arXiv:2301.11982v3 [physics.soc-ph] 5 Sep 2023

Strategy evolution on dynamic networks

Qi Sul?38*  Alex McAvoy*>®T  Joshua B. Plotkin®’

IDepartment of Automation, Shanghai Jiao Tong University, Shanghai 200240, China
2Key Laboratory of System Control and Information Processing, Ministry of Education of China, Shanghai
200240, China
3Shanghai Engineering Research Center of Intelligent Control and Management, Shanghai 200240, China
4School of Data Science and Society, University of North Carolina at Chapel Hill, Chapel Hill, NC 27599, USA
5Department of Mathematics, University of North Carolina at Chapel Hill, Chapel Hill, NC 27599, USA
6Department of Biology, University of Pennsylvania, Philadelphia, PA 19104, USA
7Center for Mathematical Biology, University of Pennsylvania, Philadelphia, PA 19104, USA

8These authors contributed equally to this work

Abstract

Models of strategy evolution on static networks help us understand how population structure
can promote the spread of traits like cooperation. One key mechanism is the formation of
altruistic spatial clusters, where neighbors of a cooperative individual are likely to recip-
rocate, which protects prosocial traits from exploitation. But most real-world interactions
are ephemeral and subject to exogenous restructuring, so that social networks change over
time. Strategic behavior on dynamic networks is difficult to study, and much less is known
about the resulting evolutionary dynamics. Here, we provide an analytical treatment of co-
operation on dynamic networks, allowing for arbitrary spatial and temporal heterogeneity.
We show that transitions among a large class of network structures can favor the spread of
cooperation, even if each individual social network would inhibit cooperation when static.
Furthermore, we show that spatial heterogeneity tends to inhibit cooperation, whereas tem-
poral heterogeneity tends to promote it. Dynamic networks can have profound effects on the
evolution of prosocial traits, even when individuals have no agency over network structures.

1 Introduction

The geographic locations of individuals, together with their social or physical connections, con-
strain interactions and shape behavioral evolution in a population. A network is a useful model
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of a population’s structure, where nodes represent individuals and edges capture interactions.
How network structure affects evolutionary dynamics has been extensively investigated over the
last several decades, using techniques including computer simulations, mathematical analysis,
and experimental studies with human subjects. A well-known and illustrative finding [1]] is that
population structure can favor cooperation provided the ratio of the benefit from cooperative be-
havior, b, to its cost, ¢, exceeds the average number of neighbors, d. The mechanism underlying
this cooperation-promoting effect is that spatial structure enables the formation of cooperative
clusters of individuals, who have high payoffs and are capable of resisting invasion by defectors.

Most existing studies are based on a static network, where the duration and intensity of inter-
actions remain unchanged throughout the evolutionary process. In contrast, empirical networks
frequently vary over time [2]. Representative examples include communication networks involv-
ing telephone calls or emails [3, l4]; networks of physical proximity, where individuals encounter
different people as they move through space [J5, 6l]; and ecological networks that change with the
seasons as organisms go through different phases of their life cycles [/H9]. Temporal features
can even reverse the evolutionary outcomes. For example, whether an idea or information dif-
fuses throughout a society depends not only on the structure of the network guiding interactions
but also on the timing of those interactions, as the coexistence of individuals with different active
timing maximizes diffusion [10]. In the context of epidemics, high concurrency (the number of
neighbors of a node) leads to a lower epidemic threshold under susceptible-infected-susceptible
dynamics, while low concurrency can suppress epidemics [[11].

Despite the attention that other dynamical processes have received on time-varying networks,
the evolution of cooperation in this setting remains under-studied. One reason is that it seems un-
likely, a priori, that dynamic changes in population structure will ever benefit cooperation. Since
cooperators spread via clusters on a static network, we might expect that exogenous network
transitions will tend to break up these clusters, leading to diminished reciprocity and exploitation
by defectors [12, [13]. For example, switching between two random networks tends to impede
cooperation relative to each separate network [[12]. Another impediment to undertaking research
in this area is the lack of mathematical tools for analyzing strategic interactions on dynamic net-
works. In static networks, mathematical approaches provide general conditions for how structure
affects evolutionary dynamics [[14}15]. They also allow for extensive, efficient numerical explo-
rations into example networks, both artificial and empirical [[16]]. Whether these approaches can
be extended to dynamic networks remains unknown.

Endogenous network transitions often produce predictable results for the evolution of coop-
eration [17-29]. For example, if cooperators can selectively seek out new connections with other
cooperators (“‘cooperation begets friends”) and sever ties with defectors, then it is not surprising
to find that these endogenous network changes favor the spread cooperation. But it is much less
clear how exogenous transitions in network structure will affect the evolution of cooperation,
and so this is the main focus of our study. There is also substantial evidence for the prevalence
of exogenous network transitions in nature, ranging from weather fluctuations to human-induced
changes to ecosystems [30]. The scope of models with dynamic networks is broad and can in-
clude environmental feedback and ecosystem engineering [31]. And even when an organism has
some agency over the structure of their environment, the behavioral trait of interest might be un-
related to these changes (e.g. movement between cities need not be tied to altruistic tendencies).
Finally, exogenous network transitions that are not dependent on individual behavior provide the



most natural point of comparison to static structures.

In this paper, we study the evolution of strategic behavior in a population whose structure of
social interactions changes over time. At any point in time, the population structure is described
by a network whose nodes represent individuals and edges represent interactions. Individuals
may change their strategies over time, imitating neighbors who have higher payoffs; and the net-
work of interactions itself may also change over time. The interaction network changes at random
times, unrelated to the current composition of strategies in the population. We derive general
mathematical results for when cooperative behavior is favored, which apply to any stochastic
transition pattern among any number of networks, each with an arbitrary structure. Surprisingly,
we find that in a large class of networks with community structure, stochastic transitions among
networks can strongly promote cooperation, even though they tend to disrupt cooperative clus-
ters in each network. In fact, even if each individual static network would disfavor cooperation,
transitions among them can rescue cooperation. We conclude by analyzing spatial and temporal
burstiness, which we show have opposite effects on the evolution of cooperation.

2 Results

2.1 Model overview

Our model consists of a finite population of size N, with individuals engaged in pairwise social
interactions. The structure of the population varies over time, and at each discrete time it is

represented by one of L weighted networks, each with N nodes. For network 8 € {1,...,L},
(]

we let w; i denote the weight of the edge between nodes i and j. We assume that all networks are

undirected, meaning wl[]ﬁ] = w][fﬂ foralli,j € {1,...,N} and B € {1,...,L}. Supplementary
Table 1 summarizes all quantities and associated notation used in our model formulation and
analysis.

Each individual in the population can adopt one of two types, or strategies: “cooperator” (C)
or “defector” (D). Individuals interact in pairwise donation games, with cooperators paying a
cost ¢ to generate benefit b for their co-player. Defectors pay no costs and generate no benefits.
In each time step, everyone plays a donation game with each of their neighbors in the current
network, B. We denote the state of the population by x, where x; € {0, 1} indicates the type of
individual i, with 0 and 1 representing types D and C, respectively. The accumulated payoft to

individual i in network S is then

N
u; (x, B) = Zwl[]ﬁ] (—cxi + bx;) . (1)

j=1
In other words, individual i receives a benefit wl[f ]b from of each of its neighbors j who are
cooperators (x; = 1), and i pays a cost wl[]ﬁ }c to each j if 7 is itself a cooperator (x; = 1). An

individual’s accumulated payoff in network S is transformed into fecundity, which represents i’s
propensity to reproduce or, equivalently, to be imitated by another individual. The fecundity is
given by F; (x, B) = 1+ du; (x, B), where 0 is called the selection intensity, which we assume



to be small (6 < 1). This assumption, called “weak selection,” is common in the literature and
it aims to capture scenarios in which the social trait (C or D) has a small effect on reproductive
success.

After all pairwise games are played in network B and individuals accumulate payoffs, a ran-
dom individual i is selected uniformly from the population to update his or her strategy. This
individual then imitates the type of a neighbor, j, with probability proportional to j’s fecundity.
In other words, in network f, the probability that i copies j’s type is

8]
1 (x, B) Wj;
eii (x,B) = — . (2)
: N lec\’:1 F (x, B) w,[f}

Here, the factor of 1/ N represents the probability that i is chosen to update in the first place.

After each strategic update, the population structure itself then undergoes a transition step.
The probability of moving from network B to network < is independent of the strategic com-
position of the population, and it depends only on the current network state, 8. The stochastic
process governing these transitions is described by an L X L matrix Q = (qﬁy), where g, is
the probability of transitioning from network f to network <. Note that there may be (and we
often assume) a positive chance that the network will remain unchanged at the transition stage,
e.g. gpp > 0. The pairwise social interactions, strategic update, and network transition, which
comprise a single time step, are depicted in Fig.

2.2 Selection condition for the evolution of cooperation

Without mutation, the population must eventually reach a monomorphic strategic state in which
all individuals have the same type, either cooperate or defect. The duration that the population
spends in each network is proportional to the corresponding value in stationary distribution v,
which is determined by the network transition matrix Q (see Methods). We assume that a mutant
appears in network B with probability v (f), and it is located at a node chosen uniformly at
random. We let pc denote the probability that a single cooperator mutant eventually takes over
a resident population of defectors. Likewise, we let pp be the probability that a single defector
mutant takes over a resident population of cooperators. We use the condition pc > pp to
measure whether selection favors cooperation relative to defection [32].

We first derive a general result applicable to almost any transition pattern, J, among any
finite number of networks, each with an arbitrary spatial structure. This result combines several
different quantities describing the dynamics under neutral drift (6 = 0), together with the payoffs
for the game [15, 33].

Let pl[f - wl[]/3 ] / E,?’Zl wl[f I be the one-step random-walk probability of moving from i to j
on network pB. This quantity can be interpreted as the probability that 7 imitates the strategy of j
under neutral drift, conditioned on 7 being chosen for an update. In other words, p can be seen
as defining an ancestral process, tracking replacement backwards in time under neutral drift.
The most fundamental neutral quantity is the reproductive value of individual i in network

B, which can be interpreted as the probability that a mutant introduced at node 7 in network

(]

generates a lineage that eventually takes over the population. This quantity, denoted by 7t;



a Network 1 Network 2 b c
b-2¢

Interaction at time s Strategy updating

d Network 1 Network 2 e

q; 912
q21 q(;
22

Network updating Interaction at time s+1

Figure 1: Evolutionary games on dynamic networks. a, The population structure at any time is described by a
network, which may change from one time point to the next. (The figure illustrates an example with two possible
networks.) b, Each individual (node) in the population adopts the strategy cooperate (C) or defect (D) in games
played with neighbors. Each individual i accumulates a total payoff u; across pairwise interactions with neighbors,
which determines their fecundity F; = 1+ du;. ¢, An individual (marked by “?”) is selected uniformly at random to
update its strategy, and all neighboring individuals, indicated by black circles, compete to be imitated by the focal
node, with probability proportional to reproductive rates. d, After an individual updates its strategy, the population
structure itself either changes (from network 1 to network 2 with probability g12, or from network 2 to network
1 with probability g,1) or remains the same. e, Social interactions and strategy updates repeat on the population
structure at the next time step, s 4 1.

is independent of the payoffs and thus independent of the particular mutant that arises in the
population. The version of reproductive value that we use is a generalization of Fisher’s classical
notion [34, [35]] that also takes into account environmental changes. It can be calculated using
Equation [7]in Methods.

Another neutral quantity we use is related to coalescence times. Under neutral drift, we can
look backward in time and ask how long it takes, on average, before two or more lineages meet
at a common ancestor. Starting in network f, let TIA] be the expected number of steps to the most

recent common ancestor of the entire population. If TI[J’B ] is the expected time to the most recent
common ancestor of 7 and j, then the mean amount of time that i and j are identical by descent
is TIAl — Tl[]ﬁ ]. The pairwise times to a common ancestor, T, can be calculated using Equation

in Methods.



In terms of the neutral quantities 7t, T, and T, the general condition for cooperation to be
favored over defection under weak selection is given by

N L N [ _(rg_-B, [Bl
[B] (- )wffc
TlBl _ Tﬁ] wlPle
¥ Fos (Z%v ) plﬂpfﬁg(@m il

i,jk=1p=1

3)

An outline of how to derive this condition is provided in Methods, while complete mathematical
details are presented in Supplementary Sections 1-5. Broadly speaking, what Equation [3]says is
that an individual i is chosen, a cooperator is placed at a neighbor j of i, and another neighbor k
of 7 is chosen to compare its (weighted) payoff with that of the cooperator. If j’s weighted payoff
exceeds that of k, then selection favors the evolution of cooperation.

The condition above reflects a similar intuition behind the corresponding condition for static
networks (see Allen et al. [16] or Fig. 1 of McAvoy & Wakeley [36]]), which corresponds to
L =1 and is given by

B (S

i,j=1 +( it T/é)wé]

N N [ _(rn_-11Y, 0
1,000 g ()
> Y A o 1 1,1 )
ijk=1 J /=1 +<T[ - Tje )wé b
Compared to a static network, there are a few notable effects of network transitions in Equation[3]
The first effect is that the network f is chosen with probability v (), where v is the stationary

distribution of the structure-transition chain defined by Q. Moreover, whereas individual i is
chosen with probability based on reproductive value 7t; on a static network, here 7 is chosen

[7]

based on reproductive value in the next network following imitation, Z%:l 4p7T; - The reason
for this is natural, because once an individual replaces 7 in network S, the network immediately
transitions to network <y, and so the resulting reproductive value of i must be understood within
the context of y. Once B and i are chosen, the probabilities of choosing neighbors j and k are

[] []

Pij and p;;°, respectively. Moreover, if j is a cooperator, then individual k is also a cooperator

for TIAl — ’L'][,f’] time steps, and during each such step k pays cw][fz} to provide ¢ with a benefit of

[/3]

the term T8l cancels out in Equation [3 l and so although this quantity is helpful for gathering
intuition, it is not strictly needed to evaluate whether cooperators are favored by selection.
Given the vast number of networks with N nodes, as well as the vast space of possible
transitions among them, we focus most of our analysis on transitions between a pair of networks
(i.e. L = 2). For a given network transition matrix Q, the value 1/g1, (resp. 1/g51) gives
the expected time during which the population remains in network 1 (resp. network 2) before
transitioning to network 2 (resp. network 1). We denote 1/41, and 1/gp1 by £{N and £;N,
respectively, so that t1 and ¢, correspond to the expected number of times each individual updates
prior to a transition to a different network. #; and ¢, are in the units of generations. Small values
of t1 and t, correspond to frequent changes in the population structure. Sufficiently large values
of t1 and t; indicate that the population structure is nearly fixed, so that the population will reach

. This property accounts for the weighting of benefits and costs in Equatlonl Note that
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an absorbing strategic state (all C or all D) before the network transitions to a different state. The
regime t; = 1 (resp. t» = 1) means that, on average, each individual updates their strategy once
in network 1 (resp. network 2) before the network structure changes. In the following, we focus
on cases with t; = t, = t.

2.3 Dynamic networks with dense and sparse communities

We begin by studying dynamic transitions between a pair of networks where each network is
comprised of two communities. One community is a star graph, which is sparse, and the other
community is a complete graph, which is dense. In each network, the two communities are
connected by a single edge. When the population transitions from one network to another, the
star community becomes the complete community and vice versa (see Figure [2a). This kind of
dynamic network models a situation in which a portion of the population is densely connected
while the remainder of the population is connected to only a single node; and which portion is
dense versus sparse changes over time, as the state transitions between the two networks.

When the population evolves on either network 1 or network 2 alone, the fixation probability
of cooperators is always lower than that of defectors, i.e. pc < pp, meaning that cooperation
is disfavored by selection regardless of the benefit-to-cost ratio b/c (Figure 2b). Nonetheless,
when the population transitions dynamically between networks 1 and 2, cooperation is favored
provided the benefit-to-cost ratio b/c exceeds the critical value (b/ c)’k ~ 7. As a result, we
see that dynamic population structures can favor cooperation, even when all networks involved
would each individually suppress cooperation were they static.

Dynamic population structure facilities cooperation across a wide range of population sizes
for the pair of networks shown in Figure [2a. When t; = ¢, = 1, which means that individuals
each update their strategy once, on average, before the network changes, cooperation can be
favored by selection regardless of network size, N (Figure [3p). By contrast, if the network
is static, then cooperation is favored only when the population size is very small (N < 17)—
and, even then, only if the benefit-to-cost ratio is large. For larger population sizes, N > 17,
the critical benefit-to-cost ratio is negative on a static network, (b/ c)* < 0, which means that
selection actually favors the evolution of spite, a behavior in which individuals pay a cost ¢ to
decrease the fitness of their opponent by b. For this static network, we can show that (b/c)" ~
—N /2 in large populations (see Methods), whereas the critical ratio for cooperation approaches
a constant positive value, (b/c)* = 7, for large N in these dynamic networks (see Equation
for the case of 2 = 1/2 and t = 1). And so the effects of dynamic population structures can be
dramatic, capable of converting a spiteful outcome into a cooperative one, and they persist across
a wide range of population sizes.

Dynamic networks also facilitate cooperation across a wide range of structural transition
rates. For a sufficiently large population size, N, on a single static network of the type shown
in Figure , the critical benefit-to-cost ratio is negative ((b / c)* ~ —N/2), which means that
selection favors the evolution of spite. By contrast, dynamic transitions between networks 1 and
2 can favor cooperation, especially when they occur rapidly (Figure[3p). When the transition rate

is very slow — in particular, when t exceeds <\/§ + 1) N — the population stays in one network

for so long that the evolutionary dynamics are similar to those of a static network, and the critical
benefit-to-cost ratio becomes negative (Figure [3p). In the limit of the transition rate approaching

7



Network 1 Network 2 0.060F°

|
0.040F pynamic (a=0.5) -

020} L e

aN

=
by
o
=
2
N N g 0 -..
5> 8 -0.020} -
g " ....'..
s S
c -0.040 -
§ = Stat(lg _noet;/\)/ork 1 <
B 9080 Static network 1 or 2
T‘S’ (a=0.5)
2 0800} OOODOCETDOOoon Sttic network 2
o

-1.6801 . . E:DJJ:D-?:EEDE : :

Benefit, b

Figure 2: Transitions between networks that contain dense and sparse communities. We consider dynamic
transitions between two networks, each of which is comprised of two communities containing aN and (1 —a) N
nodes, respectively. a, Each network has a star graph comprising one community and a complete graph comprising
the other community, with a single edge connecting the two communities. When network 1 transitions to network
2, the star community becomes the complete community and vice versa. b, The fixation probability of cooperation
versus defection, pc — pp, as a function of the benefit, b, in the donation game. Selection favors cooperation over
defection if pc — pp exceeds the horizontal line, i.e., oc > pp. Dots indicate Monte Carlo simulations on dynamic
networks (solid dots) and on a static network (open dots). The vertical lines correspond to analytical calculations
of the critical benefit-to-cost ratio (b/c)* on dynamic networks, above which cooperation is favored. Cooperation
is always disfavored in both static network 1 and static network 2 (separately), but dynamic transitions between
these networks can favor cooperation. Here, we show two examples with different community sizes, a = 0.5 (blue)
and a = 0.7 (green). The beneficial effect of structure transitions is strongest when communities have equal size
(a = 0.5; see Supplementary Figure 1). Parameter values: N = 40, t = 1, and ¢ = 1.0. Fixation probabilities are
computed across an ensemble of 107 runs with selection intensity 6 = 0.002.
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Figure 3: Dynamic structures facilitate cooperation for a broad range of population sizes and network tran-
sition rates. We consider transitions between the two networks shown in Figure 2, each composed of a sparse
community and a dense community. a, The critical benefit-to-cost ratio required to favor cooperation as a function
of population size, N, for community size 4 = 0.5 and mean duration { = 1. Dynamic networks can favor coopera-
tion for any population size, N, provided b/c¢ > 7. In contrast, the corresponding static networks favor cooperation
only in small populations (N < 17), and they favor the evolution of spite ((b/c)* < 0) in larger populations. Dots
show exact analytical computations for finite N' (Equation 3)), and lines show analytical approximations for large N.
b, The critical benefit-to-cost ratio as a function of the mean duration between network transitions, ¢, for a = 0.5
and N = 10,000. Whereas a static network always disfavors cooperation, dynamic networks can favor cooperation

provided they do not transition too slowly (t < (\@ + 1) N). Dots show exact analytical calculations for arbitrary

t; the blue line shows an analytical approximation in the regime { < N; and the red line shows an analytical ap-
proximation in the regime t = O (N).



zero (t — o0), the “dynamic” network is actually static and our dynamic calculations agree with
those of a static network.

2.4 How dynamic structures can facilitate cooperation

To further understand how dynamic structures can favor cooperation more than their static coun-
terparts, we inspect evolutionary trajectories on the dense-sparse graph of Figure [2a. When the
network is static, the process is depicted in Figure dp. Starting from a specific configuration
of cooperators in both hubs and two leaf nodes, cooperation will initially tend to spread in the
star community while shrinking in the complete community. After cooperation fixes within the
star community, selection strongly suppresses further spread to the complete community because
the node connected to the star community is exploited by multiple defectors. If ever a defector
manages to diffuse to the hub of the star community, however, defection will then rapidly spread
within the star and ultimately fix in the entire network.

By contrast, if the population undergoes structural transitions between networks (e.g. s, —
s3 in Figure [dp), the star community of network 1 will transition into the complete community
of network 2, which promotes the exploitation of cooperators and allows defectors to spread
(s3 — s4). Meanwhile, the complete community of network 1 transitions into the star community
of network 2, which stimulates the expansion of cooperators. The rate of cooperator expansion
in one community exceeds their exploitation in the other community (see the qualitative analysis
in Supplementary Figure 2), so that, overall, network transitions facilitate cooperation.

2.5 Other dynamic structures

The examples of dynamic structure considered so far may seem highly specialized because the
networks each contain two stylized communities with a single edge between them. But we find
similar results on networks with many communities and with more complicated connections
between them. In Figure [Sa,b, we analyze networks comprised of multiple star and complete
communities, connected by either hub nodes or by leaf nodes. In both cases, we again find that
dynamic transitions between networks reduce the critical benefit-to-cost ratio for the evolution
of cooperation, compared to any single static network. This effect is increasingly strong as the
network size grows (see Supplementary Figure 3). For the networks in Figure [Sa with N =
1,200, for example, the critical benefit-to-cost ratio to favor cooperation is (b/ c)* ~ 188.1
when the network is static, which is reduced to (b / c)* ~ 3.49 when the network is dynamic.

In addition to networks comprised of star and complete communities, we also investigated
networks with communities defined by various types of random graphs, such as Erdds-Rényi
and scale-free networks. In the former case, node degrees within a community do not vary
substantially, while the latter exhibits large variation in degree. Here we emphasize that when
dynamic transitions occur between two random networks or two random scale-free networks
that lack community structure, then cooperation is impeded (relative to a static random or a
static scale-free network) — for the intuitive reason that random switches disrupt cooperative
clusters [1]]. But in the multi-community random networks, dynamic transitions between random
networks can promote cooperation, compared to each static network (Figure [Sic,d).
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Figure 4: Intuition for how dynamic structures can facilitate cooperation. Starting from a configuration in
which the hub and two leaf nodes are cooperators (time point s1 in a and b), we illustrate how cooperation can be
favored in dynamic structures even when it is inhibited in each static structure. Initially, cooperators are expected
to spread in the star community and shrink in the complete community, and the rate of spreading exceeds that of
shrinking. a, The evolutionary process on a static network. Cooperators rapidly take over the star community and
nearly die out in the complete community (s; — s3). The system tends to stay in this state until defectors spread
throughout the star community (715). b, The evolutionary process with network transitions. Initially, cooperators
spread in the star community and shrink in the complete community (s; — sp). However, when the network
changes, the star community transitions to the complete community and vice versa (s, — s3). This transition is
followed by the rapid spread of cooperators in the star community and (relatively slower) shrinking of cooperators
in the complete community (s3 — s4). From s1 to ss5, the frequency of cooperators increases in both communities
so that, under dynamic structure transitions, cooperators tend to fix in both communities (sg).
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Figure 5: Evolution of cooperation on diverse dynamic structures. a, Each individual network comprises four
star communities and four complete communities, where each star community in one network corresponds to a
complete community in the other network, and community hubs are fully connected to each other. b is similar to
a, but communities are now sparsely connected via leaf nodes. Network transitions facilitate cooperation compared
to a static structure. ¢, Each individual network comprises two sparse and two dense communities of Erdos-Rényi
(ER) random networks [37]], with communities connected by random nodes. d, Each individual network comprises
two sparse and two dense communities of Goh-Kahng-Kim scale-free networks (GKK) [38] with exponent 2.5,
with communities connected by nodes of the highest degree. In all these examples, network transitions reduce the
benefit-to-cost ratio (b/c)* required for cooperation compared to each static network. Parameters: mean duration
t = 1 and population size N = 64 for a and b. For panels ¢ and d, in network 1, the two sparse communities have
30 nodes and average degree 4, and the two dense communities have 40 nodes and average degree 30; in network
2, the two sparse communities have 40 nodes and average degree 4, and the two dense communities have 30 nodes
and average degree 20.
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In all examples of dynamic networks considered thus far, transitions between networks in-
volve dense regions of a network swapping with sparse regions. Regardless of the exact struc-
ture of the communities (star-like, complete, random, or scale-free communities), this general
feature of structural transitions conforms to the underlying intuition for why dynamic networks
can facilitate cooperation in networks with communities (Figure {)). Dynamic structures can
still facilitate cooperation even when networks differ in only a small fraction of connections,
although the strength of the effect is weakened. Furthermore, these effects also persist (and can
be quite strong) when populations transition between three or more network structures. We give
illustrations in Supplementary Figure 4.

2.6 The probability and time to fixation of cooperation

We have studied dynamic structures by comparing the fixation probability of a cooperator to that
of a defector, and by calculating the critical benefit-to-cost ratio (b/c)™ that ensures pc > pp
in a large class of dynamic networks. We can also study the fixation probability pc in abso-
lute terms. We find that a dynamic population structure increases the fixation probability of
cooperators, making them more likely to overtake the population, compared to a static network.
Dynamic population structures also tend to decrease the duration before one type or another fixes
(see Supplementary Figure 5), as well as shorten the mean conditional time until cooperators fix.
The underlying intuition for these results is evident in Figure [} on a static network, the pop-
ulation will tend to be stuck at stage s3 for a long time, before defectors eventually diffuse to
the sparse community; whereas on dynamic networks, cooperators spread rapidly by selection in
both communities. Thus, dynamic networks increase the likelihood that cooperators sweep the
population as well as the rate at which they do so.

2.7 Spatial and temporal burstiness

We can adapt our method of analysis to study the effects of spatial and temporal burstiness.
For dynamically changing networks, spatial burstiness arises when there is temporal variation in
the density of network edges (node degree), whereas temporal burstiness arises when there are
periods of rapidly changing network structures along with periods in which structures change
more slowly. Empirical networks of both human and non-human (e.g. honeybee) interactions
are known to exhibit both spatial and temporal burstiness [[10, 39]], but the effects of these two
forms of over-dispersion for behavior remains an active area of current research.

To study spatial burstiness, we consider the following minimal model of dynamically varying
homogenous networks that differ in their average node degree. We construct a pair of networks
as follows (see Figure [6@): (i) we first generate a single network with N nodes and E edges
drawn from one of several classical families of networks (e.g. Erdos-Reyni random networks
[37], Watts-Strogatz small-world networks [40], Barabési-Albert scale free networks [41], etc.);
(ii) we decompose this network into two networks, by randomly selecting a fraction ¢ € [0,1/2]
of the edges for network 1 and using the remaining (1 — ¢) E edges for network 2. If ¢ = 1/2
then the resulting networks 1 and 2 have the same density of interactions, and there is no spatial
burstiness. For all other values of ¢ # 1/2, the network exhibits spatial burstiness, and we study
a simple stochastic transition pattern between these networks, with t; = t, = 1 so that each
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individual updates his strategy once, on average, before the network switches.

We find that spatial burstiness tends to inhibit the evolution of cooperation, whereas spatial
regularity (equal network densities) is more beneficial for cooperation (Figure [6f). In partic-
ular, regardless of the class of network from which networks 1 and 2 are derived, the critical
ratio (b/c)” required to favor cooperation is substantially increased (roughly by a factor of two)
in the regime ¢ — 0 compared to the spatially homogeneous regime ¢ = 1/2. The dynamic
networks with spatial burstiness shown in Figure [6a,c, which impede cooperation, differ funda-
mentally from the dynamic networks studied in Figures 215 which facilitate cooperation. The
networks in Figures each contain multiple communities with different local edge densities;
and the densities switch when the network changes. By contrast, the dynamic networks shown
in Figure [6@,c (spatial burstiness) contain no communities but rather they have a uni-modal edge
degree distribution in every state: these homogeneous networks simply switch between high-
degree and low-degree distributions, which tends to impede cooperation. This result aligns with
previous simulation studies of random network rewiring [[12]. The intuition for this result is
simple: cooperative partnerships may arise in the sparse homogeneous state, but transitions to a
dense homogeneous network allow defectors to invade cooperative clusters.

We also study the effects of temporal burstiness, in which case networks 1 and 2 are chosen
to have the same edge density (¢ = 1/2), but there are periods of rapid transitions between the
two networks, punctuated by periods of slow transitions. To construct this scenario, instead of
having a single transition matrix, (J, we consider two such matrices, Qf and Q8, corresponding
to fast and slow epochs. At any time, the population is either in hidden state f, so that network
transitions occur according to Q/, or alternatively in hidden state g, so that network transitions
occur according to Q8. Whenever the population transitions to a new network, the hidden state
is drawn uniformly-at-random from { f, ¢} (see Figure @)). (Note that the hidden state g or f is
re-sampled only when the network changes, from 1 to 2 or from 2 to 1.)

The speed of network transitions in each hidden state, ¢ and f, is governed by a parameter
t € [0,1], so that transitions are fast in state f and slow in state g. When the population enters
state f, the expected duration before a network transition is small, namely fN. Whereas when
the population enters state ¢ the expected duration of the current network is longer, (2 — ) N
(see Figure [6b). The case f = 1 means that the current network has the same expected duration,
regardless of the hidden state, and there is no temporal burstiness. When t < 1, the networks
transition more quickly in state f than they do in state g. Regardless of the value of f, how-
ever, the total accumulated time spent in network 1 is the same as in network 2, throughout the
evolutionary process.

Temporal burstiness tends to facilitate cooperation in networks lacking community structure
(Figure [6d). In particular, the critical benefit-to-cost required to favor cooperation is largest
when temporal burstiness is absent (f = 1), and it is reduced (typically by 20%) when temporal
burstiness is large (f = 0). In the case of high temporal burstiness, the system experiences an
epoch of time with frequent changes in network states, followed by an epoch with long periods of
stability within a network. The epoch with frequent network changes is particularly detrimental
to the survival of cooperator clusters. However, the extended periods of stability promote the
formation of cooperator clusters. Even when two networks have the same edge density (¢ = 1/2)
and the accumulated time spent on each network is the same, large temporal burstiness allows
the establishment of large cooperator clusters in epochs with slow transitions, and this promotes
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Figure 6: Effects of spatial and temporal burstiness on cooperation. We consider transitions between two
networks, with either a, spatial burstiness (different edge densities) or b, temporal burstiness (periods of both rapid
and slow transitions). ¢, The critical benefit-to-cost ratio (b/ c)* as a function of spatial heterogeneity, . When the
two networks have the same edge density, ¢ = 0.5, cooperation is most readily favored. When the networks that
differ in their edge densities (¢ < 0.5), much larger values of the benefit-to-cost ratio, b/ c, are required to support
cooperation. d The critical benefit-to-cost ratio (b/ ¢)* required to favor cooperation as a function of temporal
heterogeneity, £. The case f = 1 means that networks transition at the same rate, regardless of the hidden state. When
I < 1, the networks transition more rapidly in state f than in state g, so that there is temporal burstiness. Critical
benefit-to-cost ratios under spatial and temporal burtiness are shown for six classes of networks: random regular
networks (RR), Erdos-Rényi networks (ER) [37], Watts-Strogatz small-world networks (SW) [40] with rewiring
probability 0.1, Barabdsi-Albert scale-free networks (BA) [41], Goh-Kahng-Kim scale-free networks (GKK) [38]
with exponent 2.5, and Holme—Kim scale-free networks (HK) with triad formation probability 0.1. For each

such class, we generate 1,000 networks, each with 100 nodes and average degree 20. We take f = 1incand ¢ = 0.5
ind.
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the survival of cooperators, in stark contrast to our findings for spatial burstiness.

3 Discussion

Many real-world interactions are ephemeral, and the entire network of social interactions may be
subject to exogenous changes. Seasonal changes in a species’ environment, for example, can lead
to active and dormant periods, as can diurnal cycles. Such periodic transitions are widely used
to model temporal networks [43-46]]. Stochastic transitions in social structures can arise from
the effects of weather, animal migration and movement, and role reversal [47]. Motivated by
the ubiquity of structural variation in nature, we provide a treatment of dynamic social networks
that allows for arbitrary stochastic transitions between structures, with arbitrary networks within
each time step.

Our main mathematical result (Equation [3)) shows when cooperation will evolve on dynamic
networks, under weak selection. The population structure in every time step need not be con-
nected; all that we require is that the population satisfy a coherence condition so that it does not
become fragmented into multiple sub-populations (see Supplementary Section 1). In addition to
probabilistic transitions, our analysis extends to deterministic and periodic network transitions
(see Equation 33 in Supplementary Information). Our analysis also applies to other scenarios for
changing structures, such as when the direction of public goods or information flow changes over
time[48]; the number of active nodes or edges varies; or the population size fluctuates (in fact,
the results in Supplementary Information allow for arbitrary patterns of replacement, see Supple-
mentary Section 5). Although prosocial behaviors in different strategic domains may manifest
in different ways, such as trust games or dictator games, the desire to pay costs to benefit others
has a substantial degree of domain generality [49]. Our conclusions, based on donation games,
are thus indicative of how dynamic networks may broadly impact prosocial behavior.

In the donation game, we have seen that changing social structures can sometimes promote
cooperation. On the one hand, if the population simply transitions between homogeneous net-
works of low degree and high degree, then this dynamic tends to suppress cooperation Fig-
ure [6f,c. By contrast, if each network contains multiple communities of different local edge
densities, then dynamic changes can facilitate cooperation and these effects can be dramatic
(Figures 2}f5). Even if every such network individually disfavors cooperators, transitions be-
tween them can facilitate the evolution of cooperation — a result that is reminiscent of Parrondo’s
paradox [50]. Figure [4|illustrates the mechanism for how this phenomenon arises, as transitions
move individuals between regions of the network that are dense to those that are sparse. These
dynamic structures also facilitate cooperation in the widely studied birth-death updating process
(see Supplementary Figure 6) and for strong selection strength (see Supplementary Figure 7).

Changing social structures that each exhibit local communities are common in real-world set-
tings. Groups and communities are more likely to form among people with close geographical
locations and similar religion, culture, and affiliations [51} 52]; but connection densities will be
altered over time. Changes in connection densities in different communities may result from a
phase difference, e.g. in online social networks across different time zones, in workers’ interac-
tions across a typical two-shift working schedule, and during periodic gatherings and migrations
in religious communities. Spatio-temporal heterogeneity of interaction density within a given
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community also leads to time-varying connection densities, from sparse to dense and vice versa
[2]. We find that each kind of burstiness has a clear effect on cooperation, either hindering it in
the case of spatial burstiness or promoting it in the case of temporal burstiness. Broadly speak-
ing, our work highlights the significance of integrating multiple communities into one system,
since treating communities individually and independently may lead to erroneous conclusions
about behavioral dynamics in the population as a whole [53]].

In line with many studies on evolutionary dynamics, we have assumed that mutations appear
infrequently, which justifies the study of fixation probabilities to quantify evolutionary dynamics
[54]]. Within static networks [55]] (and certain kinds of dynamic networks [56]]), positive muta-
tion rates lead to what is called a “o-rule” for selection to favor cooperators in mean abundance.
Such results involve inequalities based on (generally) at most three coefficients (e.g., 01, 02, and
03), all related to the population’s structure, update rule, and mutation rate [S7]. Calculating
these coefficients is not straightforward, and only recently has a method been proposed for doing
so on static networks [36]. From a technical standpoint, the analysis of mutation-selection dy-
namics requires a different approach from what is typically used to study fixation probabilities.
Furthermore, weak-mutation dynamics do not necessarily predict what happens when mutation
rates are larger [36, [58]]. For these reasons, we have focused on mutation-free dynamics in this
study. Of course, larger mutation rates may be relevant in dynamic populations, as they are in
static populations, and future investigations into mutations on dynamic networks are warranted.

In addition to the mutation-free assumption, all of our results are based on exogenous net-
work transitions, which means that individuals cannot selectively engineer their neighborhoods
based on the traits of others. There are, of course, many interesting models involving endoge-
nous transitions, in which cooperators can selectively form links with other cooperators and
break links with defectors. In such models cooperation can flourish when structure transitions
are rapid enough [[17-29], for the simple reason that this endogenous dynamic establishes co-
operative clusters. Such “form follows function” models are frequently aimed at answering the
question: what kinds of networks arise from certain traits, and how do these networks serve the
greater good? By contrast, our focus is not the coevolutionary dynamics of trait and structure, but
on a different question altogether: what is the impact of exogenous structural changes on the evo-
lution of behavior? This approach is more closely related to classical studies of network effects
on cooperation: given a (dynamic) network, what behavioral traits evolve? Since exogenous
structural changes do not provide any explicit advantage or disadvantage to cooperators relative
to defectors, the resulting evolutionary dynamics of social traits are all the more intriguing.

We have aimed for generality in framing our mathematical results, but a natural limitation
of our study is the scope of networks we have analyzed, compared to the vast space of possible
population structures and transitions among them. For this reason, even static structures are still
an active topic of current research in evolutionary game theory. We have therefore chosen to
consider a limited number of representative examples of dynamic networks, which showcase the
interesting effects they can have on the evolution of cooperation. Areas for future investigation
include the effects of fluctuating resources on cooperation, varying the timescale of network
changes relative to reproductive events (to include, for example, much more gradual changes),
and other forms of exogenous changes that favor cooperation, and environments that involve both
endogenous and exogenous transitions. In fact, although we use cooperation as an example, our
analysis is framed quite generally to allow the study of other traits on dynamic structures. To the
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best of our knowledge, our analytical findings constitute the first general results for behavioral
evolution on dynamic networks, and we hope that they will be valuable tools in future work.

4 Methods

4.1 Analysis of weak selection

Here, we outline a derivation of the critical benefit-to-cost ratio (b / c)’k for selection to favor
cooperation, based on an extension of a result of McAvoy & Allen [33]]. Complete mathematical
details of the extension may be found in Supplementary Sections 1-5. We first briefly recall the
relevant result for (static) networks.

The general modeling framework of Allen & McAvoy [[15] and McAvoy & Allen [33] as-
sumes that the replacement process, which drives evolutionary dynamics, depends on the con-
figuration of traits within the population, but it does not allow for a dynamic environmental state
(e.g., network). In that context, a first-order expansion (in selection intensity) of a mutant trait’s
fixation probability was derived, which involves two quantities derived from neutral drift (6 = 0)
and one quantity linking interactions to weak selection (6 < 1). The first neutral quantity is re-
productive value, 7t. The reproductive value of node i is the probability that, under neutral drift,
i generates a lineage that takes over the population. In general, 7t can be described as the unique
solution to a linear system of N equations. For the death-Birth (dB) update rule, we obtain
T Zjli 1 Wij, where wj; is the weight of the edge between nodes i and j in the network.

The second quantity is related to the assortment of traits under neutral drift. Informally, for
two nodes i and j, we wish to understand the expected fraction of time prior to absorption that
and j share the same trait. This quantity, again, can be understood by looking at a linear system,
this time of size O (Nz). For dB updating, it suffices to calculate expected remeeting times of
random walks on the network [16]. Specifically, we seek quantities 7;; such that 7;; = 0if i = j
and 7;; = 1+ %Z,I(\Izl PikTkj + %Z}Ll PjkTik When i # J, where p;; = w;;/ Z,Iglzl w;i 1s the
probability of moving from i to j in one step of a random walk on the network. Finally, the
interaction comes into play via a game, in which type A at node i pays C;; to donate B;; to the
individual at node j (and type B does nothing).

The fixation probability of a mutant placed uniformly-at-random in the network then satisfies

d 1 N N
| pe=x L mpi ) (= (T =) Cie + (T = 7¢) Byy)
5—0 ij=1 (=1
1 N N )
N Z TiPijPik Z (= (T- Tjk) Cie + (T — Tjtf) Bux) s
ijk=1 =1

where T is the total time until all individuals are identical by descent. T actually cancels out of
Equation [5} but it is useful in the interpretation of this equation since then T'— Tj; is the mean
time that nodes 7 and j are identical by descent.

(6]
ij
be the weight of edge between nodes 7 and j in network B € {1,...,L}. We assume that the

We now outline how this result extends to dynamic networks. Fori,j € {1,..., N}, letw
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network is undirected, meaning wl[]ﬁ] = w][f] foralli,j € {1,...,N}and g € {1,...,L}. Ifi
and j share an edge then they interact in game play and in strategic imitation. The class of models
we are interested in here involve social goods [59] in which, on network B, an individual of type

) B

to donate B;;” to the individual at j. In state (x, B), the total payoff to

A at i pays a cost of Cl[]ﬁ

the individual at 7 is
N

ui (x, ) =) (—xic}f} n ij][g]) _ ©

j=1

This net payoff is converted to fecundity via the formula Fy (x, 8) = ed"k(%B)  In the main
text, under the assumption of weak selection, we use a linearized fecundity function Fy (x, ).
If the population structure is B, then a node in S is first selected uniformly-at-random to die.
Subsequently, all neighboring nodes in B compete to produce an offspring to fill the vacancy at
node i. The probability that j replaces i in state (X, §) is given by Equation

Let pif == )/ T, wlf be the probability of moving from i to j in one step of a ran-

]
dom walk on network B. Under neutral drift, the probability 7'[1[!3 ) that, starting in network f, i

generates a lineage that takes over the population (i.e. the reproductive value of i in f) satisfies

1 N L 1 N L
W w2 T+ (1 oAl Do, 0
N j=1 ! r=1 ! N j=1 J y=1

subject to the constraint Y | /P!

;= 1. 7t is thus determined by a linear system of size O (LN)).
The reproductive value of individual i in network S satisfies a system involving the sum of two
components. The first term represents the reproductive value of the offspring, if i spreads its
offspring to another node in the network 7. The second term represents the reproductive value
of individual 7 in the subsequent network 7, if it is not selected to die.

For the initial state, we choose a network from the stationary distribution of stochastic net-
work transitions; and a mutant is chosen uniformly-at-random within that network. We con-
sider two types of initial mutants: a mutant C arising in an otherwise all-D state (denoted

uc) and a mutant D arising in an otherwise all-C state (denoted yup). Associated with each

1 € {pc, yp} is a quantity 17? ] (u) related to the co-occurrence of a trait in f among the nodes

inI C {1,...,N}, which is defined formally in Supplementary Section 5. We can think of

n gﬁ Vas representing the probability that, given the initial state, all individuals in I have type C.
(]

For our purposes, we need an expression for #;” (u) only when I contains one or two nodes,
because interactions occur among pairs of neighbors. (More details on the required size of I may
be found in Supplementary Section 5, and an extensive discussion of how the maximal size of |
is determined by the degree of a game may be found in McAvoy & Allen [33]].) For |I| = 2, we
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find that 4 (c) = 1! (up) and
0 i=j,

Bl _
i = 1

3 2 L
NV B+ X ( szk ’7k] T ZP]k ’71;(] (1 )171[7]> i ].
=1
®)

We refer the reader to Equation 32 in Supplementary Information for further details.

It turns out that a scaled version of #, namely T[]ﬁ - 17 i / v (B), allows for a more intuitive
interpretation of the selection condition. Consider the tlme reversed structure transition chain
defined by

v(7)

Gy = v (B) a1 ©)
Using this time-reversed chain in conjunction with Equation[§] we see that
0 i=j,
T = 1 ¢ 2\ (10)
q, 0% . )
ﬁ+¥ﬂﬁy< szka]+ Zp]k zk (1_N)Tij> i ]
(Bl

In the ancestral process, looking backward in time under neutral drift, NT;;" represents the ex-

pected number of update steps until i and j coalesce. Equivalently, since one of N individuals

[/3]

and j to coalesce. This 1nterpretat10n arises from a one-step analysis of the time-reversed chain
and the fact that, in each time increment, one update step (a portion 1/N of a generation) has
transpired, which accounts for the additive factor of 1/N in Equation The probability of
transitioning from network B to network y backward in time (i.e., in the reversed chain) is g, By-
With probability 1/ N, i is chosen for replacement, and with probability pj, the offspring of k
replaces i. After this step, the mean number of generations for the resulting random walks to

[

coalesce is Tk].ﬂ. Likewise, with probability 1/ N, j is chosen for replacement, and with proba-

is updated in each time step, T.; * can be seen as the mean number of generations needed for i

bility pj, the offspring of k replaces j. Then, the mean number of generations for coalescence

[7]

is T;''. Finally, with probability 1 — 2/ N, neither 7 nor j is chosen for replacement. Since the
network can still transition to 7y even when neither 7 nor j is replaced, we are left with the mean
coalescence time ’L'[] 7 We refer the reader to Allen et al. [16]] and Allen & McAvoy [60] for more

detailed discussions of random walks on networks and their relationships to the coalescent.
If, conditioned on the population being in state S, TIAl is the mean time to reach the most
recent common ancestor going backward in time, then the mean time that 7 and j spend identical

by descent is TRl — Tz‘['ﬁ ]. Finding T for all structures and pairs of individuals involves solving

a linear system of size O (LNz). We note that, although T aids in the interpretation of T as
determining identity by descent, it does not need to be calculated directly in order to understand
the first-order effects of selection on fixation probability.
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We now have all of the neutral quantities we need to state the selection condition. The
final piece is the connection between the payoffs and the replacement probabilities under weak
selection. A straightforward calculation gives the probability that individual i copies j type, i.e.

€ji (x,B) = %]Pz[f] + 5211;[:1 C{{i (B)xx+O (52), where

( [ [ [ .

Nplj < ZCJ§+BJJ +p chf 2%5313) =1

c, (B) = (11)
N

sz[f] ( I[q} +pik chz EPE?&E@) k#j

(=1

Putting everything together using Equation 31 in Supplementary Information, we see that

d 1 N L B _(T[m_rl.ﬁ])d§1
sl PC=N Z Z v (Z %v” ) Pq Z +<T[ﬂ]_.£[]ﬂ]>B][ﬁ]
5=0 ij=1p=1 =1 i)l (12)
L ¢y 88y ((1P=m)l
- ae" | Py | :
SV ICT Pl P of it
An analogous calculation for D gives %‘5:0pD = _%‘kopc’ which means %‘5:0‘0C >

%‘5 ,°D is equivalent to %)5 s > 0. Under weak selection (6 < 1) we have pc =
51‘ O(4?) and pp = ‘ 54 O(4?). The quantities ‘

pc\520+ as|,_,fc TO(0%) and pp = pp|  +035| pep+0O(5%). Theq Pl _,

and pp ‘5 . are respectively the fixation probability of cooperators and defectors under neutral

drift, and they are identical, i.e. ‘OC‘(S . = pD‘(S . = 1/N. In summary, the condition for
selection to favor cooperation, pc > pp, is therefore equivalent to %‘6 pc > %‘5 Pp and
=0 =0
accordingly %‘5 pc > 0.
=0

In the donation game, we have B 1[]5 [ wl[f ] b and C[[3 [ w[]ﬁ ]C Collecting all terms involving
T in Equation |12|gives 0, and then we have

pc > pp = bus —cvy > bugy — cvy, (13)
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where

1 YL L M\ 18 & (][5,
N Y Y vp) X Apy7t | Pij ). w[] Tig 7
ij=1p=1 y=1 (=1
1 N L L N
1@—N§:zwun< %wﬁg%ﬁZWﬁ#%
1 YL L M\ I8 18],
Vz—ﬁ Z ZU(:B) Zqﬁ’Yﬂz pz] pzk wak i’
i,jk=1p=1 r=1
1 N L L [ ] ]
2= 5 Z Zv(ﬁ)(zlh% )PU sz Zwke Tik
ijk=1p=1 =1

The critical benefit-to-cost ratio is therefore (b/c)* = (va —vg) / (42 — po)-

Note that, for simplicity, we have assumed that any node can be selected for death in a given
network. In reality, this assumption might not hold because each individual network need not
be connected, which can lead to isolated nodes. If an isolated node is chosen for death, then
the individual at this node cannot be immediately replaced by the offspring of a neighbor. All
of our calculations can be modified to allow for only non-isolated nodes to be chosen for death,
although in practice we do not need to do so in any of our examples.

4.2 Specific examples

We study the transition between two networks, with transition probabilities given by

1-p 5:1/7:1;
- p=1v=2
Y B=27=1;
l1—-gq B=27v=2

15)

The expected durations in networks 1 and 2 are g/ (p + g) and p/ (p + q), respectively.

We study evolution on dynamic two-community networks. The two-community network is
made up of a star community and a complete community, with the hubs connected (see Fig-
ure 2). Let n and m denote the numbers of nodes in the star and complete communities, re-
spectively, so that n +m = N. We denote by 1, ..., n the nodes in the star community and by
n+1,...n+ m the nodes in the complete community, where # is the hub of the star and 1 4 m
is the node of the complete community connected to the hub of the star. The other network is
obtained by swapping the star and complete communities. The adjacency matrix for the first

1

network satisfies Wi = lonlyif (i)i =nandj < n,ori < mandj = n; (ii) i = n and
j=n-+m,ori=n+mandj=mn;or(iii)i,j > n+1andi # j. The adjacency for the second
networksatlsﬁest =1lonlyif(i)i=n+1andj>n+1,0ri >n+1landj=n-+1; (i

z—nand]—n+m ori=n+mandj=mn;or(iii)i,j <nandi # j.
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Using the results of the previous section, we can directly calculate 7t and T and calculate the
critical benefit-to-cost ratio. Here, we provide explicit mathematical results for representative
cases. Assuming p = g = 1/ (tN) and letting a := n/ (n + m), we find that

((202—2a+1) £+ (842 —8a+7) 12+ (842 —8a+15)t+2a>—2a+10
2a(1—a)(244t+3)

N — oo,

3 4+10£24-261+19
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I
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20a2—20a+33 _
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(16)

In particular, when N — co and a = 1/2, (b/c)” is a monotonically increasing function of ¢.
We can compare this critical ratio to that of just a single network, which is the same for either
network 1 or network 2 and satisfies

b * —(1—a)N N — oo,
<C) —3N?—40N® 204N —848N° —2464N°+-1920N* +15872N° —40960N>+24576N ~ , _ 1
6N8—64N7—520N6—1232N5+3872N%+6272N3—24320N2+22528 N +4096 2

17)
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Supplementary Figure 1: The cooperation-promoting effects of structure transitions as the sizes of the two
communities vary. The dynamic network is illustrated in Figure 2a, with a fraction a (resp. 1 — a) of nodes in the
top (resp. bottom) community. The critical benefit-to-cost ratio, (b/c)", is shown as a function of a. The dots are
the results of numerical calculations with N = 10,000 and the lines are analytical approximations for sufficiently
large N. The rescaled duration is t = 1.
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Supplementary Figure 2: A qualitative analysis of cooperator expansion in the star community and coop-
erator reduction in the complete community. a, We consider a configuration where the hub node and n — 1
other nodes are cooperators in each community, and the rest are defectors. The fecundity of the hub node in the
star community is given by Fyarnuy = exp [0 (b — Nc/2)]. And the fecundity of a cooperator the other nodes
is given by Fy,,c = exp [0 (b — ¢)]; whereas the fecundity of a defector node is given by Fy,rp = exp [0)).
We can also derive expressions for fecundities in the complete community: Feomphy = exp [0 (nb — Nc/2)],
Feomp,c = exp [0 ((n —1)b — (N/2—1)c)], Feomp,p = exp [dnb]. Finally, we can calculate the expected change
in the number of cooperators in each community, denoted by A, in the star community and Acomp in the complete
community. b, The expected change in the number of cooperators in the star community and in the complete com-
munity, for across the full range sub-graph sizes, n. Dots are obtained by Agtar and Acomp. Horizontal lines mark
the average change across all possibilities of 7. The increase in the number of cooperators in the star community
exceeds the decrease in the number of cooperators in the complete community. Parameters: N = 40, § = 0.1,
b=10,c=1.
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Supplementary Figure 3: Cooperation-promoting effects of dynamic multi-community networks. We consider
networks made up of eight communities connected via hub nodes (see Figure 5a; panels a and b here) and via leaf
nodes (see Figure Sb; panels ¢ and d here). a,c, The critical ratio (b/c)” as a function of population size N, for the
rescaled duration t = 1. b,d, The critical ratio (b/ c)* as a function of the rescaled duration ¢, for N = 200.
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Supplementary Figure 4: Cooperation-promoting effects of structure transitions among more than two net-
works, and when networks differ in a small fraction of connections. a, Structure transitions among three net-
works. Every network transitions to another network with probability 1/ (2¢N) and remains unchanged otherwise.
b, Structure transitions between multi-community networks in which the two networks differ in only two commu-
nities. We take N = 150 in a and N = 64 in b, and the rescaled duration is t = 1.
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Supplementary Figure 5: Dynamic networks promote and accelerate the fixation of cooperators. We consider
the network with a star community and a complete-graph community with N = 16 and a = 0.5 (see Figure 2a). a,
Fixation probability of cooperators as a function of the rescaled duration, £, in network 1 and in the dynamic network.
The dynamic network leads to the larger fixation probability of cooperators than in network 1. b, Conditional and
unconditional fixation times as functions of the rescaled duration, t. Both the conditional and unconditional times
in the dynamic networks are smaller than in network 1.We take selection intensity § = 0.1.
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Supplementary Figure 6: Dynamic structures can inhibit spite for a broad range of population sizes, under
birth-death updating. We consider transitions between the two networks shown in Figure 2a in the main text,
each composed of a sparse community and a dense community. The figure plots the critical benefit-to-cost ratio for
cooperation as a function of population size, N, for a = 0.5 and t = 1. Under birth-death updating, spite rather
than cooperation can evolve, as indicated by a negative critical ratio (b/c)*. These dynamic networks, compared
with static networks, reduce the magnitude of the critical ratio, thus making spiteful behavior harder to evolve.
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Supplementary Figure 7: Dynamic structures can facilitate cooperation under strong selection. We consider
transitions between the two networks shown in Figure 2a in the main text, each composed of a sparse community
and a dense community. The figure plots the fixation probability of cooperation versus defection, pc — pp, as a
function of the benefit b in the donation game, for N = 12, a = 0.5, and t = 1. These dynamic networks are more
beneficial than static networks, for the evolution of cooperation. Selection strength: 6 = 0.1.
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Supplementary Information

SI.1 Modeling evolution on dynamic networks

We consider a population of N individuals (labeled N” = {1,2, ..., N}), residing at any point in
time on one of L structures (labeled £ = {1,2,...,L}). Implicitly, this means that each of these
L structures is a network on N nodes, although each network need not be connected, and some
nodes can be isolated. Each individual has type A or B, and the state of population is tracked by
a pair (x, B) € {0, 1}N x L, where x; = 1 means i has type A and x; = 0 means 7 has type B.
At each time step, a set of individuals to be replaced, R C N/, is chosen, together with an
offspring-to-parent map, &« : R — N. Let P(Ru) (x, B) denote the probability of replacement
event (R, «) in state (x, ). Once (R, ) is chosen, the type configuration, x, is updated to y,
where y; = x,(;) if i € Randy; = x;if i € R. This update can be specified more succinctly
using an extended mapping & : N — N defined by & (j) = a(j) if j € Rand & (j) = j if
j € R, which leads to the updated state xz, where (xz); = X (i) for i € N. The network, B, is

updated via a transition matrix, Q = (qﬁ,y) where g, is the probability of transitioning

,yeL’
from network B to network y. An importantﬁfgature of the model is that network transitions are
independent of x; thus, the population structure is exogenous and not influenced by traits. We
assume that Q is irreducible, which guarantees that it has a unique stationary distribution, v.

We assume that for each replacement event, (R, oc), type configuration, x, and network, 3, the
probability p (g 4) (x, B) is a smooth function of a selection intensity parameter, > 0, in a small
neighborhood of 6 = 0. Moreover, when 6 = 0 (“neutral drift”), we assume that p(g ) (x, B) is
independent of x (but it can depend on ). We denote by p‘(’R’a) (B) the probability of choosing

(R, @) under neutral drift. The chain defined by Q does not depend on the selection intensity.
We also make the following assumption, which ensures that for every starting configuration
and network, there exists at least one individual whose lineage can take over the population:

Fixation Axiom. For all network structures By € L, there exists a location i € N, an integer
m > 1, and sequences of replacement events { (Ry, a;) }i, and networks { B };—;" for which

(i) P(Ryay) (X, Bx—1) > Oforeveryk € {1,...,m} and x € {0,1}N;
(ii) 9p, ,p, > Oforeveryk € {1,...,m —1};
(iii) i € Ry forsome k € {1,...,m};
(iv) @1 0&p 0 -+ -0 &y (j) = i for all locations j € N.

These conditions are similar to those used by Allen and McAvoy [15]] and McAvoy and Allen
[33]], except here the Fixation Axiom is modified to account for dynamic networks. Regardless
of the configuration of traits, we require the existence of a sequence of replacement maps and
networks for the process to transition through, which have non-zero probability (conditions (i)
and (ii)), such that all individuals can trace their ancestry to some i under this sequence (condition
(iii)), with the additional requirement that this progenitor 7 is not eternal (condition (iv)). One
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implication is that no individual lives forever and that the process eventually reaches a state in
which all individuals are identical by descent, and thus mutant traits can fix within the population
(hence “Fixation” Axiom). We note that here it does not require each network to be connected.
Since there is no mutation of traits, all individuals must have the same type when they
are identical by descent. The configurations A = (1,1,...,1) and B := (0,0,...,0) are
the only absorbing configurations. (Note that while the configuration of types cannot leave A
or B, the state itself, which includes the network structure, can still change.) We denote by

BV the set of all configurations, {0, 1}N, and by IBN the set of all transient configurations,

{0, 1} — {A,B}. From the Fixation Axiom, we see that given any starting configuration-
network pair, (x, 8) € BN x L, there is a well-defined probability, 04 (x, B) (resp. pg (X, B)),
that the population eventually reaches the monomorphic state A (resp. B). The behavior of these
fixation probabilities (under weak selection, meaning & < 1) is the main focus of this study.
We follow the workflow proposed by McAvoy and Allen [33] for analyzing mutation-free
evolutionary dynamics under weak selection. We first study the assortment of traits under neutral
drift (6 = 0). Subsequently, we link these findings to the game using a martingale perturbation
argument. We avoid reproducing the entire derivation in [33]]; instead, we highlight the main
modifications to those arguments necessary to accommodate stochastic network transitions.

SI.2 Network-mediated reproductive value

With the main assumptions in place, we now introduce some derived, demographic quantities
that we will refer to throughout the analysis of the model. If the population is in state (x, B), then
the marginal probability that i produces an offspring that replaces j in the next update is

eii(xB) =), Pra (B (SL1)
R«
]'GR(/“(]))ZI

The expected change in the abundance of A in state (x, §) can be expressed as

A(x,B) = ZxIZel]x[i+le<1—Ze]lx,B>—in

ieN  jeN ieN ieN
= Z 6]'1' (X,‘B) (x] - xi) . (SI.2)
ijeN

One inconvenient aspect of dealing with the true abundance of A is that it is generally not
a martingale under neutral drift. This property is well-known even in models without dynamic
structure [[15] and it necessitates working with a weighted frequency instead. The notion of
reproductive value, which can be (informally) interpreted as the expected contribution of an
individual to future generations, turns out to give the proper weighting. For our purposes, we
interpret the reproductive value of i € N as the probability that, under neutral drift, i generates a
lineage that eventually takes over the population. Because our interest is in fixation probabilities
in the first place, it is not surprising that such a quantity should appear. This quantity depends on
the network structure, but it is independent of the type configuration due to the drift assumption.
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(]

Formally, we define the reproductive value of i in network f, denoted 71;"", to be the proba-
bility that under neutral drift and starting in structure 3, a mutant in node 7 eventually takes over
the whole population. Let efj (B) denote the probability, that under neutral drift and in structure

B, individual i spreads her strategy to j. A one-step analysis of the neutral Markov chain gives

= T 6 (8) L aprf” + (1 - Lo <ﬁ>) Lowms 61

jEN yeL jEN yeL

Y bl =1 (SL3b)
ieN

forall i € A and B € L. There is one point of subtlety in relation to reproductive value on

static networks, which relates to the normalization condition ) ;s nl[ﬁ = 1 for all B e L.
The Fixation Axiom guarantees that there is a unique 7t satisfying Equation up to a

scalar multiple. In this case, for any fixed C € R, requiring } jcn Y per nl[ﬁ = C yields

a unique solution to Equation Summing both sides of Equation overi € N

yields ) o 7'(1[[3 = Yyer qy XieN 7tlm. Since the chain Q is irreducible, it follows that

YieN 7'(1{/3 Vis independent of B € L, and thus it must be equal to C/L. Therefore, asserting

that } iz Yger nl[ﬁ l=Lis equivalent to the requirement that ) ;-\ 7{1[/3 ' = 1 for all BeL.
As aresult, 7, which we refer to as network-mediated reproductive value due to its dependence

on network transitions, is uniquely defined by Equation
Finally, the change in ) _;c A 7'[1[/3 } x;, the 7t-weighted abundance of A, is

AxB) =Y u Y ej(xp) Y ap7”

ieEN  jeN yeL
£ (1 Do) Dot~ Dol
ieN jeEN yel ieN

= Y i) L apm” (-x)+ L x (Z 9" — ]> . (S14)

ijeN veL ieN yeL

It follows from Equation that, under neutral drift, A° (x,B) = 0, for all x € BV and
B € L. This property will play a key role in our subsequent weak-selection analysis of the

process (Equation [SI.T3]).

SI.3 A mutation-modified evolutionary process

The process under consideration is mutation-free. However, following Ref. [33], in order to get
an idea of the assortment of types prior to hitting an absorbing configuration, it is convenient
to introduce an artificial mutation that makes the chain ergodic and gives it a unique stationary
distribution. The idea is to choose a state (z, A) with z € IB/TV , and let mutations bring absorbing
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configurations into (z, A) with some small probability u > 0. If P(x,)—(y,) denotes the proba-
bility of transitioning from (x, ) to (y, ) in the original (mutation-free) chain over the course
of one time step, then the transition probabilities for the mutation-modified chain are given by

(

u x € {A,B}, (y,7) = (z.A),

O(z,A
N (x,(ﬁ)—)>(y,7) = A =u) Pxpyiyy) x€{AB}, (y,7) # (zA), (SL5)

L Pix,8)—=(y,7) x ¢ {A,B}.

As a result of the Fixation Axiom, there is a unique stationary distribution, T (z,0)> such that

_ o O(Z/)\) o O(Z/)\)
0B = 1 (720 A P oy + ) (B i)

yeL
O(z,A)
+ZZTCOZA Y r P( )= (x,B)
yeBY veL
= 2 g (A7) (u0zxdp+ (1= 1) daxyp)
YeL
+ ZE ng)(z’)\) (B/ ’)/) (u(sz,x(s/\“g + (1 — M) (SB,xq’yﬁ)
e
- Z Z ”o z,\) (Y, 7) Plyy) = (x.8) (SL.6)
yGIBN YeL

forallx € Band g € L.
In one step after state (x, B), the expected change in the 7T-weighted abundance of A is

(1 (1-Tiev ) x=a,

~

Do) (6 B) = uyo Mz x =B, (SL7)

A (x, B) x & {A,B}.

Averaging this expected change over the stationary distribution of the modified chain gives
0=Eo@z) [AO(Z,/\)}

e [] < X o (A (1_ znwzi)

peL ieN

+u Y o (B,8) Y iz (SL8)
peL ieN
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Owing to a result of Fudenberg and Imhof [54]], we know that, in the low-mutation limit,

lim Y~ 7 ,0) (A, B) = pa(z,A); (S1.9a)
u—0 pel
lim Y 7oz (B, B) = p5 (z,7). (SL.9b)
=Y ger

Therefore, taking the derivative of both sides of Equation [SI.8| with respect to u at u = 0 gives

Zn zi +

Eoan) [B] . (SL10)
u=0

Eqz0) [-]. By the argument given in Ref. [33, Corollary 1], we see

. d
Let <>(Z,)L) = T 10
that for any function ¢ : BV x £ — R satisfying ¢ (A, B) = ¢ (B, ) = Oforall g € L,

2h) = ;E 9 (8 | (X 8°) = (z,4)], (SL11)

where the summation on the right-hand side converges absolutely. In particular, this equation
holds for the expected change in the 77-weighted abundance of A, ¢ = A. Since we also have

eij (x,B) = Z ¢} (SL.12)

4

for unique coefficients ¢} (B), where x; := [T;c; x;, it follows that

B

d
dé
=0
d ~
(5:O (z,A)

d e]
s ) ¢i (x qunﬂ( x)>
(zA)

5—0 LJEN fyeﬁ

d

15| Pa (z,A) =

6=0

=) ) <C]}i B) Y ap,7” (Xlu{j}_xlu{i})> ,  (SLI3)

i,jEN ICN yeL (Z,)\)

where the interchange of the two limits is possible due to Equation and the absolute con-
vergence of its summation. The second line of Equation is where we use the fact that
A0 (x,B) = 0 forall x € BV and B € L, highlighting the importance of network-mediated
reproductive value.

As a result of these calculations, what remains in order to understand the first-order effects
of selection on a mutant type’s fixation probability is an analysis of the neutral operator ()?Z Ay
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SI.4 Analysis of neutral drift

Throughout this section, we denote the stationary distribution of the structure-transition chain,
Q, by v. We also suppress either the configuration or the network when we marginalize. For ex-

ample, we write 7y, 1) (X) for Yge g 7oz, (X, B) and 7o, 1) (B) for Yyepn 7oy(z,0) (X, B)-
In the limit of low mutation, we know 77, , ,, (A) converges to p3 (z,A) and 77, () (B)

converges to p (z, A). The following lemma is a slightly stronger version of this result:

Lemma 1. For all networks 8 € L,

lim 722, ) (A, B) = 074 (2,4) v () (SL14a)
lim 727, 5 (B, B) = p (z,A) v (B). (SL14b)

Proof. Letting x = A in Equation [SI.6]and taking u — 0 gives
i ) (AP = T (1m 72 0 (4 7) ) (SL15)

It follows that limy, o 777, , ) (A, B) is proportional to v (B), for all B € L. The constant of
proportionality must be p% (z,A) due to the fact that lim,_,g T (20) (A) = p% (z,A). The
result for lim,,_,( ng)(z P (B, B) follows from analogous reasoning and is omitted here. ]

Remark 1. Neutral fixation probabilities, p% (z,A) and p; (z,A), can be calculated using re-

productive values and the identities p% (z,A) = Y;cnr 7T1W2i and pg (z,A) =1—Yicn 7TZWZi-

The following is an immediate consequence of Lemma [T}

Corollary 1. limy 0 777, , ) (B) =v(B).

The next lemma establishes a recurrence for %
u
Lemma 2. For every 8, we have

d

du

”%(Z,A) (B) =dpr—v(B)+ Z ( ng(m) (7)) Gop- (SL.16)

u=0 = u=0

Proof. Summing both sides of Equation over all x € BV gives

e (B) = L (nam)( 1)+ 700 (B,7)) (91— 4op)

ZE 7z 0) (V) G- (SL17)
ve

Differentiating this equation with respect to # at u = 0 and using Lemmal[I]yields Equation[SI.16]
0
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Since the state of the process consists of both a configuration of traits and a network structure,
the next result gives a recurrence for calculating a modified version of <>?Z Ay using conditioning

on the network structure. In particular, for a function ¢ : BN — R defined on Jjust configura-

tions, we let (¢ | :B>((Dz,)\) =4

MZOIE% (z)) [¢ | B]. This quantity can be calculated as follows:

Proposition 1. For every function ¢ : BV — R, we have

v(B) (@ | Bzr) = Orp (¢ (2) — 0% (2. A) ¢ (A) —pp (z,4) ¢ (B))

+ Y0 Y PRy (V) 0 (@5 [ V) on) (SL18)
veLl (Ra)

where, fora : N — N, ¢z : BV — R is the map defined by ¢z (x) = @ (xz) forx € BV.
Proof. For x € B, differentiating both sides of Equation with respect to u at u = 0 gives

d 0
dul 7o) (x, B)
u=0

d
:5z,x5/\,ﬁ+ Z Z (E

LoL Tz () W) Ply - (x8)
yeby

u=0

d
=000+ Y, ) (E

T (2 A) (Yf’Y)> Y. Pl (1) G- (SL19)
yeIB/TV YL (Ra)

ya=X

u=0

Doing so for x € {A, B} gives

d . d ) ]
du| o (M) = ) (@ (2 ) (A,v)> 995 — 04 (2,A) v (B)
u=0 YL =0
d . ]
Lol (@ o (2A) (y’7)> )3 P(ra) (1) 4y; (S1.20a)
yE]B/T\/ yeL =0 (Ra)
ya=A
d . d . o
gul @A (B,B) =) =l e (B,7) | 945 — 0% (z,A) v (B)
u=0 yeL 4=0
d . ]
+ Z Z (@ T (z,) (Yﬂ)) Z P(Ra) (7) g4p- (SL20b)
yeBy 1€L =0 (Ra)

yz=B

If ¢ : BNV — Ris a fixed function, then, by definition,

o d 7%(“) (x, )
v(B) (| B)n) = XE%NU (B) B ¢ (x). (SL.21)
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Combining Lemma [2]and Eqgs. with the fact that

v (ﬁ) d ng)(z,)\) (X, IB)
du u=0 TC%(Z//\) (ﬁ)
d . . d .
=7 2 06 B) = (Oax0a (2,4) + 0805 (2,A) | 72,0 (B) (S122)
u=0 u=0
then gives Equation after some tedious but straightforward simplifications. O

Corollary 2. With I C A and ﬂ/ﬂ (z,A) == v (B) <Zie/\/ nl[ﬁ]xi —x7 | ,B>(() Ay we have

17[[%] (z,M) —5A[;<Z7t z; —zl>+ I qvﬁiyi(})( A). (S1.23)

Y€L (Ru)

Subject to ) ;i pr 7'[1[/3 ]171.[5 ) (z,A) = 0 for some B € L, the solution to Equation [SI.23|is unique.

Proof. Setting ¢ (X) = Yicnr nl[[ﬂ
we know that n}ﬁ] (z,A) = v (B) <Zie/\/ n}ﬁ]xi —x7 | ﬁ>(z N solves Equation [SI.23| so that

there is at least one solution to Equation By the Fixation Axiom, the dimensionality of
the space of solutions to Equation is determined by that of the case |I| = 1. (The reason
is that all subsets of size greater than one are transient under the ancestral process.) Specifically,
the recurrence for I = {i} is

X; — Xj in Proposition [1| gives Equation [SI.23| Conversely,

P (2 A) = 00p (05 (20) —2) + ¥ Y e (M appn)” (2,0)
YeEL JEN

+ Z (1 o Z e]l ) q’Yﬁqz[ i ( ) (S1.24)

YeL JEN

If 77 (z, A) is another solution to Equation [SI.24] then x (z,A) == 17 (z,A) — 1 (z, A) satisfies

=Y Y (M apx )+ Y <1— Y ey )qvﬁxl[ l(z,A). (S1.25)
jeN

yeLjeN yeL

Noting that any constant function is a solution to Equation and the space of solutions to
this equation is one-dimensional as a result of the Fixation Axiom, there must exist K € R

such that 7 (z,A) = 7 (z,A) + K. Since the solution q[ﬁ] (z,A) = v (B) (x| ,B)?Z’A) satisfies

1
Yien nz[miylm] (z,A) =0forall B € L, it follows that K = 0 and 57 (z, A) = 7] (z, A) whenever

17 (z,A) satisfies Equation [S1.23[and ) ;c v/ n[ﬁ] 171.“;] (z,A) = 0 for some B € L. We note that

1
YN 7'(1[!3}171-“3] (z,A) = 0 for some B € L ensures that this equation holds for all p € L. O
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SI.5 Calculating first-order effects of selection

SI.5.1 Fixed initial configurations

Note that for functions ¢ : B — R and ¢ : L — R, we have

d o) o
(P9) (10) = Y ) (B) O (B)ES (0 [ ] B
U= OﬁeL‘
- Z q) ’ :3> (z,A)
BeL
+ (0% (z,A) ¢ (A) +p5(z,A) 9 (B)) ) ¢ (B Tz (B) - (S1.26)
ﬁEﬁ u=0
Therefore, we may rewrite Equation [SI.13|as
d
5| Pa(zA)
6=0
=) ) < (B) Lyer ‘7/377'[[ " (XIU{]’} _XIU{i}>>
i,jeN ICN h ~~ d
<P ? (z,A)
- 0 @)l B) T am” (o 18),,., ~ (x 18, )-
i,jgj\f IQZNL%;C : 7;11 o (xo ><m> St >(m>

(S1.27)

Defining qys] (z,A) =v(B) <Eie/\/ nz.[ﬁ]xi — X7 | [3>?Z A we then have

palz)= L ¥ Y ¢ (B Z%v” (’hu{}(zf/\) ’7%}{]} (Zf/\)>'

5=0 1]6/\/ ICNﬁEE

(S1.28)
where, by Corollary [2] the terms 7 are uniquely determined by

77“3] (Z )\ = (5)\[; (Z 7T‘B]Zl —ZI) + Z Z P %ML(])( ); (S1.29a)

ieN YeL (R,a)

Y 2Pl (z,1) = 0 for some B € L. (SL.29b)
ieN

S1.5.2 Probabilistic initial configurations

Up until this point, we have focused on fixation probabilities given some fixed initial state,
(z,A\) € N x L. We now allow mutant types to arise stochastically and consider mean fix-
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ation probabilities for both types. For two distributions, yi 4, g € A (]B/Tv x L), we let

pa (pa) =Erj o, [0a (z,AN)]; (SI.30a)
B (1B) =Bz 1)y 0B (2, A)] - (SL30b)

By the results of §SL5.1] for any y € A (B x L), we have

d
Sl =L ¥ Y B L apm” (nl 0 -nl ), 613D

5—0 ijeN ICN BeL yel

Wyﬂ (V) - ]E(Z,A)Nﬂ [‘SA,ﬁ (Z nz[ﬁ]zi - ZI)]
ieN

+ ) Z Pira) (1) Grprictr) (1) (SI.32a)
reL (R,a)
Y- 7 () = 0for some € L. (SL32b)

icN

Letting = p 4 gives the mean fixation probability for type A, while the mean fixation proba-
bility for type B can be calculated analogously using the equation pg (up) =1 —pa ().

Although the main focus of our study is on network-transition chains that are both aperiodic
and irreducible, we do also consider periodic structures. Suppose that among the L networks in
L, network B transitions deterministically to network §+1for g € {1,...,L — 1}, and network
L transitions deterministically to network 1. We can then write Equation more explicitly
as

11 (1) = B | O1 (Z 'z —Zz> + Y Piray (L) 1) ()5 (S1330)
i ieN (Ra)
77?3] (V) = ]E(z,/\)wy (SA,,B <Z 71'1[[;]21' - ZI)]
i ieN
T Z P(r ﬂyi )1] (n); (1<B<L) (SL.33b)
¥l )
S (u) = 0 for some B € L. (SL.33c¢)

icN

SI.5.3 Changing population size

Although our modeling framework is described for transitions between networks of a fixed size,
it can also accommodate populations of changing size. Indeed, the size of the networks, N, may
be thought of as the size of an ambient space in which not all nodes are active at any given time.
It need not be true that all networks are connected for the Fixation Axiom to hold. In particular,
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network B could have N 8] non-isolated nodes (representing a graph of size N [Fl < N) and
N — NAl isolated nodes. The isolated nodes represent a padding of the actual population so that
the resulting model fits within the framework of structural transitions among networks of size N.

For example, under death-birth updating, a non-isolated node 7 in network B is chosen with
probability 1/ N B, All neighboring nodes of i in B then compete to reproduce, with probability
proportional to edge-weight-weighted reproductive rate. Since i is non- isolated there is at least

Z[]] = wﬁ]/ZN_1 w& when 7 is a non-

= 0 otherwise, then the probability that j transmits its offspring to i is

one such neighbor, and the offspring is sent to i. If p

8] _

isolated node and p

1 Pz[f}Fj (x, B)
NI 2121:1 PZ[E}PK (x, B)

The results derived here for transitions among networks of size N then apply to this model.

6]'1' (X,IB) = (81.34)
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