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Partitioning a graph into cycles
with a specified number of chords

Shuya Chiba* Suyun Jiang’ Jin Yan*

Abstract

For a graph G, let 0»(G) be the minimum degree sum of two non-adjacent vertices in
G. A chord of a cycle in a graph G is an edge of G joining two non-consecutive vertices of
the cycle. In this paper, we prove the following result, which is an extension of a result of
Brandt et al. (J. Graph Theory 24 (1997) 165-173) for large graphs: For positive integers
k and c, there exists an integer f(k,c) such that, if G is a graph of order n > f(k,c) and
02(G) > n, then G can be partitioned into k vertex-disjoint cycles, each of which has at
least ¢ chords.
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1 Introduction

In this paper, we consider finite simple graphs, which have neither loops nor multiple edges.
For terminology and notation not defined in this paper, we refer the readers to [3]]. Let G be a
graph. For a vertex v of G, we denote by d(v) and Ng(v) the degree and the neighborhood of v
in G. Let 6(G) be the minimum degree of G and let 0,(G) be the minimum degree sum of two
non-adjacent vertices in G, i.e., if G is non-complete, then 0(G) = min {dg(u) + dg(v) : u,v €
V(G),u # v,uv ¢ E(G)}; otherwise, let 05(G) = +oo. If the graph G is clear from the context,
we often omit the graph parameter G in the graph invariant. We denote by K, the complete
graph of order 7. In this paper, “partition” and “disjoint” always mean ‘“‘vertex-partition” and
“vertex-disjoint”, respectively.

A graph is hamiltonian if it has a Hamilton cycle, i.e., a cycle containing all the vertices of
the graph. It is well known that determining whether a given graph is hamiltonian or not, is
NP-complete. Therefore, it is natural to study sufficient conditions for hamiltonicity of graphs.
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In particular, since the approval of the following two theorems, various studies have considered
degree conditions.

Theorem A (Dirac [7]) Let G be a graph of ordern > 3. If 6 > 3, then G is hamiltonian.

Theorem B (Ore [16]) Let G be a graph of order n > 3. If 0, > n, then G is hamiltonian.

In 1997, Brandt et al. generalized the above theorems by showing that the Ore condition,
i.e., the o, condition in Theorem [Bl guarantees the existence of a partition of a graph into a
prescribed number of cycles.

Theorem C (Brandt et al. [4]) Let k be a positive integer, and let G be a graph of order n >
4k — 1. If oo > n, then G can be partitioned into k cycles, i.e., G contains k disjoint cycles
Ci,...,Cy such that U, ., V(Cp) = V(G).

In order to generalize results on Hamilton cycles, degree conditions for partitioning graphs
into a prescribed number of cycles with some additional conditions, have been extensively stud-
ied. See a survey paper [6].

On the other hand, Hajnal and Szemerédi (1970) gave the following minimum degree con-
dition for graphs to be partitioned into k complete graphs of order ¢.

Theorem D (Hajnal and Szemerédi [12]) Let k and ¢ be integers withk > 1 and t > 3, and let
G be a graph of order n = tk. If 6 > %n, then G can be partitioned into k subgraphs, each of
which is isomorphic to K;.

In 2008, Kierstead and Kostochka improved the ¢ condition into the following o, condition.

Theorem E (Kierstead and Kostochka [13]) Let k and ¢ be integers withk > 1 and t > 3, and

let G be a graph of order n = tk. If o > =2y — 1, then G can be partitioned into k subgraphs,

t
each of which is isomorphic to K,.

The above two theorems concern with the existence of an equitable (vertex-)coloring in
graphs. In fact, Theorem Dl implies that a conjecture of Erdds [9] (“every graph of maximum
degree at most k — 1 has an equitable k-coloring”) is true. Motivated by this conjecture, Sey-
mour [[17] proposed a more general conjecture, which states that every graph of order n > 3
and of minimum degree at least %n contains (¢ — 1)-th power of a Hamilton cycle. It is also
a generalization of Theorem [Al by including the case ¢+ = 2. In [15]], Koml6s et al. proved the
Seymour’s conjecture for sufficiently large graphs by using the Regularity Lemma. For other
related results, see a survey paper [14]].

In this paper, we focus on a relaxed structure of a complete subgraph in graphs as follows.
For an integer ¢ > 1, a cycle C in a graph G is called a c-chorded cycle if there are at least ¢
edges between the vertices on the cycle C that are not edges of C, i.e., |E(G[V(C)]) \ E(C)| > c,
where for a vertex subset X of G, G[X] denotes the subgraph of G induced by X. We call each

edge of E(G[V(C)]) \ E(C) a chord of C. Since a Hamilton cycle of K, has exactly @ chords,

1(1-3)
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we can regard a c-chorded cycle as a relaxed structure of K, for ¢ = . Concerning the



existence of a partition into such structures, we give the following result. Here, for positive
integers k and ¢, we define f(k, c) = 8k*c + 10kc — 4k + 2c + 1.

Theorem 1 Let k and ¢ be positive integers, and let G be a graph of ordern > f(k,c). If o, > n,
then G can be partitioned into k c-chorded cycles.

This theorem says that for a sufficiently large graph, the Ore condition also guarantees the
existence of a partition into k subgraphs, each of which is a relaxed structure of a complete
graph. The complete bipartite graph K n-t it (n 1s odd) shows the sharpness of the lower bound
on the degree condition. But we do not know whether the order condition (the function f(k, c))
is sharp or not. It comes from our proof techniques.

Related results can be found in [1} 2, 15, [10, [11]]. In these papers, degree conditions for
packing cycles with many chords in a graph, i.e., finding a prescribed number of disjoint cycles
with many chords (it may not form a partition of a graph), are given and some of the results are
also generalizations of Theorem

In Section[2] we give lemmas which are obtained from arguments for hamiltonian problems.
By using the lemmas, in Section [3] we first show that the collection of disjoint c-chorded cycles
in a graph G satisfying the conditions of Theorem [Il can be transformed into a partition of G
(Theorem 2lin Section [3). Then we show that Theorem 2l and a result on packing cycles lead to
Theorem [Tl as a corollary (see the last of Section[3). In Sectiond], we give some remarks on the
order condition and show that the order condition in Theorem Il can be improved for the case of
the Dirac condition.

2 Lemmas

We prepare terminology and notations which will be used in our proofs. Let G be a graph. For
v € V(G) and X C V(G), we let Nx(v) = Ng(v) N X and dx(v) = |Nx(v)|. For V,X C V(G),
let Nx(V) = [J,ey Nx(v). For a subgraph F of G, we define E_G(F) = E(GIV(F)D \ E(F). A
(u, v)-path in G is a path from a vertex u to a vertex v in G. We write a cycle (or a path) C with a
given orientation by C. If there exists no fear of confusion, we abbreviate C by C. Let C be an
oriented cycle (or path). We denote by C the cycle (or the path) C with the reverse orientation.
For v € V(C), we denote by v* and v~ the successor and the predecessor of v on E), respectively.
For X C V(C), we define X* = {v* :ve X} and X~ = {v” : v € X}. For u,v € V(C), we denote
by Clu, v] the (u, v)-path onz‘). The reverse sequence of C[u, v] is denoted by <5[0, u]. In the rest
of this paper, we often identify a subgraph F of G with its vertex set V(F).

We next prepare some lemmas. In the proof, we use the technique for proofs concerning
hamiltonian properties of graphs. To do that, in the rest of this section, we fix the following.
Let k and ¢ be positive integers, and let G be a graph of order n and L a fixed vertex subset of
G. LetCy,...,C; be k disjoint c-chorded cycles each with a fixed orientation in G, and suppose
that C* := | J;<,« C) is not a spanning subgraph of G. Let H* = G — C* and H be a component
of H*. Assume that Cy, ..., C; are chosen so that

(A1) |V(C*) N L|is as large as possible, and



(A2) |C*|1is as large as possible, subject to (A1).
Then the choices lead to the following.

Lemmal LetC =C, withl < p <k, and letv € Nc(H) and x € V(H). Then (i) v'x ¢ E(G),
and (ii) dgoc (V") + dyoc(x) < |H* U C| - 1.

Proof of Lemma [1l We let PBbea (v*, x)-path consisting of the path C[v*, v] and a (v, x)-path
in G[V(H) U {v}].

Suppose first that there exists a vertex a in (Np(v™))” N Np(x), where the superscript ~ refers
to the orientation of 7D> (see Figure[I)). Consider the cycle D := v*Pla”, x] <117[a, v*]. Then by the
definitions of P and D, we have (Eg(C)\ {v*a*})U{ww*} C Eg(D) or Eg(C)U{aa*} C Eg(D), and
hence D is a c-chorded cycle in G[V(H* U C)]. Moreover we also have V(C) c V(P) = V(D).
Therefore, by replacing C with D, this contradicts (A1) or (A2). Thus

(Np(@"))” N Np(x) = 0. &)

This in particular implies that v*x ¢ E(G). Thus (i) holds.

Suppose next that there exists a vertex b in Ng(v™) N Ng(x) N (V(H* U C) \ V(P)). Consider
the cycle D’ := P[v*, x]bv*. Then by the similar argument as above, replacing C with D’ would
violate (A1) or (A2). Thus Ng(v") N Ng(x) N (V(H* U C) \ V(P)) = 0. Combining this with (IJ),
we get dyuc(v™) + dyuc(x) < |[H* U C| — 1. Thus (ii) holds. O

Figure 1: Lemmalll

Lemma 2 LetC = C, with 1 < p <k, and let u*,v* € (Nc(H))” U (Nc(H))" and x € V(H). If
0>(G) > n, then the following hold.

(i) dc,(u*) +dc,(x) > |Cy| + 1 for some g with g # p.
(i) dc,w") +dc, (") 2 |Cy| + 1 for some g’ withq' # p.
Proof of Lemma 2l Note that by Lemma [I-(i) H, uw'x,v*x ¢ E(G). Since 0,(G) > n, it follows
from Lemmal[I}(ii) ! that
decu) +de—c(x) =n—(H UC| - 1) = |C" = C| + 1, )
der—c(0) +derc(x) = n—(H UC| = 1) = |C" = C| + 1. 3)

'We use the symmetry of C and C for a vertex of (Nc(H))".
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Then (2)) and the Pigeonhole Principle yield that (i) holds. Since dc,(x) < |C,|/2 for 1 < r <k
by LemmalI}(i), combining (2) and (3)), and the Pigeonhole Principle yield that (ii) holds. O

3 Proof of Theorem (1

In order to show Theorem I} we first prove the following theorem.

Theorem 2 Let k,c and G be the same as the ones in Theorem[Il. Suppose that G contains k
disjoint c-chorded cycles. If o, > n, then G can be partitioned into k c-chorded cycles.

In the proof of Theorem 2] we use the following lemma.

Lemma A (see Lemma 2.3 in [8]) Let d be an integer, and let G be a 2-connected graph of
order n and a € V(G). If ds(u) + ds(v) > d for any two distinct non-adjacent vertices u,v of
V(G) \ {a}, then G contains a cycle of order at least min{d, n}.

Proof of Theorem 2l Let L, Cy,...,Ci, C* and H* be the same ones as in the paragraph pre-
ceding Lemma[Ilin Section

Claim 1 If H is a component of H*, then |N¢,(H)| < 2c for1 < p <k.

Proof. Let H be a component of H*. It suffices to consider the case p = 1. Suppose that
INc,(H)| > 2c¢ + 1. Letey,...,e. be c distinct edges in Es(C)). Note that by Lemma [I}3i),
Ne¢,(H) N (N¢,(H))" = 0. Then, since |[N¢, (H)| > 2c + 1, we can take two distinct vertices vy, v,
in N¢, (H) such that

the end vertices of e, . . ., e. do not appear in C;[v],v,],1.e., e1,...,e. € Ec(Ci[va,01]). (4)

We apply Lemma 2}(ii) with (p, u*, v*) = (1,v],v5). Then there exists another cgcle C, with

q # 1,say g = 2, such that d¢, (v]) +dc,(v5) > |C,|+ 1. This inequality implies that] there exists

anedge w win E (C—’;) such that vw™, v;w € E(G). We consider two cycles
Dy := Ci[vz, v1]1P[v1,v2] and Dy := Cy[v], v; 1Ca[w, w™ o7,

where P[v;, v;] denotes a (vy, vp)-path in G[V(H) U {vy, v}] such that V(P) N V(H) # 0. Then by
@), D, is a c-chorded cycle. Since Ec(Cy) € Eg(D,), D, is also a c-chorded cycle. Moreover,
V(D) N V(D) = 0 and V(D) U V(D,) = V(C;) U V(C,) U V(P). Hence, replacing C; and C,
with D; and D,, this contradicts (A1) or (A2). O

Now we define the fixed vertex subset L of G as follows:
n
L= {u e V(G) : ds(v) < 5}.

Case 1. |H*| > 5 — 2kc + 1.

2Change the orientation of C, if necessary.



Since G is connected, there exists a vertex x € V(H*) and a cycle C),, say p = 1, such that
Ne,(x) #0. Let H* = H* — {x}.
In this case, we show that the following claim holds.

Claim 2 H™ contains a c-chorded cycle.

Proof. We first define the following real number w(c). Let w(c) be the positive root of the
equation @ —c=0,1e., w() = @. Since |E(K)| -t = @, it follows that a Hamilton
cycle of a complete graph of order at least [w(c)] has at least ¢ chords.

If V(H™) C L, then by the definition of L, H™ is a complete graph, and hence a Hamilton
cycle of H™ has at least ¢ chords since [H™| > § — 2kc > w(c). Thus we may assume that
V(H*)\ L # 0. Let H' be a component of H** such that V(H’) \ L # (. Note that by Claim [T}
forx’ e VIH)\ L, |H'| > dy(xX')+ 1 > (g —dc(x') — I{x}l) +12 5 —2ke23.

We define an induced subgraph B of H’ as follows: If H’ is not 2-connected, let B be an end
block with a single cut vertex a such that V(B) \ ({a} U L) # 0 (note that we can take such a
block B because |[H’| > 3 and hence H’ has at least two end blocks); If H’ is 2-connected, then
let B = H’ and a be a vertex of H’ such that V(B) \ ({a} U L) # 0 (recall that V(H") \ L # 0).

Then by Claim[I] the definitions of B and a, it follows that for b € V(B) \ ({a} U L),
n n
|B| > dg(b) +1 > (5 —dc(b) — |{x}|) +1> 5~ 2kec.
In particular, B is 2-connected since 5 — 2kc > 3. Moreover, we also see that
dg(u) + dg(v) > n—4kc — 2|{x}| = n — 4kc — 2 for u,v € V(B) \ {a} with u # vand uv ¢ E(G).
Hence, by LemmalAl
B contains a cycle C of order at least min{n — 4kc — 2, |B|}.

To complete the proof of the claim, we show that the cycle C is a c-chorded cycle.

Suppose G[V(C)\{a}] is complete. Since n > f(k, c¢) and |B| > 5 —2kc, we have [V(C)\{a}| >
min{n — 4kc — 3, |B| — 1} > w(c), and hence it follows that C has at least ¢ chords. Thus we may
assume that there exist two distinct non-adjacent vertices u, v of V(C) \ {a}. Then by Claim[l]
the definitions of B and a, we have

dc(u) + dc(v) 2 n = (dc-(u) + dc-(v)) = (dp-c(u) + dp_c(v)) = 2|{x}|
> n — 4ke — 2(|B| - |C|) - 2
> n - 4ke - 2(|B| - min{n — 4kc - 2, |B|}) ~2
=n—4kc -2 +2-min{n — 4kc — 2 — |B|, 0}.

Note that each C; has order at least w(c) because C; has at least ¢ chords, and hence

Bl<|H”|=|H" —{x}|=n-1-|C*|<n-1-k-w(c).



Since n > f(k, c¢), it follows that

de(w) +dc(v) >n—4kc—-2+2 -min{n —4dkc —2 - (n—1-k - w(c)),0}
=n—12kc+2k-w(c)—4>c+4.

This implies that C has at least ¢ chords. O

Now let D be a c-chorded cycle in H™ (= H* —{x}). Recall that N¢, (x) # 0. Let v € N¢, (x).
Then by Lemma [2}(i), there exists a cycle C, with ¢ # 1, say g = 2, such that dc,(v") + dc,(x) >
|C,| + 1. This inequality implies that there exists an edge w™w in E(C_>‘2) such that v*w™, xw €
E(G). Let D, = Cy[v*,v] x Ca[w, w™Jv*. Then, since EG(C>) C Eg(D,), D5 is a c-chorded cycle.
Moreover, V(D) N V(D) = 0 and V(C,) U V(Cy) C V(D) U V(D,) C V(Cy) U V(Cy) U V(H").
Hence, replacing C; and C, with D; and D, would violate (A1) or (A2), a contradiction.

This completes the proof of Case 1.

Case 2. |H*| < § —2kc + 1.
The following two claims are essential parts in this case.
Claim3 (i) V(H*) C L (in particular, H* is complete) and |H*| < 2¢ + 1.
(i) (V(C*)\ Ne«(H)NL = 0.
(iii) dc,(v) 2 |Cpl —2kc+ 1 for1 < p <kandv € V(Cy) \ Nc,(H").

Proof. We first show (i) and (ii). If there exists a vertex x of V(H*) such that x ¢ L, then by
Claim[l |H*| > dy+(x) + |{x}| = (g —2kc) + 1, which contradicts the assumption of Case 2. Thus

V(H") € L.
In particular, H* is a complete graph. Then by the definition of L, we have
(V(C)\ Ne-(H"))NL = 0.

This together with Claim [Il implies that [V(C,) N L| < 2c for 1 < p < k. Therefore, if |[H*| >
2c¢ + 2, then by replacing the cycle C; with a Hamilton cycle of H*, this contradicts (A1). Thus
we have

|H*| < 2c+ 1.

We finally show (iii). Let I < p < kandv € V(C,) \ N¢,(H"). We may assume that p = 1.
Let x be an arbitrary vertex of H*. Then by Claim[Il and since v ¢ N¢,(H"), we get

de-(v) 2 n—dc(x) —dyg(x) > n—2kc— (|H'| = 1) = |C*| — 2kc + 1.

Since dc, (v) < |C,| for 2 < g < k, we have dc¢, (v) > |Cy| — 2ke + 1. Thus (iii) holds. O

3This argument actually implies that |[H*| < max{2c, 3}. But we make no attempt to optimize the upper bound
on |H*| since it does not lead to a significant improvement of the condition on n.
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Claim4 LetC=C,withl <p<k,andw w € E(ZZ) andS = Nc(H*). If|C| = 8kc + 10c — 4,
then there exist two distinct chords u,v;, uyv, of C satistfying the following conditions (A)—(C).

(A) uy,uy, v, vy are appear in the order a]ongz‘),
B) w,we Clvy,u;] and S € Cluy, ui1] U Clua, v2],
(C) dc[vl,ul](l/ll) >c+2and dC[uz,vz](MZ) >c+ 2.

Proof. Note that by Claim [3}(i), H* consists of exactly one component, and hence Claim [II
yields that |S| < 2¢. Note also that by Claim [3-(iii), dc(v) > |C| — 2kc + 1 forv € V(C) \ S.

We first define four vertices uy, u,, x, y of V(C) by the following procedure (I)—(III) (the ver-
tices uy, u, will be the end vertices of the desired chords, and the vertices x, y will be candidates
of the end vertices of the desired chords). See also Figure 2

(I) Let uy, u, be vertices of V(C) such that

U =u,, (I-1) and uj,up ¢ {w US. (I-2)

Note that we can take such two vertices because |C| > 8kc+10c—4 and [{w™}US| < 2c+1.
Choose uy, u, so that |C[w, u;]| is as small as possible. Then by the choice,

|Clw, u ]| < 2|8+ {u}| < 4c+ 1. I-3)

(II) Since dc(uy) = |C| —2kc+ 1 > ¢ + 2 and uju, € E(G), and by ([[-I)), (I:2)), we can take a
vertex x of Nc(u;) such that

w- € Cl[x,u], (II—l) and dC[x,ul](ul) >c+ 2. (H—Z)

In fact, the vertex u, can be such a vertex x. Choose x so that dc(,,,)(¢;1) is as small as
possible, subject to (II=1)) and (II=2)). Then by the choice,

if deppu(u) <c+1,
then deyu- (1) = ¢ + 2 = depua (), that is, depe, (1) = ¢ + 2;
if depu(ur) > ¢+ 2,
then dep,-1(u1) = [{x}] = 1, that is, depe, (1) < [V(Clw, ug]) \ {u}] + 1.

In either case, by (I-3)),
dc[x’u]](bt]) <4c+1. (H—3)
Moreover, since |V(C) \ Nc(uy)| < |C| = (|C| — 2kc + 1) = 2kc — 1, we have

ICLx, 1| = [Nepan )| + [V(CLx, un]) \ Nepeun (un)]
< (4c+ 1) + ke — 1) = 2ke + 4. (I1-4)



(IIT) Let y be the vertex of N¢(u,) such that
Ay () = ¢ + 2. (I-1)
By the similar argument as in (I[-4)), we have
|ICluz, yll < (¢ +2)+ (2kc = 1) = 2kc + c + 1. (II-2)

Recall that |[C| > 8kc + 10c — 4. Hence by the definitions of x,y and, ([=I)), (I4) and
(I-2),

y and x appear in the order along C[u;,u;], and y* # x. (III-3)

22¢

Y = 2c+1

meS

up  u

Figure 2: The vertices u, u, v, 02

To complete the proof of the claim, we next define two vertices vy, v, of V(C) as follows.
(IV) We first show that
|Netya1t1) 0 Negy ()| > 2c. (IV-1)
Assume not. Then for some i with i € {1, 2},
g1 < 5 ([VECTY, D\ (Netg 1) 0 Vet

+ |NC[y+,x-](M1) N NC[y+,x-](M2)|

1
< 2 (ICly", x 11— Q2c—1) + (2c—1).



If this inequality holds for i = 1, then by (I=1)), (II=2)), (I=3) and (I-1)—(II-3),
|C| = 2kc + 1 < dc(uy)

< depeu W) + depuy () + depyr (1)

<@c+ 1D+ QRkc+c+ 1)+ %(lC[er,x_]l —Q2c-1)+Q2c-1)

cl 1
= |—2|—5(|C[x,u1]|+|C[u2,y]|)+2kc+6c+%
cl 1 3
S%—E(C+3+C+3)+2kc+6c+§
|CI

3
:7+2kC+5C—§.

This implies that |C| < 8kc + 10c — 5, a contradiction. Similarly, for the case i =

2, it follows from ([=1I)), (II-2)), (I-4)), (II-1)) and (III-3)) that |C| < 8kc + 10c — 5, a

contradiction again. Thus (IV-1J) is proved.

By ([V-I)), we can take 2c distinct vertices zi, . . ., Za, in Ny - 1(t1) N Ny 1 (2). We
may assume that zp., ..., 2, z; appear in the order along C[y*,x]. Let zo = x and
Z2¢+1 = Y. Then

Z2c+15 22¢» - - - » 225 21, Z0 appear in the order along Clu;, u;]. Iv-2)
Note also that
Zzi € Ng(uy) forO <i<2candz; € Ng(up) for1 <i<2c+ 1. (IV-3)

Moreover, since |[S| < 2c, it follows that there exists an index i with 0 < i < 2¢ such
that

z=2z,,0rz; #2725, and Clz,,,z 1N S = 0. (IV-4)
Then we define

v; = z;and vy = Ziy. (IV-5)

Now let u;, u,, vy, v, be the vertices defined as in the above (I)-(IV). By (IV=3) and (IV-3),
uv; and u,v, are chords of C. By (IV=2) and (IV-3)), we also see that uy, us,v,,v; appear in
the order along C. Thus (A) holds. By ([-1), ([-2), (II-1), (TV=4)) and (IV-3)), we have w™,w €
Clvy,u1] and S C Clvy, v2] = Clvy, uy] U Cluz, v;]. Thus (B) holds. By (IT=2), (I-1)) and (IV-3),
we have dcyy, 4,)(41) = ¢ + 2 and dcyy, »,)(#2) = ¢ + 2. Thus (C) also holds.

This completes the proof of Claimdl O

Let x € V(H") and C,, be a cycle with 1 < p < k such that N¢,(x) # 0. Let v € N¢,(x). We
may assume that p = 1. Then by Lemma [2}(i), there exists a cycle C, with ¢ # 1, say ¢ = 2,
such that d¢,(v") + dc,(x) > |Cy| + 1. This inequality implies that there exists an edge w™w in
E(C_’z)) such that v*w™, xw € E(G). On the other hand, since |C*| = n — |H*| > n — 2c — 1 by
Claim [3}(i), there exists a cycle C, with 1 < r < k such that |C,| > %(n —-2c—1).
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Suppose that r > 3, say » = 3. Then, since |C3| > %(n -2c—-1) > %(f(k, c)—2c—-1)>
8kc+ 10c —4, we can apply ClaimMlto C; with S = N¢,(H*) [, i.e., C5 has two chords u vy, usv;
satisfying the conditions (A)—(C). Let

D, := Ci[v",v] x Colw,w™ v*, D, := u;Cs[vy, u1] and D3 := Cs[uz, vy ]us.

Since Eg(C;) C Eg(D;), D, is a c-chorded cycle. By the condition (C), D, and D5 are also
c-chorded cycles. By the definitions of Dy, D, D, the condition (B) and Claim B}(ii), we have
V(C1) U V(Cy) U(V(C3) NL) U {x} € Uj<yez V(Dy) € Uj<s<3 V(Cy) U {x}. Moreover, by the
condition (A), Dy, D, and Dj; are disjoint. Since x € L by Claim [3}(i), replacing C;, C, and C;
with Dy, D, and D; would violate (A1), a contradiction.

Suppose next that r € {1, 2}, sayH r =2. We apply ClaimH@lto C; so that the edge w™w of C;
is the same one as in Claim@dland S = N¢,(H"), i.e., C, has two chords u vy, u,v, satisfying the
conditions (A)—(C). Let

D, = C1[0+,U] X Cz[U),Ml]Cz[Ul,w_]U+ and D, := Cyluy, v ]us.

Since E_G(C 1) C E_G(Dl), D; is a c-chorded cycle. By the condition (C), D, is also a c-chorded
cycle. By the definitions of Dy, D,, the condition (B) and Claim[3}(ii), we have V(C;)U(V(C,)N
LYU{x} C V(D;)UV(D,) C V(C,)UV(C,)U{x}. Moreover, by the condition (A), D, and D, are
disjoint. Since x € L, replacing C; and C, with D; and D, would violate (A1), a contradiction
again.

This completes the proof of Theorem2l O

We finally prove Theorem[Il In 2009, Babu and Diwan gave the following result concerning
the existence of k disjoint c-chorded cycles in graphs. (They actually proved a stronger result,
see [[1]] for the detail. See also [[6, Theorem 3.4.16].)

Theorem F (Babu and Diwan [1]) Let k and c be positive integers, and let G be a graph of
order at least k(c + 3). If 05 > 2k(c + 2) — 1, then G contains k disjoint c-chorded cycles.

Combining this with Theorem 2 we get Theorem [T] as follows.

Proof of Theorem [l Let k, c and G be the same ones as in Theorem[I] and suppose o(G) > n.
Since 0,(G) > n > f(k,c) > max{k(c + 3),2k(c + 2) — 1}, Theorem [H yields that G contains
k disjoint c-chorded cycles. Then by Theorem 2l G can be partitioned into k c-chorded cycles.
]

4 Concluding remarks

In this paper, we have shown that for a sufficiently large graph G, the Ore condition for partition-
ing the graph G into k cycles (Theorem|[C)), also guarantees the existence of a partition of G into

4We do not use w~w in Claim @l

. — .
3Since (Cy,v,v") and (C», w, w™) are symmetric, we may assume that » = 2.
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k cycles with ¢ chords which are relaxed structures of a complete graph (see Theorem [I). But,
as mentioned in Section[Il we do not know whether the order condition (the function f(k, ¢)) is
sharp or not. Perhaps, a weaker order condition may suffice to guarantee the existence.

For the case of the Dirac condition, it follows from our arguments that the order condition
can be improved as follows. If we assume 6(G) > 3, then we have L = 0 in the proof of
Theorem 2] i.e., Case 2 does not occur (see Claim [3(i)). On the other hand, in the proof of
Case 1 of Theorem[2] we have used the order condition in the following parts:

o 1 —2ke> w(c) (= B > 3),
e min{n — 4kc — 3,|B| - 1} 2 min{n — 4kc - 3,5 — 2kc — 1} > w(c),
o n—12kc+2k-w(c)—4>c+4.

In the proof of Theorem I} we have also used the order condition in the following part:
e n > max{k(c + 3),2k(c+2)—1}.
Therefore, as a corollary of our arguments, we get the following.

Theorem 3 Let k and c be positive integers, and let G be a graph of order n > 12kc — 2k - w(c) +

¢+ 8, where w(c) = —'SC;M. If6 > %, then G can be partitioned into k c-chorded cycles.

We finally remark about the necessary order condition. Let ¢ be a positive integer, and let
Y(c) be the positive root of the equation #(t —2) — ¢ = 0, i.e., Y(c) = Ve +1 + 1. Note that
|E(K,,)| — 2t = (¢t — 2). If a bipartite graph contains a c-chorded cycle, then by the definition of
Y(c), it follows that the order of the bipartite graph is at least 2[¥(c)]. Therefore, the complete
bipartite graph G = Kjqye)1-1.41wc1-1 Satisfies 6(G) = |Gl/2 and 0,(G) = |G|, but G cannot be
partitioned into k c-chorded cycles. Thus the order at least 2k[y/(c)] — 1 is necessary, and the
order conditions in Theorems [I] and [3] might be improved into n > 2k[y/(c)] — 1. Theorem
supports it by including the case ¢ = 0, since ¥/(c) = 2 for the case ¢ = 0. For the case ¢ = 1,
related results can be also found in [6, Corollary 3.4.7].
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