<1

2 Zl %<§2>\ ;/

volume(P)

I
7

vo)

A

\

/
/
=

7 — qvolume(P) — ' ’.’
; g (1 — g™)" [MacMahon, 1900s] ; ! /'/,’,’,
(measure is uniform, conditioned on the number of boxes) > i I. ." ,/, :

4
04

\
\
\

\

[Okounkov-Reshetikhin 2001]

 Determinantal point process structure,
based on Schur polynomials
* Bulk (lattice) asymptotic behavior. Pure

Gibbs states classified by Sheffield (2003)




lll. Free fermions and
correlations




Bethe Ansatz operators A,B,C,D d _/Cl 5’
0 L _
. ActinV =C?= span{ e, € }
: | _ i) e
P’@o:\l\’(_f_)fo A€\=\N(_.T)€‘ De, —\/\)( T—) ’
_ 1.2

De, =w ()&, Pear= W) e = (e

 Know how to act in (finite) tensor powers of V B 01@ Uy — Blf) @ AJ& + ]) U1 9, P L)l

' , ' ¢
C (

- -+ —(—
( ( I



Bethe Ansatz operators A,B,C,D d _/Cl 5’
0 L _
. ActinV =C?= span{ e, € }
: | _ i) e
P’QO:\I\’(_]—)eo A€\=\N(_.T)€‘ De, —\/\)( T—) ’
_ 1.2
De, =w (-+-)¢ Per= W ()& Ce =W (T
 Know how to act in (finite) tensor powers of V B 01@ Uy — B‘f) @ AJ&* ]) U1 9, P 01
e

* Thanks to the Yang-Baxter equation, satisfy certain quadratic relations, for example:

—9 -
. 1 =
L LT 22 D@y, 1) B(za,m2) 173 )$2D(37277"2)B(‘171’7"1)3

B(xo,1r9)D(x1,71) =
(27 2) (1) 1) T1 — To T1 — To

» Functions F), G, are matrix elements of products of these operators. We use relations to compute explicit formulas

[Korepin-Bogoliubov-lzergin 1993; Borodin-P. 2016] F/I — <€O X €y X ..., B(FN, )CN). : .B(FI, X1)€/1>



Bethe Ansatz and correlations

 Fock space is spanned by ¢;, where J are semi-infinite subspaces of Z - packed to the left, empty to the right

. We define normalized operators A%, BZ, C%, D? - infinite volume limits of A, B, C, D

<AZ(5U7 T)eTa 672> —




Bethe Ansatz and correlations

 Fock space is spanned by ¢;, where J are semi-infinite subspaces of Z - packed to the left, empty to the right

. We define normalized operators A%, BZ, C%, D? - infinite volume limits of A, B, C, D

6>\ (@/3/9/5) = <€ZD\>} DZ(L«)M)‘BM)-' Dz@ilﬁi)§>
SOD= J xevr =71 v 2sg

Fro}&&iov\ Oh“:O 6’3-(39

The measure has the form

ﬂ)(\>\> = ;<€ZgoyBZ(5L‘N,7‘N)---BZ(CBl,?‘l)I)\DZ(wM,HM)...DZ(wl,Gl)eZSN)




Bethe Ansatz and correlations

» Definition. For a subset A = {4, ..., a,,}, the correlation function is the probability P[J(4) D A].

It has the form det[K(a,, aj)]?’;zl because it’s a dimer model. But we want K explicitly for asymptotics

« The correlation function is computed by replacing /, by the product of annihilation-creation pairs:

1
— (eZSO,BZ(xN,rN) . BZ(a:l,rl)%Z(wM,é’M) . D%( (w1,01)ez )

Z
A\ %\m \Yaw\ \})aL\Y”\\
>

« |, creates a new arrow at a (if it's there, maps vector to 0)

T

O\

- O N .
E B N B B

T

» The operators satisfy the canonical anticommitation relations y y’* + w*y_ = 1 (all other anticommutators are zero)

. l//;k annihilates an arrow at «a (if it’s not there, maps vector to 0) T T



Bethe Ansatz and correlations

» Definition. For a subset A = {4, ..., a,,}, the correlation function is the probability P[J(4) D A].

It has the form det[K(a,, aj)];f”;.zl because it’s a dimer model. But we want K explicitly for asymptotics

« The correlation function is computed by replacing /, by the product of annihilation-creation pairs:

1
— (eZSO,BZ(xN,rN) . BZ(:cl,rl)%)Z(wM,OM) . D%( (w1,01)ez )

” /l %M \Yaw\ \YaL\Y”&\

« |, creates a new arrow at a (if it's there, maps vector to 0)

>

T

O\

T

» The operators satisfy the canonical anticommitation relations y y’* + w*y_ = 1 (all other anticommutators are zero)

. l//;k annihilates an arrow at «a (if it’s not there, maps vector to 0) T T

- As opposed to Schur measures [Okounkov 1999], here we don’t know how the operators i, * commute with B4, D%

* |nstead, we insert certain generating functions, built from the same Bethe Ansatz operators. Relations follow from YBE



Generating functions and correlations o §pead \W‘J\MV«U

Defi 2
T (wE)er = D¥(u, Vuf€)OHE, VEM)(-1)Der,
U*(¢,v) e := DZ((, 4/ v) BE (v, \/v/C) eT. "o

J /.

Theorem [ABPW] (Inhomogeneous Boson-Fermion correspondence). | H u— ¢ , NN
J=n

1—s;7 _ |

\Ij(fuﬂ ) :Zy]( _82] )POJ—I(U‘ Y7S_ZY)¢J7 Pn n,(u ‘ b,C) o 17 n = n,7
U—358;Y; n

JEL J 1 — C] ,

* v C —2 X H b y n>n y

/] (C,v)zzv_y] Poj-1(v | s™%y,y) ¥}, i Wb



Generating functions and correlations - Speciab posan-£erd
Defi e e Liinatt b Semn YBE
efine A
U(u,&)er = DZ( A u/)CH(E, VE[u)(-1)Ter,
U*(¢,v) er := D*(¢, /¢ /v) B*(v, \/v/C) eT- W
J /.
Theorem [ABPW] (Inhomogeneous Boson-Fermion correspondence). H U — C] n<n;
1=n+1
1—s;° _
\IJ(U, ) = Z y]( _823 ) P()]_l(u ‘ Y, S_zy) Qp], Pn n/ (’U, ‘ b7 C) — 1, n —= n',
jez WS Ys ﬁ U — ¢ /
— , n>n,
V()= 3 LS Py | 5y, y) ¥ AL,
jez deneca ting fandkion J=n'r
_A_of "corre lations

1 - ™
Theorem. 7 ez, BX(xN,7N) ... BE(x1,71) ¥ (U ) U* (V) . .. U(u1)U*(v1)

X DZ(’LUM, HM) .. DZ(’LUl, HI)GZ§N>

M m —9 - am
_HH(’U(X—OZ w,,, —wz HH’LLa yj’Ua—iEjdet Vo
follows from commutation relations / YBE + Wick’s determinant v 1™
(€70, U (u1)¥* (V1) ... ¥(tUm)P* (vm) ez_,) = det ” = .
L %o’ T Yol g0 =1



Correlation kernel - extracted using inhomogeneous orthogonality

Theorem. We have P[J(4) D {ay,...,a,}] = det[K(a,, czj)];f’fj:1 where the kernel is given by

Ki(a,d') = 1 f du% dvﬁ (u —yi)(v — xk) H (u — w;)( v—9_2'wz)
YADTIT (2mi)? Jp 2y Iy oo (U= Tk) (v — Yg)

(v —wi)(u — 0 “w;)

y,0—




V. Asymptotics



Asymptotics in the bulk

» For each point (a, 7) in the “liquid
region” there exists a complex

slope 7z parametrizing the slope of
paths

» Around (a, 7), at the lattice level
we see a determinantal point
process depending on sequences

Wi, 055,85, 1,] € £

{




Asymptotics in the bulk . ‘J

4’_]
region” there exists a complex - LI = BN, ) j'_!_ T")/CU
slope z parametrizing the slope of i [ R

» For each point (a, 7) in the “liquid 2
" —— af
» Around (a, 7), at the lattice level ;HH nill H_HFJ——E G?‘ ?
. . NS = \
we see a determinantal point s . : . 7 ; ™ T
process depending on sequences
Wia Hla y], Sj, la.] S Z ' |
 Inhomogeneous 2d sine kernel: - N : S »
. - Hure 7S @ o |’ ¢ o 1
S I I A SRR -
e N I r
. ),
» / / 1 z ya(l —_— 852) _9 D N ..................................................................................................... )
K ta 7t ) . Pa a’ y P / ) ) d ) : |
2ty a;t, @) 2m1 /z (v — yq)(u sfyar) (wls 7y y) Prolulw widu, | . ’
Lot f”( Ve -2 '
- '$ = S 7 = -




Summary

* Free fermion six vertex model provides multiparameter (inhomogeneous) generalizations
(4 families of parameters, 2 per each coordinate direction) of:
e Schur polynomials, and also factorial / supersymmetric Schur polynomials
* Schur measures and processes, with double contour integral determinantal structure
* Translation invariant ergodic Gibbs measures ("pure Gibbs states") governed by the extended

discrete sine kernel

* Technical features:
* Fermionic operators naturally come from the Bethe ansatz operators A,B,C,D
* Inhomogeneous Boson-fermion correspondence
* "Inhomogeneous calculus": Taylor and Laurent series, Cauchy integral formula for extracting

coefficients (orthogonality)
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Thank you!



