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MAXIMUM-SIZE ANTICHAINS IN RANDOM SET-SYSTEMS
MAURICIO COLLARES NETO AND ROBERT MORRIS

ABSTRACT. We show that, for pn — oo, the largest set in a p-random sub-family of the
power set of {1,...,n} containing no k-chain has size (k — 1+ 0(1))]9(”72) with high proba-
bility. This confirms a conjecture of Osthus.

1. INTRODUCTION

One of the cornerstones of extremal set theory is the famous theorem of Sperner [18], who
proved in 1928 that the largest antichain in P(n), the family of all subsets of {1,...,n}, has
size (n72) In 1945, Erd6s [6] generalized this result by showing that any family of sets larger
than the k£ — 1 middle layers of P(n) contains a k-chain.

In this paper we will prove a sparse random analogue of Erdés’ theorem. More precisely,
for every function p > 1/n we will determine, with high probability, the (asymptotic) size of
the largest sub-family of P(n,p), the p-random sub-familyl of P(n), containing no k-chain.
This confirms a conjecture of Osthus [14].

Theorem 1.1. Let 2 < k € N, let p = p(n) be such that pn — oo. Then the largest family
A C P(n,p) containing no k-chain has size

n
(1) Al = (k—1+ O(l))p(n/2>
with high probability as n — oo.

We remark that the bound on p is best possible, since the result fails to hold whenever
pn — C'. Indeed, in this case Osthus [14] showed that, with high probability, the two middle
layers of P(n, p) contain an antichain A of size (1+e~/?+0(1)) p(n%); adding k — 2 further
layers to A gives a family of size (k —14+e 924 0(1)) p(n%) containing no k-chains.

The alert reader may have noticed that in order to obtain Theorem [L1] it is sufficient
to prove it in the case k = 2, since every family A C P(n) containing no k-chain can be
decomposed into k£ — 1 antichains. (We thank Oliver Riordan for pointing this out to us.)
Our proof will not use this simple fact, however, proceeding instead via an application of
the hypergraph container method (see Section [2) to the k-uniform hypergraph encoding the
k-chains of P(n). While more complicated that strictly necessary, this approach has two
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'That is, P(n,p) is a random variable such that P(A € P(n,p)) = p for each A € P(n), and such events

are independent for different values of A.
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significant advantages: it motivates the proof of Theorem [[.2] below, which we consider to
be of independent interest, and it gives an easily accessible introduction to the approac
of [13], which we expect to have numerous other applications.

The study of the random set-system P(n,p) was initiated in 1961 by Rényi [15], who de-
termined the threshold for the event that P(n, p) is an antichain. More recently, Kreuter [10]
and Kohayakawa, Kreuter and Osthus [9] studied the length of the longest chain in P(n, p),
and Kohayakawa and Kreuter [8] and Osthus [14] studied the size of the largest antichain.
In particular, Osthus [14] proved that (II) holds if pn > logn, and conjectured that pn > 1
is sufficient. We note that this conjecture has also been proved independently by Balogh,
Myecroft and Treglown [2], who also studied sparser random set-systems.

The problem of obtaining sparse random analogues of classical results in extremal com-
binatorics has attracted a large amount of attention in recent years, culminating in the
extraordinary breakthroughs of Conlon and Gowers [4] and Schacht [I7], who developed
general techniques for solving such problems, and as a result were able to prove a number
of longstanding conjectures, such as sparse random analogues of the theorems of Turan and
Szemerédi. A third approach, now known as the ‘hypergraph container method’, was sub-
sequently developed independently by Balogh, Morris and Samotij [I] and by Saxton and
Thomason [16]. We will use this latter method in order to prove Theorem [I.1]

In order to effectively apply the hypergraph container method (see Section [2)), one re-
quires a so-called ‘balanced supersaturation theorem’; and the proof of such a result (see
Theorem [[.2] below) is the main innovation of this paper. An ‘unbalanced’ supersaturation
theorem (giving a lower bound on the number of k-chains, but not controlling the distri-
bution of these chains) was proved by Kleitman [7] in the case k = 2, and by Das, Gan
and Sudakov [5] in general. More precisely, the authors of [5] used the permutation method
pioneered by Katona and LYMB! in order to show that a family with ¢ more elements than
the extremal example above contains Q(tn*~') k-chains. One of the key ideas from [5] will
also play an important role in our proof, see Lemma [3.4] below.

In order to state our balanced supersaturation theorem, we will need a couple of simple
definitions. For each k > 2 and n € N, let G = Gi(n) denote the k-uniform hypergraph
on vertex set P(n) whose edges encode k-chains, i.e., {Fy,..., Fy} € E(Gg) if and only if
Fy 2 --- D Fj, for some ordering of the elements. Given F C P(n), we write H C Gi[F] to
denote that H is a k-uniform hypergraph with vertex set F whose edges are all members of
E(Gy). For each £ € [k], we write Ay(H) for the maximum degree of a set of ¢ vertices of H,
that is

Ay(H) = max {dy(A) : ACV(H), |A| =1},

2This approach allows one to efficiently apply the hypergraph container lemma an unbounded number of
times by combining it with a suitable ‘balanced supersaturation theorem’, such as Theorem [[.2} It was used
in [I3], to prove (amongst other things) that the number of Coy-free graphs with n vertices is 20(n!T1/%)
3The acronym LYMB refers to Lubell [I1], Yamamoto [19], Mesalkin [I2] and Bollobés [3]. Tt often causes
spelling confusion due to the silent B.
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where dy(A) = |{ B € E(H) : A C B}|. We also write Z(#) for the collection of indepen-
dent sets of H, and a(H) for the size of the largest member of Z(H).

We can now state the key new tool that we will use to prove Theorem [T It says that a
family with slightly more than «(Gy) = (k—1+0(1)) (732) elements not only contains many
k-chains, but that these chains can be chosen to be fairly ‘evenly distributed’ over P(n).

Theorem 1.2. For every k > 2 and o > 0, there exists 6 = 0(a, k) > 0 such that the
following holds. Let n € N and F C P(n) satisfy |F| > (k— 1+ «) (7:/‘2), and suppose that

St<m< (IZD for every F,G € F with ' D G. Then there exists H C Gi|F] satisfying

(a) e(H) > d*m*1(,7,),
(b) Ay(H) < (dm)F=*  for every 1 < € < k.

We remark that the bounds in Theorem are all close to best possible. To see this, set
m = n/3 and consider the k—1 middle layers of the hypercube, together with « (732) elements

from the next layer up. Then Gi[F] has O(nk_l(n%)) edges and A, (Gi[F]) = Q(n*~*) for

every 1 < £ < k. The technical assumption m < (IZD for every F,G € F with F D G will
be useful because it will allow us to deduce sufficiently strong bounds both when |F| is close
to a(Gy), and when it is much larger, see Section 2

The rest of this paper is organised as follows. In Section Pl we outline the hypergraph
container method, in Section B we prove Theorem [[.2, and in Section [ we perform the

necessary technical computations in order to deduce Theorem 11

2. HYPERGRAPH CONTAINERS

In this section, we will recall the powerful method of hypergraph containers, which was
recently introduced in [IL[16]. Roughly speaking, the method allows us to deduce from a
balanced supersaturation theorem (such as Theorem [[.2) that there exists a relatively small
family of ‘containers’, each not too large, which cover the family Z(#) of independent sets
of a k-uniform hypergraph H. The key container lemma (see [I, Proposition 3.1] and [16],
Theorem 3.4]) is as follows.

The Hypergraph Container Lemma. For every k € N and ¢ > 0, there exists a § > 0
such that the following holds. Let T € (0,1) and suppose that ‘H is a k-uniform hypergraph
on N wvertices such that

2) AH)<cor

for every 1 < ¢ < k. Then there exist a family C of subsets of V(H), and a function
f:P(V(H)) — C such that:

(a) For every I € Z(H) there exists T C I with |T| < k-7N and I C f(T)UT,
(b) |C] < (1 =06)N for every C € C.



We first apply this lemma to the hypergraph Gy, to obtain a large family C; of containers,
each of size at most (1 — §)2". We then apply the lemma again, for each F € C; with
|IFl = (k—1+ «) (n72) (for some small a > 0), to the hypergraph H C Gi[F] given by
Theorem We repeat this process until all containers have size at most (k — 1+ «) (7:/‘2)
The conditions (a) and (b) in Theorem allow us to check that (2]) holds for a suitable
value of 7, and hence to count the containers in our final collection. See [I3] for a similar
application of the container lemma in the context of Cy;-free graphs.

In order to further motivate the statement of Theorem (and the technical condition
m < (ED for every F,G € F with F' 2 G), we will next deduce from it the following two
lemmas, which we will use to check the condition (2)). The first shows that we can take
T = 1/n when F is slightly larger than a(Gy).

Lemma 2.1. For every k > 2 and o > 0, there exists ¢ = c¢(a, k) > 0 such that the following
holds. Let n € N be sufficiently large and F C P(n) satisfy (k—1+a) (;}2) < | F| < 3k (732)
Then there ezists H C Gi|F] satisfying

for every 1 < 0 < k.

Proof. First, observe that (by adjusting « slightly) we may assume that |F'| > n/3 for
every I' € F, since the number of sets smaller than this is much smaller than (n72) Thus,
applying Theorem with m = n/3, it follows that there exists a hypergraph H C Gi[F]
and a constant § = d(a, k) > 0 with e(H) > *m*~1( ") and Ay(H) < (6m)F~* for every

n/2
1 < ¢ < k. It follows that

3%k .5kmk‘1(n72) _ e(H)
Sttt 3g()) T et R

n/2

Ay(H) < (0m)F*

where ¢ = k - (3/6)*, as required. O
The next lemma shows that if |F| is larger, then we can in fact take 7 much smaller.

Lemma 2.2. For every k > 2, there exists ¢ = c(k) > 0 such that the following holds. Let
n € N be sufficiently large and F C P(n) satisfy | F| > 3k (nT/LZ) Then there exists H C Gi[F]
satisfying

c e(H)

A < :
(M) n3=3 | F|

for every 1 < £ < k.

Proof. First, choose an arbitrary partition F = FoUJF;U- - -UF; such that |F;| = 3k (n72) for
every i € [t] and |Fy| < 3k (n72) Fix ¢ € [t], and observe that, by the pigeonhole principle,
there are at least l{;(;}z) elements of F; whose sizes have the same remainder modulo 3. Let

F! be a collection of (k — o(1)) (732) such elements, all of size at least n/3, and note that

(IZD > ("?/’3) for every F,G € F with F' D G. Thus, applying Theorem with m = ("?/’3),
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it follows that there exists a hypergraph #H; C Gi[F/] and a constant § = §(k) > 0 such that
e(H;) = [6FmF=1 (] /2)-‘ and

¢ otmbe 1(n/2)< de(M)

k() I

A(H;) < (0m)FF <

for some ¢ = (k) and every 1 < ¢ < k. Setting H = Hy U --- U H,, it follows that

¢ max;e(H,; c e(H
A(H) < max {A(H)} < oy ) G

1<i<t min; |[F!]  n33 ’ | 7]
as claimed, since e(H) = >.'_, e(H;) =t - e(H;) and | F| < 7t - | F!| for every i € [t]. O
Motivated by the above bounds, fix 7: P(n) — R to be the function defined by
b JA] < 3k(
3 )= 7 IAS R
n~3 otherwise.

We can now specialize the Hypergraph Container Lemma to our application by combining
it with Lemma [2.I] and Lemma The following corollary will be used in Section E to
count the containers of a given size produced by repeated applications of the Hypergraph
Container Lemma, see Theorem

Corollary 2.3. For every 2 < k € N and a > 0, there ezists § = §(a, k) > 0 such that the
following holds. Let n € N be sufficiently large and C C P(n) with |C| > (k — 1+ «) (n/2)
Then there ezists a collection C C P(C) and a function f: P(C) — C such that

(a) For every I € Z(Gx|C)), there exists T with |T| < k-7(C)|C| and T C I C f(T)UT
(b) |C"] < (1 =9)|C| for every C" € C.

Proof. Apply the Hypergraph Container Lemma to the hypergraph H C Gi[C] given by
Lemma 271 (if |C] < 3k (n7/‘2)), or by Lemma [2.2] (otherwise), and observe that (for a suitable
choice of the constant ¢) the inequality (2)) holds with 7 = 7(C) for every 1 < ¢ < k. It
follows immediately that there exist a family C of subsets of C', and a function f: P(C) — C
such that (a) and (b) hold, as required. O

3. BALANCED SUPERSATURATION

In this section, we will prove Theorem by constructing H one edge at a time. More
precisely, starting with H = 0, we will repeatedly apply the following lemma, adding new
edges to H until the conditions of Theorem are satisfied.

Lemma 3.1. For every k > 2 and o > 0, there exists 6 = 0(a, k) > 0 such that the
following holds. Let n € N and F C P(n) satisfy |F| > (k— 14 a)(, /2) and suppose that

St<m< (ig}) for every F,G € F with F D G. If H C Gi[F] is a hypergraph satisfying

(a) e(H) < o"m"'(),),
(b) Ap(H) < (6m)*=t  for every £ € [K], i



then there exists an edge f € Gi[F|\ H for which Ay({f}UH) < (dm)k=¢ for every € € [k].

We remark that this approach to proving balanced supersaturation theorems — adding the
edges of H one by one — was also used in [I3], and is likely to have further applications.

The rest of this section will be dedicated to proving the Lemma Bl so from now on let
us fix & > 0 and k£ > 2, and choose § > 0 sufficiently small and m > §~!. Moreover, let us
fix n € N, a family F C P(n) and a hypergraph ‘H C Gi[F] satisfying the conditions of the
lemma. The degree function of H will simply be denoted by d, for simplicity.

We say that a non-empty family A C P(n) is saturated if d(A) = [(dm)*~MI|, that is, if
no edge of F containing this family can be added to the hypergraph H without violating
condition (b). A family B C P(n) is bad if it contains a saturated sub-family A C B.
Otherwise we say that B is good. With this terminology, the conclusion of Lemma [3.1] is
that Gy [F] contains a good edge. Indeed, since a good edge f € Gi[F] is not saturated, then
d(f) <1,and so f & H.

The following easy lemma will be a crucial tool in the proof of Lemma Bl It says that
there are not too many ways to turn a good family bad.

Lemma 3.2. For any good A C P(n), there are at most 24! -26km sets F € P(n) for which
{F}U A is bad and {F'} is not saturated.

Proof. The result follows from a simple double-counting argument, which we spell out below.
Since A is good, any saturated sub-family of {F} U .4 must contain F. In other words, any
F such that {F'} U A is bad belongs to

S(B) :={F € P(n) : d({F}UB) = [(6m)*1BI~]}

for some B C A. Moreover, if {F'} is not saturated, then B cannot be empty. Therefore, it
is enough to bound the size of S(B) when B is non-empty. We do so by noting that

1S(B)|[(6m)= 1811 = N~ a({F}UB) < kd(B) < k(6m)*15,
FeS(B)
where the first inequality is true because each edge of H containing B contributes at most &

to the sum. Since m > 6~!, we obtain |S(B)| < 26km. The claimed bound now follows by
summing over all choices of B. U

Similarly, noting that S(#)) = {F € P(n) : {F} is saturated}, we have
[SO)IL(6m)* ] < k- e(H).

By condition (a) and the bound m > 67!, it follows that |S(0)| < 20k (n72) Thus, by
adjusting « slightly if necessary, we can remove the elements of S from F. Therefore, from
now on we will assume that F contains no saturated sets.

We will next sketch the proof of Lemma [3.1l The key idea is that if we choose Fj to be of
minimal cardinality such that the “density” of k-chains below F; (see Definition [3.3) is bigger
than a/k (see Lemma[3.6]), then only few of those k-chains will be bad, and hence at least one

of them will be good. In order to bound the density of bad k-chains below F}, let us define
6



a chain F} 2 -+ 2 Fy to be critical if {F}, ..., Fy_1} is good but {F}, ..., Fy} is not. We will
use Lemma to show that the density of critical (-chains is small (see Lemma B.7). We
will then use the minimality of F} to deduce that the operation of extending critical /-chains
to bad k-chains only increases the density by a bounded factor.

In order to make the above sketch more precise, let us next formalize the notion of density
that we will use. This definition is inspired by the work of Das, Gan and Sudakov [5], see
Lemma [3.4] below. We remark that, despite its name, the ¢-chain density of a set is not
bounded above by 1, and in fact can be as large as Q(n‘"1).

Definition 3.3. The /-chain density of a set F} € F, denoted by c,(F}), is given by

o 2 (G

Fo,.. FyeF
F12F2---DF,

In particular, ¢ (F') =1 for all F' € F.

The following lemma is essentially due to Das, Gan and Sudakov [5]. Since it was not
explicitly stated in their paper, we will give the proof for completeness.

Lemma 3.4 (Das, Gan and Sudakov). For any fizred 1 <1i < j < k, we have
1 s s
——(ci(F) = ¢;(F)) < max () - ()
1;-‘ (\FI) seN \ 7 J

Proof. Following the permutation method, say a permutation 7 of [n| contains a set F if
F={n(1),...,7(|F|)}. Moreover, say it contains a chain if it contains all sets of the chain.
Note that the number of permutations containing a given chain F} 2 --- 2 Fj is

1 -1 -1
n | Fi | | Fy_1]
— D - | Fy\ Foll - [ Fpqy \ |- | Fpll = n! -
(= BDARA B - Fea A Felt - [l = (\Fl\) (|F2|) (\Fe\ ’

and so, denoting by X,(7) the number of /-chains contained in 7, the expected value of X,
with respect to the uniform probability measure on the set of permutations is

X = 2, <|;|)G§D (T |)_1 - ZF(F’/ (1)

F12.2F

On the other hand, since sets contained in a single permutation always form a chain, X,(7)
equals (Z), where s is the number of elements of F contained in w. We deduce that

Xi(m) = Xj(m) < max (j) - (j)’

and the conclusion follows by taking the expected value of both sides. O

A very useful feature of Lemma [B.4] is that the upper bound it provides does not depend
on n. We will next use this to show that ¢-chain densities cannot decrease too quickly as
a function of ¢, and hence that it is enough to upper bound the k-chain density of a set

whenever we want an upper bound for all of its lower densities.
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Lemma 3.5. For every F € F and 1 < < k, we have co(F) < ¢, (F) + 4%,
Proof. The result is trivial for £ =1, as ¢;(F') = 1. For ¢ > 2, we can use the identity

=2 () e () (") - 3 et /(i)

FOF, D DF,

together with Lemma [3.4] (applied to the hypercube of subsets of F') to obtain

1 S s
cr(F) —cp(F) = Z (T)(C£—1(F2) —cp—1(F2)) < Iileal\?i (6 _ 1) - (k: _ 1)-
FOFeF \|F|
Since the function being maximized is negative for all s > 2k — 1, the right side is at most
(25__11) < 4%, which proves the result. U

Lemma [3.4] also allows us to deduce that at least one element of our family has large
k-chain density, as we show in the following pigeonhole-like observation.

Lemma 3.6. I[f0<a<1and|F| > (k—1+a) (n72), then maxp cy(F) > a/k.

Proof. By Lemma B.4] with ¢« = 1 and j = k, and since ¢;(F) = 1, we have

1
Y (1= cul(F)) < max (S) - (S) — k1.
FeF (IF \) seN Al b
However, if the desired conclusion were not true, we would have
1 1 k —
Y (L= a(F)) > 27(1—9) >(k-14+a) — L >k-1,
(7)) () K k
FeF \|F| FeF \n/2
where, for the last step, note that equality holds when o € {0,1}. O
Finally, we will need the following lemma, which bounds the density of critical /-chains. It

is a simple consequence of Lemma [3.2] and our assumption that m < (}gi) for every F',G € F
with F' D G.

Lemma 3.7. For every Fy € F and 1 <0 <k,

W 2 (:?D - (|JFF||) <220k e )

Fa,..., Fpiq1eF
12D Fy4q critical

Proof. Recall that if Fy 2 -+ D Fyyq is critical, then {F},..., F;} is good but {Fi,..., Fyi1}
is not. By Lemma 3.2 it follows that the left-hand side of () is at most

IFll)‘1 <|m_1|>‘1 . ( || >—1
-2 20km - max .
2 (|F2| | Y] FoFaeF \|Fra|

The result then follows from our upper bound on m and the definition of ¢,(F}). O

We are now ready to carry out the plan outlined above, and prove Lemma [3.11
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Proof of Lemmal3 . We may assume, without loss of generality, that 0 < a < 1. Let F}
be of minimal cardinality such that c,(F;) > «/k (note that at least one such F} exists, by
Lemma [3.6]). We claim that

s () ()

.. FLeF
F1D---DF bad

which immediately implies that the total k-chain density of good chains is positive, and
therefore that at least one good chain exists. In order to prove (), notice that every bad
k-chain Fy D --- 2 F} is associated with a unique 1 < ¢ < k such that F} 2 --- D Fjyq is
critical. As such, we can write the left side of ([{) as

k=1 -1 -1
F F,
( 2 QFD (uL i |) (F>>
=1 Fo,....,Fy 41 EF 2 t+1

.....

F12--DFy4q critical

We will proceed by bounding each term of the outer sum separately, so fix 1 < ¢ < k. By
Lemma and the minimality of I}, we have c,_¢(Fyy1) < cp(Frypr) + 4% < a/k + 4% < 5k
Using this bound and Lemma 3.7, we obtain

(6) > (:2:)_1< | )_1~ck_g(Fg+1) <2020k - co(Fy) - 5"

Fay Fysr €F | e
F12---2F,4 critical
Using Lemma once again for the bound c,(Fy) < cx(Fy) + 4% and summing (@) over
1 < ¢ < k, we conclude that

Fy,...,FLeF |F2| |Fk| «
FlQQFk bad

since ¢ (F1) = a/k. The right side can be made less than c(F7)/2 by choosing ¢ to be small
(only as a function of a and k), and so the proof is complete. U

4. PROOF OF THEOREM [I.1]

In this section we will deduce Theorem [[1] from the results of the previous two sections.
More precisely, we will use Corollary to prove a ‘fingerprint theorem’ (Theorem (A2
below), which easily implies Theorem [Tl A coloured vertex set is simply a family A C P(n)
together with a function ¢: A — N. Recall that i denotes the k-uniform hypergraph whose
edges encode k-chains. We will need the following definition.

Definition 4.1. A fingerprint of G; is a family S of coloured vertex sets, together with:

(a) A fingerprint function T': Z(Gy) — S with T(I) C I for every I € Z(Gy).
(b) A container function C': § — P(V(Gyx)) such that I C C(T'(I)) for every I € Z(Gy,).
9



Each S € S should be thought of as a sequence of subsets of V(H) given by repeated
application of the Hypergraph Container Lemma. The container function is obtained by
applying the sequence of functions f given by these repeated applications. We will prove the
following theorem.

Theorem 4.2. For every k > 2 and € > 0, there ezist a constant K = K(,k) > 0 and a
fingerprint (S,T,C) of Gy such that the following hold:

(a) Every S € S satisfies |S| < 5 (n/2)

(b) The number of members of S of size s is at most

(52) o (3002)

(c) [IC(T(I)|<(k—14¢) (;}2) for every I € I(Gy).

Before proving Theorem [£.2] let us see how it implies Theorem [Tl

Proof of Theorem[I1l. Let k > 2 and € > 0 be arbitrary, and let K = K(e,k) > 0 and
(S8,T,C) be the constant and fingerprint given by Theorem Let n € N be sufficiently
large, and note that pn > Ke™!, since pn — oco. If I C P(n,p) is an independent set of Gy,

of size at least (k — 14 3¢)p (n/2)’ then it follows that 7'(I) C P(n,p) and

|C(T()NP(n,p)| = (k—1+3¢)p <n7;2) :
Let X be the number of elements of S for which these two properties hold. Then

X)<)_P(ACPnp)-P (\(C(A)\A) NP(n,p)| > (k-1 +2e)p<n72)) ,

AeS

where we used that |A| < ep (7:/‘2) by the lower bound on pn and Theorem (a). Hence,
by the properties of (S, T, C') guaranteed by Theorem 2] and Chernoff’s inequality,

%(7;2) n
K()\* (K 2
/2 n s epl n
E(X) < - .S N
< 3 (Z5) oo (Gla)) oo ()
K{(n Klog(pn) ( n K{(n epl n
< = 2 oMY - _ - F
ST (n/2) eXp( o \n2) T\n2) T3 ) )
(Kp/e)( ,)), and K/n < Kp/e.
Therefore, by Markov’s inequality, and since pn > log(pn) >

> 1, we have
P(a(P(n,p)) > (k—1—|—36)p< )) \exp< (mz)) —0

as n — 00, as required. L]

since the summand is increasing in s on the interval ( ,

It only remains to prove Theorem We will use a straightforward but technical lemma.
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Lemma 4.3. Let M >0, s >0 and 0 < § < 1. For any finite sequence (ay, ..., a,) of real
numbers summing to s such that 1 < a; < (1 —90)'M for each j € [m], we have

slogs < Za] loga; + O(M).
7=1

We remark that this lemma is especially easy to prove if m = O(1), which will be the case
in our application. However, it is not much harder to prove in general, and this more general
version is necessary for other applications, cf. [I3] Section 6].

Proof of Lemma[{.3 Fix m € N and note that, by compactness, we can assume that the
sequence (ay, . . ., @) achieves the minimum of ) 37" | x;log x; subject to the given conditions.
Let

={jem]:a; <(1—086'M}
and Jo = [m] \ Ji; define also s; = 3, ; a; for i € {1,2}. The convexity of zlogz implies

that all of the elements of the subsequence (a;);cs, are equal and that J; = [t] for some
t €40,...,m}, so that s; <#(1 —¢)"M. Note that s =, a; = O(M) and

- 1

solog M — Zajloga] Za] log— Z 1—6)"Mlog =0y =0(M).
Jj€J2 Jj€J2 Jj=1

We are done if t = 0, so assume ¢t > 1. By convexity, slogs < s;logs; + s2log sy + slog2.

Hence, recalling that a; = ... = a; = s1/t, we have

slogs < s1 log% + s1logt + sy log se + O(M)

< »logaj—l—t(l—5)tMlogt+Zajlogaj+O(M)

jen J€J2
Z jloga; +O(M),

as claimed. O

We are now ready to prove the ‘fingerprint theorem’, and thus complete the proof of
Theorem L1l

Proof of Theorem[{.2 Let k > 2 and € > 0 be arbitrary, let 6 = (e, k) > 0 be given by
Corollary 23], choose a large constant K = K(g,k,¢), and let n € N be sufficiently large.
For a given I € Z(Gy), we will apply Corollary a certain number of times, which we will
denote by m = m(I), to construct two sequences Ci,...,Cpyq and T, ..., T, of subsets of
V(Gx). The construction will inductively maintain the following properties:
(i) ICCipa U U---UT,
(73) The sets Ciyq, Tl, ..., T; are pairwise disjoint,
(7i1) Ciyq1 only depends on C; and T;,
)

(i) |Cina| < (1 = 9)|Cil.
11



To do this, first set C} := P(n). Aslong as |C;| > (k—1+¢) (n%), let T, C INC; and f; be
given by Corollary 23 applied to C;, and set C;yq := f;(T;) \ T; C C; \ T;. We stop when we
can no longer apply Corollary 23] that is, when |Cp 41| < (kK —14¢) (7;2)

We define our fingerprint (S, T, C) of Gy by setting

T():=(T),....T,) and  C(T(I)) = Cpy UTLU--- U T,

and letting S := {T'(I) : I € Z(Gx)}. Note that Property (iii) implies C' is well-defined,
while Property (i) guarantees that it is a container function.

In order to check that the constructed fingerprint satisfies the conditions of the theorem, we
first bound the sizes of the fingerprints and the number of iterations of the above procedure.
To do so, let 2 < my < m be minimal such that |C,,,| < 3k (n7/‘2), and observe that, by
Property (iv) and the definition (B]) of 7(A),

-3 ., 9n s
7) HCHICH < {n_l 2 o ) if ¢ < 7?.’&0,
n~t-(1-9) - 3k (n/Z) otherwise.

The geometric decay of |C;| moreover immediately implies that m = O(logn). We thus
obtain

(8) glf(ci)w < mTf < % (n%) and i 7(C)[Cy] = @ (J/Lz)

Since |T(I)| = >0, |T;| < >°%, k7(C;)|Cil, adding the two bounds immediately proves (a).
Also, since n is sufficiently large,

(O = Gl + [T U+ UTy < (k= 1422)( ).

which proves (c), since € > 0 was arbitrary.

It only remains to prove (b), which follows using Lemma 43l The first step is to partition
the collection of s-sets in S into subfamilies S(rg,t), where for given my € N and t =
(t1,...,tm) € N™ we define S(rg,t) to be set of all (T,...,Ty) € S such that 7 is the
smallest integer for which |Cy,, | < 3k (n72) and moreover |T;| = ¢; for each i € [n].

In order to bound the number of elements of S(1g,t) of size s, set s; = ngo t;, and
observe that

" 1 1 01)/ n
tilog — < s1log — + ——2 :
) > tilogy < silog -+ 20 (1)
i=mg
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by Lemma 3] and the second bound in (7). Since each T is a subset of the corresponding
C;, we can use the trivial bound |C;| < 2" and the definition of 7y to write

ool < (7)1 ()

=1 i=mo

mo—1 n s1 m 1 t;
< 2hn ek - —

1) (e ()| IEGE)

i= =g

(M) (5 (2)

where the final step follows from the first sum in (8) and from applying the exponential
function to ([@). Finally, note that the right-hand side is monotone in s; on the interval
(0, K (n72) /e), and we can therefore replace s; by s. Summing over the (at most n®™)
choices of t, mg and m, the claimed bound follows. O
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