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A SPANNING UNION OF CYCLES IN RECTANGULAR GRID GRAPHS, THICK
GRID CYLINDERS AND MOEBIUS STRIPS

JELENA DOKIC", OLGA BODROZA-PANTIC"* AND KSENIJA DOROSLOVACKI

ABSTRACT. Motivated to find the answers to some of the questions that have occurred in recent papers
dealing with Hamiltonian cycles (abbreviated HCs) in some special classes of grid graphs we started the
investigation of spanning unions of cycles, the so-called 2-factors, in these graphs (as a generalizations of
HCs). For all the three types of graphs from the title and for any integer m > 2 we propose an algorithm
for obtaining a specially designed (transfer) digraph D;,. The problem of enumeration of 2-factors is
reduced to the problem of enumerating oriented walks in this digraph. Computational results we gathered
for m < 17 reveal some interesting properties both for the digraphs D}, and for the sequences of numbers

of 2-factors. We prove some of them for arbitrary m > 2.

1. Introduction

We consider the following (labeled) graphs: Rectangular grid graph RG,,(n) = P, x P,, Thick grid
cylinder TkC,,(n) = P, x C,, and Moebius strip (of fixed width) M S,,(n) (see Figures 1- 3) where P,, and
C, denote the path and cycle with n vertices, respectively. Thick grid cylinder TkCy,(n) (Moebius strip
M S,,,(n)) can be obtained from the rectangular grid graph RG,,(n + 1) by contraction of vertices A =
B1,Bs,...,By_1,B, = B with vertices D = Dy,...,Dy—1,Dp, =C (C = Dy, Dpy—1,- -+ , Dy, D1 = D),
respectively, which does not produce multiple overlapping vertical edges. Note that all observed graphs

have m - n vertices.

Keywords: Hamiltonian cycles, generating functions, Transfer matrix method, 2-factor.

MSC(2010): Primary: 05C38; Secondary: 05C50, 05A15, 05C30, 05C85.

Article Type: Research Paper.

*Corresponding author.

Received: 24 November 2021, Accepted: 10 December 2022.

Cite this article: J. Dokié¢, O. Bodroza-Panti¢ and K. Doroslovacki, A spanning union of cycles in rectangular grid graphs, thick grid

cylinders and Moebius strips, Trans. Comb., 13 no. 1 (2024) 41-66. http://dx.doi.org/10.22108/toc.2022.131614.1940 .

41


http://www.combinatorics.ir
http://www.ui.ac.ir
https://orcid.org/0000-0003-2858-0839
https://orcid.org/0000-0002-7206-4009
https://orcid.org/0000-0002-1152-0402
http://dx.doi.org/10.22108/toc.2022.131614.1940

42 Trans. Comb. 13 no. 1 (2024) 41-66 J. Dokié, O. Bodroza-Panti¢ and K. Doroslovacki

RG, (n) =P, x P,

BazA Ady T A=DE
IBZ 112 h-2n-1] Dz 4 A 4 D
2 2 Ay o
B, - D, B D
. 2 “—> BZ DZ
B. {n-2 :3 :3
m-1 lm-l Dm.1
Bra GG ... G, ¢=c,=, B cq ¢

N TkC, () = P, x C,
g A2 [ n T p=g P
2 B=C = n
e B W ET N < VR
r : 2 2 B,
; ; B=D :
3 3 .
o) = g B=D ll::lc

FIGURE 2. Identification of vertices B; with vertices D; in constructing the tick grid cylinder
TkC,,(n) = Py, x C,,.

FIGURE 3. Identification of vertices B; with vertices D,,_;11 in constructing the Moebius strip M .S, (n).

A spanning r-regular subgraph of a graph is called an r-factor. For r = 2, it represents a spanning
union of (disjoint) cycles. Hence, Hamiltonian cycles are connected 2-factors. All possible 2-factors of
RG4(3) = Py x P3 and TkC2(2) = P» x Cy are shown in Figure 4. With the exception of the last case,
for both of the aforementioned graphs, all 2-factors are Hamiltonian cycles.

The problems of enumerating and generating Hamiltonian paths in different classes of graphs arise in
chemistry, biophysics (polymer melting and protein folding), theoretical physics (study of magnetic sys-
tems with O(n) symmetry)[13], engineering (path planning problems for robots and machine tools)[21]
and bioinformatics (security and intellectual property protection by using the microelectrode dot ar-
ray (MEDA) biochips) [14], as well as in the theory of algorithms [20]. They might be useful for the
development of statistical algorithms that provide unbiased sampling of such paths [18].

A brief overview of the chronology of research on counting Hamiltonian cycles in different graph families

can be found in [25]. The enumeration of HCs on specific grid graphs has been studied extensively in
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FIGURE 4. 2-factors in a) Py x P3 b) Py x Cs.

[1]-[6], [15], [16] and [22]. The intrinsic properties of these grids naturally impose the transfer matrix
approach on the problem of enumeration of HCs and related topics[11, 17]. From the computational
data obtained from some recent papers a few interesting phenomena (concerning the rectangular grid
graphs, thin and thick grid cylinders and their triangular variants) have arisen and were formulated as
conjectures. More precisely, the numbers of the so-called contractible and non-contractible HCs (see
Figure 5a-b) for thin cylinder graph (Cy, x P,) are asymptotically equal (when n — o0) [4] and the same
is valid for its triangular variant [2].

For the thick grid cylinder P, x C), the contractible HCs are more numerous than the non-contractible

ones if and only if m is even. Indeed, the total number of HCs is

n . .
o () ~ { am, ey, o, if m is even,
m

amnclm pes  if mis odd ,

where 0., ¢, Omne, @m,e and ap, ne are the positive dominant characteristic roots and their coefficients
for the two types of HCs, respectively [3]. Additionally, the coefficient a, . for non-contractible HCs
is equal to 1 (computational data for m < 10) [1]. Also, positive dominant characteristic root 6, . for
contractible HCs in a thick grid cylinder is equal to the same one associated with rectangular grid graph
P,, x P, (computational data for m < 10) [1, 5].

The aim of this paper is to find the generating functions for the number of 2-factors in the considered
graphs. We were wondering if the same or similar properties related to HCs would remain valid for
2-factors or not. We wanted to see if some conclusions for 2-factors could help proving the mentioned
conjectures for HCs. Additionally, we expand our research to the new class of grid graphs - Moebius
strips M S, (n).

We distinguish two types of cycles of a 2-factor on the cylindrical surface of TkC),(n) (viewed as
closed Jordan curves): the contractible (abbr. c-type) and the non-contractible (abbr. nc-type) ones (see
Figure 5 a-b). The first ones divide the surface into one finite (called the interior) and one infinite region
(called the exterior). One could imagine them being pasted onto the cylindrical surface of TkCy,(n).
The latter ones divide the cylindrical surface into two infinite regions resembling a bracelet around an

arm. In Figure 5)d), the shown 2-factor consists of two contractible cycles and one non-contractible cycle.

http://dx.doi.org/10.22108/toc.2022.131614.1940


http://dx.doi.org/10.22108/toc.2022.131614.1940

44 Trans. Comb. 13 no. 1 (2024) 41-66 J. Dokié, O. Bodroza-Panti¢ and K. Doroslovacki

Aga_e d a_e e a_dp

b la_lc dr Wb |,
c) a__\d

S
|
Y

Ae e d a e ¢ a A
a le b | g i f H
d) f la_ld p la ld S
¢ c le le Ir lc_le
a) b) B™="f i B

FIGURE 5. Types of cycles in TkC,,(n) : a) contractible; b) non-contractible; c) four (con-
tractible) cycles in RG4(9); d) one non-contractible and two contractible cycles in TkCy(8)

For graphs TkC),(n) and M S,,(n) it is useful to observe the so-called Rolling imprints (RI) (introduced
in [1]): Imagine that we at first “cut” the surface of the observed graph (with a given 2-factor) along the
line AB (producing on this way the vertices D;, i=1, 2,...,m on the right side, again). Afterwards, we
unroll (unwind) and flatten it. Then, we produce infinitely many copies Ry = A®) BF K D®)(k ¢ 7)
of this rectangle picture (with adding the superscript “(k)” on all vertex labels), and line them up to the
left and to the right of the first one (Rg = A°B°CYDV) using translation and glide-reflection, taking care
that corresponding vertices (Bi(k) and ngfl) for TkCy,(n), or Bi(k) and Df::illl for M S,,(n)) of adjacent
copies are contracted (see Figure 6¢)-d)).
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FIGURE 6. a) The spanning union of one c-type and one nc-type cycle in TkCy(8); b) Hamiltonian
(short) cycle in MS4(9); c) Rolling imprints for the example a) related to TkC4(8); d) Rolling
imprints for the example b) related to M S4(9)
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Note that, for each contractible cycle for any type of observed graphs, there exist an infinite number
of congruent cycles (polygons) in the infinite grid graph (RI). For a non-contractible cycle in TkC,(n)
there exists a unique infinite path which crosses lines A*) B*) an odd number of times.

In case of M S,,(n), due to topological reasons, there are three possible types of cycles: c-type and two
nc-types shown in Figure 7a) and b). The first of these nc-cycles is called the long nc-cycle. Its image
in RI is the union of two infinite paths that cross the line A®) B%*) an even number of times. The second
one is called the short non-contractible cycle (abbr. short ne-type). Its image in Rolling imprints is the
unique infinite path which crosses line A®) B%*) an odd number of times. A 2-factor of MS,,(n) can have
at most one short nc-type cycle (due to topological reasons, too). Additionally, the long nc-cycle divides
the surface of M S,,(n) into two parts, while the short one cannot divide that surface. For example, the

2-factor shown in Figure 7d) is the union of one c-cycle, two long nc-cycles and one short nc-cycle.
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FIGURE 7. Type of cycles in Moebius strip M S,,(n): a) long nc-type cycle; b) short nc-type
cycle; ¢) a long nc-cycle can cross the vertical side [AB] more than 2 times; d) an example of

2-factor with one short and two long nc-type cycles and one contractible cycle.

The rest of the paper is organized as follows. In Section 2, we derive necessary and sufficient conditions
for the existence of a 2-factor of a certain type in the grid graphs under consideration. Then, we present a
characterization of a 2-factor for each graph G = Gy, (n) € G o {RG,(n), TkCy(n), M Sy (n)} obtained
by the vertex-coding approach. In Section 3, using this we propose applying the transfer matrix method in

order to obtain the numbers of 2-factors, labeled by fg(n), for the considered graph G,,(n) € G. Actually,
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this enumeration problem is reduced to the problem of enumerating oriented walks in a specially designed
digraph D, (so-called transfer digraph). Computational results we gathered for m < 17 (partially given
in Section 4, the rest of them in the extended version of this paper [9]) reveal some interesting properties
of the digraphs D},. We prove some of them for arbitrary m > 2 in Section 3. The properties referring
to the asymptotic behaviour of the numbers of 2-factors f&(n) were observed to be similar to the ones

that appeared while studying Hamiltonian cycles. In Section 4, we propose a few conjectures.

2. Code matrix

Definition 2.1.

We orient a (contractible) cycle C in RG.,(n) clockwise and call it the base figure.

e If a contractible cycle C in TkCp,(n) or MSy,(n) is disjoint with segment [AB], then we orient
the corresponding cycle in RI that lies entirely in the rectangle RO\[A(UB(I)] clockwise and call it
the base figure. Otherwise, let B; (1 <1i < m) be the vertex from the intersection C' N [AB] with
minimal index 1. The base figure is the corresponding cycle in rolling imprints that contains the
vertex BZ-(O) oriented clockwise, too.

e For a non-contractible cycle C in TkC,,(n) (or short nc-cycle C' in M Sy,(n)), let B; (1 <i<m)
be the vertex from the intersection C N [AB] with minimal index i (1 < i < m). We orient the
part of image of C' in RI from BZ»(O) to D,EO) = BZ-(l) (ng)_iﬂ = BZ-(l)) in this direction and call it
the base figure.

e Finally, let B; (1 <i < m) denote the vertex of segment [AB] with minimal index i (1 <i<m)

which belong to a long nc-cycle C in M S,,(n). The base figure is the part of the infinite path

(in RI) containing the vertex Bi(o) which s determined by vertices Bi(o) and DS) = B® and

© 4, p» R
0 1
i oDy

oriented from B

In this way, we establish a bijection between the set of all edges of the union of base figures for the
considered 2-factor and the set of all of its edges. The edges of base figures, considered as oriented
segments in rolling imprints, can be treated as unit vectors of 4 possible directions (1, |, — and <—). Let
fc(1), fc(l), fc(—) and fc(+—) denote the number of edges of corresponding direction which we pass

when walking through the base figure of a cycle C.

Proposition 2.2. If C is a c-cycle (for all three graphs RGp(n), TkCp(n) and MS,,(n)), then

(2.1) fo(1) =tc() and fc(=) = to(+).

I C is an ne - eycle for TKCpy(n), then

(2:2) to(h) =tc() and tc(—) —fo(<) =n.

I C is a short nc - cycle for MSm(n), then

(2.3) fc(l) —tc(t) =m+1—2i and §c(—) — o () = n.
If C is a long nc - cycle for MSp(n), then

(2.4) to(t) =tc(l) and do(=) — to(+) = 2n.
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Proof. Straightforward. O

Let us denote the total numbers of 2-factors in RG,y,(n), TkCy,(n) and MS,,(n) by fE%(n), fI*C (n)
and fMS(n), respectively. The total number of 2-factors in TkC,,(n) which contain odd (even) number
of non-contractible cycles is labeled by ff kC(n) ( g: kC(n)). Similarly, label fanf (n) ( é\/lms (n)) represents

the total numbers of 2-factors in M .S,,(n) which contain (do not contain) a short cycle. Thus, we have
Fu () = fl (n) + fom (n) and fl(n) = f1557 (n) + foim ().

Theorem 2.3.
a) fRG(m) =0 if and only if both m and n (m,n >2) are odd;
b) fg:fnc(n) =0 if and only if both m and n (m,n > 1) are odd;
c) ffﬁlo(n) =0 if and only if m is even and n is odd (m,n >1);
d) fé\/[,f(n) =0 if and only if both m andn (m,n > 1) are odd;
) =0 if and only if both m and n (m,n > 1) are even.

e) fi(n

Proof. We derive sufficiency of the corresponding condition (relative to parity of m and n) by contrapo-
sition.
a) If there exists a 2-factor in RG,,(n), then by using (2.1) we conclude that the number of its edges
must be even. Consequently, it is not possible for both m and n to be odd.
b) If there exists a 2-factor in TkC,,(n) with an even number of nc-cycles, then by using (2.1) and (2.2)
we obtain the same conclusion as in case a).
c) If there exists a 2-factor in TkCy,(n) with an odd number of nc-cycles, then by using (2.1) and (2.2)
we conclude that the number of its edges m - n must be of the same parity as n. It further implies that
m is odd or n is even, which is the negation of the given condition.
d) Suppose that there exists a 2-factor in MS,,(n) without a short nc-cycle. By using (2.1) and (2.4) we
arrive at the same conclusion as in cases a) and b).
e) If there exists a 2-factor in M S, (n) with a short nc-cycle, then from (2.1), (2.3) and (2.4) the number
of edges (m - n) must be of the same parity as m + n + 1. This implies that m and n can only not both
be even.

The proofs of necessity of these conditions go by construction of 2-factors for each of the three remaining
combinations of m and n for each item separately. For example, one of the possible 2-factors for each
of the three admitted combinations in case e) (2-factors with a short nc-cycle on M S, (n)) are show in

Figures 8. The rest of the proof is left to the readers as an exercise. O

Let us consider all graphs: RG,,(n), TkCy,(n) and M S,,(n) simultaneously. First, “cut and develop in
the plane” the surfaces of given graphs as shown in Figures 1 - 3. Observe the corresponding rectangular
grid graphs, whereby the described identifications of vertices have been performed. In this way, we can
use the words: left, right, upper and lower to mark the positions of adjacent vertices in the considered
graph GG, with respect to each other.

We label each vertex of G = G,,(n) by an ordered pair (i,j) € {1,2,...,m} x{1,2,...,n} where

1 represents the ordinal number of the row viewed from top to down, while j represents the ordinal
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FIGURE 8. The existence of 2-factors in M.S,,(n) with a short nc-cycle.

number of the column, viewed from left to right. The vertices labeled by A;, As, ..., A, in Figures 1 - 3
belong to the first row, and the vertices labeled by By, Bo, ..., B,, belong to the first column.

Let us observe an arbitrary 2-factor of G. One of six possible labels shown in Figure 9 is assigned
to each vertex (i,7) € {1,2,...,m} x {1,2,...,n}. We call this label an alpha-letter of the vertex and
denote it by «; ;. By reading alpha-letters for vertices from the same column in the grid graph under
consideration, from top to down, we obtain an alpha word. For instance, in the first 2-factor shown in
Figures 8, for the first three and for the last (nth) column the corresponding alpha words are ab™ 2f,
e(ac)™ D2 em and e(df)™V/2] respectively.

For each alpha-letter «; j, denote by @; ; (¢ ;) the alpha label shown in Figure 9 obtained by applying

/
i’j
reflection symmetry with the horizontal (vertical) axis as its line of symmetry onto «; ;. Thus, @ = ¢, b=
bec=a,d=f,e=ecand f=dand o' =d,V =b,¢d = f,d =a,¢’ =e and f =c.

-t s A

a b c d e f

FIGURE 9. Six possible situations for given 2-factor in any vertex

Definition 2.4. For any alpha-word o = ajag - - ag—1a (k € N), the alpha word & = agay_1 - - - aigdy;
(obtained by reflection over horizontal azis) is called horizontal conversion of the word c.
The alpha word o = ooy - - - o _ o (obtained by reflection over vertical axis) is called vertical con-

version of the word .

If we know the alpha-letter of a vertex (i,7) in G,,(n), then the alpha-letter of its adjacent vertex can
not be just about any letter from the set {a,b,c,d,e, f}. Instead, it is determined by the digraphs D;,

and D,q4, as shown in Figure 10, depending on the mutual position of the two adjacent vertices.
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FIGURE 10. Digraphs D, and D;,. and

For example, for 1 < j <n—-1land1 <i<m-—1,if a;; =a, then ;41 € {d,e, f} and
a1, € {b,c, f}. But, if j = n and G = MSy,(n), then o, = a implies a,—i11,1 € {d, e, f} because
of Dy,—it1 = Bj and @py—iy1,n = ¢. Note that for graph RG,,(n) alpha-letters for the corner vertices
(A,B,C and D) have to be ay1 =a, ami1=c¢, a1, =d and am, = f, respectively, which is not valid
for the other graphs.

Now, with each 2-factor of the observed graph G we associate the code matriz [c; jlmxn where o
is the alpha-letter of the vertex (i,7) (1<i<m, 1<j<n).

Lemma 2.5. (Characterisation of 2-factors) The code matriz [ jlmxn associated with a 2-factor of a
grid graph G € G satisfies the following properties:
(1) Column conditions: For every fived j (1 <j<n),
(a) the ordered pairs (o j, 1), where 1 <i<m—1, must be arcs in the digraph D,q.
(b) a1 €{a,d,e} and o ; € {c,e, f}.
(2) Adjacency of column condition: For every fized j, where 1< j <n —1, the ordered pairs
(cvij,aijr1), where 1 <i<m, must be arcs in the digraph Dj,.
(3) First and Last Column conditions:
(a) If G = RG.,(n), then the alpha-word of the first column consists of the letters from the set
{a,b,c} and of the last column of the letters from the set {b,d, f}.
(b) If G = TkC,,(n), then the ordered pairs (on, 1), where 1 <1 <m, must be arcs in the
digraph Dy,.
(c) If G = M Sy, (n), then the ordered pairs (Gn,m—it1,1), where 1 <14 <'m, must be arcs
in the digraph Dy,
The converse is also true. Every matriz [0 jlmxn with entries from {a,b, c,d, e, f} that satisfies conditions

1-3 determines a unique 2-factor on the grid graph G.

Proof. The properties above can easily be proved directly, by checking all the possible edge arrangements
(their compatibility) for adjacent vertices of G and constraints imposed by the structure of the considered
graph G. Vice versa, alpha-letters and the possibility of their contact, expressed by digraphs D,q and
Dy, make sure that the subgraph of the graph G determined by the matrix (marked with bold lines) is

a spanning 2-regular graph, i.e. a union of cycles (a 2-factor). O
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3. Enumeration of 2-factors

Now, we can create for each integer m (m € N) a digraph D, dof (V(Dw), E(Dy,)) (com-

mon for all graphs from G), in the following way: the set of vertices V(D,,) consists of all possi-
ble words o jo ;- - auy j over alphabet {a,b,c,d, e, f} (called alpha-words) which fulfill Condition 1
(Column conditions) from Lemma 2.5; an arc joins the vertex v = oy jog - -, and the vertex
U = O j4102,j4+1°  * Qm j+1, 1.e. (v,u) € E(Dy,), or v — u if and only if for the vertex v and u
Condition 2 (Adjacency of column condition) from Lemma 2.5 is satisfied (vertex v might be the previous
column for vertex u in a code matrix).

The subset of V(D,,) which consists of all the possible first (last) columns in a code matrix (o jlmxn
for RG,,(n) (Condition 3a) is denoted by F,, (L,,). From Condition 1b, the first column of [a; j]mxn is
an alpha-word from {a,b,c}™, with a11 =a and a1 = c. Similarly, the last column of [&; j]mxn is

an alpha-word from {b,d, f}", with oy, =d and oy, = f.

Lemma 3.1. The cardinality of sets Fp, and Ly, (m € N) are equal to the (m — 1)th member of the

Fibonacci sequence Fyy,_1.

Proof. The cardinal number of the set F,, is equal to the number of all oriented walks of length m — 1
starting with vertex a and ending with vertex ¢ in the subdigraph of D,4 induced by the set {a,b,c}.
Note that characteristic polynomial of the adjacency matrix of this digraph is A(A2 — A — 1), i.e. the
required sequence | Fp, | (m € N) obeys the same recurrence relation as the Fibonacci sequence. Since
| Fil=0=Fyand | Fo |=1=F (| F3 |= 1= Fy; Fo = {ac}, F3 = {abc}), by induction, we conclude

our assertion. The proof for the set £, can be carried out analogously. g

Let Py, = [pi;| be the square binary matrix of order | V(D,,) | for which p; ; = 1 if and only if the i-th
and j-th vertex of the digraph D,, can be obtained from each other by horizontal conversion; otherwise
pi,j = 0. Note that matrix Py, is a symmetric one. The following lemma is essential for the enumeration

of 2-factors.

Lemma 3.2. If fS(n) (m > 2) denotes the number of 2-factors of G € G, then

PORD DRI DITEENT (N R e}
'UiE-FnL Vi e»c’m 'Uie]:'rn
(T = > agy, if G =TkC,
g(n) — 0; €V (Dm)
tr(Po - T = 3 al, if G=MS,
Vi, V5 € V(Dm)
U = v

where T, = [aij] is the adjacency matriz of the digraph D, (transfer matriz) and vertices vi,vo € V(Dp,)

are words db™ 2 f and ab™ ¢, respectively.
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Proof. Using Lemma 2.5 the problem of enumeration of 2-factors in G € G (with m x n vertices) reduces
to the enumeration of all the possible code matrices for G,,(n), i.e. all oriented walks of the length
n — 1 in the digraph D, for which the initial and final vertices satisfy The First and Last conditions
from Lemma 2.5. Note that the set JF,,, consists of all the direct successors of all the vertices from £,
(including vertex db™~2f), and the set L, consists of all the direct predecessors of all the vertices from
Fom (including vertex ab™ 2c. So, in this way, for G = RG,,(n) our problem of enumeration of all oriented
walks of length n — 1 in the digraph D,, with initial vertices in F,, and the final vertices in £,, can
be reduced to enumeration of all the closed oriented walks of length n in the digraph D,, with initial
vertex from the set F,, or the number of all oriented walks of length n + 1 with initial vertex db™ 2 f
and the final vertex ab™ 2c. Recall that the (i, j)-entry az(,kj) of k-th power of the adjacency matrix 7,
of the digraph D,, represents the number of all oriented walks of length k (k € N) which start with

vertex v; and end with vertex v; (v;,v; € V(Dy,))[19]. This implies the assertion of Lemma 3.2. O

Proposition 3.3. For vertical conversion the following applies:
a) v — v, where v € V(Dy,),
b) If v — w, then w' — v', where v,w € V(D).

Proof. Straightforward. O

From Definition 2.4 we have (v') = v for any vertex v € V(D). For example, vertical conversion pairs
for D3 are: abf and dbc, edf and eac, dfe and ace, abc and dbf, afe and dce, edc and eaf; while the

vertical conversion of eee € V(Ds3) is this vertex itself (see Figure 11).
1
Lemma 3.4. The number of vertices in Dy, is | V(Dp) |= 5(3m + (=1)™).

Proof. The number of all the words of length m over alphabet {a,b,c,d, e, f} that satisfy Column con-
ditions of Lemma 2.5) is equal to the number of all the oriented walks of length m — 1 in D, starting
with a vertex from {a,d, e} and finishing with a vertex from {c, e, f}. Characteristic polynomial of the
adjacency matrix of this digraph is P(A) = A*(1 4+ A)(A — 3). Thus, the required sequence, labeled with
¢m (m € N), obeys the recurrence relation ¢, = 2¢py,—1 + 3¢y, —2, with initial conditions ¢; = 1 (the word

e), ca = 5 (the words ac, bd, ee, dc and af). Using standard procedure for solving recurrence relations we

()2+, which implies | V (Dy,) |< ()2+
that for any word w (with properties described above), from Proposition 3.3 a) we have w — w’ and

obtain ¢, = . In order to prove strict equality note

w’ — w. This implies that the word w appears as a column in the code matrix of some 2-factor of the
graph TkC,,(2). O

For each vertex ajas---am € V(Dy,) we introduce a binary word called an outlet (inlet) word
depending on whether the situations shown in Figure 9 matched to its letters have an edge “on the right”
(“on the left”) or not.

Definition 3.5. The outlet word (inlet word) of the word a = -+, € V(Dy,) is the binary
word o(a) = 0102 -0 (i(a) =i1i2 - i) where
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= aj%'ooo
110
S — ——
ok
R,
FiGURE 11. Digraphs D3, Di and R5*.
0, if a;€{b,d, . 0, if a;€{a,b,c .
Ojdéf f J { f} andldeEf f 7 { } 7 1§j§m
1, if aj€{a,ce} 1, if aj€{de f}

Lemma 3.6. Digraph D,, for m > 2 is disconnected. Fach of its components is a strongly connected

digraph.

Proof. Let v — w, where v,w € D,, and w = a1z - - - . Notice that o(v) = i(w) and the total number
of bold edges in all situations shown in Figure 9 for all aq, s, ..., a, is equal to 2m. Considering that
each vertical edge is calculated twice in that sum, we conclude that the numbers of 1s in o(v) and in
o(w) have the same parity. Consequently, any two vertices of D,, having different parity of the number
of 1’s in their outlet words (for example, the words ab™ 2¢c and ab™ 2f) can not belong to the same
component of D,,, i.e. Dy, is disconnected.

To prove the second assertion of the lemma, observe an arbitrary oriented walk wow; - - - wi_jwy (of
length k£ € N). Then using Proposition 3.3 conclude that there exists an oriented walk wpwjwj_; - - -
wjwhwp which starts and finishes with wy, and wy, respectively. Consequently, all components are strongly

connected digraphs. O

Let D,, = A, U By, m > 2 where A,, is the component of the digraph D,,, which contains the vertex
e™ (m > 2), i.e. with the outlet word 11---1 - the unique vertex with loop. The fact that the word
dbv™=2f (m > 2) (with the outlet word 00---0) belongs to A, depends on the parity of m. Now, let R,
denote the component of D,,, which contains the vertex db™~2f (m > 2). Its vertices are all the possible

columns of the code matrices for RG,,(n), n € N.

Lemma 3.7. A,, = R, if and only if m is even.
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Proof. For m = 2k (k € N) e™ — (df)* — ab™2¢c — db™~2 f which implies A,,, = R,,. For m odd, the
outlet words of vertices in V(A,,) have odd, while outlet words of vertices in V(R,,) have even numbers
of 1s. Consequently, A, Z Rum. O

In order to reduce the transfer matrix 7,,, note that two vertices from D,, with the same outlet word
have the same set of direct successors. For all vertices from V(D,,) having the same corresponding
outlet word we replace them with just one vertex, labeled by their common outlet word. Arcs from
E(D,,) starting from these contracted vertices and finishing with the same vertex are substituted with
only one arc. This way, we obtain the digraph D}, with adjacency (transfer) matrix 7,*. For example, in
Figure 11 vertices abc, afe, edc € V(D3) with the common outlet word 101 are contracted at 101 € V(Dj).
(Here the double-headed arrow represents two different edges, one for each direction.)

Note that two different vertices from V(D,,) with the same outlet word can not have the same direct

*

predecessor. This implies that there exist no multiple edges in Dy,

{0,1}.

Theorem 3.8. Adjacency matriz T, of the digraph D, is a symmetric binary matriz, i.e. 7,5 = (T;5)T.

i.e. entries of 7 are from the set

Proof. Let us prove that v — w if and only if w — v, for any two vertices v,w € V(D).
Suppose that v is a direct predecessor of w, i.e. v — w. This implies that there exist vertices
z,y € V(Dy,) such that + — y, where o(x) = v and o(y) = w. Using reflection symmetry (with the

vertical axis) we have v = o(x) = i(y) = o(y’) and y — y'. Consequently, w — v. O
Since the vertices from V' (D,;,) which are contracted belong to the same component, Lemma 3.6 implies

Theorem 3.9. Digraph Dy, for m > 2 is disconnected. Each of its components is a strongly connected

digraph.

The component which contains the vertex 0™ = 00- - -0 is denoted by R},. The component containing
the unique loop (1" — 1) is labeled by A%, and the union of the remaining components by B;,. Digraphs

Dy, for m = 4 and m = 5 are shown in Figure 12 and 13, respectively.

0100

1111

0110

FI1GURE 12. Digraph Dj
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01110

FI1GURE 13. Digraph D}

Theorem 3.10. For the number of vertices in digraph D}, we have

2™ if m is even

| V(Dr) = L
2™ —1, if m is odd

Proof. At first, note that any word 2 € V(D,,) whose outlet word has the prefix (01)F (1 < k < L%J)
must have the prefix (dc)*. Similarly, any word x € V(D,,) whose outlet word has the suffix (10)*
(1<s< {%j) must have the suffix (af)®. If this suffix is of length m — 1, then the first letter must be
e, i.e. the word 010101...010 ¢ V(D},).

To prove that there exists at least one vertex € V(D,,) with o(z) = v, where v is a binary word
of length m different from 010101...010 (in case m-odd), we start from the word v and demonstrate the
construction of x.

Let k and s be the maximum non-negative integers for which (01)¥ is the prefix and (10)* is the suffix
of v. Then v = (01)¥w(10)*, where the subword w is different from 0 and it has neither prefix 01 nor suffix
10. We replace the prefix (01)* with (dc)*¥, and the suffix (10)* with (af)®. If the word w = 0™~ 2(k+s)
(m — 2(k 4 s) > 1), then the word db™ 2 +s+1 f can be inserted instead of w. Another case is that the
word w has at least one letter 1. Let ¢t and p be the maximum non-negative integers for which 0! is a

prefix and 0” is a suffix of w. Clearly, ¢t # 1, p # 1 and w = 0a0P where the subword « has the first and

http://dx.doi.org/10.22108/toc.2022.131614.1940


http://dx.doi.org/10.22108/toc.2022.131614.1940

Trans. Comb. 13 no. 1 (2024) 41-66 J. Doki¢, O. Bodroza-Pantié¢ and K. Doroslovacki 55

the last letter 1. In case t > 2 (p > 2), then the subword 0 (0P) is substituted with db'=2f (dbP~2f).
Consider now all the maximal zero-subwords of a. Every one of them, of length ¢ > 2, we replace by
word db™2f. If ¢ = 1, then the subword 01, obtained by extending this letter 0 with the first letter
1 below, is replaced by word dc. Finally, replacing the remaining letters 1 with letters e we obtain the

vertex x € Dyy,. O
1
Theorem 3.11. The number of edges in D¥, is | E(D},) |= 5(3m + (=1)™).

Proof. Consider all the vertices from V(D,,) with the same outlet word v € V(D},). Observe that they
have different inlet words, which represent all possible direct predecessors for v in Dj,. In this way, the

bijection between the set E(D},) and V(D,,) is established. Lemma 3.4 implies our assertion. O

For the binary word v = b1bg - - - by—1by, € {0,1}™, we introduce the label T def bimbym—1 - baby.

Proposition 3.12.

For arbitrary z,y € V(Dy,), o(T) = o(x). Consequently, if o(x) = o(y), then o(T) = o(y).
Proof. Straightforward. O

Let Py, = [pi;] be the square binary matrix of order | V(Dj,) | whose entry p; ; = 1 if and only if the
i-th and j-th vertices of the digraph D}, satisfy v; = v; (and v; = T;); otherwise p; ; = 0. Note that the
matrix P, is a symmetric one. We can improve the process of enumeration of 2-factors using the new

transfer-matrix 7.%.

Theorem 3.13.

al"), if G =RG,
tr((T)") = S Gl if G=TkC,
i € V(D;,
Gn) = v e Vo)
tr(P, - (T)") = 3 o, if G@=MS,
Vi, Uj S V(D:n)
\ Vi = Uj

where T, = [a;;] is the adjacency matriz of the digraph D}, and vy =00---0.

Proof. Let Wi(n) denote the number of oriented walks of length n in the observed digraph (D,, or D)
(n)
i
the number of all the oriented walks of the length n in D}, which start with v; € V(D;};)) and finish with
v; € V(DE,), i.e. Wy!(n). Note that for arbitrary z1, 22,y € V(Dy),

which start with vertex x and finish with vertex y. The (i, j)-entry a,; ./ of n-th power of 7,* represents

(3.1) if o(x1) = o(x2), then WY (n) = Wi, (n).
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Consequently, the number W, (n) is equal to the number of all the oriented walks of the length = in
D,,, which start with a vertex € V(D,,) which is assigned to the vertex v; € V(D},) (o(z) = v;) and
finish with vertices y € V(D,,) which are assigned to v; € V(D;,)) (o(y) = vj), i.e.

(3.2) Wyl (n) = Z W¥(n), where x € V(D,,) and o(x) = v;.
y € V(Dm)
o(y) = vj

Now, from Lemma 3.2, having in mind that the set of direct predecessors of ab™2c is L,,, and using
(3.2) we have

'n}EG( )= dem 2f (n+1 Z dem 2f Woz(”) = agnf-
y € Lm
By using (3.2),(3.1) and Proposition 3.12 we have

(3.3) Wi (n) = > Win)= Y Win).
x €V (Dn) € V(D)
o(x) = o(x1) = v; o(x) =v;

and

(3.4) WYi(n) = > WE (n) = > WZ(n).
€ V(D) x € V(D)
o(x) =o(z1) =v; o(x) =v;

Applying Lemma 3.2 again and (3.3) to TkCy,(n) we obtain

ACmy= Y wimy = Y Sooowim = Y Y = (T,
T E V(Dm) v; € V(D;kn) = V(Dm) v; € V('D:fn)

o(z) =v;

For M Sy, (n) Lemma 3.2 and (3.4) yield that

Mimy= Y wim= > Y W= Y W), e

x € V(Dm) V; € V(D:n) T € V(Dm) V; € V(D:n)
o(x) =v;
f 2 (n) = tr(Pr, - (T3)"). O
Theorem 3.14. The subdigraph of D}, induced by the set of vertices having odd numbers of 0’s is a
bipartite digraph.
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Proof. Having in mind Theorem 3.8, it is sufficient to prove that this subdigraph does not contain any
odd-length oriented cycle. Assume the opposite: that there exist an odd integer n and an oriented cycle
of length n in it. This implies the existence of a 2-factor in TkC,,(n).

Case I: m-even Every vertex of the considered oriented cycle observed as a binary word has an odd number
of 1’s. It implies that corresponding 2-factor in TkCp,(n) contains odd number of non-contractible cycles.
Using Proposition 2.2 we conclude that the number of all the edges in the observed 2-factor has the same
parity as n, i.e. is odd. On the other side, this number must be m - n, i.e. even. Contradiction.

Case II: m-odd Now, the corresponding 2-factor in TkC,,(n) contains an even number of non-contractible

cycles (related binary words have even number of 1’s). Applying Proposition 2.2 again, we conclude that

the number of edges of the considered 2-factor is even, while m-n is odd which leads to a contradiction. [J

Corollary 3.15. The subdigraph of D,, induced by the set of vertices whose outlet words have an odd

number of 0’s is a bipartite digraph.

Proof. 1t is sufficient to prove that two vertices connected with an arc do not have the same outlet
word. Suppose the opposite, that there exist two vertices v and w with v — w and o(v) = o(w). Then,
o(w) = o(v) = i(w) holds. Note that the only vertex in D,, with the same inlet and outlet word is e™,

which does not belong to the considered subdigraph. Contradiction. O
Corollary 3.16. For odd m, both R, and R}, are bipartite digraphs.

When m is even, vertex 0™ is both a direct successor and a direct predecessor for 1" in D}, (for

example see Figure 12). The following theorem is a consequence of Lemma 3.7.
Theorem 3.17. A* =R} if and only if m is even.
Theorem 3.18. For even m, all palindromes from V(D) belong to the component A%, (i.e. R},).

Proof. We prove this theorem, by strong induction, for all & € N where m = 2k. The base case is
obviously correct (00 <+ 11). Assume that the statement holds for all palindromes ww of length less then
2k. Consider a palindrome vv € V(D;)), where vt # 0™.

Case 1: vv = luwl.

Let xx be one of the alpha words from V(D,,_2) whose outlet word is ww, i.e. o(zZ) = ww. Then

*
m—2

there exist such palindromes w;w; € V(D},_5) and alpha words z;ZT; € V(Dp,—2) with o(x;T;) = w;w;,
1 <j <t (te N)for which there exist walks ww — wiw; — wowy — -+ — wyw; and T — T 1T] —
9Ty — -+ — 2% in D}, _5 and D,,,_o, respectively, and w,w; = om—2 (inductive hypothesis). Now, the
walk exTe — ex1Tie — exoTae — - -+ — exiTie — de(kfl)f in D,, (2477 € L,,—2) justifies the existence
of the walk vo = lwwl — lwiwil — lwewzl — -+ — lww;l — 0™ in R, (see Figure 14a).

Case 2: vv = 0°1lwwl0® where s > 1 (including the possibility that w is an empty word).
If w is not an empty word, then there exist such walks ww — wiyw; — wowy — --- — wyw; and
TT — T1T] — ToTg — - -+ — x4Z¢ (both of length ¢t € N) in Dg(k—s—l) and Dy, _,_1), respectively, where
o(2%) = wiw, o(z;7;) = w;w; for all 1 < j <t and wyw; = 02F~5~Y (inductive hypothesis).
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FIGURE 14. Constructions walks to vertex 02* in digraph D},

Case 2.1: t is odd.
Required walk (of length t + 1) in Dy, is db*~leazab® ' f — ab*~! fo1Z7db* e — dbS ewoTzab’ 1 f —
ab® ! fosTzdb® e — db*teaxTaab® T f — oo = abt T fazpdb® e — db™2f. The fact db2f € L,
implies the statement (see Figure 14b).

Case 2.2: t is even.
Required walk (of length t + 2) in Dy, is db* lcaxZab® ' f — ab*~! fo1Z7db* e — dbS lcaoTzab® 1 f —
ab* ! fr3m3db® e — db*lexyTgab® T f — - — db* ey Tab® T f — ab* Tl f(ac)k N db e —
db® f(df)*=5=2db* f. Since db®(fd)*~*~1b°f € L,,, the statement holds (see Figure 14c).

Case 2.3: v = 0" 11105,
The walk (of length 2) db*2cab®=2f — abF=2 fdb*2c — db™ 2 f in R,, implies the existence of the walk
0F=1110%1 — 1021 — 0™ in R},. Consequently, 0¥~ 11101 € R* . O

Further reduction of the transfer matrices is possible just in the case G = RG),(n) using the following

Theorem 3.19. Ifv € V(R;,), thenv € V(R;},).

Proof. If o(z) =v (x € V(Ry,)), then there exists an integer n > 1 for which ngmﬂf(n) # 0. By using
the property of reflection symmetry (db™~2f = db™~2f), we obtain that ngmﬂf(n) = ngmﬂf(n) #£0,
which implies T € V(R,,). Since v = o(T), we conclude that v € V(R})). O

Now, we can contract the vertices v and v into one vertex for all v, € V(R*) resulting in a new digraph
R;x. For example, for m = 5 digraph R} is bipartite and has 6 (unordered) pairs of different vertices
{v,7} which are rounded in Figure 13. During contraction of vertices v and U we retain arcs starting
from just one of these two vertices and delete the ones starting from another vertex. Multiple (double)
arcs appear when v and U have a common direct predecessor (see Figure 11). The symmetry of the
rectangular grid RG,,(n) leads us to the conclusion that WY" (n) = WJ™ (n) for any vertex v € V(R*).
Consequently, the number Wi (n) remains the same in both digraph R* and R**, i.e.

Theorem 3.20. The number fEG(n) is equal to entry agfll) of the n-th power of the adjacency matriz for
R** where v = 0™.
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This way we obtain the recurrence relations for f£¢(n) of lower order then the ones we got using the
digraph R*(see Tabular 2). Note that for odd m, R* is a bipartite digraph and vertices v and v are at
an even distance (of the same colour), so R** has no loops. On the contrary, when m is even new loops
can appear. For example, for m = 4 (see Figure 12) one more loop appears when the vertices 1100 and
0011 are contracted. -

Computing the generating functions FC (x) def Z fS(n)z™ is a matter of routine [7, 8, 23]. We wrote

n>1
computer programs for the computation of the adjacency matrices of these digraphs D,,, D;,, Rm, R;,,

R and initial members of required sequences f< (n).

4. Computational results

4.1. Cardinality of sets of vertices for components of D;,.

Some properties of the digraphs D,,, D and R, and their related sequences f&(n), spotted upon

m?
analyzing the computational data for m < 12 (in case of RG,,(n) for m < 17) have been discussed and
proved in the previous section for arbitrary m € N. Beside numerical results we further present a few
more properties concerning the cardinality of sets of vertices for components of D};,. Due to limited space

these properties are here formulated as conjectures and will be the subjects of separate papers [10].

Conjecture 4.1. For each m > 2, digraph D}, has exactly L%J + 1 components, i.e. D} = Ak UB},
where B}, consists of exactly L%J components B gi@ . plm/) ( V(B:nsl)) |>] V(B;ASQ)) |> -
>| V(B:,SLm/QD) |). All the components B:,gk) (1<k< L%J} are bipartite digraphs and

( m 1 ), if m is odd,

(m+1)/2 -k
VB | =
m . .
2. <m/2—k)’ if m is even,
and
m
, if m is odd,
V(AL | = (i "y
m m

my2)’ if m is even.
m
The vertices v and U belong to the same component. If v € B:n(s), 1<s< {EJ , then U is placed in the

same class if and only if m is odd.

Conjecture 4.2. For m — odd, the word 0™ belongs to V(B:,El)), i.e. R = BV The number of all
(m+1)/2 >

L[(m+1)/4])"

Conjecture 4.3. For m — odd, the number of vertices in R}, is equal to the binomial coefficients (in

OEIS A001791):

(a.) VR = ()

palindromes from V(B:n(l)) is equal to (
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TABLE 1. The numbers of vertices of D,,, D}, components of D}, and the order of the recurrence
relations (the same) for both thick cylinder graphs TkC,,(n) and Moebius strips M Sy, (n).

| m  J2[3[4] 5] 6] 7] s8] of w| u| 2]
| V(D) | [ 5] 13]41] 121365 ] 1003 | 3281 | 9841 | 29525 | 88573 | 265721
\V(Dz) | 4] 7]16] 31] 64| 127 256| 511] 1024 | 2047| 4096
vy | 2] 3] 6] 10] 20 35] 70] 126] 252] 462] 924
v 2] 4 15] 30| 56| 112] 210 420] 792| 1584
VB -] -1 2] 6] 12] 28| 56| 120 240| 495| 990
vy -1 -1 -] -] 2] 8| 16| 45| 90| 220 440
vy -1 -1 - -] - -] 2] 1] 20| 6] 132
v -1 - - - - - - - 2] 12 24
v |- -1 - - -1 - -[ -[ - - 2

| order [l4] 5]13] 19] 49| 69| 178] 249 6a9| -] -

while the number of vertices in digraph R}y is equal to

(4.2) [V(Rw) |= % [((mm—+1)1/2> " <LEZ$ Bﬁjﬂ '

For m — even, the number of vertices in R}, is equal to the Central binomial coefficients (in OFEIS
A000984):

m
4.3 V(R:) |=
(4.3 VR 1= ()
while the number of vertices in digraph R is equal to A005317 in OFIS, i.e.

(4.4) | V(RE) |=20m=2)/2 4 ;(m%)

For m-odd, equations (4.1) and (4.2) are trivial consequences of Conjecture 4.1 and Conjecture 4.2.
Equation (4.3) is a consequence of Theorem 3.17 and Conjecture 4.1. Using Theorem 3.18 the equality

(4.4) is easy to prove from (4.3). Also, we noticed that the members of the sequence | V(R,,) | for even
m < 10 coincide with the initial members of the sequence A082758 in OEIS [24].

4.2.  Asymptotic behaviour of the numbers of 2-factors f&(n).
The properties referring to asymptotic behaviour of numbers of 2-factors f2%(n) and fI*“(n) (when
n — 00) were observed to be similar to the ones that appeared while studying Hamiltonian cycles.
Since the adjacency matrix 7,5 of D}, (m > 2) is symmetric (Theorem 3.8), i.e. Hermitian, the
spectrum of D}, contains only real numbers. Each of the components of D}, is a strongly connected
digraph (Theorem 3.9) and, therefore, has an irreducible adjacency matrix [8] (which is a block in the
diagonal block matrix 7). From Perron-Frobenius theorems [12] the maximum modulus eigenvalues for
these nonnegative and irreducible matrices are algebraically simple eigenvalues. If the set of all maximum

modulus eigenvalues for a nonnegative and irreducible matrix has exactly £ > 2 distinct elements, they are
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TABLE 2. The numbers of vertices of F,, L, R, Ry, and R:* and the order of the recurrence
relations for RG,,(n).

| owm  Je2fs[af 5] 6f 7| s8] o9f 1] ufiz] 1]
| Fm |=| L || 1|1 2] 3] 5] 8| 13| 21| 34| 55| 89| 144
|V(Rm)| [ 3]6]19|60] 141|532 1107|4608 8953 | < | < | <
IV(R:)| [ 2]4] 6|15 20| 56| 70| 210| 252|792 | 924 | 3003
V(R | |23 14| 31| 43| 110| 142|406 | 494 | 1519
order 21 13| 9| 35| 25| 96| -| - -

| om | ] ] 6] 7]
| Fon = Lo | || 233] 377] 610 987

| V(RE) | 3433 < < <
| V(R | | 1780 | 5755 | 6563 | 21942

precisely the kth roots of 1 times the maximum eigenvalue 6 [12]. Since all eigenvalues of our considered
matrices are real numbers, for bipartite digraphs there exist exactly two simple eigenvalues of maximal
modulus (6 and —#), i.e. k must be two.

0TkC and M5 to emphasize corresponding grid graph) and 6% be the

Let 60,, (we also use the labels
maximum eigenvalues of the adjacency matrices of D}, and R, respectively. Computational results for
m < 12 show that the maximum eigenvalue 6,, of 7.7 is simple and unique maximum modulus eigenvalue.

Additionally, 6, is attached to the component A7, for all m > 2, i.e.
Conjecture 4.4. The mazimum eigenvalue of A}, is the unique mazimum modula eigenvalue of D}, .

According to the foregoing we have

TkC () ~ aT*CP"  where alkC =1 .

(Note that the property for the coefficients of maximum eigenvalue being equal to 1 appeared by Hamil-
tonian cycles when m was odd [1] and [3].) For instance,
9ch(99) = 1750738462181652771338808207772701955030703442028258017318088093361136
0786760679564966706639273723674798766385930557092858331879012953635968

195685205,
ngkC(100) = 5503488851650192832857551518533018608271730034860817348840930779798339

9866850567422183774919747362024619387408919222429539996042852109168447

1910843826,
%kC(QQ) = 5472946695895734348165268778293176272799246831355358749477747452490650

1214615708064019534391418227552525368357696963283863359292333457421226

269199598481596902807547077 and
17;)]‘30(100) = 2645316310319933683496095009841718024759437947764204153951092048286901

77772590313492235348729319669713556503597499306148418819833268 75548074
53750119675251682976586688605
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while
05 = 1.75073846218165923653 - - - - 10148,
05" = 5.503355253 - -- - 10149,

679 = 5.47294669589622318 --- - 1016, and

6190 = 2.645121801666474501 - - - - 10198,

TkC
m

The coefficient a is equal to 1 because of Theorem 3.13 and the fact that the trace of n-th power
of matrix 7,% is equal to the sum of n-th powers of all of its eigenvalues (the value f.*“(n) has the
unique representation as a linear combination of n standard solutions of the recurrence relation for 7.
corresponding to all its eigenvalues).

Recall, that for Hamiltonian cycles in TkC,,(n), contractible HCs are more numerous than non-
contractible ones if and only if m is even [3]. The similar assertion can be formulated for 2-factors
dividing them into 2-factors with even and odd number of nc-cycles. Note that in case m is even, the
digraph A%, determines 2-factors in TkCy,(n) with an even number of nc-cycles (however not all of them).
For odd m A3, determines 2-factors with odd numbers of nc-cycles and this kind of 2-factors are then

dominant assuming Conjecture 4.4. More precisely,

f’:,’flc(n) ,  form odd
I (n) ~ (n = +00).
g:f%c(n) ,  for m even

Assuming that all components B:,gk) are bipartite (Conjecture 4.1) we have that, for n odd, the only
2-factors obtained from component A* are counted in fI*C(n). (Therefore, more digits coincide in
fEEC(99) and 63°, or f1FC(99) and 693, than in f7*¢(100) and 0%, or f{£F¢(100) and 61°.)

TABLE 3. The approximate values of 6, = 01k¢ = M5 and aTFC = aM5 =1 for 1 < m < 12,

m

where ~(,,) means the estimate based on the first n entries of the sequence.

|

H gTkC — gMS aTkC = oMS H

m
2 1.6180339887498948482045868344
3 2.4142135623730950488016887242
4 3.6941816601239106665999753656
5 5.6532020378824433814716902315
6
7
8
9

8.6709538972300632454385724873
13.3121782399972542081592050166
20.4516932294114966231186908391
31.4344796371815965829996668429
10 || 48.3308526218584373943242746007
11 ~(100) T4.32697213
12 ~(s0) 114.326

—_ = R === == =] =] =
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TABLE 4. The approximate values of 02¢ and af¢ for 2 < m < 17, where ~(n) means the

estimate based on the first n entries of the sequence.

L] O af’

2 (1++/5)/2 V5/5
3 1.73205080756887729352744634151 0.2886751345948128822545743903
4 3.69418166012391066659997536564 0.3118537771565198570113824680
5 4.62518160134423951692596223359 0.2689660737850244855426998625
6 8.67095389723006324543857248731 0.2520573399762828621654010912
7 11.5193830042298614862975296130 0.2420402401081641797612878583
8 20.4516932294114966231186908391 0.2149686611014229925654013297
9 28.0703410924057870863760633239 0.2185598738607493954133759244
10 48.3308526218584373943242746007 0.1885668461094284796839894294
11 | ~g00) 67.7256340927618460544544369622 | ~(g00) 0.1987190117694364038206719883
12 || ~(go0) 114.3265540751374759033150378963 | =600 0-1683321933349066394611832136
13 || ~(200) 162.5256416517095900095387075181 | ~%(900) 0.1818325481375590304998965322
14 ~(200) 270.594404874261731 ~(200) 0.152084575433189642
15 || ~(a00) 388.7591582316368266038304859009 | ~(00) 0.1672787181981763741720923489
16 ~(200) 640.690454998007 ~(200) 0.1386133711863155
17 ~(100) 927.945466754283 ~(100) 0-154581709489037

Recall, that contractible Hamiltonian cycles in TkCy,(n) and RG,(n) have the same positive dom-

inant eigenvalue when m is even [3].

Conjecture 4.4 and apply Theorem 3.17 (see Tabular 3 and Tabular 4), i.e.

where a

The novelty appears with the Moebius strip M S,,(n). According to the Conjecture 4.4 we have

Numerical data show that the coefficient of the maximal eigenvalue is again one, i.e. a

RG

m

RG(TL) ~

O (0RC)" + a6 (~05)"

are positive numbers.

m

for m even
(n — +00),

for m odd

Y

115 (n) ~ b5,

MS __
MS _q,
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For example,

ngS(99) = 1750738462181665701723082146927338193581515086747844712341253685406319
1553795793184785069123799306157361712365337734920832932311990627148209
033567981,

5\45(100) = 5503488851650163776931116763714293076427970032180999497847873716909388
7001537742285391720378803648896975631451618649151832275727205508702975
7535019482,

1]\6[3(99) = 5473392413551435904097524137222257556522154835755962205364841172527434
9587572680168475798796527038604871940909874270974422734365157886590851
507415380950441091624 785881, and

%3(100) = 2645121801666648913048490842342065467547225492026995244876289719579663
8721230465776899400708104186158155469514422006233945602999944685195281
33438673321151104001586481523.

Here, if we assume Conjecture 4.4 is true, then in case m-even, digraph A} determines the majority
of the 2-factors without a short nc-cycle (though generally not all of them). For m-odd, A}, determines

the 2-factors which contain a short nc-cycle and this kind of 2-factors are then dominant. More precisely,

MS e
n) , if m is odd
FMS () ~ 1]\/7;( ) o , when n — 400 .
om(m) ,  if mis even

Assuming Conjecture 4.1 we have that for both m and n odd the only 2-factors obtained from component
A’ (containing a short nc-cycle) are counted in fM9(n). (Therefore more digits coincide in numbers

M3(99) and 037 than in f39(100) and 6°°. On the other hand, for both m and n even, the only the
2-factors obtained from component A, (without a short nc-cycle) are counted in f5(n). (Therefore,
more digits coincide in f{{¥(100) and 03)° than in f{5(99) and 67).

4.3. Generating functions.
Our results for the rectangular grid graph RGy,(n) = P, x P, for m < 7 confirm the data previously
obtained in another way (by coding cells) in 1994 [6]. We got the generating functions FEX%(z), FLFC (2)
and FM9(z) for 2 < m < 10. These generating functions and the first 30 members of the sequences
fEG(n) (2 <m < 17), fPRC(n) (2 < m < 12) and fM9(n) (2 < m < 12) are exposed in the extended
version of this paper[9].

By observing the denominators of the generating functions for the components B;;("”), where k£ > 2, one
can notice that each of them consists of the factors of the denominator of the generating functions for

BV or A,
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