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RESULTS IN MODAL CORRESPONDENCE THEORY FOR POSSIBILITY
SEMANTICS

KENTARO YAMAMOTO

1. INTRODUCTION

Possibility semantics [19] (based on [20]) is a generalization of standard Kripke se-
mantics that makes use of a concept of possibility frames." Like Kripke frames, possibility
frames have a set of states and binary accessibility relations for modalities. In addition,
possibility frames have a refinement relation, which is a partial order between states.
Some states in a possibility model may only partially determine the atomic proposi-
tions, in contrast to worlds in Kripke models, which completely determine each atomic
proposition. Consequently, possibility frames have a close connection with intuitionistic
modal frames, but the former yield classical modal logic. As is the case for intuitionistic
modal semantics, a key issue for possibility semantics is the interaction between the
refinement and accessibility relations. In this setting, modal axioms express properties
not only of the accessibility relation but also of the interaction between accessibility
and refinement.

While standard Kripke frames are semantically equivalent to complete, atomic and
completely additive Boolean algebras with operators (BAOs), possibility frames are se-
mantically equivalent to complete and completely additive, but not necessarily atomic,
BAOs. As shown in [19, Theorem 5.27], for any complete and completely additive BAO,
there exists a possibility frame that validates the same modal formulae as the BAO does,
and vice versa, just as there exists such a modally equivalent Kripke frame for any com-
plete, atomic and completely additive BAO. It follows from this and other results [21]
that more normal modal logics are sound and complete with respect to some class of
possibility frames than with respect to some class of Kripke frames. For other recent
results on possibility semantics and mention related work, see [4, 5, 17, 16].

In the present paper, we show how aspects of correspondence theory, as studied for
standard Kripke semantics [1], can be extended to the more general setting of possibil-
ity semantics. In Section 2, we introduce possibility semantics briefly, referring to [19]
for a more detailed account of the semantics. We define key concepts such as possi-
bility frames, possibility models and the standard translation. In Section 3, we study
syntactic sufficient conditions for local correspondence. In particular, we prove the
analogue of Sahlqvist’s Theorem for possibility semantics, namely, that every Sahlqvist
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2 KENTARO YAMAMOTO

formula locally corresponds to a first-order formula with respect to possibility frames.
This extends a result [19, Proposition 6.23] which states that Lemmon-Scott formulae
Qz05p — O:0;p have first-order correspondents over possibility frames. In Section 4,
we study more model-theoretic aspects of correspondence theory. We prove a counter-
part of van Benthem’s characterization [2] of first-order definable modal formulae in
terms of preservation by ultrapowers. Finally, in Section 5 we state an open problem
for future research and related work.

2. POSSIBILITY SEMANTICS

2.1. Introduction to the semantics. Fix an enumeration ® = {p; | i € x} (xk = |®|) of
propositional variables (whose indices we sometimes identify with the variables them-
selves) and a nonempty set I of modal operator indices. Then the modal language
£(®,1) is generated by the following grammar:

¢:=ploAd ¢ |P—¢ |00,

where ¢ € £(®,1), p € ® and a € I. We assume that ¢, V ¢, and ¢, ¢ are shorthand
for (—¢; A —¢,) and O, ¢, respectively.

We view a partially ordered set P as a topological space whose open sets are the
downward closed sets. This is an Alexandrov topology. We denote by X and X° the
closure and the interior of aset X CP,s0 X = {x € P | Ix'Cxx’ € X} and X° =
{x € P| ¥x’Exx’ € X}, where C is the partial order of P. We write RO(P) for
the set of regular open subsets of P, i.e., those subsets X C P such that X’ ° = X. For
X C P, the least regular open set containing X is ( X )0, where | X denotes the least
downward closed set containing X. We write X™ for mc. Note that ()™ satisfies
the axioms of closure operators: for any X,Y C P, we have X C X™, X™ = (X™)" and
XCY = X" CY™. Forx,y € P, we also write x { y to indicate that x and y are
compatible, i.e., 3z (2 E x Az E y). We write x L y to indicate that it is not the case
that x { y.

We give a definition of possibility frames in the following. Note that, in [19, Def-
inition 2.21], the term “possibility frame” is used for a kind of general frame version
of the structures defined in Definition 2.1.(i) below, which are essentially the “full pos-
sibility frames” of [19, Definition 2.21]. The structures in Definition 2.1.(i) are the
possibility-semantic analogues of Kripke frames.

Definition 2.1.

(i) A possibility frame is a triple § = (F, E, (R,),e;) Where (F, E) is a partially or-
dered set, each R, is a binary relation on F, and the set RO(F) := RO(F,C) is
closed under the map

li: X(EF)—{y €F|R,[y] X}

for each a € I. We refer to elements of F as states of the frame. We call C and
each R, the refinement relation and an accessibility relation of F, respectively.

(ii) A possibility model is a pair M = (§, ) where 7 is a map & — RO(gF), called a
valuation on the frame §.

When considering a possibility frame §, we regard [, as a map RO(F) — RO(F).
Definition 2.2. Let 9t = (F, 7) be a possibility model and ¢ € £(®,I).
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(i) For w € 91, define the relation 9%, w |- ¢ recursively as follows:?
Mmwlkp e wen(p) (ped);
MwlEp; Apy & Mwlik P, and M, w Ik ¢p,;
Mwlk-¢p &S VvEwWwON,vIFP);
Mwlkp, = ¢, SVVEWONVIF ¢ =M, vIF,);
Mwl-O¢p < Vv(Rwy = M, v Ik ).

(i) Let[¢]™ ={we M |M, wlk ¢}. Call this the truth set of ¢ in M.

(iii) For w € §, we write §,w IF ¢ and say that v forces ¢ in § if and only if for
every possibility model (F, 7t), we have (F, ©),w I ¢. F validates ¢ if and only
if for every v € §, the formula ¢ is forced by v in F.

Note that since we define V in terms of A and —, we have the following:
Mwlk PV, & V' Twaw” Tw' (M, w” Ik ¢q or M,w” IF ¢,).

Remark. Let (W,R) be an arbitrary Kripke frame. Let P = (W, E) be the discrete partial
orderon W,ie, xCy & x =y for x,y € W. Then § = (P,R) is a possibility frame.
Let M, be a Kripke model that is an expansion of (W,R), and let 91 be the possibility
model that is an expansion of § with the same valuation as .#. Let 9, be a Kripke
that is an expansion of (W, R), and let 9t be a possibility model that is an expansion of
§ with the same valuation as 91,. Then we have

My Igripke @ < M- ¢
for any modal formula ¢, where Iy, is the forcing relation of Kripke semantics.

In the present paper, we are interested in the relationship between the validity of a
modal formula over a possibility frame and the first-order properties of the accessibil-
ity and refinement relations in the frame. To see how familiar correspondences from
Kripke semantics must be reconsidered in the setting of possibility semantics, it helps
to consider a concrete example, such as the following.

Example 2.3. Consider the possibility frame § = (F, C, R) of Figure 1. It can be checked
that § satisfies the axioms for a possibility frame.®> Note that for each state w in § there
exists exactly one v such that Rwv. This property of partial functionality is defined by
the F axiom {p — Op over standard Kripke frames. However, it can be seen that for
the state y we have §,y ¥ Op — Op. To see this, observe that the forcing clause for
the defined operator ¢ works out to (see Figure 2):

(€] @ n),yFodp VvV CyInw' RVW AFuC W (§, n),ulk ¢).

Consider the valuation 7 also shown in Figure 1. (It is easy to check that this is
indeed a valuation on §, i.e., ©(p)™ = 7(p).) Then we know (F, 7), y IF Op: in (1), the
only possible value of v’ is y itself, and one can pick w’ to be t so that the right hand
side holds. However, we also have (§, ), y ¥ Op, since t ¢ n(p).

2 Note that the clauses for = and — scan the partial order downward. This is in line with a convention
used in weak forcing (see, e.g., [23]), to which the present semantics is related. In contrast, in the literature
on semantics for intuitionistic logic, the convention of going upward is more common.

3 The possibility frame § is constructed from a Kripke frame ({0, 1,2}, R), where R is the symmetric closure
of {(1,0),(1,2),(0,0),(2,2)}, by functional powerset possibilization as in [19, p. 53]. The observations made
here follow from the construction.
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FIGURE 1. A possibility frame § and a valuation 7 on it. The refine-
ment relation of § is shown by solid lines as in Hasse diagrams and
the accessibility relation is shown by dashed arrows. The valuation 7
is such that (p) = {x}.

09 09

¢ (u)3 ¢>@ 3
@

FIGURE 2. Forcing conditions for ¢. The same conventions as in Fig-
ure 1 apply.

¢9)

Example 2.4. Another example is the B axiom p — O¢p. This defines the symmetry of
the accessibility relation over standard Kripke frames. The accessibility relation R of §
from Figure 1 is not symmetric. However, the B axiom is validated by §; indeed, as we
will see later, p — O¢p is validated by § if and only if for every u,v,v’' € §:

2 (Rwv AV Cv)= I RV'W AW Jw).

(See Figure 3.) All the states in § are compatible with one another except that x, y,z
are pairwise incompatible. These states are not in the range of R, so (2) holds.

To see why (2) is equivalent to the validity of B, suppose that (2) holds in § and that
(§,m),wlk p,ie., we n(p). We show (F, ), w IF OOp. It suffices to show (F, 7),v IF
Qp, for an arbitrary v such that Rwy. With (1) in mind, take an arbitrary v/ € v. By
(2), there exist w’ and u such that Rv'w’, u T w’ and u C w. Since n(p) is open, i.e.,
downward closed, u € n(p). Then by (1), we have (F, ), v IF Op. Conversely, suppose
that (2) does not hold. For w € §, let  be a valuation such that t(p) = {w}™. Then
(§, ), w Ik p. However, we see (F, ), w ¥ OOp. Indeed, by the failure of (2), there
exists v such that (§, ), v I Op. This is because if w’ L w then for all u C w’ we have
u 1 w' and thus u ¢ n(p) = {w}™; for u € {w}™ if and only if Vu' T uu’ § w.
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2 ©)

FIGURE 3. Conditions equivalent to the validity of the B axiom. The
same conventions as in Figure 1 apply.

It is often the case that conditions on a possibility frame that are equivalent to va-
lidity of modal formulae can be simplified by imposing additional conditions on the
interaction of the accessibility and the refinement relation in possibility frames. For
instance, if we assume

(R-down) (Rwv AV Ev)=Rwv',*
it is easily seen that (2) is equivalent to
3) Rwv' = Ju(RvuAuC w),

which is much closer to the symmetry of R, the property that the B axiom defines over
standard Kripe frames (see again Figure 3). In fact, many familiar modal axioms with-
out { define the same property over possibility frames satisfying (R-down) as over
Kripke frames; for instance, the 4 axiom Op — OOp is validated by a possibility frame
(F, G, R) satisfying (R-down) if and only if R is transitive. Moreover, (1) can be simpli-
fied if § satisfies (R-down):

@ &, n),yIF0¢p & Vv E yFuRvuA (3, n),ulk ).

(See Figure 2.) We refer to [19, Section 2.3] for further discussion of (R-down) and
other similar conditions.

A few points should be made about these conditions. First, in Definition 2.1.(i)
we stated a condition for a structure (F,C, (R,),<;) to be a possibility frame in terms
of RO(F,E) and [,; we will see in Section 2.2 that this condition, like (R-down), can
be stated in a first-order manner. Second, as shown in [19, Section 2.3], we can as-
sume (R-down) and other conditions on the interaction of R and C without loss of
generality. That is, given a possibility frame §, we can construct a modally-equivalent
possibility frame §’ that satisfies (R-down) and other interaction conditions (see also
Example 3.13). Third, the main results of the present paper hold without imposing
these conditions; unless otherwise stated, we do not assume (R-down) and other inter-
action conditions on possibility frames, beyond those that follow from the definition of
possibility frames (again see Section 2.2).

To develop correspondence theory for possibility semantics, we will take an algebraic
perspective on possibility frames. An important consequence of the definitions above is
that truth sets in an arbitrary possibility model 9t := (F, 7t) are always in RO(F). As is

“4This condition is often assumed for frames for intuitionistic modal logic (see, e.g., [24]) with the refine-
ment relation flipped. See also Footnote 2.
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the case for RO(P) where P is an arbitrary partial order, RO(F) is a complete Boolean al-
gebra with respect to set inclusion, where the meet is the intersection, the complement
is the interior of the set-theoretic complement, and the join is the interior of the closure
of the union. One can show that [¢; A ¢,1™ = [, 17 ALpo 17, [T = —[p 1™
and [¢; — ¢ 1™ = (—[$11™) V[ $,1™, where A, — and V on the right hand sides
denote the meet, the complement and the join in RO(F), respectively. We trust that
no confusion will arise in using the same symbols for the logical connectives and the
algebraic operations.

Definition 2.5.

(1) Amap f: RO(F) — RO(F) is completely additive if it preserves arbitrary joins,
i.e., for every family S € RO(§) we have f(\/S) = \/{f(X) | X € S}. We also
say that a map f : RO(F)" — RO(g) is completely additive in i-th coordinate for
ie{l,...,n}if forevery X;,...,X;_1,Xi41,---,X, € RO(F) the map

RO(3) — RO(F)
Kps e s Xy X Xivs e X)) = F X X1, X X1, X )

is completely additive. f: RO(F)" — RO(F) is completely additive if it is com-
pletely additive in i-th coordinate for every i € {1,...,n}. Completely multi-
plicative maps are defined similarly, but with joins replaced by meets.

(ii) We say that f is a left adjoint of g and that g is a right adjoint of f, if
f,g: RO(F) — RO(F) satisfy, for X,Y € RO(F),

fX)CY <X Cg(Y).

Note that completely additive maps are order-preserving, and that if f and g both
have left adjoints, so does the composite f o g.

The complete Boolean algebra RO(F) becomes a BAO when equipped with the op-
erators [, for a € I, which are completely multiplicative operators (see [19, Section 2]
for more on the duality theory relating possibility frames and BAOs). It is easy to see
that, in general, a completely multiplicative map g over a complete lattice (L, <) has a
left adjoint f of the form X — min{Z € L | Y < g(Z)}. In our setting, this implies that
each [, has a left adjoint of the form Y — min{Z € RO(F) | Y € [,(Z)} = (R, [Y]).

2.2. Translation to classical logic. Let the signature 7 = {E} U{R, | a € I}, where
C is a first-order binary relation symbol and each R, is a first-order binary relation
symbol. We write £!(7) for the first-order 7-language and #2(t) for the monadic
second-order counterpart. £*(t) will be our first-order correspondence language. We
use x,Y,%,&,m, ¢, etc. for first-order variables and P,Q, etc. for second-order monadic
ones. In particular, let {P;} be a set of distinct monadic second-order variables, each P;
corresponding to the propositional variable p;. Let T be the signature T U {P; | i € x}.
We regard a possibility frame § = (F, T, (R,),c;) as a structure for £!(7), by letting
dom3 = F, ES = C and RS =R, for each a € I. Likewise, we regard a possibility
model M = (F, 7) as a structure (F, (7(p)),es) for £1(%), as an expansion of § with
Pim = 7(p;). In general, for a structure 9, we use |= for the satisfaction relation
for first-order languages, and for parameters ay,...,a, € 9 and a first-order formula
B Y1, Ym), we write B(D; ay,...,a,) for the set {b €N |N|=B(b;a;,...,a,)}
We can view a possibility frame § as a structure for £2(7) in two different ways.
In one view, which is employed in the rest of this section and Section 3, we consider
a possibility frame § as a general prestructure for £2(t), with its one-place relational
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universe being RO().° In the other view, which appears in Section 4, we consider a
possibility frame § as an (ordinary) structure for #2(t), with no limitation on values
that bound second-order monadic variables can assume. In each case, we again write
I= for the corresponding appropriate satisfaction relation for £2(7).

Having defined classical languages and satisfaction relations, we can see, as in [19,
Section 2.2], that the various conditions imposed on possibility frames are actually first-
order. First, we can show that there exists a formula ﬁr%(x) e 21(tu{Q}), where Q is
a unary relation symbol, such that for every X C §, we have ﬁr%((S,X )) = X™, where
(F,X) is an expansion of § that interprets Q as X. Concretely, [33} (x) is the formula

VyCEx3zEyJz' T2Q7

where 3 is the inverse of C. With this in mind, it can further be shown [19, Proposition
2.30] that a structure § for £!(1) is a possibility frame if and only if it satisfies (in
addition to the axiom of partial orders) the following pair of sentences in £!(t) for
eachael:

Bre = U ExARX'Y' Ny §2) = 3y Rexy Ay (1 2));
B owin ‘= URexy = Vy EyIx' ExVx" T x'3y" § yRx"y"),
where U(-) denotes the universal closure. Understanding the details of these conditions
will not be necessary for the purposes of this paper; what will be important for us in
this paper is just that the class of possibility frames is first-order definable. We refer to
[19, Section 2.3] and [4] for further discussion of these conditions, as well as simpler
versions that can be assumed without loss of generality.

We now give the analogue for possibility semantics of the standard translation of
modal formulae into first-order formulae.

Definition 2.6. For ¢ € ¥(®,I) and a variable x, we define ST, (¢) € £?(7) induc-
tively as follows:
ST, (p;) = P;x,
ST, (m¢)=Vy E x—5T,(¢),
ST, (1 A p2) = ST, (¢1) AST,(¢2),
ST (¢1 = ¢2) =Vy E x (ST, (¢1) = ST, (),
ST, (Oqa¢) =Vy (Rexy — ST, ().
Recall that we are viewing a possibility frame as a general prestructure as explained

above. The following definition is standard [1], and the lemmas following it can be
proved in the usual way.

Definition 2.7. For ¢ € £(®,1) and a(x) € (1), we say that ¢ locally corresponds
to a(x), or that a(x) is a local correspondent of ¢, if for every possibility frame § and
w € §, we have

Swik¢ & F k= aw).
For a first-order sentence @ € £*(t), we say that ¢ globally corresponds to &, or that &
is a global correspondent of ¢, if for every possibility frame § we have

o &FE=a.

50ur treatment of second-order logic follows [12].
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Lemma 2.8. Given a possibility frame §, w € § and ¢ € £(®,I), we have
3.wik ¢ & § = U(ST,(9)),°

where U?(¢) denotes the universal quantification by the monadic second-order vari-
ables P; occurring in ¢. (Recall that in this section the domain of monadic second-order
quanitification is RO(gF) for a possibility frame §.)

Lemma 2.9. For ¢ € ¥(®,I) and a(x) € £'(7), the following are equivalent:

(i) ¢ locally corresponds to a(x).
(ii) For arbitrary possibility frame § and w € §, we have

FEUST,(9)) & § = a(w).

3. SAHLQVIST THEORY

In this section, we prove the possibility-semantic version of Sahlqvist’s Theorem.

For ¥ (®,I), positive and negative occurrences of propositional variables, and positive
and negative formulae are defined recursively as follows. For p € ®, the occurrence of
pin p € ¥(®,I) is positive. Suppose an occurrence of p in ¢ € Z(®,I) is positive
(respectively, negative) and 1 € £ (®,I). Then the corresponding occurrences of p in
P ANY, Y AP,y — ¢ and O,¢ are positive (respectively, negative); and the corre-
sponding occurrences of p in —¢p and ¢ — 1) are negative (respectively, positive). A
modal formula is positive (respectively, negative) if all occurrences of all propositional
variables in it are positive (respectively, negative).

We define Sahlqvist antecedents, Sahlqvist implications and Sahlqvist formulae in the
standard way (see, e.g., [6]). More concretely, they are specified by the following
grammar:

B:=p;|0O0,B (boxed atoms)
A ::= B | (negative formula) | J)A|AANA|AV A (Sahlgvist antecedents)
I ::= A — (positive formula) (Sahlqvist implications)
Fu=I1|FAF|FVF|O,F (Sahlqvist formulae)

where i € ®, a €1, and in the last clause the disjuncts do not have shared variables.
The following is the main theorem of the present section:

Theorem 3.1. Every Sahlqvist formula locally corresponds to a first-order formula in
the setting of possibility semantics. Moreover, one can effectively calculate the first-
order correspondent from a Sahlqvist formula.

The rest of the present section is devoted to developing a theory necessary to prove
the theorem. The argument will be based on algebraic correspondence theory [11],
although there will be slight changes in terminology and convention.

The key observation is as follows. Call a class function ¥ a definably enumerable
class if the domain of ¥ is the class of possibility frames and there exists a formula
B(x;21,...,2) € £(7) such that for every § we have

ﬂl/(g)z {ﬂ(g;wlf""wk) | Wi,eoo, Wi ES}U{Q}

6By ¥ = U?(ST,,(¢)), we mean U?(ST,(¢)) is satisfied by § and a variable assignment sending x to w.



RESULTS IN MODAL CORRESPONDENCE THEORY FOR POSSIBILITY SEMANTICS 9

Lemma 3.2. Let ¢(py,...,Pn_1) € L(®,I) and ¥, ..., ¥,_; be definably enumerable
classes.” Assume for every possibility frame § and w € §, the following are equivalent:

5) § = U(ST,(¢));

6) VPO € 41/0(3) T Vpn—l € dj/n—l(%) (g, PO’ cee )Pn—l) |= STW(¢)
Then, ¢ locally corresponds to a first-order formula.

Proof. Let f;(x;2}, ..., ) witness ¥; being definably enumerable. Let a(x) be the first-
order formula obtained bly replacing, in U%(ST, (¢)), each quantifier YP; by Vzi ‘e Vzi‘
and each occurrence of P;x by ﬁi(x;zi,...,z,ii), for each i € n, where z! are fresh
variables. Moreover, let ag(x) be the formula obtained by replacing, in ST,(¢), each

occurrence of P;x with x # x. It can easily be seen that ¢ indeed locally corresponds
to a(x) A ag(x). O

Remark. A statement similar to Lemma 3.2 is true of Kripke semantics, as proved by
van Benthem [3, p. 9.15]. Modal formulae that satisfy the hypothesis of the Kripke-
semantic version of the lemma belong to a class of formulae that van Benthem called
Mf“b, which is now commonly called the class of van Benthem formulae [9, Definition
30]. An anonymous reviewer remarked that this class, which includes the class of
Sahlqvist formulae, the class of inductive formulae [15] and many more, is beyond the
reach of current algorithmic correspondence techniques.

In what follows, by § we mean a possibility frame.

Definition 3.3. A modal formula is normative if, for each p € ®, the number of positive
occurrences of p in it is at most one.®

In the following, we assume, without loss of generality, that negative propositional
variables in a normative Sahlqvist antecedent are all towards the end of the enumera-
tion py, p1, ... of the propositional variables occurring in the formula.

We will later associate with a normative Sahlqvist antecedent a certain kind of map,
a Sahlqvist map, between partial orders. Below, n will be the number of propositional
variables in a normative antecedent, and m will be the number of those that occur
positively.

Definition 3.4. Let n,m,l € w (m < n) and ay,...,d,, € <. A Sahlqvist map of type
(n,m,l;ay,...,a,) is a map of the form f o {(gq X - X g,)° T, h1,..., 0} : ROF)" —
RO(F) where
@ f: ROE)™! — RO(F) is completely additive;
(i) m,,: RO(F)" — RO(F)™ is the projection onto the first m coordinates, i.e.,
7Tm(‘XO: ce )Xn—l) = (Xl, cee :Xm—l);
(iii) each g;: RO(F) — RO(F) has a left adjoint of the form

Y = RP[Y ]:= (R0 [(Ra, ([ - Ry (1 -y [Y D™ - DD

(iv) each h; : RO(F)" — RO(J) is order-reversing.

7By the notation like ¢ (py, ..., Pn—1), we understand hereafter that all propositional variables occurring
in the formula are present in the parentheses.
8In [11], a related but slightly different concept of 1-implications is used.
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Note that for a formula ¢ (py,...,pn—1) € £(®,I) and possibility models (§F, ) and
(3, "), we have [¢p ] =[¢]%™) if © | n = ' | n, where we identify propositional
variables with their indices. Write [¢]® for the map RO(F)" — RO(F) that maps
7t € RO(F)" to the unique value of [¢ ]®™ where m: & — RO(F) extends 7.

Lemma 3.5. Let ¢ € £(®,]) be a positive (respectively, negative) formula. Then [¢ ]°
is order-preserving (respectively, order-reversing).

Proof By simultaneous induction. O

For a sequence of modal indices a € I=® and a modal formula ¢, we define the
expression ;¢ recursively as Oy¢ = ¢ and Ozp¢p = Oz0,¢p. Let r: [T — I=¢ be
the string reversal; i.e., r({)) = () and r(ba) = r(a)b.

Lemma 3.6. If ¢(p,,...,p,_1) is a normative Sahlqvist antecedent, then [¢ ] is a
Sahlgvist map of type (n,m,l;d,,...,a,_;) for some [ € w, where m is the number of
variables that occur positively in ¢ and, for each i € m, the unique positive occurrence
of p; in ¢ follows O, 4.

Proof. By induction. The properties used in the proof are that RO(F), the underlying
BAO of §, is a complete and completely additive BAO, making A, V and the operators for
¢, completely additive; that the operators [, have left adjoints; and that if [: RO(F) —
RO(%) has a left adjoint of the form Y — RX[Y], then [, o[ has a left adjoint of the
form Y — RG[Y]. O

For X € RO(F), we write Y <; X if Y = {y}" for some y € X. Note thatif Y <; X
then Y C X.

Lemma 3.7. For X € RO(3) \ {0}, we have X = \/Yslx Y.

Proof. Since Y <; X =Y CX, wehave \/,_ Y CX.
Let x € X be arbitrary. Then {x}™ <; X, whence x € {x}™© C \/Yslx Y. Therefore,
X< \/YngX' O

Note that the lemma above is a consequence of (-)™ being a closure operator and
RO(J) being the set of fixed points of (-)™.

For a € I<%, write Vj‘(%) for the family of regular open sets that are either empty or
of the form RP[{z}] where z € §. Also, let Vy(§) := V, := {@#}. For a € I®, write
R;xy if and only if there exist 2;,...,2),—; € § such that

Ra)*21 ARay2122 A+ ARg(jaj-1)%(a-1 Y-
Lemma 3.8. For each X € RO(F) and for each a,
RP[X]=Ra[X])™.
Therefore, V‘;‘ is a definably enumerable class as witnessed by the first-order formula
B (x;2)°
[32' (Ay Raz'y ALYy’ = 2/QIB2(2"))/ Q1B (X).

(Recall that ﬂr?)(x) is a first-order formula that defines X™ in the expansion of § that
interprets Q as X.)

9 We use the A-notation and the notation for syntactic substitution as in [6].
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Proof. For S CF x F, let us define the map Ig by, for X C 3,
sX)={xeF|Vy(Sxy=yeX)}

Then Iz = l,, and it can be shown that I, = [, o [z . Hence, by induction, we may
regard [ as a map RO(F) — RO(F), for every a € I=“.

It can easily be seen that Y — RX[Y] is a left adjoint of l,(q_1) © *** © ly). By
reasoning similar to that in the case of [,, we see that Y — R; is a left adjoint of er(ﬁ).
Since ly(q-1)©* "0 lg0) = er(a)’ we conclude RY[X ] = (R;[X ])™ for any X € RO(F), by
the uniqueness of the left adjoint. O

V, is also a definably enumerable class trivially.

Lemma 3.9. Let f: RO(F)" — RO(F) be a Sahlqvist map of type (n,m,[;ay,...,a,_1)
and G: RO(F)" — RO(F) be order-preserving. Then for w € F, the following are
equivalent:

- VP, €RO(F) - VP,_1 €RO(F)
wef(Py,...,P,_1)=>weG(Py,...,P,_1));
VP, € V?(S) VP, € VTM (Z)VP,€Vy---VP,_;1 €V,

(8)
(W ef(Po,. "1Pn—1) > we G(Po, .. '>Pn—1))'

Proof. For simplicity, assume n = 2, m = 1, and [ = 2; it is straightforward to adapt the
proof below for the general case.

(=) is clear. Assume (8). Suppose f = f, o (g o 7;,h) where f,: RO(F)? — RO(F)
is completely additive, g: RO(F) — RO(F) is the right adjoint of the map Y — RZ{(’J[Y]
and h: RO(§)? — RO(J) is order-reversing. Take arbitrary Py, P; € RO(§) and assume
w € f(P,, P;). We will show w € G(P,, P;).

By the adjunction, we can show that if P, = @ then g(P,) = @. Assume g(P,) = 0.
Then w € f(Py, Py) = fo(g(Py), h(Py, P1)) = fo(B, h(Py, 1)) = fo(g(D), h(Py, P1)). Since
h is order-reversing and f, is order-preserving, w € f,(g(9),h(@,P;)) = f(0,P;). By
0e V‘ll0 and (10), we have w € G(P,, P;).

Assume g(P,) # 0. Since h is order-reversing, f, is completely additive, and g(P,) =
\/Xglg(Po)X (by Lemma 3.7), we have

Wef(PO’Pl)
= fo(g(Py), h(Py, P1))
Sl \/ X.h(P.0)

X<,8(Py)
= \/  follx}®,h(Py,0))

{x}rocg(P)

=\ oy h(po, 00,

RE [{x}]cP,

where the last equality follows because g’s left adjoint is Y — RE‘;[Y]. For each x € §,
letQ, = Rfi‘z[{x}m]. Note that Q,. € Vf" (%) and that g(Q,.) 2 {x}™ (the latter is by the
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general fact that the composite of a right adjoint after its left adjoint is inflating). Then

we \/ fol{x}™,h(Po,0)

Q.EPy
©) < \/ fo(8(Q),h(Q;, 0)
Q.CPy
(10) < \/ 6@Q."
Q.CPy
an < \/ 6P, P)
Q.CPy
(12) = G(PO:PI)'

The inclusion (9) is by the order-reversing property of h and the order-preserving prop-
erty of fy; (10) is by (8); and (11) is because G is order-preserving. O

Corollary 3.10. Let ¢(pg,..-,Pn—1) be a normative Sahlqvist antecedent and
Y(po,--.,Pn_1) be positive. Assume that m is the number of propositional variables
that occur positively in ¢, and that for each i € m the unique positive occurrence of p;
in ¢ follows O; . Then for w € §, the following are equivalent:

(13) § = U(ST, (¢ = ¥));

YPy € V°(R) -+ VPyoy € V" (§) VP, € Vo VP, €V,
(3, Po, -5 Pr1) F ST (@ — ).

Proof. Note that, for w € §, we have (§, P, ..., P,—1) = ST,,(¢ — 1) if and only if
Yw Cww €[p15(Py,..., P ) = w € [WYIS(P,, ..., P 1)).

By Lemma 3.6, [¢ ]° is a Sahlqvist map of type (n,m,[;d,...,d,,_;) for some [ € w.
By Lemma 3.5, [+]% is order-preserving. By applying Lemma 3.9 to each w’' C w, we
obtain the equivalence between (13) and (14). O

(14)

Corollary 3.11. For any Sahlgvist implication y with a normative antecedent, there
exists a first-order formula a(x) such that y corresponds to a(x).

Proof. By Corollary 3.10 and Lemma 3.2. O

We will now see that the general case reduces to that of normative formulae. For
V,V/ CRO(g), write V +V’ for the family of regular open sets of the form PV P’, where
P €V and P’ € V. Note that if both ¥ and ¥’ are definably enumerable classes, so is
the class ¥ + ¥’ which is defined by (¥ + ¥/)(3) = V() + V' (3).

Lemma 3.12. Let m < n. Suppose ¢(pog,-..,Pn—1) is @ modal formula such that each
p; is positive for i = 0,...,m — 1. Let Y(p,,,...,Pn_1) be positive. Assume that for
definably enumerable classes ¥4, ..., ¥,,_; the following are equivalent for each w € §:

VP, € RO(F)---VP,_; € RO(F)

(we[o(@)I¥(Po, -, Pue1) = w e Lo ()T (Po, - - -, Pni));
VP € #(8) - VPyy € ¥ (3)

weLo(PI¥(Po, -, Ppy) > w € [o ()T (Py, ., Ps)),

(15)

(16)
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where

0'=[ \V pi/pm,---, \V pi/pn1:|'

0<i<m o<i<m

Then the following are also equivalent for each w € §:

a7) VP € RO(F) (w € [0()I¥(P) = w € [oo(y)I¥(P));

(18)  VPe(+ + 7, 1)@ (w e [og()I(P) = w € [og()IF(P),
where 0o =[po/Pos--+>Po/Pn-1]-
Proof (17) = (18) is clear. We will see (18) = (16) = (15) = (17). (16) = (15)
is by assumption. (15) = (17) is by instantiating (15) with P;...,P,_; := Py, by
[Vo<icmPiI¥(Po, ..., Pr_1) = \/g<icm Pi» and by the definition of o.

We show (18) = (16). For simplicity, assume n = 3 and m = 2 (the proof can be
adapted for other cases straightforwardly). Take arbitrary P, € V; and P; € V;. Then

w € [o(¢)I¥(Py, Py)
19 CLo(@)I5(PyV Py, Py V Py)
(20) =[oo(P)I¥ (P, v Py)
21 =
w € [oo(Y)I5(PyV Py)
(22) = [G(TP)]]S(PO,PQ-

(19) holds because o (¢) is positive in py, and p; and o(p,) = py V p;- (20) holds by
the definition of o and o. (21) follows from (18). (22) holds because neither p, nor
p; occurs in ). O

By the lemma above, correspondence theory for a Sahlqgvist implication in which
the only propositional variable is p, reduces to that for a Sahlqvist implication with
normative antecedents. More concretely, the case for such an implication y reduces
to that for the formula one obtains by replacing in y the positive occurrences of p, in
the antecedent by distinct propositional variables and, simultaneously, the other occur-
rences of p, by the disjunction of those distinct variables. We can further show a similar
lemma for multiple variables to reduce the case for general Sahlgvist implications to
that for Sahlqvist implications with normative antecedents.

We are now ready to prove the main theorem of this section.

Proof of Theorem 3.1. As in the correspondence theory for the standard Kripke seman-
tics, one can show that the set of modal formulae that locally correspond to first-order
formulae are closed under these operations:

x = Oax (@aer=)
2NV xny
G xD)—xVvy (if no propositional variables occur in both y and y”)

Also by the observation above one only needs to prove the theorem for a Sahlqvist
implication whose antecedent is normative. This follows from Corollary 3.11. O

For a better understanding of the methods of this section, let us apply them to a
concrete example.
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Example 3.13. Assume that I is a singleton, denote its only element by %, and let R =R,
and x > y <> Ryx. The B axiom from Example 2.4 has an equivalent form

B := 0Opy — po
which is a Sahlqgvist implication. We will calculate a local correspondent of B°? as an
example, by using the theorems in this section.

As we saw in Example 2.4, we can assume extra conditions on the interaction of R
and C to make correspondents simpler, without loss of generality. In fact, something
additional is true here: often, for an interaction condition C, if a first-order formula
a(x) is a local correspondent of a modal formula ¢ over the possibility frames that
satisfy C, i.e., for any possibility frame § |= C and w € §,

Swik¢ = F = a(w),

then one can effectively obtain a first-order @(x) which is a local correspondent of ¢.
See [19, Section 6.3] for the details. To compute a local correspondent of B it is
convenient to assume the following conditions, alongside (R-down):

(separativity) XxXCye—oVx'Cxx'§y;
(R-dense) (Vy'Ey3y”C y'Rxy”) = Rxy;
(up-R) (Rx'y Ax’C x) = Rxy.

Again, we can assume these conditions without loss of generality, in the strong sense
stated above. One of the major consequences of the extra conditions is

(23) R®[{x}*]=R[{x}].

We are now ready to calculate a local correspondent of B°P. Using the simplified
forcing relation (4) for ¢, we see that ST, (B°P) is equivalent to

YV E x (Vg B xq 3x3 B x5 Vo, > x5 Pyxs) — Pyxq).

Since p, follows exactly one O in the antecedent of B°?, one can apply Lemma 3.9 where
the range of VP, is restricted to V. This class is defined by the first-order formula
B3 (x;2), where
Bi(x;2) < Rex
by (23). Alocal correspondent of B°? is then obtained by applying Lemma 3.2: agop(x)A
ag(x) is a local correspondent of B°P, where ago,(x) is the first-order formula obtained
by replacing
YPy--+Pyx---

by

Vzo: - Rzyx

——

equivalent to f37(x;2p)
in U%(ST,(B°)), and ag(x) = [Ax x # x/Py]ST,(B°). age(x) can be calculated to be
V2o V1 E x ((Vxy E xq g B> x4y Vx4 B> x3R2Z0x4) = R2gX1),
and ag(x) is
Vg B x (Vg B xq I B xy Ve, > Xg X4 7 X4) = Xq 7 X1).

One can check that, under the assumption of the extra conditions above,
Vx (ager(x) A ag(x)) is equivalent to (3), the global correspondent of the B axiom given
in Example 2.4.
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Given that the analogue of the Sahlqgvist Correspondence Theorem holds for possi-
bility semantics, it is natural to ask whether an analogue of the Sahlqvist Completeness
Theorem holds for possibility semantics as well. We will briefly discuss this question in
Section 5.

4. MODEL-THEORETIC CHARACTERIZATION

In this section, we examine model-theoretic aspects of correspondence theory for
possibility frames, extending and adapting the classical work of van Benthem [2]. We
will see that the standard results for Kripke semantics smoothly extend to the setting
of possibility semantics.

First, we investigate a model-theoretic characterization of modal formulae that glob-
ally correspond to first-order formulae. Unlike in the previous sections, we now regard
possibility frames as (ordinary) structures for £?2(t), i.e., with no restriction on the
range of second-order variables. In this section, we use the term “structures” without
qualifications to refer to this kind of structure for £2(t). We also assume in this section
that I, the set of modal indices, is finite.

Let FR(¢) denote the set of possibility frames § such that for every possibility model
M = (F,n) and every w € §, we have MM, w I ¢. Equivalently, FR(¢) is the set
Mod(SOT(¢)) of structures that models the monadic second-order formula SOT(¢),
where:

hd SOT(¢) = 02(STX(¢)) A ﬁpo A /\ael ﬁ}tllr,«win A ﬁ}cll-rule;

e f,, states C is a partial order;

e U%(y) denotes the universal quantification by the second-order monadic vari-
ables occurring in y, but with the domain of the quantification restricted to
RO(¥); concretely, U?(y) := y for y € ¥?(t) with no monadic second-order
free variables and U*(y) := U*(VP (B, — x)) for x with a monadic second-
order free variable P; and

P

e 3., is a sentence in & 1(7 U {P}) that says that P is a regular open set within

a possibility frame; i.e.,
[55;1 =Vx(Px ﬁr};(x)).

Definition 4.1. Let § be a structure. A generated substructure & of § is a substructure
of § such that if x € & and § = Oxy for some © € {3} U{R, | a €I}, then y € &.

It can be shown that a generated substructure of a possibility frame as a structure is
again a possibility frame (see [19, Proposition 5.50.2]).

Lemma 4.2. Let § be a structure and & be a generated substructure of §. Let 7t be an
interpretation of P; (i € k). Then for each modal formula ¢ and each w € &, we have

(3, ) = ST,(¢) & (&, 7m) = ST, (¢).
Proof. Obvious. O

The following result is originally due to Goldblatt [14]. For a family (0;);c; of struc-
tures and an ultrafilter U over J, we write [ [,, N;/U for the ultraproduct of the family
using J (see, e.g., [22]).

ieJ

Lemma 4.3. Let (F;);e; and (8;);c; be families of structures. Assume that each F; is
a generated substructure of &;. Let U be an ultrafilter over J. Then §:=[];§;/U is a
generated substructure of & :=[]. &,/U.
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Proof. This can be proved in the same way as over Kripke frames whose accessibility
relations are O’s as in Definition 4.1. O

Recall that an ultrapower §’ /U is the ultraproduct [ [,, §;/U of the family (;);c,
where §; = § for all i € J. Given a family (§;);c; of structures, one can think of a new
structure @, §;, their disjoint union, since the signature 7 is relational. Note that, if
(Fi)ies is a family of possibility frames, then €P,; ; is again a possibility frame (see
[19, Proposition 5.54.2]).

Corollary 4.4. Let (§;);c; be a family of structures and § := @;¢; ;. Let U be an ultra-
filter over J and & = [ [. §;/U. Then & is isomorphic to some generated substructure
of the ultrapower §//U.

Lemma 4.5. For ¢ € £(®,I), we have that FR(¢) = Mod(Vx SOT(¢)) is closed under
generated substructures.

Proof. By induction on the complexity of ¢. O

Lemma 4.6. For ¢ € £(®,I), if FR(¢) is closed under ultrapowers, then it is closed
under ultraproducts.

Proof. Obvious from the preceding lemmas, since FR(¢ ) is closed under disjoint unions.
O

We can now see that van Benthem’s [2] characterization of basic elementary classes
of Kripke frames can be extended to possibility frames as well. Recall that a class &
of structures is basic elementary if ¢ = Mod(a) for some first-order a. By definition,
for a modal formula ¢, we have that FR(¢) is basic elementary if and only if ¢ has a
global correspondent

Theorem 4.7. For ¢ € £ (®,I), we have FR(¢) is basic elementary if and only if it is
closed under ultrapowers.

Proof By a general model-theoretic fact (see, e.g., [7, Corollary 6.1.16 (i) ]), FR(¢) =
Mod(Vx SOT(¢)) is basic elementary if and only if Mod(Vx SOT(¢)) and its comple-
ment are closed under ultraproducts. Since Yx SOT(¢) is H% for any ¢ € £(9,I), we
know that Mod(— Vx SOT(¢)), the complement of Mod(Vx SOT(¢)), is always closed
under ultraproducts, since Z% sentences are preserved under ultraproducts. Then by
the previous lemma, Mod(Vx SOT(¢)) is basic elementary if and only if it is closed
under ultrapowers. O

Let us now turn to local correspondence. An analogous result for Kripke semantics
was also proved by van Benthem [2].

Theorem 4.8. For ¢ € ¥(®,I), we have that ¢ locally corresponds to a first-order
formula if and only if for every possibility frame §, every index set J and an ultrafilter
U over J, we have

@) VieJ§ = SOT(¢)(w;) = ' /U = SOT(¢)((w;);/U).

Proof. First observe that a modal formula ¢ locally corresponds to a first-order a(x) if
and only if Mod([c/x]SOT(¢)) = Mod(a(c)) where Mod is defined analogously for the
language £2(7U{c}), and c is a new constant symbol. In addition, the quantifier-wise
syntactic complexity of the sentence [¢/x]SOT(¢) remains Hi in the new language.
Thus, a proof similar to the one above applies to this theorem.

To be more precise, one can show the following analogue of Corollary 4.4:
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Claim. Let ((§;,w;));c; be a family of structures for #!(tU{c}) and U be an ultrafilter
over J. Then [ [ §;/U can be embedded in the ultraproduct

) [ [Ds;.worv,

ieJ jeJ
and its image is a generated substructure of (P;c; F j)J JU.

Moreover, if (F,w) |= [c¢/x]SOT(¢), then for a generated substructure & of § con-
taining w we have (&, w) |=[c/x]SOT(¢), and if (F;, w;) = [c/x]SOT(¢p) for alli € J,
an index set, then (Pje; Fj,w;) | [c/x]SOT(¢) for all i. Thus, Mod(SOT(¢)[c/x])
is closed under ultraproducts of the form (x) if and only if ¢ locally corresponds to a
first-order formula. This can easily seen to be equivalent to the condition (7). O

A standard application of a result like Theorem 4.8 is to obtain a syntactic closure
property of the set of formulae having first-order correspondents, as follows.

Theorem 4.9. If O, ¢ locally corresponds to a first-order formula, so does ¢.

Proof. For simplicity, we omit modal operator indices. Suppose that ¢ does not locally
correspond to a first-order formula. Then by Theorem 4.8, there exist a structure § =
(W,R,C), an index set J, an ultrafilter U over J, and (w;); € §’ such that for every
i € I we have § |= SOT(¢)(w;) but ' /U = SOT(¢)((w;);/U). Let 7 be the valuation
that witnesses the latter fact. Let v be an object not in W. For each i € I, let §; =
W u{vLRU{(v,w;)},EL{(v,v)}). Since for every i € J we have §; = I'xRvx and
§: = Rvw;, by Lo§’s Theorem, we know that [ [;§;/U = 3!xR((v);/U)x and that the
unique witness to the preceding formula is (w;);/U. Note that §’/U is a generated
substructure of l_[i §;/U. The valuation 7 is also a valuation for l_[i 5;/U. Hence,
(I 3:/U, m) I ST, (¢)((w;);/U) and ([ ]; 3:/U, 7) I~ ST, (O¢)((v);/U). However, by
construction, for every i € J we have §; |= SOT(O¢ )(v). Therefore, by Theorem 4.8,
we know that O¢ does not locally correspond to a first-order formula. O

5. CONCLUSION

We have seen that despite the richer structure of possibility frames, involving not
only the accessibility relation but also the refinement relation, central results of stan-
dard correspondence theory continue to hold in this more general setting. A natural
question raised by our results is this: does every formula that has a first-order corre-
spondent in the setting of Kripke semantics also have a first-order correspondent in the
setting of possibility semantics?

A second open problem suggested by our results concerns the Sahlqvist Complete-
ness Theorem, which states that every Sahlqvist formula is canonical. A natural ques-
tion to ask here is how this theorem can be extended to our general setting of possibility
semantics. In [18, Section 5.6], a possibility-theoretic view of canonical extensions of
BAOs is developed, according to which, for a normal modal logic A, there is a canoni-
cal possibility frame'® whose modal theory is included in A. Unlike a canonical Kripke
frame, built from the ultrafilters in the Lindenbaum algebra of a logic, a canonical pos-
sibility frame is built from proper filters in the Lindenbaum algebra. The possibility
frame constructed from a BAO in this way is called a filter frame. Even for an uncount-
able modal language, the construction of the latter does not require the ultrafilter ax-
iom, or equivalently, the Boolean prime ideal axiom. The possibility-semantic version

10Again, we are dropping the word “full” from the technical term defined in [19].
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of canonicity of a modal formula ¢ is then defined so that ¢ is filter-canonical if and
only if, for every normal modal logic A containing ¢, the logic’s canonical possibility
frame validates ¢. Assuming the ultrafilter axiom, ¢ is filter-canonical if and only if ¢
is canonical in the standard Kripke-semantic sense [18, p. 122]. He also proves [18],
without use of the Boolean prime ideal axiom, that the underlying BAO of the filter
possibility frame of a BAO A coincides with what Gehrke and Harding [13] construct
as the “canonical extension” of A and what Conradie and Palmigiano [10] call the con-
structive canonical extension of A. Consequences [18, Theorem 7.20] of Conradie and
Palmigiano’s results [10] are that every inductive formula is filter-canonical, and that
every normal modal logic axiomatized by inductive formulae is sound and complete
with respect to its canonical possibility frame.

Another question raised by our results concerns the potential applicability to possi-
bility semantics of ALBA [8], a group of general syntactic algorithms that can calculate
correspondents of formulae in many non-classical logics that are interpreted in lattices
with operators. A possible research direction is to adapt the techniques of ALBA in or-
der to reformulate the argument in Section 3 as a variant of ALBA and to prove more
general correspondence results for possibility semantics.
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