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LEFT-ORDERABLE COMPUTABLE GROUPS

MATTHEW HARRISON-TRAINOR

ABSTRACT. Downey and Kurtz asked whether every orderable computable
group is classically isomorphic to a group with a computable ordering. By an
order on a group, one might mean either a left-order or a bi-order. We answer
their question for left-orderable groups by showing that there is a computable
left-orderable group which is not classically isomorphic to a computable group
with a computable left-order. The case of bi-orderable groups is left open.

1. INTRODUCTION

A left-ordered group is a group G together with a linear order < such that if
a < b, then ca < cb. G is right-ordered if instead whenever a < b, ac < be, and
bi-ordered if < is both a left-order and a right-order. A group which admits a left-
ordering is called left-orderable, and similarly for right- and bi-orderings. A group
is left-orderable if and only if it is right-orderable. Some examples of bi-orderable
groups include torsion-free abelian groups and free groups Ber9().
The group (z,y : x 'yz = y~!) is left-orderable but not bi-orderable. For a
reference on orderable groups, see [KM96].

In this paper, we will consider left-orderable computable groups. A computable
group is a group with domain w whose group operation is given by a computable
function w X w — w. Downey and Kurtz showed that a computable group,
even a computable abelian group, which is orderable need not have a computable
order. If a computable group does admit a computable order, we say that it is com-
putably orderable. Of course, by the low basis theorem, every orderable computable
group has a low ordering.

For an abelian group, any left-ordering (or right-ordering) is a bi-ordering. An
abelian group is orderable if and only if it is torsion-free. Given a computable
torsion-free abelian group G, Dobritsa [Dob83] showed that there is another com-
putable group H, which is classically isomorphic to G, which has a computable
Z-basis. Note that H need not be computably isomorphic to G. Solomon [Sol02]
noted that a Z-basis for a torsion-free abelian group computes an ordering of that
group. Hence every orderable computable abelian group is classically isomorphic
to a computably orderable group.

Downey and Kurtz asked whether this is the case even for non-abelian groups:

Question 1 (Downey and Kurtz [DR0O0]). Is every orderable computable group
classically isomorphic to a computably orderable group?

If one takes “orderable” to mean “left-orderable” then we give a negative answer
to this question. (We leave open the question for bi-orderable groups.)
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Theorem 2. There is a computable left-orderable group which has no presentation
with a computable left-ordering.

Our strategy is to build a group
G=NxH/R

and code information into the finite orbits of certain elements of AV under inner
automorphisms given by conjugating by elements of #/R. This strategy cannot
work to build a bi-orderable group, as in a bi-orderable group there is no generalized
torsion—i.e., no product of conjugates of a single element can be equal to the
identity—and hence no inner automorphism has a non-trivial finite orbit. We leave
open the case of bi-orderable groups.

2. NOTATION

We will use caligraphic letter such as G, N, and H to denote groups. For free
groups, we will use upper case latin letters such as A, B, C, U, V, and W to denote
words, while using lower case letters such as a, b, and ¢ to denote letter variables.
We use e for the empty word, 0 for the identity element of abelian groups, and 1
for the identity element of non-abelian groups (except for free groups, where we use

€).

3. THE CONSTRUCTION

Fix 9 a partial computable function which we will specify later (see Definition
R). Let p;, ¢;, and r; be a partition of the odd primes into three listsH Let H be
the free abelian group on «;, 3;, and ~; for i € w. We write ‘H additively. Let R
be the set of relations

R ={Riz: at (i) 1}

where

piai = =gl i Par (i) =17
By %at +(i) = 0, we mean that the computation (i) has converged exactly at stage
t (but not before) and equals zero.

The idea is that these relations force, for any ordering < on H /R, that if (i) = 0
then a; > 0 <= B; > 0 (and if ¢(¢) = 1 then o; > 0 <= B; < 0). The strategy
is, in a very general sense, to use 1 to diagonalize against computable orderings of
H/R. The semidirect product will add enough structure to allow us to find «; and
B; within a computable copy of G. (One cannot find «; and §; within a copy of
H/R, since H/R is a torsion-free abelian group.) Note that

H/R = <@<0¢i76i>/7€i> ® (@<%>)

Rep = {p‘;ai =qiBi (i) =0

K3

where R; = R if 1at +(i) | for some ¢, or no relation otherwise. Define
Vi:RU{piOéiZO} Wi:RU{qiﬁiZO} XiZRU{Ti’W:O}
Vi =RU{a; =} Zi =R U{Bi =i}

IWe use the fact that 2 does not appear in these lists in Lemma
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Let AV be the free (non-abelian) group on the letters
{u;riewlU{vig:geH/ViyicwtU{w;q:9€ H/W;,i€w}
UWzig:geH/ X iewtU{yig:9€H/VisiewtU{zig:9€ H/Z; i€ w}.
Let G = N x (H/R), with g € H/R acting on N via the automorphism ¢, as
follows:
Pg(ui) = u; ©q(Vi,n) = Vig+h Pg(Wi,n) = Wi g+
Pg(Tin) = Tigth Pg(Yi.h) = Yig+n Pg(zi.h) = Zigth-
Here, g is the image of g under the quotient map H/R — H/V; (or H/W;, H/X;,
etc.). Recall that the semidirect product G = N x (H/R) is the group with under-
lying set A x (H/R) with group operation
(n,g)(m,h) = (n@g(m)v g+ h)'
Note that ¢, permutes the letters of A/, and so given a word 4 € N, ¢p4(A) is a
word of the same length as A. We write G multiplicatively.

Lemma 3. H/R has a computable presentation.

Proof. Tt suffices to show that we can decide whether or not a relation of the form

k k k
Zéiai + Zmzﬂi + Zni%‘ =0
i=1 i=1 i=1

holds. This sum is equal to zero if and only if each n; = 0 and for each ¢ we
have ¢;a; + m;8; = 0. So it suffices to decide, for a given £ and m in Z, whether
fOéi = mBi.
Looking at R, fa; = mp; if and only if either

(1) for some ¢, ¥yt +(i) = 0 and there is s € Z such that ¢ = sp} and m = sq! or

(2) for some t, 1t (i) = 1 and there is s € Z such that ¢ = sp! and m = —sq!.
If t > |¢] or t > |m| then neither of these can hold. So we just need to check, for
each t < ||, |m|, whether 1, +(7) converges. O

Lemma 4. G has a computable presentation.

Proof. We just need to check that H/V;, H/W;, and so on have computable pre-
sentations. We will see that the embeddings of the computable presentation (from
the previous lemma) of H/R into these presentations are computable. Then the
action ¢ of H/R on N is computable. We can construct a computable presentation
of G as the semidirect product N x (H/R) under this computable action.

We need to decide whether in H/V; we have a relation

k k k
ijaj + Zm]ﬂj + anvj =0.
=1 j=1 j=1

It suffices to decide, for a given j, whether
Kaj + mﬂj +ny; = 0.

If j # 4, this is just as in the previous lemma. Otherwise, this holds if and only if
p; divides £, ¢* divides m for some t with 1, ¢(i) |, and n = 0. As before, we can
check this computably.

The other cases—for H/W;, H/X;, and so on—are similar. O



4 MATTHEW HARRISON-TRAINOR

Lemma 5. H/R is a torsion-free abelian group.
Proof. H/R is abelian as H was abelian. Recall that

H/R = <@(ai,5i>/73i> ® <@<%>>

K2

3

where R; = R if 1t +(7) | for some ¢, or no relation otherwise. So it suffices to
show that {(«;, 8;)/R; is torsion-free. If R; is no relation, then this is obvious. So
now suppose that ¥, +(7) = 0 and that

k(mai +np;) = U(pioi — ¢ B;)
in (a;, B;). Since H is torsion-free, we may assume that ged(k,¢) = 1. Then
km = fp! and kn = —{g!. So we must have k = +1, in which case ma; + np;

is already zero in (ay, 8;)/Ri. Thus (i, 3;)/R: is torsion-free. The case where
Yat ¢(1) = 1 is similar. 0

Lemma 6. G is left-orderable.

Proof. Since H/R is a torsion-free abelian group, it is bi-orderable. N is bi-
orderable as it is a free group. Then by the following claim, G is left-orderable
(see Theorem 1.6.2 of [KM96]).

Claim 7. Let A x B be a semi-direct product of left-orderable groups. Then A x B
is left-orderable.

Proof. Let ¢ be the action of B on A. Let <4 and <p be left-orderings on A and
B respectively. Define < on A x B as follows: (a,b) < (a/,0') if b <g b or b =1V
and @,-1(a) <4 @p-1(a’). This is clearly reflexive and symmetric. We must show
that it is transitive and a left-ordering.

Suppose that (a,b) < (a’,b") < (a”,b"). Then b <p b’ <gb’. If b <p b”’, then
(a,b) < (a”,b"), so suppose that b =" = b". Then

"

pp-1(a) Sa pp-1(a') = y-1(a’) <a @y-1(a”) = py-1(a”).
So wp-1(a) <4 wp-1(a’”) and so (a,b) < (a”,b"). Thus < is transitive.
Given (a,b) < (a’,b") we must show that (a”,b"”)(a,b) < (a”,0")(a’,b’). We have
that
(@",5")(a,5) = (a" gy (), 5"b) and (a",6")(a', ') = (a" gy (@), B8,
If b <g b/, then 0"b <5 V'V, and so (a”,b")(a,b) < (a”,b")(a’,b’). Otherwise, if
b=V and pp-1(a) <4 pp-1(a’), then v”"b =0"b and
P(b7b)—1 (a"sﬁb” (a)) = Pbb)—1 (a”)%,l (a)
<A Py (a”)py-1(a’)
= PWp)-1 (a" ey (a')).
So (a”,0")(a,b) < (a’,b")(a’,b). O
Note that if < is any left-ordering on G, if a4 (i) = 0 then (e,c;) > 1 if
and only if (g,8;) > 1. On the other hand, if 1, ((¢) = 1 then (g,¢a;) > 1 if
and only if (¢,8;) < 1. Later, in Definition [I§ we will define existential formulas
Same(i) and Different (i) (with no parameters) in the language of ordered groups.

We would like to have that for any left-ordering < on G, (G,<) = Same(i) if
and only if (g,04) > 1 < (¢,5;) < 1, and (G, <) |= Different() if and only if



LEFT-ORDERABLE COMPUTABLE GROUPS 5

(e,a;) > 1 < (e,6;) < 1. We will not quite get this for every ordering <, but
this will be true for those against which we want to diagonalize (see Lemma []).

Definition 8. Fix a list (F;, <;)icw of the (partial) computable structures in the
language of ordered groups. Let ¢ be a partial computable function with (i) =0
if (F;, <;) |= Different (i) and ¢ (¢) = 1 if (F;, <;) = Same(i). It is possible, a priori,
that we have both (F;, <;) = Same(i) and (F;, <;) = Different(7); in this case, let
(i) be defined according to whichever existential formula we find to be true first.

In fact, we will discover from the following lemma that we cannot have both
(Fi, <;) = Same(i) and (F;, <;) = Different(s).

Lemma 9. Fizx i©. Suppose that F; is isomorphic to G and <; is a computable
left-ordering of F;. Let < be an ordering on G such that (G, <) = (F;,<;). Then:
(1) (G,<) | Same(i) if and only if (e,c;) > 1 <= (g, ;) > 1.
(2) (G, <) E Different (i) if and only if (c,a;) > 1 <> (e, 5;) < 1.

This lemma will be proved later. We will now show how to use Lemma [ to
complete proof.

Lemma 10. G has no computable presentation with a computable ordering.

Proof. Let i be an index for (F;, <;) a computable presentation of G with a com-
putable left-ordering. Let < be an ordering on G such that (G, <) = (F;, <;). Now
by Lemma[d either (G, <) | Same(i) or (G, <) = Different(¢) (but not both). Sup-
pose first that (G, <) |= Same(i). So (Fi, <;) = Same(i). By definition, (i) = 1,
say Yat ¢(1) = 1. Then, in H/R, pla; = —¢!Bi. So (e,a;) > 1 if and only if
(e,8:) < 1, contradicting Lemma [ and the assumption that (G, <) = Same(i).
The case of (G, <) |= Different(¢) is similar. Thus G has no computable copy with
a computable left-ordering. (I

All that remains to prove Theorem [2is to define Same(i) and Different (i) and
to prove Lemma

4. Same(i), Different(i), AND THE PROOF OF LEMMA

To define Same(i), we would like to come up with an existential formula which
says that (g,a;) > 1 < (&,8;) > 1. A first attempt might be to try to find an
existential formula defining (e, ;) and an existential formula defining (e, 5;). This
cannot be done, but it will be helpful to think about how we might try to do this.

We will consider the problem of recognizing «; and S; inside of H/R by their
actions on A. Note that «; has the property that ¢, (vi,0) = Via;, # 0, but
©p;ai (Vi,0) = vi0. So «; acts with order p; on some element of N. In fact, it is not
hard to see that the only elements which act with order p; on an element of A/ are
the multiples na; of «; where p; 1 n. (Note that if a; acts with order p; on a word
in AV, then it either fixes or acts with order p; on each letter in that word, and it
acts with order p; on at least one letter.)

One difficulty we have is that H/R and N are not existentially definable inside of
G. The problem is that if some element of G satisfies a certain existential formula,
then every conjugate of G does as well. So it is only possible to define subsets
of G which are closed under conjugation. Given S C G, let SY9 be the set of all
conjugates of S by elements of G.
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In this section, we will take for granted the following lemma about existential
definability in G. It will be proved in the following section. The lemma says that
we can find H/R inside of G, up to conjugation, by an existential formula.

Lemma 11. (H/R)Y is 3-definable within G without parameters.

The different conjugates of H/R cannot be distinguished from each other. In-
stead, we will try to always work inside a single conjugate of H/R. The following
lemma tells us when we can do this.

Lemma 12. Suppose that r,s € (H/R)Y and rs € (H/R)Y. Then there is A€ N
and g,h € H/R such that

r=(4,0)(c,9)(A",0)

and
s =(A,0)(e, h)(Ail, 0).

Thus r and s commute.

The following remarks will be helpful not only here, but throughout the rest of
the paper. They can all be checked by an easy computation.

Remark 13. If r € (H/R)Y, then for some A € N and f € H/R we can write r in
the form

r=(A,0)(e, f)(A71,0).
Remark 14. Let r = (A, f) be an element of (H/R)9. If K C H/R, then r € K9
if and only if f € K.
Remark 15. If ¢4(B) = B, then
(AB,0)(e,9)(AB,0)™" = (4,0)(¢, 9)(4,0) .
Proof of Lemma[I2. Using Remark [[3] let
r=(A,0)(g,9)(A71,0) s = (B,0)(¢,h)(B~1,0)
rs = (C,0)(e,g + h)(C™1,0).

By conjugating r and s by some further element of G (and noting that the conclusion
of the lemma is invariant under conjugation), we may assume that A='B is a
reduced word, that is, that A and B have no common non-trivial initial segment.
Using Remark [[5] we may assume that Ap,(A™1), Bop(B™!), and Cpgip(C1)
are reduced words. Indeed, if, for example, Ap,(A™1) was not a reduced word,
then we could write A = A’B where B is a word which is fixed by ¢4, and such

that A'p, (A'"") is a reduced word. Then, by Remark 5]
(4,0)(,9)(A4,0)™" = (A'B,0)(e, g)(A'B,0) ™" = (A',0)(e, 9)(A",0)~".

So we may replace A by A’.
We have

(4,0)(e,9)(A™H,0)(B,0) (e, h)(B™,0) = (C,0)(e, g + h)(C™1,0).
Multiplying out the first coordinates, we get
A‘pg(Ail)SDg(B)SDg-‘rh(Bil) = CSDg-‘rh(Cil)'

By the assumptions we made above, both sides are reduced words. A is an initial
segment of the left hand side, so it must be an initial segment of the right hand
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side, and hence an initial segment of C. On the other hand, taking inverses of both
sides, we get
<Pg+h(B)<Pg(Bil><Pg(A)A71 = ‘Pg+h(c)071

Once again both sides are reduced words, and @445, (B) is an initial segment of the
left hand side, and hence of 444 (C). But then B is an initial segment of C. So
it must be that A is an initial segment of B or vice versa. This contradicts one of
our initial assumptions unless A or B (or both) is the trivial word. Suppose it was
A (the case of B is similar). Then

Sﬁg(B)Sﬁngh(Bil) = C@ngh(Cil)
and both sides are reduced words. Then we get that C' = B and C' = ¢4(B). So

r=(e,9) = (B,0)(c,9)(B,0)""
by Remark [I5 O

Above, we noted that the set {na; : p;  n} is the set of elements of H/R which
act with order p; on an element of /. Our next goal is to show that if we close
under conjugation, then this set (and a few other similar sets) are definable. The
key is the following remark which follows easily from Lemma

Remark 16. Fix r,s1,s2 € (H/R)Y. Suppose that rs; € (H/R)Y and s € (H/R)Y
but s; and s2 do not commute. By Lemma [[2 we can write
r=(4,0)(c, f)(AT1,0) = (B,0)(e, f)(B~,0)
s1=(4,0)(c,9)(A71,0)
so = (B,0)(g,h)(B™1,0).
Then there is some element of A/ which is fixed by ¢ but which is not fixed by ¢,.
Indeed, since (4,0)(s, f)(A71,0) = (B,0)(s, f)(B~1,0), we see that
B™'A=p;(B'A).
Suppose for the sake of contradiction that ¢, also fixes B~'A. Then
s1=(A,0)(A7'B,0)(s,9)(B~'4,0)(A™*,0) = (B,0)(s, 9)(B~*,0).

So s1 and so would commute. This is a contradiction. So there is some element of
N which is fixed by ¢y but which is not fixed by ¢g.

Lemma 17. There are 3-formulas which express each of the following statements
about an element a in G:

(1) a € {na; : p; fn}9.

(2) a € {np;:qin}e.

(3) a € {ny; : ri fn}9.

(
(

)
3)
4) a € {n(a; — i) : pi,mi { n}9.
5) a € {n(Bi —v):qritn}9.

Proof. For (1), we claim that a € {na; : p; { n}9 if and only if a € (H/R)Y and
there is b € (H/R)Y such that aPib € (H/R)Y but a and b do not commute. This
is expressed by an 3-formula by Lemma [T1]

Suppose that a satisfies this 3-formula, as witnessed by b. Let a = (A4, f) and
b= (B,g). Then by Remark [[@l (taking r = a??, s; = a, and sy = b), there is an

element of N which is fixed by ¢,, ; but not by ¢. Thus we see that p; f = 0 but
f#0in H/V;, and f = na; for some n with p; { n. (It must be in H/V;, because
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this cannot happen in any of H/V; for j # i, or H/W;, H/X;, H/Y;, or H/Z;.)
Thus by Remark [4, a € {na; : p; { n}9.
On the other hand, suppose that a € {na; : p; { n}9. Write
a = (A,0)(g,na;)(A71,0).
with p; not dividing n. Then let b = (Av, 0,0)(g,na;)((Avio)~1,0). By Remark
I8 since Ynp;a; (Vi0) = vi,0, we have
a? = (A,0)(g,npic;) (A7, 0) = (Av; 0,0) (g, npia;) ((Avi o)1, 0).
So aPib € (H/R)9. On the other hand,

ab = (Apna, (vi0)P2na, (Vi,0) " Pana, (A7), 2na;)
and
ba = (Avi,0Pna, (vi0) " P2na, (A7), 2n05).
So a does not commute with b since Yna; (Vi0) = Vina; # vio. The proofs of (2)
and (3) are similar.

For (4), we claim that a € {n(a; — i) : pi,ri { n}9 if and only if there are
by € {na; = pi tn}9, b € {ny; : ri f n}9, and ¢ € (H/R)Y such that a = biby ',
ac,ab; € (H/R)9, and ¢ does not commute with b;.

Suppose that there are such by, by, and ¢. We can write by = (By, ma;) with p; {
m and by = (Bg,nv;) with 7; 1 ;. Thus we can write a = blbgl = (4, ma; — ny;).
By Remark [I6] (with 7 = a, s1 = b1, and $2 = ¢), ©ma;—n~, fixes some element of N
which is not fixed by @saq,. Thus, in one of H/V;, H/W;, H/X;, H/Y;, or H/Z;
for some j we have ma; — n¥y; = 0 but ma; # 0. Since p; ¥ m, it must be in H/Y;.
So n = m. Note that p; and r; do not divide n.

On the other hand, suppose that a € {n(a; — ;) : pi,ri t n}9. Then write

a=(A,0)(g,na; —ny;) (A1 0).
with p; and r; not dividing n. Let
by = (A,0)(g,n0;)(A71,0) and by = (A,0)(g,ny;) (A1, 0)
and let
¢ = (Ayi0,0)(g,n0;)((Ayi0) ", 0).
Then a = blbz_l. Clearly ab; € (H/R)¢. Also, since Onai—nyi (Yi,0) = Yi,0,
ac = ca = (Ay;.0,0)(g, 2na; — ny;)((Ayi o)t 0).
So ac € (H/R)Y and a and ¢ commute. On the other hand, b; does not commute
with ¢ since Yrq; (Yi.0) = Yita; # Yio as p; does not divide 2. O
We will now define Same(i) and Different (7).

Definition 18. Same(i) says that there are a, b, and ¢ such that:

ce€ {ny:rifn}9,
ac™t € {n(a; — ) : piyri f n}Y.

)

)

)y be{nBi:qin}9,

)

) be™t e {n(Bi — i) t qi, i t}Y.



LEFT-ORDERABLE COMPUTABLE GROUPS 9

Different(¢) is defined in the same way as Same(7), except that in (2) we ask that
a > 1if and only if b < 1.

Suppose, for simplicity, that a, b, and ¢ are all in H/R. Then we would have
that a = (¢,fa;), b = (g,mp;), and ¢ = (,n7;). Now ac™! = (&,la; — ny;) is a
power of (g,a; — i), and so ¢ = n. Similarly, bc™! = (¢,mB; — ny;) is a power
of (g,8; — i), and so m = n. Thus £ = m. Since (¢,fa;) > 1 < (&,46;) > 1,
(e,a;) > 1 < (g,8;) > 1. Checking that this works even if a, b, and ¢ are
conjugates of H /R is the heart of Lemma [T9

Lemma 19. Let < be a left-ordering on G. Then:

(1) If (g,c4) > 1 <= (g,6;) > 1, then (G, <) |= Same(i).

(2) If (g,4) > 1 <= (g,8:) <1, then (G, <) = Different(7).

(3) If (i) |, then (g,04) > 1 <= (e, ;) > 1 if and only if (G, <) = Same(s).
(4) If (i) |, then (e, a) > 1 <= (e, Bi) < 1if and only if (G, <) |= Different(z).

Proof. First, for (1), suppose that (¢,a;) > 1 <= (¢,8;) > 1. Then (G,<)
Same(i) as witnessed by ¢ = (¢, ), ¢ = (g, 5;), and ¢ = (g,7;). (2) is similar.
Now for (3), suppose that (G, <) = Same(i) as witnessed by a, b, and ¢, and
that ¥ () |. Let f, g, and h be the second coordinates of a, b, and ¢ respectively.
Write f = fa; with p; 1€, g = mf; with ¢; { m, and h = n+; with r; 4 h. Then since
f — h is a multiple of a; — 7;, £ = n. Similarly, m = n, and so ¢ = m.
Since ab € (H/R)¢ and a and b commute, by Lemma [[2 we can write
a = (B,0)(s,La;)(B,0)!
and
b= (B,0)(s, £6;)(B,0)" ",
Now since (i) |, in H/R either pla; = ¢!8; or pla; = —¢!B; for some t. In the
second case, aPi = b~% which contradicts the fact that @ > 1 <= b > 1. Thus
play = q!Bi, and so (g, ;) > 1 <> (¢, ;) > 1.
(4) is proved similarly. O

Proof of Lemma[d We will prove (1): (G, <) | Same(4) if and only if (e, ;) >
1 < (g,6;) > 1. The proof of (2) is similar. The right to left direction follows
immediately from (1) of Lemma For the left to right direction, suppose that
(Fiy <i) = Same(i). Then (i) |. Then the lemma follows from (3) of Lemma
LY (]

5. AN EXISTENTIAL DEFINITION OF (H/R)¢

The goal of this section is to prove Lemma [T} which says that (H/R)Y is defin-
able within G by an existential formula. To prove this lemma, we will first have to
give a detailed analysis of which elements of G commute with each other.

The first lemma is the analogue of the following well-known fact about free

groups: two elements a and b in a free group commute if and only if there is ¢ such
that a = ¢™ and b = ¢" (see |[LS01, Proposition 2.17]).

Lemma 20. Let r,s € G commute. Then there are W,V € N, xz,y,z € H/R, and
k, ¢ € Z such that

r= (Wv O)(Vv ‘T)k(gv y)(Wv O)_l
and

s = (W,0)(V,z)"(e, 2)(W,0)".
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If k # 0 then ¢, (V) =V, and if £ # 0 then ¢, (V) =V.
It is easy to check that two such elements commute.

Proof. Suppose that rs = sr. Let r = (4, ¢) and s = (B, h). Then we find that

rs = (4, g)(B,h)
= (Apy(B),g +h)
ST = (Bah)(Avg)
(

Bon(A), g+ h).
So Apy(B) = Bpp(A) in N. Write
A=ag - am_1and B=by---b,_1
as reduced words. So
ap - - 'am71</7g(b0) e Sﬁg(bnfl) =bg-- 'bnflSﬁh(aO) e <Ph(am71)-
We divide into several cases.
Case 1. A is the trivial word.

We must have B = ¢4(B). Then r = (¢,g) and s = (B, h). Take W =€,V = B,
r=h,y=g9,2=0,k=0,and { = 1.

Case 2. B is the trivial word.

We must have A = pp(A). Thenr = (A,g) and s = (¢,h). Take W =¢, V = A,
r=g,y=0,z2=h,k=1,and { = 0.

Case 3. Neither A nor B is the trivial word, and both Ay, (B) and Byp(A) are
reduced words.

We have Apy(B) = Byp(A) as reduced words. Assume without loss of generality
that |[A] = m >n = |B|. Then n,m > 0 and

ao - am—19g(bo) - - @g(bn—1) = bo - - - bn—19n(a0) - - - Yn(am—1)

as reduced words. So

a; = b; for0<i<n
a; = op(ai—n) forn<i<m
©0g(b;) = on(@m—n+ti) for 0 <i < n.

Let d = ged(m,n). (This is where we use the fact that m,n > 0.) Let n’ = n/d
and m' =m/d.

Given p,q > 0, write i = gn—pm+r with 0 < r < d and assume that 0 <1i < m.
Note that every i, 0 < i < m, can be written in such a way. We claim that

ai = Pgh—pg(ar).

We argue by induction, ordering pairs (g, p) lexicographically. For the base case
p = ¢ = 0 we note that a, = pg(a,). Otherwise, if n < i < m, then we must have
q > 0. By the induction hypothesis, a;—n = @ (g—1)h—pg(ar). So

a; = on(ai—n) = ‘th*pg(ar)-
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If 0 <i<mn,and (¢,p) # (0,0), then ¢ > 0 and p > 0. Note that a;y—nti =
©(g—1)h—(p—1)g(ar) by the induction hypothesis and so
a; = b’L = <thg(amfn+i) = Sﬁthpg(ar)-

This completes the induction.

Write d = gn — pm with p,q > 0. Let f = gh — pg. Then each i, 0 < i < m, can
be written as i = kd + r with 0 <r < d, and so a; = @ir(a,).

Let C =ag---aq_1. Then

A=Cpp(C) - o -1)£(C)

and so

r= (Aug) = (Cvf)m (E7g_m/f)'
Since for 0 < i < n, a; = b;, we have

s=(B,h) = (C. /)" (e,h—n'f).
This is in the desired form: take W =¢, V=C,z=f,y=g—m/f,z=h—n'f,
k=m/,and £ =n/.

We still have to show that ¢, (V) = ¢,(V) = V. Noting that
(n'g—1)n—(n'pm=n'(gn —pm) —n=n'd—n =0

we have, for all 0 < r < d,

Ar = Sp(n’qfl)hfn’pg(ar) = Spn’f—h(ar)'
Similarly,
ar = P f—g(ar).
Hence @g—m/ (C) = @p_n s (C) = C.

Case 4. Neither A nor B is the trivial word, and both B~'4 and ¢, (A)p,(B)~!
are reduced words.

Note that B~™*A = ¢p(A)py(B)~!. We can make a transformation to reduce
this to the previous case. Let

A'=B! B’ = ¢p(A) g =—h N =gq.

Then A’y (B') = B'op (A’) and these are reduced words. Hence by the previous
case there are C € N, f € H/R, and m,n € Z such that

(A¢") = (C. /)" (e, g" —=mf)
and

(B', ) =(C, )" (e, 1 = nf)
and such that ¢y _p,r(C) = C and ¢p/—pf(C) = C. Now

(Av g) = (57 _h)(@h(A% g)(57 h)
= (g,—h)(B',})(e, h)
= (57 _h)(cv f)n(ea h — nf)(57 h)
= (‘P*h(o)a f)n(eag - nf)
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Note that @g_pn(C) = @p—ns(C) = C, and s0 @g—ns(p-r(C)) = ¢_p(C). Simi-
larly,

(e, =h)(B™',=h)" (e, h)
= (e, — h)(ACg) e, h)
= (e,=h)(e,g' =mf)"H(C, /) ™ (e, h)
= (e,mf)(C, f) " (e, h)
= (bms(C), f) " (e, h +mf).
Since Phtmf(C) = pg—ms(C) = C, pms(C) = ¢_1n(C). So
(B,h) = (p-n(C), f)"" (e, h + mf).

This completes this case, taking W = e, V. = ¢p_,(C), z = f, y = g — nf,
z=h+mf,k=n,and { = —m.

(B, h) =

Case 5. |A| = 1, B is not the trivial word, and neither Ap,(B) = By (A) nor
B71A = ¢, (A)py(B~1) are reduced words.

Let A =a. Thena™! = ¢4(by) and b,,_1 = ¢p(a™"'). Recall that B = by - - b,,—1
From the non-reduced words Apy(B) = By (A), we get, as reduced words,
sﬁg(bl)sﬁg(b2) T wg(bnfl) = bob1 -+ bn—o.

Then, for 0 < i <n —1 we get py(bir1) = b;. Thus a = ppgin(a). Also, letting
C= bOa

r= (@g(c)_lvg) = (Cv _g)_l'
and
s =(C,—9)"(,h + ng)

Note that ©p4ng(C) = @hing(bo) = bo since a = ppg4n(a) and by = ¢_,(a™1).
So in this case we take W =¢, V=C,z=9,y=0,z=h+ng, k= —1, and
{=n.

Case 6. |B| = 1, A is not the trivial word, and neither Ap,(B) = By, (A) nor
B71A = ¢, (A)p,(B~1) are reduced words.

This case is similar to the previous case.

Case 7. |A],|B| > 2 and neither Ap,(B) = Byp(A) nor B~*A = ¢ (A)pys(B™1)
are reduced words.

We have by,—1 = ¢n(ao) ™! and ¢p(am—1) = ¢4(bn—1) and so

pglao) = @g(aal)il = @g—h(bn—l)il = a;zl—l'
Letting
A =ay- - am_o=ay " Apy(ag)
and
B’ = ay boby - by—2 = ag ' Byn(a)
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we have
B'on(A)pg(B')™! = B'bu—19n(a0)n(A)on(am—1)@g(bn-1)"" g (B) !
= ag ' Ben(A)pe(B)'a,",
=ag ' Aay
=A.
So (4',g) and (B, h) still commute.

Note that |A’| < |A| and |B’| < |BJ. So we only have to repeat this finitely many
times until we are in one of the other cases. Thus, for some word D we get reduced
words

A" = DAp,(D™Y)
and
B' = DBy, (DY)

which fall into one of the other cases. So

(Alvg) = (Ov f)m(svg - mf)

and
(B',h) = (C, f)"(e, h — nf).
Thus
r=(DA'py(D7),g) = (D,0)(4", g)(D™,0)
and
s = (DB'on(D™1),h) = (D,0)(B',h)(D~,0)
are in the desired form. O

The next lemma gives a criterion for knowing that an element r is in (#/R)Y, but
it requires knowing that two particular elements s; and s are not in (H/R)9. This
does not seem useful yet, but in Lemma 23] we will show that any three elements
$1, So2, and s3, such that r commutes with each of them but s1, s2, and s3 pairwise
do not commute, give rise to two such elements which are not in (#/R)9.

Lemma 21. Let r,s1, 82 € G. Suppose that r commutes with s1 and s, but s1 and
sa do not commute. If 1,52 ¢ (H/R)Y, then r € (H/R)“.

Proof. Suppose to the contrary that r ¢ (H/R)¢. Since r and s; commute, and r
and so commute, by Lemma 20l we can write

r=(4,0)(C, f1)™ (e,91)(A71,0) = (B,0)(D, f2)™ (e, 92)(B~",0)
s1= (4,0)(C, f1)" (e, 1) (A7, 0)
so = (B,0)(D, f2)™ (e, h2)(B~',0)
Since r, s, and s are not in (#/R)9, C and D are non-trivial and my, ma,n1,n2 #

0. So g4 (C) = ¢p, (C) = C and ¢y, (D) = pp, (D) = D. Moreover, we will argue
that we may assume that

O‘Pfl (O) rPma—1)fi (O) and D@f2 (D) T P(ma—1)f2 (D)

are reduced words. If the former is not a reduced word, then it must have length
at least 2, and we can write C = aC’¢y, (a™1). Then

C@fl (C) T Pma—1)f1 (C) = aclwfl (C/) T Pma—1)fi (OI)<Pm1f1 (a_l)
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and so, since ¢4, fixes C' and hence a,

r=(A4a,0)(C", f1)™ (e, 91)(a” AT, 0).
Similarly,

51 = (Aa,0)(C’, f1)" (g, h1)(a" T A1 0).

So we may replace A by Aa and C by C’. We can continue to do this un-
til Cpy, (C) - @m,—1), (C) is a reduced word. The same argument works for

Dngz (D) T P(ma—1)fo (D)
Rearranging the two expressions for r, we get

(B_lAv 0)(Ca fl)ml (‘Pgl (A_lB)agl) = (Da f2)m2 (6,92).

Looking at the first coordinate,

BilAC@fl (O)<P2f1 (O) o Pma-1)f (O)</)m1f1+91 (AilB)
= Dep(D)e2s, (D) o(my—1)£(D)-
We claim that we can write B~'A = Ey 'E; where ¢,, (F1) = 5, (E1) = E; and
©gs (E2) = @p, (E2) = Es. Recall that
O‘Pfl (O)<P2f1 (C) T Pma—1)fi (O)

is a non-trivial reduced word. Taking a high enough power ¢, the length of

(Coo1, (C)2£, (C) -+ Py —1) 1, (C))"

as a reduced word is more than twice the length of B~1A. Then

B_lA(CQDfl (C)@Qfl (C) T P(ma—1)f1 (C))éspmlfl'f‘gl (A_IB)
= (Dep,(D)pag, (D) - (my—1)1 (D))"

We can write B~'A = E; ' F as a reduced word where E, ' appears at the start of
the right hand side when it is written as a reduced word, and F; cancels with the
beginning of (Cey, (C)p2f, (C) -+ @(my—1) 5 (C))". Thus Ey is fixed by ¢,, and ¢y,
since they fix each letter appearing in the word (Coy, (C)p2r, (C) -+ ©(mi—1y 1, (C))",
and Es is fixed by ¢4, and ¢y, since they fix each letter appearing in the right hand
side.

Since EoB~' = B AL,

EyB™'rBEy ! = (E1,0)(C, f1)™ (5,01)(E; 1, 0)

= (E2,0)(D, f2)™(e,92)(E5 ", 0)
EyB~'siBE;* = (E1,0)(C, f1)™ (¢, h1)(EL 1, 0)
E3B's9BE; ' = (Es,0)(D, f2)™ (¢, ha)(E5 ', 0).

So, applying the automorphism of G given by conjugating by E;B~! (and noting
that this automorphism fixes (H/R)Y) we may assume from the beginning that
Py (A) = Phy (A) = A and Pgz (B) = Pha (B) = B. Thus

r= (Aa O)(Ov fl)ml (A_la 0)(6, gl) = (Ba O)(Da f2)m2 (B_lv 0)(57 92)
1= (Av O)(Cv fl)n1 (Ailv O)(Ev hl)
s2 = (B,0)(D, f2)"*(B~",0)(e, ho).
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Now looking at the first coordinate, we have
AC@fl (O)<P2f1 (O) P (ma-1)f1 (O)wmlfl (A)il
= BD(sz (D)<P2f2 (D) P(ma—1)f2 (D)<Pm2f2 (B)il'
Our next step is to argue that we may assume that these are reduced words.
Suppose that there was some cancellation, say A = A’a and C = a~'C’. Let
C* = C'¢ys, (a™'). Then
AO(Pfl (O)<P2f1 (C) T Pma—1)f (O)<Pm1 f1 (A)_l
= A/C*%’h (O*)@Qfl (O*) N w(mz—l)fl (O*)@mlh (A/)fl.
Thus
r=(A,0)(C", fi)™ (e, 01)(4",0)7
s1= (A,0)(C", f1)™ (e, h)(A",0)7".
Note that
(C*a fl)ml = Ojﬁ(ﬁfl (C*)@Qfl (C*) rP(ma—1)fi (C*)
is still a reduced word. If it was not a reduced word, then we would have m; > 0,
|C*| > 1, and ¢y, (a™) = ¢y, (a/)7!, where o is the first letter of C*. Thus @’ = a
is the second letter of C, which together with the fact that the first letter of C' is

a~! contradicts our assumption that C is a reduced word. We have reduced the
size of A, so after finitely many reductions of this form, we get

AC(pfl (C)Sp2f1 (C) o P(ma—1)f1 (C)Spmlfl (A)_l
= BD@J% (D)<P2f2 (D) P (ma—1)f2 (D)@mzfz (B)_l
and that both sides are reduced words.

Now either |A| < |B| or |B| < |A|. Without loss of generality, assume that we
are in the first case. Then A is an initial segment of B (i.e., B = AB’ as a reduced
word). Then by replacing r, s1, and s with A='rA, A71s; A, and A tspA, we
may assume that A is trivial. To summarize the reductions we have made so far,
we have

r= (07 fl)ml (5791) = (Bvo)(Duf2)m2(5792)(B_1,0)
1= (Cv fl)nl (Evhl)
s9 = (B,0)(D, f2)™ (g, ho)(B™1,0).

The automorphisms ¢4, and ¢p, fix C, and the automorphisms ¢4, and ¢y, fix D
and B. Both sides of

O‘Pfl (C)@Qfl (C) o Pma-1)f1 (C)
= BDgp,(D)af, (D) ©amy—1)f, (D) omspn(B)

are reduced words.

Now we will show that either m; = 1 or B is trivial. Suppose that B was
non-trivial, say B = bB’. First note that the length of C is greater than one, as
otherwise C' = b and @(;n,—1)7, (C) = @mas, (b71); but there is no e € H/R such
that ¢c(b) = b~'. Then we must have C' = bC'@y,, f,— (my—1), (b7 1) for some C”.
We have mq fi1 + g1 = maf2 + g2. Since b appears both in C' and in B, it is fixed
by both ¢,, and ¢g,. Thus C = bC’py, (b~'). But then if m; > 1,

Cop (C)o2s, (C) - @im,—1)4 (O)
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is not a reduced word. So we conclude that either mq, = 1 or B is trivial.
Case 1. Suppose that m; = 1.

We have
r= (C, fl)(ea gl) = (Ba O)(Da f2)m2 (6, gQ)(Bilv 0)
Also, as reduced words,
C= BD(sz (D)@sz (D) T P(me—1)f2 (D)<Pm2f2 (B)il'

Since the right hand side is a reduced word, ¢4, and ¢, fix B and D since each
letter in B and D appears in C. Thus

s1=(C, f1)" (g, 1) = [(B,0)(D, f2)™*(B~",0)(e, fi — maf2)]" (¢, h1).

Now fi1 + g1 = mafa + g2. Since ¢4, and ¢g, fix B and D, ¢f _pm, 1, also fixes B
and D. Thus

s1 = (B,0)(D, f2)™" (g, hy + n1(f1 — maf2))(B~",0)
and hy + nq(f1 — mafe) fixes D. Thus s1 and s3 commute. This is a contradiction.

Case 2. B is trivial.

Let |C| = k and |D| = ¢. Suppose without loss of generality that k > ¢. Let

dy,di1,da, ... be the reduced word
O‘Pfl (C)@Qfl (C) T Pma—1)f1 (C) = D@f2 (D)<P2f2 (D) P (ma—1)f2 (D)
Then we have
di = Pfy (di,g) for i Z l
Oimi—1)fr (dk—e4i) = Plma—1) 1 (di) for 0 <i</(

Let e = ged(k, £).

Given p,q > 0, write ¢ = g — pk + r with 0 < r < e and assume that 0 <17 <

m1k = mal. Note that every i, 0 < i < mik = mol, can be written in such a way.
We claim that

di = Pqfa+pl[(m1—1)fr—ma fa] (dy).

We argue by induction, ordering pairs (g, p) lexicographically. For the base case
p = g = 0 we note that d, = @o(d,). If £ < i, then we must have ¢ > 0. By the
induction hypothesis, d;_, = Pg—1) fa+pl(m1—1) fr —ma f] (d,). So

d; = Pfa (di—é) = (qu'2+p[(m171)j'17m2f2](dr)-
If0<i< ¢, and (¢,p) # (£,0), then ¢ > 0 and p > 0. Note that
dk—f-{-i = (p(qfl)f2+(p71)[(m171)f17m2f2](dr) = Sp(qf2+p[(m171)f17m2f2]7[(m171)f17(m271)f2](dr)
by the induction hypothesis and so

i = (my 1) fr—(ma—1) 2 (ditk—t) = Pafotplima—1) fr—ma ) (Cr)-

This completes the induction.

Write e = gf — pk with p,q > 0. Let f = qfo+p[(m1 —1)f1 — mafa]. Then each
i, 0 <1 < kmy, can be written as ¢ = se + r with 0 < r < d, and so

di = Sﬁsf(dr)-
Let E =d;---d.. Then
C=EpsE):-- @(%-1),f(E)-



LEFT-ORDERABLE COMPUTABLE GROUPS 17

Similarly,
D =Eepp(B) ¢ s ().
Also,
op(BE)=dg - dipe1 = @gf(do’ ceiyle—1) = <P%f(E)
and
SDfZ(E):df d@-‘re I—SDZ ( . 1):%0£j(E)
So ¢, (C) = SDEf(C) and ¢y, (D) = ( ). Hence
mik
Slz(Cafl)ml(Eahl)Z(Eaf) (5 h1+m1f1——1 f)
and

52 = (D, f2)™ (. ha) = (E, /) (e, hy + mafa - m%éf)

Note that ¢p, and ¢y, both fix E, since they fix C' and D respectively. Also, since
o (E) = w%f(E), Py ok fixes E. Similarly, ¢ moe  fixes E'. So s1 and
so commute. This is a contradiction. O

Lemma 22. Fizrr € G. Ifr?> € H/R, thenr € H/R.

Proof. Write r = (A, f). We will show that if »r ¢ H/R, ie. if A # ¢, then
r? ¢ H/R. Since

= (Aps(A),2f)
we must show that Aps(A) is non-trivial. Suppose that it was trivial; then the

length of A as a reduced word must be even. (If the length of A was odd, say
A = AjaAs with A; and As of equal lengths, then

Apf(A) = Aradrpr(Ar)py(a)pr(Az) =&
So it must be that ¢s(a) = a~', which cannot happen for any letter a.) Write
A = BC, where B and C are each half the length of A. Then since Ap¢(A) is the
trivial word, Cp¢(B) is the trivial word; thus C' = ps(B~1). So A = Bps(B™1),
and
Apy(A) = Boy(B™ )y (B)pay(B™') = Byay(B™Y).

Since Apy(A) is the trivial word, ¢oy(B) = B. Since A is not the trivial word,
B # ¢;(B). But this is impossible, as p;, ¢;, and r; were all chosen to be odd
primes. (|

The next lemma is the heart of the existential definition of (H/R)Y. The proof
is to show that under the hypotheses of the lemma, elements not in (#/R)Y such
as in Lemma 2Tl must exist.

Lemma 23. Letr, s1,52,583 € G. Suppose that r commutes with s1, s2, and sz, but
that no two of s1, s2, and s3 commute. Then r € (H/R)Y.

Proof. If at least two of sy, s2, and s3 are not in (H/R)9, then this follows imme-
diately by Lemma 21l Otherwise, without loss of generality suppose that s; and s
are in (H/R)Y. By Lemma [ s;s2 ¢ (H/R)C.

Note that r commutes with 5152 and with s1(s2)2. Also, s152 does not commute
with s1(s2)?, since if it did, then

51582518282 = 81825258182 = S1S2 = S2S871.
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We claim that si(s2)? ¢ (H/R)Y. If s1(s2)? was in (H/R)Y, then by Lemma [I2]

we could write
s1=(A,0)(s,9)(A71,0) and (s2)* = (4,0)(g, h)(A71,0).

Then let s = (A71,0)s2(A,0) = (C, f). Then (s5)? = (¢, h), and so by Lemma 22}
sh = (g, f). Thus s = (A4,0)(g, f)(A71,0). So s1 and s3 would commute; since we
know that s; and so do not commute, s1(s2)? ¢ (H/R)“.

By Lemma 21} with r, s1s2, and s153, we see that r is in (H/R)Y. O

The existential definition of (H/R)Y comes from the previous lemma. It remains
only to show that if » € (#/R)Y, then the hypothesis of the previous lemma is
satisfied.

Proof of Lemmal[Idl. By the previous lemma, it suffices to show that if r € (H/R)Y,
then there are sy, s, and s3 such that r commutes with si, s9, and s3, but
no two of these commute with each other. If r = (4,0)(e,g)(A71,0), let 57 =
(A,0)(ug,0)(A710), s2 = (A4,0)(u1,0)(A71,0), and s3 = (A,0)(uz,0)(A™1,0).
Then r commutes with s;, s2, and s3 since g fixes ug, w1, and usg, but no two
of s1, s2, and s3 commute with each other as ug, vy, and us do not commute with
each other. (]
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