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Abstract. This paper presents a novel statistical methodology for ex-
erting control over adaptive surface meshes. The work builds on a re-
cently reported adaptive mesh which uses split and merge operations
to control the distribution of planar or quadric surface patches. Hith-
erto, we have used the target variance of the patch fit residuals as a
control criterion. The novelty of the work reported in this paper is to
focus on the variance-bias tradeoff that exists between the size of the
fitted patches and their associated parameter variances. In particular,
we provide an analysis which shows that there is an optimal patch area
which minimises the variance in the fitted patch parameters. This area
offers the best compromise between the noise-variance, which decreases
with increasing area, and the model-bias, which increases in a polyno-
mial manner with area. The computed optimal areas of the local surface
patches are used to exert control over the facets of the adaptive mesh.
‘We use a series of split and merge operations to distribute the faces of the
mesh so that each resembles as closely as possible its optimal area. In this
way the mesh automatically selects its own model-order by adjusting the
number of control-points or nodes. We provide experiments on both real
and synthetic data. This experimentation demonstrates that our mesh is
capable of efficiently representing high curvature surface detail.

1 Introduction

Adaptive meshes [3, 18, 19] have proved popular in both the segmentation (25,12,
4,13,16, 8] and efficient representation [6] of volumetric surface data . The liter-
ature is rich with examples. For instance De Floriani et al [6,7] have developed
a multi-scale mesh which has been exploited not only for surface representation,
but also for stereoscopic reconstruction. Several authors have reported variable
topology meshes. Bulpitt and Efford [1] have a mesh that adapts itself so as to
minimise curvature and goodness of fit criteria. The “slime” surface of Stoddart
et al [20] uses region merge operations of refine a B-spline mesh surface.

These surfaces are effectively driven by geometric criteria [18,19]. In a recent
series of papers we have developed a surface mesh which is statistically motivated
[27,26]. Each node in our mesh represents a local quadric patch that is fitted
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to a support neighbourhood on the surface. Specifically, we have shown how
a series of node split and merge operations can be used to both refine and
decimate the mesh so as to deliver a surface of predefined target variance. These
operations not only control the surface topology, they also iteratively modify the
support neighbourhoods for the quadric patch representation. Analysis of the
mesh reveals that the equilibrium distribution of mesh nodes is such that the
density is proportional to the underlying curvature of the surface. The surface
has been demonstrated to produce useful segmentations that can be used for
subsequent differential analysis {26].

The aim in this paper is to focus more closely on the statistical criterion that
underpins the control of the mesh split and merge operations. In particular we
consider the variance-bias tradeoff {10] which underpins the choice of the support
neighbourhood for the estimation of surface parameters. Simple split-and-merge
operations based on a target ’goodness of fit’ can result in biased or noisy patch
estimates. This has undesirable effects on the recovered differential structure of
the surface [17,22,23]. It is for this reason that we present a detailed analysis
of parameter variance. The main conclusion of this analysis is that the variance
has a two-component structure. The first component results from the effects of
noise and decreases with increasing area of estimation. The second term results
from the model-bias and increases with the area of estimation. As a result of
the interplay between these two terms, there is an optimal choice of the area of
estimation that results in a joint minimisation of both the noise variance of the
estimated parameters and the model bias.

The optimal local area of estimation is used to exert control over the split
[19] and merge [18] operations that underpin our adaptive mesh. By driving the
adaptation of the mesh from the optimal local patch area we provide a natural
means of controlling the model-order for our surface representation. Using these
split and merge operations, a mesh is generated which has faces of area equal
to the optimal area of estimation. If surface patches are placed at each of these
faces, the subsequent piecewise representation is optimal in the sense that the
error to the underlying surface parameters is minimal. The parameters of the
patch are sufficient to represent the surface to within the accuracy limits imposed
by the noise.

2 Approximating the surface from noisy data-points

Following Besl and Jain [2] our aim is to fit increasingly complex variable order
surface models to potentially noisy data-points. Viewed from the perspective of
local surface geometry this can be viewed as sequentially estimating derivatives
of increasing order through the fitting of an appropriate surface patch. When
couched in this intrinsically hierarchical way, each derivative relies on the esti-
mation of the preceding and lower order derivatives. As a concrete example, in
order to estimate curvature through a second-order quadric patch, we must first
fit zero and first order models to determine the surface height and surface normal
direction. Subject to the limitations imposed by the level of image noise, this
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process can obviously be extended to any model-order to estimate the desired
derivative.

In practice however, there is a problem of variance-bias tradeoff that hinders
the parameter estimation process. By increasing the size of the sample or sur-
face area used to estimate the model parameters, the effects of noise variance
may be minimised. In other words, the temptation is to increase the size of the
local surface patches so as to increase the accuracy of the estimated derivatives.
Unfortunately, as the surface facet is increased in area problems of model bias
emerge. In a nutshell, the problem is that the model order is insufficient to rep-
resent genuine structure in the data. The basic issue addressed in this paper is
how to resolve this dilemma, for the important and generic problem of adaptive
mesh control. It must be stressed that variance-bias issues are ones of pivotal
philosophical and practical importance in data fitting [10]. .

We commence our discussion with a set of 3-dimensional data-points P =
{pi|Vi} derived from range data. In realistic tasks, these points are invariable
uncertain in the sense that they deviate from the true surface due to some
noise process. In the following, we denote the function of the underlying surface
as f(z,y) and the equation of points on this underlying surface is therefore
z = f(z,y). The data-point p; = (z,¥:,2:) is related to the true surface by
z; = f(zi,y:) + ni, where n; is the additive noise process. Now consider the
Taylor expansion of the true surface function.

o) = S + {3} @—z+{F] wi-w)

+ {%}o (zi — z0)% + {afgy }o (zi — 2o)(yi — ¥o) + {g%}o (i — 90)?
1)

If we wish to estimate, for example, first order derivatives (corresponding to
the surface normal), we must first estimate the height z, = f(z,,y,) and remove
it’s contribution to the Taylor expansion by moving the origin of the coordinate
system to (ZTo, Yo, f[Zo, ¥o]).- The derivatives %ﬁ and % can the be estimated
by fitting the tangent plane z = ax + by. Similarly, the surface curvature can
be determined by transforming co-ordinates to remove zero and first order con-
tributions. The necessary second-order derivatives are estimated by fitting the
quadric patch f(z,y) = az? + Bzy + yy? to the transformed height data.

In the remainder of this section, we provide an analysis of the errors in
the fitted local surface models for each derivative in turn, commencing with the
estimation of surface location. In each case we provide an analysis of variance for
the fitted surface parameters. This commences from the known variances of the
surface fit-residuals. These residuals are propagated through into the estimation
of surface parameter variances. This analysis reveals the area dependence of the
parameter variances. It is this analysis which allows us to estimate the optimal
patch-area which results in the best variance-bias tradeoff.
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2.1 Estimating the average surface height

We first consider the estimation of the height of the local origin of co-ordinates on
the surface. We denote this point by the vector of co-ordinates 0 = (z,, Yo, 2,)7 -
This location of the origin can be estimated by the mean height of the data-
points. If S denotes the index-set of the sample of available points and n; rep-
resents the additive noise present in the height measurement z;, then

i

o= |S| Z yz lsl Z Yi (2)

ieS \ z; 1€S f(xi,yi) + n;

If the sampled points are uniformly distributed over  —y footprint of the surface
patch, then the x and y co-ordinates of the origin are located at the centre-of-
mass of the support neighbourhood. The height distribution, on the other hand,
is governed both by the sampling noise and the bias introduced by the un-
derlying surface shape in the sampling window. The two processes have very
different origins. The noise process is stochastic and requires an explicit statis-
tical model. The bias is a measure of the inappropriateness of the surface shape
model adopted in the local sampling window.

The contributions from the various sources can be evaluated by again using
the Taylor expansion. Our estimate of the local location of the surface is given
by the average height of the sample data-points thus;

0% f 20°f
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where Az; = z; — z, and Ay; = y; — y,. Because we have chosen a sym-
metrical sampling window, the odd spatial moments Zie s AT, Y e Ay and
Y ics Az;Ay; are zero. As a result, the estimated height-intercept is given by
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In other words, the estimated height-intercept is deviates from the average
z-value by an amount that is determined by the second-order derivatives of the
surface. The variance of the fit-residuals, i.e. o2, = T%T Y ies(zi — 20)? therefore
has a two-component structure. The first of these results from averaging the raw
image noise over the |S| samples in the local surface patch. When the noise n;
is assumed to follow a Gaussian distribution with variance ¢% and zero mean,
then the average noise variance is equal to T—;—Ia?. The second contribution to the
variance of the fitted height originates from the derivative bias terms, of which
the most significant terms are the second order derivatives of the surface. As a
result, the total variance is given by

i+ {50 (S as) {5 ()
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If the data-points are uniformly distributed over the x-y footprint of the sur-
face patch, then the expectation values of the second-order moments 3, Ax?
and ), ¢ Ay? can be calculated from the geometric moments of the support
neighbourhood. Of course, the exact values of these moments depend on both
the size and shape of the support neighbourhood. For simplicity, we will evalu-
ate the moments for a circular region around the origin. In order to make the
role of the area A of the support neighbourhood explicit, we replace the number
of points in the sample-set by the expression |S| = pA where p is the surface-
density of data-points. As a result, the expectation value for Y. o Az? is given,
in the circular case, by

€S

By Aa?) =p [ o244 = oA (6)
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Substituting for the expectation values of the second-order surface-moments, the
final expression for the total variance is given by

3 o2 A? aZf 2 an 82f a2f 2
e = 3 a2 [{5‘} +{a—}{@}+{5y‘}

o o

o2 2
p_A- + koA

The two component area dependence of the total variance is now made explicit.
The first term represents the propagation of raw noise variance. As the area of
the support neighbourhood used in the estimation of the origin increases, then
so the effect of noise-variance on the fitted parameters decreases. The second
term, on the other hand, represents the model bias in the extracted parameters.
In the case of estimating the origin, the bias depends on the second derivatives,
or curvature, of the local surface. The bias term increases with increasing surface
area. It is clear that there is critical value of the area which results in minimum
total variance. We locate the minimum area by fitting an empirical model to the
measured height variance observed for various support neighbourhood areas.
This fitting process returns estimates of the two model parameters o2 and kg.
When these have been extracted from the the variance-area data, the optimal
area is given by

cop=

In the Sections 2.2 and 2.3, we extend our analysis to the estimation of local
surface orientation and curvature. In both cases, there is a similar variance-bias
structure to the total variance.
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2.2 Estimation of the surface normal

By translating to the local system of co-ordinates centred on the origin o, we
we can again perform the Taylor expansion for the local surface patch. In the
translated co-ordinate system,

N A AT A i A
z' = {a}o:c +{3_y}oy +{W}Oxz+{8z3y}oxy +{a—y2}oy2 (8)

where ' = z — z, and ¥ = y — y, are the translated co-ordinates. In the
transformed co-ordinate system the height intercept of the local surface patch is
zero. Hence, the tangent-plane may be estimated directly from the data-points
in this new coordinate system.

Both the parameter estimation process and the propagation of variance is
more complicated than in the case of the origin. Parameter estimation is realised
by the least-squares fit of a tangent plane through the origin 2’ = az’+by’. Again
we choose a set of sample data-points S. We denote the parameters of the tangent
plane by P = (a,b)T. The positions of the sample points are represented by the
design matrix

' '
T 0
i '
_ |z
X, = 2 Y2

while the corresponding height data is represented by the column-vector Z, =
(2}, 25,...)T. The least-squares fit for the parameters is given by P = L,Z, where
L, = (XI'X,) !XT is the pseudo-inverse of the design matrix.

When the parameter-vector P is estimated in this way, then its covariance
structure can be found by propagating the variance in the transformed height
data Z,. If £z, is the covariance matrix for the transformed height data, then
the the covariance matrix for the plane parameters, i.e. E[(P — P)(P — P)7], is
given by

Zy = L%z, Ly ©)
As in the case of the origin, the total covariance matrix has a two-component
structure which reflects the two sources of error in the estimation of the surface
normals. The first component is due to the propagation of noise in the surface-
data-point positions, while the second component is a bias term that results from
the higher order terms in the Taylor expansion. We make this two-component
structure more explicit by writing

p = L,ENL] + L,EpL] (10)

The noise component of the parameter covariance matrix is modelled under the
assumption that transformed height data is subject to independent identically
distributed Gaussian noise of zero mean and variance 0. Under this assumption
the noise variance of the least-squares parameter estimates is given by

12 A
L.2vLTY = o2 ( ZiES 2 ZieS xiyi) 11
PN YiesTY,  ics v 1
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In other words, the noise-component to the total covariance matrix depends on
the second-order moments of the points in the surface patch. As before we assume
a circular support neighbourhood. In this case, the expectation values of the odd
co-ordinate moments are zero. The expectation values of the even moments can
be computed along the same lines as outlined in the previous subsection. As a
result the noise contribution has a diagonal covariance matrix Specifically,

1202
pA

L,ZyL] = I (12)
where I is the 2x2 identity matrix.

The bias contribution is more complex and depends, as before, on the second-
order, and higher, derivatives of the local surface. We model the bias term to
second-order by computing the covariance matrix for the local deviations from
the planar approximation. Accordingly, we write bias-component of the covari-
ance matrix as

€1€1 €1€2 ... €1€p

Y = | e26a (13)

where ¢; = %(wi —x0)? + %ﬁ%ﬁ(xi —Zo)(Yi — Yo) + %—ﬁ(yi ~4,)% + ... is the
non-planar deviation of the point indexed <.

Details of the bias model are outside the scope of this paper. Suffice to
say that, we can compute the expectation values for the elements of the non-
planar bias covariance matrix in much the same way as for the case of estimating
the patch height, neglecting higher order terms of the expansion. Under this
condition, the bias can be represented as a second-order polynomial in the patch
area A. If Ky, K; and K, represent co-efficient matrices whose elements depend
on the second order and higher derivatives of the surface function, then

L,SpL] =Ko+ KiA+ KA + ... (14)

Collecting together terms, we find that the total parameter covariance matrix
can be expressed as
_ 1267

B,(4) = pAI+K0+K1A+K2A2+... (15)

Again, the noise propagation term is inversely proportional to the area of the
estimating patch. The bias terms, on the other hand, are polynomial in area. As
a result the parameter covariance matrix can be minimised with respect to the
patch area.

The problem of determining the optimal area of estimation for surface nor-
mals is more complicated than in the case of the average height. The main dif-
ficulty stems from the fact that we are dealing with a covariance matrix rather
than a single scalar quantity. However, since the noise component of %, is diag-
onal, we confine our attention to minimising the trace of the covariance matrix.
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To first order in area, the trace is given by

1202 ]

TT[EP] = 0‘2 + Ug = 2[(—[7 + ko + klA) (16)

where o2 and o2 are the measured variances for the plane parameters a and b.
Again, we can fit the predicted area dependance to the observed sum of variances

02 + 0} to estimate the semi-empirical parameters o, ko and k1. The minimum
error surface patch area is given by

ol } (17)

Amin = [ 1202

2.3 Estimation of the surface curvature

The estimation of surface curvature proceeds in much the same way as for the
surface normals. We begin by transforming the coordinate system in such a way
as to remove both zero order and first order terms of the Taylor expansion. From
a geometric perspective this is equivalent to translating the origin and rotating
into the local tangent plane. If the local co-ordinate system is located at the
point o, then the z-axis of co-ordinates is directed along the surface normal. The
z and y axes are orthogonal to one-another and are oriented arbitrarily in the
local tangent plane of the surface. In the local coordinate system, the Taylor
expansion is now given by

2 82 2
f(&",y") = {gm”fQ } " + {——az,, gy”} z"y" + { ——Sy,{; } y"* +0(z") (18)

It is now clear that the natural approximate representation of this surface in
the local coordinate system is a quadric patch

f(mll7yll) —_ az"2 + ﬂl,lly/l + 7y112 (19)
In other words, the vector of parameters Q = (a,3,7)7 represents the esti-
mate of the second order derivatives of the surface around the origin o of the
local coordinate system. We obtain estimates of the parameters Q = (&, 3,)7
using least-squares fitting over the raw data-points that associate with a sup-
port neighbourhood of area A on the surface. The solution vector is given by
Q= L,Z, where the design matrix of transformed sample-points is given by

n2 "oon n2
T 1 Ty Yy 1

7 "o "
Xq = | T 9 T2y 2 Yo

and the transformed height data is now represented by the column-vector Z, =
(2, 2Y,...)T. Again the pseudo-inverse of the design matrix L, is given by L, =
(XTX,)1XT.
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The parameter covariance matrix again has a variance-bias structure. We
make this explicit by writing

2o =L, ENL] + L, ZpLT (20)

The covariance component originating from additive noise is related to the
fourth-order moments of the x and y co-ordinates in the support neighbour-
hood. Specifically, we find

"4 "3, n nm2, ma2\ 1
T 9 Zies %13 " ZzGS 1,’.1 5 Zflz 5 Zzes T, " :?Iz 3
L,XyL; =0 2ics T yi2 Yics Ti i ?{;3 Zzesw %4 (21)
ZlES Ty "V ZZES T; Y, ZZES yz
The expectation values of the matrix elements can be estimated as before, and
are given by

AS
< Zx" > p/ "AdA = ) (22)
i€S
and "
//2//2 //2:12A:p
< lezsa: >= p/A y' 4d Y (23)

The expectation-values for the remaining fourth-order moments which involve
odd-powers of = or y are zero. Hence we may write the noise component of the
covariance matrix explicitly in terms of the area of the support neighbourhood
in the following manner

3n2o2? 3n202
T _ _
LqENLq = ———p 3 0 8 0 = oA Kn (24)

Details of the analysis of the bias in the deviations from the local quadratic
is more complicated and beyond the scope of this paper. Suffice to say that the
bias component can be expanded in terms of a polynomial in A in the following

manner
L,EsL] = Ko + AK; + A’K; + ... (25)

where Ko and K; are matrices whose elements depend on the third order deriva-
tives of the surface.

We can now write the covariance matrix of the quadric patch parameters in
terms of the area of estimation (to first order terms) thus:

2
$o= " S e+ Ko + AK, (26)

pA3
Since the noise covariance matrix, i.e. L;3 NLZ is no longer diagonal, we can
no-longer strictly recover the optimal patch area by minimising the trace of
Y. However, from equation (24) it is clear that the off-diagonal elements are
insignificant compared to the trace. Therefore, in the case of the quadric patch
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parameters we approximate the optimal surface area by fitting a semi-empirical

model to the measured trace of the quadric patch covariance matrix Zq.

427252
pA3

Tr[Eg] =02 + o5 +02 = + ko + Ak (27)

where o2, a% and o2 are the measured variances for each of the quadric patch
parameters in turn. As before, we calculate the values of the semi-empirical pa-

rameters g2, ko and k; by fitting the predicted area dependance to the measured
variances. In this case the optimal surface area which minimises Tr[2q] is given

by
o pky *

3 Controlling the Mesh

In the previous section, we provided an analysis of variance for the sequential
extraction of a local surface origin, the local tangent plane, and, finally, the
local patch curvature parameters. In each case we demonstrated that the fit
covariance parameters could be minimised with respect to the area of the sample
neighbourhood. In other words, there is an optimal choice of estimation area.
This area can be viewed as providing the best tradeoff between model bias and
underlying data variance. Our overall aim in this paper is to exploit this property
to control the area of surface patches in an adaptive surface mesh. Since the area
of the patches determines the number of nodes needed to represent the surface,
the use of the optimal local patch area effectively corresponds to controlling
the model-order of the surface representation. The interpretation of the mesh
depends on the quantity which is being estimated over the surface. For example,
in the case of surface normals, the centre of each face represents a point at
which the surface normal is sampled. The surface is represented by the piecewise
combination of the tangent planes associated with these sample normals. The
mesh adapts itself to the data using a series of split and merge operations which
are aimed at delivering a mesh which optimally represents the surface.

3.1 Optimal area estimation

Here we aim to use the minimum parameter-covariance area to control the split
and merge operations. We directly estimate the optimal local patch-size and ad-
just the mesh topology accordingly. In an ideal world, the optimal area could be
determined by varying the area of estimation and noting the value that minimises
the parameter covariances. However there is an obstacle to the direct implemen-
tation of this process. In practice, the random nature of the noise component of
the data-points results in multiple local minima.

The bias-variance relationships developed in the previous section allow us to
overcome this difficulty. In particular, they suggest the overall model-dependance
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between the variance in model parameters and the area of estimation. By fitting
this semi-empirical model to the computed parameter variances we can smoothly
estimate the position of the global minimum corresponding to the optimal area.
The strategy that we adopt in determining the optimal local patch area is as
follows. For each point on the surface we gradually increase the local patch area
and compute the associated parameter variances. This gives a set of data points
to which we can fit an appropriate empirical form of the bias-variance curve.
The fitted parameters can be used to extract the value of the minimum local
patch-area in a stable manner.

3.2 Mesh Adaptation

The optimal areas of estimation vary over the surface, and suggest that the level
of representation, i.e. the model-order, required by the surface should also vary in
line with the variance-bias criteria outlined in Section 2. To achieve this goal, we
will adopt an adaptive mesh representation of the surface. In this representation,
nodes of the mesh represent salient points on the surface; the distance between
these points is such that there is the best trade-off between noise and bias in the
positions of the points. The mesh points then represent the minimal accurate
representation of the surface.

Our mesh is based on the Delaunay triangulation of a set of control points
or nodes [24,18,19,8,9,6]. In contrast to the bulk of the work reported in the
literature which focus on the optimal positioning of the nodes {8, 24], in this paper
it is the triangular faces of the mesh to which we turn our attention. The basic
update process underpinning our surface involves adjusting the mesh-topology
by splitting and merging surface-triangles. This process is realised by either
inserting or deleting nodes from the mesh. The net effect of the two operations
is to modify the node, edge and face sets of the mesh. The node insertion and
deletion operations take place with the objective of delivering a set of faces
whose areas are consistent with the optimal values dictated by the bias-variance
criteria outlined in section 2. In this way the density of nodes is such as to strike
a compromise between over-fitting the data and over-smoothing genuine surface
detail. In other words, we seek the minimum model-order (i.e. the total number
of nodes) such that each of the triangular faces is as close as possible to its
optimal area.

Triangle merging is realised by deleting a node from the mesh as illustrated
in the left-hand panel of Figure 1. The basic aim is to merge triangles if the
aggregate area is more consistent with the optimal area than the original area.
Suppose that the set of triangles M is to be merged to form a new triangle with
area A;. The average area of the configuration of triangles is

1
AT = — = N 4, (29)
! Ml &5,

The triangles are merged if the fractional difference between the average area
and the optimal area is greater than 10%. In other words, we instantiate the
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merge if
optimal _ pmerge
AJ’ AJ’

. > 0.1 (30)
A;ptzmal

This tolerancing can be viewed as providing the adaptation of the mesh with a
degree of hysteresis.

The geometry of the split operation is illustrated in the right-hand panel
Figure 1. A new node is introduced at the centroid of the original triangle.
The new node-set is re-triangulated to update the edge and face sets of the
triangulation. The condition for initiating a split operation is that the current
fractional difference between the triangle area and it optimal value is greater
than 10%. The split condition can therefore be stated as

. optimal
Aj— A

. > 0.1 (31)
optimal
A]-”

Fig. 1. Merging and splitting triangles

4 Experiments

In this Section we provide some experimental evaluation of our new bias-variance
controlled surface. There are several aspects to this study. We commence by
considering synthetic data. The aim here is to illustrate that the two-component
variance model described in Section 3 does provide a good description for the
distribution of the parameter variances as a function of patch-area. The second
aspect of our experimentation focuses on real world data-sets. Here we consider
range-data from the Michigan State University data-base.

4.1 Synthetic Data

The main aim under this heading is to illustrate that the variance-bias descrip-
tion presented in Section 3 provides an accurate model of the distribution of the
fitted parameter variances under controlled conditions. Moreover, we also aim
to show that the simple parametric models developed in Section 4.1 are capable
of fitting the observed distribution of variance as a function of the area used in
the estimation process.
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Figure 2a shows a series of plots of the parameter variance as a function of the
area of estimation. Here we investigate the effect of quadric patch fitting on two
different synthetic surfaces. The points marked with a cross show the computed
variances when the surface is itself quadric. Here the parameter variances follow
a distribution which monotonically decays with area. In other words, because the
model is well matched to the data, the bias component of the parameter variance
is zero and there is no local minimum area. The diamonds, on the other hand,
show the variance for a surface of the form f(z) = cos(z) cos(y). This surface is
not well matched to the quadric patch approximation, and we may anticipate
the model-bias term to emerge. This is evident from the fact that the variance
shows a local minimum when the estimating area is approximately 500 points.
In order to investigate the effectiveness of our analysis of variance in describing
the observed distribution, the boxes show the result of plotting the prediction
of the model outlined in Section 2.3. Although the agreement between the two
curves is by no means perfect, the main features are captured by the model.
Most importantly for the successful implementation of our adaptive mesh, there
is good agreement in the location of the minimum variance area.

To illustrate the behavior of the parameter variance on realistic data, Fig-
ure 2b shows an example distribution for a range-image. Here there is genuine
data-point noise and there is considerably more structure than in the case of the
synthetic surface. However, the distribution maintains the same gross structure.
There is a clear decaying component due to the surface noise together with an
increasing component due to the bias term. The interplay between these two
components results in a well defined global minimum. In other words, fitting
an appropriately parameterised distribution should meet with success when at-
tempting to estimate the minimum variance area.

Cos surtace -o—

Trace of covarance
H

Trace of covariance

o 00 1000 1500 2000 2500 2000 o 200 40 B0 60 1000 1200 1400 1600 1800
Area of estimation Arsa ot ocimation

(a) Synthetic surface. (b) Real-world data.

Fig. 2. Trace of the curvature covariance matrix for simulated surface.
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4.2 Real World Data

In this Section we provide experiments on real world data-sets from the Michigan
State University range-image archive. We commence by showing a sequence of
results for a range image of a Renault part. Figure 3a shows the surface normals
estimated using the local fitting process outlined in Section 3.1. The associated
patches are shown in Figure 3b. In Figure 3¢ we shown the rendered surface
patches. The main points to note from this sequence of images are as follows.
Firstly, the extracted surface normals provide a faithful representation of the
high curvature surfaces details. This is particularly evident around the sharp
machined edges of the part. The second point to note is the distribution of
surface triangles. In the flat portions of the image these are sparse. By contrast,
in the highly curved regions of the surface, the density increases to account for
the local curvature of the surface.

Figures 4a-4c show an analogous sequence of images for a range-image of a
bust of the composer Mozart. This range-image contains considerably more fine
detail than the Renault-part. The main point to note is the effectiveness of the
mesh at representing areas of different curvature with mesh points of varying
density.

The planar patch information is refined in Figure 4d where we show the mean
curvature extracted from the subsequent quadric patch fit. The mean curvature
is given K = a + v where a and v are the coefficients of the quadric patch
as defined in equation 19. The estimated curvatures are signed. The maximum
negative and positive values appear as extreme light and dark regions in the
figure. The important feature to note from the figure is the fine detail in both
the cravat and collar of the bust. There is also well defined detail around the
concave features of the face ( i.e. the eye sockets, the lips and the ridge of the
nose).

5 Conclusions

The main contribution in this paper have been twofold. In the first instance, we
have provided an analysis of variance for the various stages in establishing the
derivatives of surface fits to range data. This analysis reveals that there is a two
component structure to the variance of the fitted parameters. The first compo-
nent of results from the propagation of noise variance and decreases with the
increasing area of the patch. The second variance contribution originates from
the model bias. This term is polynomial in the patch area. The main conclusion
is that there is a local patch area which offers optimal tradeoff between noise-
variance propagation and model bias in the minimisation of the fit residuals.

Our second contribution is to exploit this property to control the area of
the facets of a triangulated surface mesh. By locally varying the patch area we
minimise the parameter variance. This minimisation is realised by splitting and
merging the triangular faces of the mesh until they each have a near optimal
area.



(c) Rendering

Fig. 3. Analysis of the Renault part.
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(a) Rendering. (b) Adaptive mesh.
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Fig. 4. Analysis of the range-data for the Mozart bust.



