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Sphere-Covering, Measure Concentration, and
Source Coding

Ioannis Kontoyiannis

Abstract— Suppose A is a finite set, let P be a discrete dis-
tribution on A, and let M be an arbitrary “mass” function
on A. We give a precise characterization of the most effi-
cient way in which A" can be almost-covered using spheres
of a fixed radius. An almost-covering is a subset C,, of A",
such that the union of the spheres centered at the points of
Cy, has probability close to one with respect to the product
distribution P™. Spheres are defined in terms of a single-
letter distortion measure on A™, and an efficient covering
is one with small mass M"(Cp). In information-theoretic
terms the sets ), are rate-distortion codebooks, but instead
of minimizing their size we seek to minimize their mass.
With different choices for M and the distortion measure on
A our results give various corollaries as special cases, includ-
ing Shannon’s classical rate-distortion theorem, a version of
Stein’s lemma (in hypothesis testing), and a new converse to
some measure-concentration inequalities on discrete spaces.
Under mild conditions, we generalize our results to abstract
spaces and non-product measures.

Keywords— Sphere covering, measure-concentration, data
compression, large deviations.

I. INTRODUCTION

UPPOSE A is a finite set and let P a discrete prob-
ability mass function on A (more general probability
spaces are considered later). Assume that the distortion
(or distance) p(z,y) between x and y is measured by a fixed
p: AxXA — [0,00), and for each n > 1 define a single-letter
distortion measure (or coordinate-wise distance function)

pn by
Zp xuyz (1)

for 7 = (z1,2z2,...,2y) and y1 = (Y1,Y2,--,Yn) in A™.

Given a D > O7 we want to “almost” cover the prod-
uct space A™ using a finite number of balls (or “spheres”)
B(y}, D), where

B(yt, :pn(2y, Y1) < D} (2)

is the (closed) ball of distortion-radius D centered at 3] €
A™. For our purposes, an “almost covering” is a subset C' C
A™, such that the union of the balls of radius D centered
at the points of C have large P™-probability, that is,

pn(x],y7) =

D)={z} € A"

P"([C],) isclose to 1, (3)

where [C], is the D-blowup of C' defined as

€], £ {a}
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: pn(2l,y) < D for some yf € C}.

More specifically, given a “mass function” M : A — (0, 00),
we are interested in covering A" efficiently, namely, finding
sets C that satisfy (3) and also have small mass

)= M) =Y [TM).

yprec yreC i=1
Our main question of interest is the following:

If the sets {C,} asymptotically D-cover A™,
() i.e., P"([Cp],) — las n — oo,

how small can their masses M™(C,,) be?

This is partly motivated by the fact that several interesting
questions can be easily restated in this form. Three such
examples are presented below, and in the remainder of the
paper (x) is addressed and answered in detail. In partic-
ular, it is shown that M™(C),) typically grows (or decays)
exponentially in n, and an explicit lower bound, valid for
all finite n, is given for the exponent (1/n)log M"(C,,) of
the mass of an arbitrary C,,. [Throughout the paper, ‘log’
denotes the natural logarithm.] Moreover, a sequence of
sets (), asymptotically achieving this lower bound is ex-
hibited, showing that it is best possible. The outline of the
proofs follows, to some extent, along similar lines as the
proof of Shannon’s rate-distortion theorem [16]. In par-
ticular, the “extremal” sets C),, achieving the lower bound
are constructed probabilistically; each C,, consists of a col-
lection of points y' generated by taking independent and
identically distributed (i.i.d.) samples from a suitable dis-
tribution on A"™.

Ezample 1. Measure Concentration on the Binary Cube:
Take A = {0,1} so that A™ is the n-dimensional binary
cube consisting of all binary strings of length n, and let
P" be a product probability distribution on A™. Write
pn (2, y}) for the normalized Hamming distortion between
a2t and y}, so that p,(z7,y}) is the proportion of mis-
matches between the two strings; formally:

Zﬂ{x Fyibr Y

Geometrically, if A™ is given the usual nearest-neighbor
graph structure (two points are connected if and only if
they differ in exactly one coordinate), then p,(z7,y}) is
the graph distance between =7 and y7', normalized by n.

A well-known measure-concentration inequality for sub-
sets C), of A™ states that, for any D > 0,

pn(27, 1) = yp € A" (4)

2
e—nD /2

PY([Cnlp) 2 1

=1 Gy (5)
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[See Proposition 2.1.1 in the comprehensive account by Ta~
lagrand [18], or Theorem 3.5 in the review paper by McDi-
armid [13], and the references therein.] Roughly speaking,
(5) says that “if C), is not too small, [Cy], is almost ev-
erything.” In particular, it implies that for any sequence
of sets C,, C A™ and any D > 0,

1
if  liminf —log P"(C,) > —D?/2,

n—oo N
then P*([Cyn],) — 1. (6)
A natural question to ask is whether there is a converse to
the above statement: If P"([C,],) — 1, how small can the
probabilities of the C,, be? Taking M = P, this reduces
to question (x) above. In this context, () can be thought
of as the opposite of the usual isoperimetric problem. We
are looking for sets with the “largest possible boundary”;
sets C,, whose D-blowups (asymptotically) cover the entire
space, but whose volumes P"(C,,) are as small as possible.
A precise answer for this problem is given in Corollary 3
and the discussion following it, in the next section.

Example 2. Lossy Data Compression: Let A be a finite
alphabet so that A™ consists of all possible messages of
length n from A, and assume that messages are generated
by a memoryless source with distribution P™ on A™. A
code for these messages consists of a codebook C,, C A"
and an encoder ¢, : A" — C,. If we think of p, (27, y}) as
the distortion between a message 7 and its reproduction
y7, then for any given codebook C,, the best choice for the
encoder is clearly the map ¢, taking each z} to the y}
in C,, which minimizes the distortion p,(z7,y7). Hence,
at least conceptually, finding good codes is the same as
finding good codebooks. More specifically, if D > 0 is the
maximum amount of distortion we are willing to tolerate,
then a sequence of good codebooks {C,,} is one with the
following properties:

(a) The probability of encoding a message with dis-
tortion exceeding D is asymptotically negligible:

Pn([Cn]D) — 1

(b) Good compression is achieved, that is, the sizes
|Cy] of the codebooks are small.

What is the best achievable compression performance?
That is, if the codebooks {C),} satisfy (a), how small can
their sizes be? Shannon’s classical source coding theorem
(cf. [16][2]) answers this question. In our notation, taking
M = 1 reduces the question to a special case of (x), and
in Corollary 2 in the next section we recover Shannon’s
theorem as a special case of Theorems 1 and 2.

Ezxample 3. Hypothesis Testing: Let A be a finite set and
Py, P; be two probability distributions on A. Suppose that
the null hypothesis that a sample X7 = (X1, Xo,..., X,)
of n independent observations comes from P; is to be tested
against the simple alternative hypothesis that X7' comes
from P,. A test between these two hypotheses can be
thought of as a decision region C,, C A™ If X' € C,

we declare that X' ~ P[*, otherwise we declare X{* ~ P3'.
The two probabilities of error associated with this test are

an = P (Cy) and B, = P3(Cn). (7)

A good test has these two probabilities vanishing as fast
as possible, and we may ask, if a,, — 0, how fast can
B decay to zero? Taking p to be Hamming distortion,
D =0, P= Py, and M = P,, this reduces to our original
question (k). In Corollary 1 in the next section we answer
this question by deducing a version of Stein’s lemma from
Theorems 1 and 2. It is worth noting that the connection
between questions in hypothesis testing and information
theory goes at least as far back as Strassen’s 1964 paper
[17] (see also Blahut’s paper [3] in 1974, and Csiszar and
Korner’s book [6] for a detailed discussion).

The rest of the paper is organized as follows. In Sec-
tion II, Theorems 1 and 2 provide an answer to question
(*). In the remarks and corollaries following Theorem 2 we
discuss and interpret this answer, and we present various
applications along the lines of the three examples above.
In Section IIT we consider the same problem in a much
more general setting. We let A be an abstract space,
and instead of product measures P"™ we consider the n-
dimensional marginals P, of a stationary measure P on AN,
In Theorems 3 and 4 we give analogs of Theorems 1 and 2,
which hold essentially as long as the spaces (A", P,,) can be
almost-covered by countably many p,-balls. Since the re-
sults of Section II are essentially subsumed by Theorems 3
and 4, we only give the proofs of the more general state-
ments, Theorems 3 and 4; they are proved in Section IV,
and the Appendix contains the proofs of various technical
steps needed along the way.

II. THE DISCRETE MEMORYLESS CASE

Let A be a finite set and P be a discrete probabil-
ity mass function on A. Fix a p : Ax A — [0,00),
and for each n > 1 let p, be the corresponding single-
letter distortion measure on A™ defined as in (1). Also
let M : A — (0,00) be an arbitrary positive mass func-
tion on A. We assume, without loss of generality, that
P(a) > 0 for all @ € A, and also that for each a € A there
exists a b € A with p(a,b) = 0 (otherwise we may con-
sider p/(z,y) = [p(z,y) — min,ec 4 p(x, z)] instead of p). Let
{X,.} denote a sequence of i.i.d. random variables with dis-
tribution P, and write P = PN for the product measure on
AN equipped with the usual o-algebra generated by finite-
dimensional cylinders. We write X7 for vectors of random
variables (X;, Xit1,...,X;), 1 <i <j < oo, and similarly
I'z = (.’Iii,xi+1, .
random variables.

Next we define the rate function R(D) that will provide
the lower bound on the exponent of the mass of an arbitrary
C, C A™. For D > 0 and @ a probability measure on A,
let

,xj) € AI71 for realizations of these

inf

I(P,Q,D) =
(7@, D)= inf b

HWI[PxQ) (8)

where H(u||v) denotes the relative entropy between the
probability measures p and v, and M(P,Q, D) consists of
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all probability measures W on AxA such that W, the first
marginal of W, is equal to P, Wy, the second marginal, is
Q, and Ew[p(X,Y)] < D; if M(P,Q, D) is empty, we let
I(P,Q, D) = co. The rate function R(D) is defined by

R(D) = R(D;P,M)
= f{I(P.Q.D)+ Egllog M(YV)}},  (9)

where the infimum is over all probability distributions @
on A. Recalling the definition of mutual information and
combining the two infima in (8) and (9), R(D) can equiv-
alently be written in a more information-theoretic way as

inf {I(X;Y) + Ellog M(Y)]}

10
(X,Y): X~P, Ep(X,Y)<D (10)

where the infimum is taken over all jointly distributed ran-
dom variables (X,Y’) such that X has distribution P and
Ep(X,Y) < D. For any z] € A™ and C,, C A", write

pn(x?’cn) = min pn(.’lﬁ’il,y?).
Y1 €Cn

In the following two Theorems we answer question ()
stated in the Introduction. Theorem 1 contains a lower
bound (valid for all n) on the mass of an arbitrary C,, C A™,
and Theorem 2 shows that this bound is asymptotically
tight. In information-theoretic terms, Theorems 1 and 2
are generalized direct and converse coding theorems, for
minimal-mass (rather than minimal-size) codebooks.

Theorem 1. Let C;, C A™ be arbitrary and write D =
Epn[pn (X, Cy)]. Then

1
- log M"(C,,) > R(D).

Theorem 2. Assume that p(z,y) = 0 if and only if z = y.
For any D > 0 and any € > 0 there is a sequence of sets
{C,} such that:

(1) 1 log M™(C,) < R(D) +¢ forallm >1
n
)

(44) pn(XT,Cn) <D eventually, P — a.s.

Remark 1. From part (ii) of Theorem 2 we have that
Lic., (X7) — 1 with probability one, so by Fatou’s lemma,
P"([Cr],) — 1. From this and (7) it is easy to deduce the
following alternative version of Theorem 2 (see [11] for a

proof): For any D > 0 there is a sequence of sets {C*}
such that:

lim sup %log M"™(C}) < R(D)

P(Chl,) — 1,
limsup Epn[pn(XT7,Cp)] < D

n—oo

and

Remark 2. The additional assumption on p in Theo-
rem 2 is only made for the sake of simplicity, and it is not
necessary for the validity of the result.

Theorems 3 and 4 in the following section give more gen-
eral versions of Theorems 1 and 2, so their proofs are post-
poned until then. However, it is worth mentioning here
that in the discrete case, Theorems 1 and 2 can be given
much simpler proofs. In particular, Theorem 2 can be
given an elementary proof by a direct application of Sanov’s
theorem (see [11]). Alternatively, Theorem 2 follows from
Csiszar and Korner’s type-covering lemma [6, p. 151].

Although the proof of Theorem 2 (and the more gen-
eral version in Theorem 4) is somewhat technical, the idea
behind the construction of the extremal sets C), is simple:
Suppose Q* is a probability measure on A achieving the
infimum in the definition of R(D), so that

R(D) = I(P,Q*, D) + Eg-[log M(Y)] £ I* + L*.

Write Q7 for the product measure (Q*)", and let @n be the
measure obtained by conditioning @)}, to the set of points
Yy € A™ whose empirical measures (“types”) are uniformly
close to @*. Then let C,, consist of approximately enl”
points y{ drawn i.i.d. from @),,. Each point in the support
of Q,, has mass M"(y?) ~ e"~" and C,, contains about ¢!~
of them, so M™(C,,) is close to e™ e"t” = (D) The
main technical content of the proof is therefore to prove
(i1), namely, that e® points indeed suffice to almost D-
cover A™.

The above construction also provides a nice interpreta-
tion for R(D). If we had started with a different measure
Q in place of Q*, we would have ended up with sets CJ,
of size =~ exp(nl(P,Q, D)), consisting of points y}* of mass
M™(y7) =~ exp(nEg(log M(Y))), and the total mass of C),
would be

M"™(C)) = exp{n[I(P,Q, D)+ Eg(log M(Y))]}.

By optimizing over the choice of @ in (9) we are balancing
the tradeoff between the size and the weight of the set C,,
between a few heavy points and many light ones.

It is also worth noting that the extremal sets C,, above
were constructed by taking samples y7 from the measure
@,L. Unlike the usual proofs of the data compression theo-
rem, here we cannot simply use the product measure Q.
This is because we are not just interested in how many
points y' are needed to almost cover A™, but also we
need to control their masses M™(y}"). Since exponentially
many y7’s are required to cover A", if they are generated
from @} then there are bound to be some atypically heavy
ones, and this drastically increases the total mass M™(C,,).
Therefore, by restricting @ to be supported on the set of
y? € A™ whose empirical measures are uniformly close to
Q*, we are ensuring that the masses of the y* will be es-
sentially constant, and all approximately equal to enl”,

Next we derive corollaries from Theorems 1 and 2, along
the lines of the examples in the Introduction. First, in the
context of hypothesis testing, let Py, P; be two probability
distributions on A with all positive probabilities. Suppose
that the null hypothesis that X{* ~ P* is to be tested
against the alternative X' ~ Pj'. Given a test with an
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associated decision region C,, C A™, its two probabilities
of error a,, and (3, are defined as in (7). In the notation
of this section, let p, be Hamming distortion as in (4),
P =P, and M = P,. Observe that, here,

Epp[pn(XT, Cn)] < Epplleg (XT)] = PI'(C),
and define, in the notation of (9), the error exponent
E(a):_R(O@PhPQ)? (O3S [071}

Noting that £(0) = H(P1||P2), from Theorems 1 and 2
and Remark 1 we obtain the following version of Stein’s
lemma (see Lemma 6.1 in Bahadur’s monograph [1], or
Theorem 12.8.1 in [5]).

Corollary 1. Hypothesis Testing: Let a = a,, = P{*(CS)
and = B, = P} (C,) be the two error probabilities asso-
ciated with an arbitrary sequence of tests {C,,}.

(a) Foralln > 1, B> e (%),
(b) If o, — 0, then

lim inf = log 8, > —H(P, || Ps).
n—oo N
(¢) There exists a sequence of decision regions C),
with associated tests whose error probabilities
achieve o, — 0 and (1/n)log 8, — —H(Py|P2),
as n — 00.

Note that, although the decision regions C,, in (¢) above
achieve the best exponent in the error probability, they are
not the overall optimal decision regions in the Neyman-
Pearson sense [6].

In the case of data compression, we have random data
X7 generated by some product distribution P". Given a
single-letter distortion measure p,, and a maximum allow-
able distortion level D > 0, our objective is to find good
codebooks C,,. As discussed in Example 2 above, good
codebooks are those that asymptotically cover A™; i.e.,
P™([Cy],) — 1, and whose sizes |C,,| are relatively small.
In our notation, if we take M (-) =1, then M"™(C,,) = |Cy|
and the rate function R(D) (from (9) or (10)) reduces to
Shannon’s rate-distortion function

D) = inf inf  H(W|P
Rs(D) o e o) (W|PxQ)
— inf I(X;Y).

(X,Y): X~P, Ep(X,Y)<D

From Theorems 1 and 2 and Remark 1 we recover Shan-
non’s source coding theorem (see [16][2]).

Corollary 2. Data Compression: For any n > 1, if
the average distortion achieved by a codebook C), is D =
Epn [pn(X{l, Cn)], then

1
—log|Cu| 2 Rs(D).

Moreover, for any D > 0, there is a sequence of codebooks
{Cy} such that Epn[p, (X7, Cp)] — D, the codebooks C,,
asymptotically cover A", P*([C,],) — 1, and

1
lim Elog|C’n| = Rg(D).

Finally, in the context of measure-concentration, taking
M = P and writing R¢(D) for the concentration exponent
R(D; P, P), we get:

Corollary 3. Converse Measure Concentration: Let {Cy,}
be arbitrary sets.

(i) For any n > 1, if D =
P”(Cn) > ech(D).

(i) If P™([Cy],) — 1, then

Epnlpn(X7,Cy)], then

1
liminf — log P*(C),) > Rc(D).
n—oo N
(73i) There is a sequence of sets {C,} that satisfy
P"([Cy],) — 1 and (1/n)log P"(C,) — Rc(D), as

n — 0.

In particular, in the case of the binary cube, part (ii) of
the corollary provides a precise converse to the measure-
concentration statement in (6). Although the concentra-
tion exponent Rc(D) = R(D; P, P) is not as explicit as the
exponent —D?/2 in (6), Rc(D) is a well-behaved function
and it is easy to evaluate it numerically. For example, Fig-
ure 1 shows the graph of Ro(D) in the case of the binary
cube, with P being the Bernoulli measure with P(1) = 0.4.

Fig. 1. Graph of the function Rc(D) = R(D; P, P) for 0 < D <1,
in the case of the binary cube A™ = {0,1}", with P(1) = 0.4.

In contrast with the measure concentration exponent
—D?/2 in (6), the quantity Rc (D) actually depends on the
distribution P. This is not a shortcoming of our method —
it is part of the intrinsic structure of the problem.

Various easily checked properties of R(D) = R(D; P, M)
are stated without proof in Lemma 1 below — see [11] for a
proof.

As mentioned in the Introduction, the question consid-
ered in Corollary 3 can be thought of as the opposite
of the usual isoperimetric problem. Instead of large sets
with small boundaries, we are looking for small sets with
the largest possible boundary. It is therefore not surpris-
ing that the extremal sets in (6) and in Corollary 3 are
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very different. In the classical isoperimetric problem, the
extremal sets typically look like Hamming balls around
0" = (0,0,...,0) € A", B, = {z} : pn(z},0") < r/n}
(see the discussions in Section 2.3 of [18], p. 174 in [12], or
the original paper by Harper [9]), while the extremal sets
in our case are collections of vectors yi drawn i.i.d. from
the measure @n on A".

Lemma 1.

(¢) R(D) is finite, nonincreasing, convex, and continuous
for all D > 0.

(#3) If we let Ruyin = min{log M (y) :
Dax = Dmax(-P) as

y € A} and define

min{Ep[p(X,y)]

then

: y such that log M (y) = Rmin},

= Rmin
> Rmin

for D > Dpjax

R(D) 18 { for 0 < D < Dpax-

III. THE GENERAL CASE

Let A be a Polish space (namely, a complete, separable
metric space) equipped with its associated Borel o-algebra
A, and let P be a probability measure on (AN, AY). Also
let (4, A) be a (possibly different) Polish space. Given a
nonnegative measurable function p : AxA — [0, 00), define
pn i A" A" — [0, 00) as in (1).

Let {X,,} be a sequence of random variables distributed
according to PP, and for each n > 1 write P, for the n-
dimensional marginal distribution of X7'. We say that P
is a stationary measure if X{* has the same distribution as

X{L_:r,f, for any n, k. Let M : A — (0,00) be a measurable

“mass” function on A, and for each n > 1 define

n

HM(yz) yp € A,
i=1

1>

M"(yt)

In order to avoid uninteresting technicalities we will assume
throughout that M is bounded above and below, that is,

|log M (y)] < Limax < 00 forall y € A

for some constant L, .x. Next we define the natural analogs
of the rate functions I(P,Q,D) and R(D). For n > 1,
D > 0 and Q,, a probability measure on (A™, A"), let

In(PnaQnaD): inf

HW, || P xQn
Wyn €My (Pp,Qn,D) ( H XQ )

(11)
where M,,(P,,, Qn, D) consists of all probability measures
W, on (A™ x Am, A" x A") such that W, x, the first
marginal of W, is equal to P, the second marginal W, y
is Qn, and [ p,, dW,, < D; if M, (P,,,Qn, D) is empty, let
I,(P,,Qn,D) = co. Then R,(D) = R,(D; P,, M) is de-
fined by

nf {1 (P, @n, D) + Eq, [log M"(Y1")]} (12)

where the infimum is over all probability measures Q,, on
(A", A"). Note that since I,,(Pyn,Q,, D) is nonnegative
and M is bounded away from zero, R, (D) is always well-
defined. Recalling the definition of mutual information,
R, (D) can also be written in a form analogous to (10) in
the discrete case

R,(D)= inf

13
Xy 13)

: {I(X7;Y7") + Ellog M™(Y{")]}

where the infimum is taken over all jointly distributed
(X7, Y{) such that X7 ~ P, and Ep,(X7,Y{") < D. Fi-
nally, the rate function R(D) is defined by

1
R(D) = lim ~R,(D)
n—oo N
whenever the limit exists. Next we state some simple prop-
erties of R, (D) and R(D), proved in the Appendix.

Lemma 2.

(i) For each n > 1, R, (D) is nonincreasing and convex
in D > 0, and therefore also continuous at all D except
possibly at the point

min

inf{D >0 : R,(D) < 4o0}.

(#) If R(D) exists for all D > 0 then it is nonincreasing
and convex in D > 0, and therefore also continuous at all
D except possibly at the point

Dpin = inf{D >0 : R(D) < +o0}.

(#4i) If P is a stationary measure, then

lim an(D) = inf an(D) exists,

n—oo n n>1n

R(D) =

and D, = inf, Df:l)n

(iv) The mutual information I(X7;Y{") is concave in the
marginal distribution P, of X' for a fixed conditional dis-
tribution of Y{* given X7, and convex in the conditional
distribution of Y{* given X7 for a fixed marginal distribu-

tion of X7'.

Next we state analogs of Theorems 1 and 2 in the general
case. As before, we are interested in sets C,, that have large
blowups but small masses; since M is bounded away from
zero we may restrict our attention to finite sets C,.

Theorem 3. Let C,, C A" be an arbitrary finite set and
write D = Ep,_ [pn(X7, Cy)]. Then

log M"(Cyn) = Rn (D). (14)

If P is a stationary measure, then for all n > 1

log M"(C,,) > nR(D).

As will become apparent from its proof (in the following
section), Theorem 3 remains true in great generality. The
exact same proof works for arbitrary (non-product) posi-
tive mass functions M,, in place of M", and more general
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distortion measures p,, not necessarily of the form in (1).
Moreover, as long as R, (D) is well-defined, the assumption
that M is bounded away from zero is unnecessary. In that
case we can also consider countably infinite sets C),, and
(14) remains valid as long as R, (D) is continuous in D (see
Lemma 2).

In the special case when P is a product measure it is not
hard to check that R, (D) = nR(D) for all n > 1, so we
can recover Theorem 1 from Theorem 3.

For Theorem 4 some additional assumptions are needed.
We will assume that the function p is bounded, i.e., that
there for some finite constant pmax, p(2,¥) < Pmax fOr
all z € A, y € A. For k > 1, we say that P is sta-
tionary (respectively, ergodic) in k-blocks if the process

{)~(T(Lk) ;n >0} = {Xf:,iﬂ)k ; m > 0} is stationary (resp.
ergodic). If P is stationary then it is stationary in k-blocks
for every k. But an ergodic measure P may not be ergodic
in k-blocks. For the second part of the Theorem we will
assume that P is ergodic in blocks, that is, that it is ergodic
in k-blocks for all k > 1. Also, since R(D) = oo for D be-
low Dyin, We restrict our attention to the case D > Din.

Theorem 4 is proved in the next section.

Theorem 4. Assume that the functions p and log M are
bounded, and that P is a stationary ergodic measure. For
any D > Dy, and any € > 0, there is a sequence of sets
{C\} such that:

(i) %log M"™(C,) < R(D)+e¢ for all n > 1
(”) Pn([cn]p) —1

If, moreover, P is ergodic in blocks, there are sets {C),}
that satisfy (7) and

(iid)

as n — oQ.

pn(XT,Cn) <D eventually, P — a.s.

Remark 3. A corresponding version of the asymptotic
form of Theorems 1 and 2 given in Remark 1 of the previous
section can also be derived here, and it holds for every
stationary ergodic P.

Remark 4. The assumptions on the boundedness of p and
log M are made for the purpose of technical convenience,
and can probably be relaxed to appropriate moment con-
ditions. Similarly, the assumption that M™ is a product
measure can be relaxed to include sequences of measures
M, that have rapid mixing properties. Finally, the as-
sumption that P is ergodic in blocks is not as severe as it
may sound. For example, it is easy to see that any weakly
mixing measure (in the ergodic-theoretic sense — see [14])
is ergodic in blocks.

IV. PROOFS OF THEOREMS 3 AND 4

Proof of Theorem 8. Given an arbitrary C,, let ¢, :
A" — (), be a function that maps each z} € A" to
the closest y" in Cp, ie., pn(af,od(z})) = pu(al, Cy).
For X{* ~ P, define Y = ¢,(X7), write Q, for
the (discrete) distribution of Y7*, and W, (dz%,dy}) =

P (dz)dg, (o) (dyy) for the joint distribution of (X7, Y7").
Then Ew, [pn(X7,Y7")] = D, and by Jensen’s inequality:
M (yt)

> Y Qulyi)log 52
neC,

log M™(C,,) Qnlul)

n m AW, (%, y?
= /de(xl,yl)log—d(P(le 1))
n n

+ > Quyp)log M™(y7)

yreCn
= (X)) + Eq, [log M™(YY")].

By the definition of R, (D), this is bounded below by
R, (D). The second part follows immediately from the fact
that R, (D) > nR(D), by Lemma 2 (ii). O

Before giving the proof of Theorem 4 we make some re-
marks on the methodology of the proof. The main techni-
cal step is established by an application of the Gartner-Ellis
theorem from large deviations. This is used to determine
the asymptotics of the probability of distortion-balls. The
same strategy has been applied by various authors in the
recent literature in order to prove direct coding theorems;
see, e.g., [19], [10] and the references therein, as well as the
early work of Bucklew in [4]. The main difference here is
that we are not only interested in the case of i.i.d. sources,
and that the measures for which we need large deviations
results are not product measures, making the application of
the Gértner-Ellis theorem more delicate. Finally we men-
tion that in the random coding argument we employ, rather
than generating a fixed number of codewords we gener-
ate infinitely many of them and look for the first “D-close
match.” This idea has already been used by [19] and [10],
among others.

Proof of Theorem 4: The proof is given in 3 steps. First,
for any D > Dr(rh)n we construct sets C,, satisfying (i) and
(#41) with Ry(D) in place of R(D). In the second step,
assuming that P is ergodic in blocks, for each D > Dy
we construct sets C,, satisfying (¢) and (¢i7). In Step 3 we
drop the assumption of the ergodicity in blocks, and for

any D > Dy, we construct sets C,, satisfying (i) and ().

A. Step 1:

Let P and D > Dl(gi)n be fixed, and let an arbitrary ¢ > 0
be given. By Lemma 2 we can choose a D' € (Duin, D)
such that Ry (D’) < R1(D)+¢€/8 and a probability measure
Q* on (A, A) such that

F+ L7 2 L(PLQD) + Eg-log M(Y)]
Also we can pick a W* € My (P, Q*, D) such that
HWH|PixQ") <I"+¢€/4. (16)

For n > 1, write Q¥ for the product measure (Q*)", and
define

R 1 &
=l An s S5 log M(y) < LF 4+ e/4 Y
H {y1€ ngog (vs) +6/}
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Let @n be the measure Q7 conditioned on H,,, @n(F) =
Q*(F N'H,)/Q*(Hy), for F e A" For each n > 1, let
{Y(@) = (Y1(4),Y2(3),...,Y,(?)) ; ¢ > 1} be i.i.d. random
vectors Y (i) ~ @y, and define

C,={Y(i) : 1<i<enT+/2
By the definition of H,, any y} € G, has M"(y}) <
e He/4) 50 by (15)

Mn(cn) < en([*+e/2)en(L*+e/4) < en(Rl(D)+e)

and (7) of the Theorem is satisfied with R (D) in place of
R(D). Let X7 be a random vector with distribution P,,
and let 4, be the index of the first Y'(i) that matches X7
within p,-distortion D. To verify (iii) we will show that
in < en(I*+e/2)

eventually, PxQ — a.s.

where Q = Hn>1(@n)N, and this will follow from the fol-
lowing two statements:

1 -
lim sup — log inQn(B(Xf,D))} <0 PxQ-—as. (17)

n—oo T

lim inf % 1og Qu(B(X]', D)) > —(I* +¢/4) P—as. (18)
The proof of (17) follows easily from the observation that,
conditional on X7, the distribution of i,, is geometric with
parameter p = @n(B(X{L, D)); see, e.g., the derivation of
(31) in [10].

To prove (18), first note that by the law of large numbers

Q:(Hn) — 1, as n — o0, so (18) is equivalent to

n—o0

1
liminf -~ log Q;, (B(X]', D) N Hy) > ~(I" +¢/4),  (19)

P—a.s. Let Y1,Y5,... be i.i.d. random variables with com-
mon distribution Q*. For any realization z{° of P, define
the random vectors &; and Z,, by

& = (p(xz,Y;), log M(Y;)), i>1
1 n
Zn = — I3 > 1.

Also let A, (A) be the log-moment generating function of
Ly,

An(N) =log B [eM2] A= (A, ho) € R,

where (-,-) denotes the usual inner product in R%2. Then
for P-almost any x9°, by the ergodic theorem,

lAn (nA) =

LigE {ezglu,si)]
n n

= l Zlog Eg-+ [e/\lp(xi,YHAz log M(Y)]
n

i=1

— E‘p1 {10g EQ* |:6/\1p(X’Y)+>\2 logM(Y):|} (20)

where X and Y above are independent random variables
with distributions P; and Q*, respectively. Next we will
need the following lemma. Its proof is a simple applica-
tion of the dominated convergence theorem, using Jensen’s
inequality and the boundedness of p and log M.

Lemma 3. For k > 1 and probability measures p and v
on (AF, A*) and (AF, A¥), respectively, define A, , () by

/log{/[exp(hpk(aflfayf)*'

e Tou M) dvlo) | dnGeb)

for A = (A1,X2) € R% Then A, , is convex, finite, and
differentiable for all A € R2.

From Lemma 3 we have that the limiting expression in
(20), which equals Ap, -, is finite and differentiable every-
where. Therefore we can apply the Gértner-Ellis theorem
(Theorem 2.3.6 in [7]) to the sequence of random vectors
Zyn, along P-almost any z9°, to get that

1
liminf —log @} (B(z}, D) NHy,)
n—oo N
is equal to

1
liminf —logPr(Z, € F) > — inf A*(2) P—as. (21)

n—oo n z€F

where F = {z = (21,22) € R? :
and

271 < D, 2z < L*+6/4}

AE,Q* (z) = sup [(A, 2) — Ap, - (N)]
AER2

is the Fenchel-Legendre transform of Ap, g+(\). Recall our
choice of W* in (16). Then for any bounded measurable
function ¢ : A — R and any fixed = € 4,

HW*([2)[Q°(-) = /¢>(y)dW*(y|w)*log/e“”dQ*(y)

(see, e.g., Lemma 6.2.13 in [7]). Fixing z € A and \ € R?
for a moment, take ¢(y) = Aip(x,y) + Az2log M(y), and
integrate both sides dP; (z) to get that

H(W*[|PrxQ")
is bounded below by
MEw-(p) + AaEg-[log M(Y)] — Ap, = (N).

Taking the supremum over all A € R? and recalling (16)
this becomes

I* +e/4> HW [Py xQ*) > Ny o- (D7, L7)
where D* = [ pdW* < D’ < D, so
* > . * . .
I +e/4> zlngrAPhQ (2)

Combining this with the bound (21) yields (19) as required,
and completes the proof of this step.
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B. Step 2:

Assume P is ergodic in blocks, and let P and D > Dy,
be fixed and an arbitrary € > 0 be given. By Lemma 2

we can pick £ > 1 large enough so that D® < D and

(1/k)Ri(D) < R(D)+¢€/8. This step consists of essentially
repeating the argument of Step 1 along blocks of length k.

Choose a D' € (D(k) D) such that

min’

%Rk(D’) < %Rk(D) +€/16, (22)

and a probability measure Q} on (A¥, A*) achieving

BHLE 2 R(PLQL D) + o Follog M)
< LRUD), (23)
so that
Ij + L, < R(D) + ¢/4. (24)
Also pick a W} € My (Pg, Q5, D') such that
—H(Wi||PexQF) < I + €/4. (25)

For any n > 1 write n = mk + r for integers m > 0 and
0 <r < k, and define

. 1 &
nk = ypr €A™ : — log M (y;) < L, 4 5.
Ho ke {y1€ nz og M (y:) k+€/}

i=1

for the measure

[_H Qz] <[Qi)-

where [Q7], denotes the restriction of Qf to (A", A"), and
let Qn i be the measure Q) k conditioned on H, . For
each n > 1, let {Y (i) = (Y1(i), Ya(i), ..., Yn(i)) 5 i > 1}
be i.i.d. random vectors Y (i) ~ Qp, and let C), consist of
the first e"Ux+¢/2) of them. As before, by the definitions
of Hy, . and C,, and using (24), it easily follows that

Write @y,

%log M™(C,) < R(D) +¢

so (i) of the Theorem is satisfied. Let Y7,Ys,...,Y, be
distributed according to Qfl’ > and note that the random

vectors ngcirll)k are 1.i.d. with distribution Qj (for i =
0,1,...,m — 1). Therefore, as n — oo, by the law of large
numbers we have that with probability 1

1
lim sup — Z log M(Y;) <

n— 00
1=1

( ) ZlogM’“

z+1)k)

kLmax
ik+1 n

— L. (26)

Following the same steps as before, to verify (ii1) it suffices
to show that

hmlnf — loan (B(XT, D)) >

n—oo

—(I} +€/4) P—as.

and, in view of (26), this reduces to

)ﬂan)

hmlnf —(I} +€/4), (27)

n—oo

loank( (X17

P—a.s. For an arbitrary realization x¢° from P and with Y;"
as above, consider blocks of length k. For i =0,1,...,m—
1, we write

k i+1)k ~(k +1)k
Ty B =)
so that the probability Q; , (B(X{,D)NH, ) can be
written as

m—1
. mk '\ 1 (k) ~(k)
Qn k { (7) E; oY, 2)

r
+ Eﬂr(yr?—r-i-l’xz—r-ﬁ-l) <D
1%

mk 1 ~
— ) =3 ZlogMF(yV
(n)m kOg (i)

=0

and

LM (V2 0) < L /4.

Since we assume p(x,y) < pmax and |log M (y)| < Lyax for
all z € A, y € A, then for all n large enough (uniformly in
x9°) the above probability is bounded below by
{ Z 7O 50) < Dy o/s
i=0
m—1

1
and Ezk

log M*(VPy < Lt + 6/8} .
=0

Now we are in the same situation as in the previous step,
with the i.i.d. random variables Y(k) in place of the Y;, the

ergodic process {X } in place of {X;}, and D' 4 ¢/8 in
place of D. Repeating the same argument as in Step 1 and
invoking Lemma 3 and the Gartner-Ellis theorem,

11m1nf — loan w (B(XT,

n—oo

D) N Hn,k) >

Ai(#1,22) P—as. (28)

. inf
z1<D’'+€/8, ZQ<L;;+€/8
where, in the notation of Lemma 3, Aj(z) is the Fenchel-
Legendre transform of Ap q:(A). Recall our choice of
Wi in (25) and write Dy = [ prdW} < D’. Then by
Lemma 6.2.13 from [7] together with (25) we get

Iy +€/4 = - HWi || PexQp) = AR (D", Ly),

k:

and this together with (28) proves (27), concluding this
step.
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C. Step 3:

In this part we invoke the ergodic decomposition theo-
rem to remove the assumption that P is ergodic in blocks.
Although similar to Berger’s proof of the abstract coding
theorem (see pp. 278-281 in [2]), the argument below is sig-
nificantly more delicate. [In particular we need to avoid ap-
pealing to Perez’s “generalized AEP” which subsequently
turned out to be incorrect at that level of generality.]

As in Step 2, let P and D > D,,;, be fixed, and let an
€ > 0 be given. Pick k > 1 large enough so that Dr(fi)n <D
and Ry (D) < R(D) + ¢/8, and pick D' € (D), D) such
that (22) holds. Also choose @} and W} as in Step 2 so
that (23), (24) and (25) all hold.

Let Q = (AF)N, F = (A*)Y, and note that there is a
natural 1-1 correspondence between sets in F € AY and
sets in F € (AF)N: Writing #; = xg;cill)k,

F={° : a° € F}. (29)

Let 4 be the stationary measure on (€2, F) describing the

distribution of the “blocked” process {)Z'Z =X l(,::?k ;1>
0}, where, since k is fixed throughout the rest of the proof,

we have dropped the superscript in X i(k). Although p may
not be ergodic, from the ergodic decomposition theorem

we get the following information (see pp. 278-279 in [2]).

Lemma 4. There is an integer k¥’ dividing k, and proba-
bility measures p;, ¢ = 0,1,..., k" — 1 on (Q, F) with the
following properties:

(i) p= (/)"

(7i) Each p; is stationary and ergodic.

(4i1) For each i, let P®) denote the measure on (AN, AY)
induced by p;:

PO(F) = u;(F), Fe AV
[recall the notation of (29)]. Then P = (1/k') Zf:ol P,
and each P() is stationary in k’-blocks and ergodic in k-
blocks.

(iv) For each 0 < ¢ < k' and j > 0, the distribution that
P(® induces on the process { X, ; n > 1} is Pi+imedk),

For each ¢ = 0,1,...,k" — 1, let u;1 denote the first-
order marginal of y; and write R(D|i) = Rl(D;,ui,l,]\/Z)
for the first-order rate function of the measure u;, with
respect to the distortion measure pi, and with mass func-
tion M = MF*. Since W} chosen as above has its AF-
marginal equal to P, we can write it as W) = V" o P,
where V;*(-|X") denote the regular conditional probability
distributions. Write P,Ei) for the k-dimensional marginals of
the measures P(Y)| and define probability measures W,Ei) on
(A A, Ans Am) by W = Vigo P Let D; = [ pj, dw”
so that by Lemma 4 (4i7),

k'—1

1
= > D= /pk dW; < D'. (30)
i=0

Similarly, writing Q,(f) for the A*-marginal of W,ii) and
applying Lemma 4 (i),

Ll _
o > /logM’“(y’f)in’)(y’f) =
1=0
/ log M*(s) dQi(s%)  (31)

and using the concavity of mutual information (Lemma 2),

k-1

1 D1 i . .

o O HWO IR < Q) < HWE|Pix Q). (32)
1=0

For N > 1 large enough we can use the result of Step 2 to
get N-dimensional sets B; that almost-cover (A*)N with
respect to p;. Specifically, consider IV large enough so that

max{pmax; Lmax, 1

kN

b minfe/s, (D DY/2). (33)

For any such N, by the result of Step 2 we can choose sets
B; C (AF)N such that, for each i,

pi ([Bilp,) = en — 0as N — oo, (34)

and MN(B;) < exp{N(R(D;|i)+¢/8)}. (35)

1—€N,

Now choose and fix an arbitrary y* € A, and for n =
E'(Nk + 1) define new sets Bf C A™ by

k'—1

Bz* - H [BiJrjmodk/X{y*H,
=0

where [] denotes the cartesian product. Then, by (33), for
any z7, pp(xf, Bf) is strictly less than

D-D 1 IS i(kN+1)+kN
2 + K Z PkN <$;(kN+1)+1 s Bitj modk’) .
7=0

Note that each one of the blocks xﬁ:%ﬁ;flw

longs to a different ergodic mode of the blocked process
{X;}, explaining the role of the letters y* in the construc-
tion of the new codebooks B;. Now, by a simple union
bound,

above be-

PO([B],)

@ e

S Z [1_P(i+jmodk/) ([Bﬁjmodk/]m)}
j=0

®) —

= 1= [1—w(Bil,,) ]
=0

© )

> 1—FKen, (36)

where we used (30) in (a), Lemma 4 (iv) in (b), and (34) in
(c). Also, using the definition of B} and the bounds (33)
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and (35), (1/n)log M™(B}) is bounded above by

k'—1

log M(Y*) 1
TNT [ 1 3 (B )|
1 k' —1 1
<ost Y[R +9).
7=0

but from the definition of R(D|j) and (32) and (31) this is

k-1
1 1 v o) G
Se/dt o ;0 [EH(W,CJ)P,E]) x Q)
1
by [loe Mt dQP o)
Therefore,

1
—log M™(B;) < I+ Lj;+¢/2
n
< R(D)+ 3¢/4,

(37)

where the last inequality follows from (24). So in (36) and

(37) we have shown that, for alli=0,1,..., k' — 1,
PO ([Bf],) > 1—FKey and (38)
1
- logM"(B}) < R(D)+ 3e/4. (39)

Finally we define sets C,, C An by
k' —1 x*
Cn, =U;_, B;.
3), the sets C,, have

From the last two bounds above and (3

log k'

%logM"(C)_ + R(D) + 3¢/4 < R(D) + ¢,

and by Lemma 4 (i), P, ([Cy],) equals

k-1 —1

1 . 1 .

y Z P(Z) ([Cn]D) > k'_ Z ]P)(l) ([BZ]D) >1- 6;7,
=0 =0

where €/, = k'eny when n = k/(Nk + 1).

In short, we have shown that for any D > D,,;, and any
€ > 0, there exist (fixed) integers k, &’ and Ny such that:
There is a sequence of sets C,,, for n = k'(Nk+1), N > Ny,
satisfying:

(1/n)log M™(C,) < R(D) + € for all n,

and P, ([Ch],) — 1 asn — occ.

Since this is an asymptotic result, it is not hard to see that
the restriction on n being of the form n = k'(Nk+1) can be
easily dropped to produce a sequence of sets {Cy, ; n > 1}
satisfying (i) and (i¢) of Theorem 4. To see this, note that
for intermediate values of the form n’ = k'(Nk + 1) + s
with 1 < s < kk’ — 1 we can generate an efficient codebook
C, simply by adding an arbitrary block of length s, say
(¥ ,y*...,y") € 1215, to the end of each codeword in C,,.

Since the distortion measure p is bounded, the additional
distortion achieved by the new codebook will be at most of
order 1/n, and this is asymptotically negligible. Similarly,
since the number of codewords remains unchanged and the
mass function M is bounded, the mass of each individual
codeword will increase by no more than a constant factor
in the exponent, and therefore the mass of the codebook
codebook will increase by an amount that is at most of
order 1/n. m|
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APPENDIX

Proof of Lemma 2: First recall that part (iv) is a well-
known information theoretic fact; see, e.g., Corollary 5.5.5
in [8].

Since the sets M, (P,,Q@n, D) are increasing in D,
R, (D) is nonincreasing in D. Next we claim that rela-
tive entropy is jointly convex in its two arguments. Let p,
v be two probability measures over a Polish space (5,S).
In the case when i and v both consist of only a finite num-
ber of atoms, the joint convexity of H(u|v) is well-known
(see, e.g., Theorem 2.7.2 in [5]). In general, H (u||v) can be
written as

H(pllv) = = sup Zu Ez)

where the supremum is over all finite measurable partitions
of S (see Theorem 2.4.1 in [15]). Therefore H(u||v) is the
pointwise supremum of convex functions, hence itself con-
vex. Combining the two infima, R, (D) can equivalently be
written as the infimum of

H(Wn|[Wa,x XWny) + Ew, , [log M™ (Y7")] (40)

over all W,, € M,,(P,, D), where
- UQnMn(PYHQn?D)

Using this together with the joint convexity of relative en-
tropy shows that R, (D) is convex. Since it is also nonin-

creasing and bounded away from —oo, R, (D) is also con-

tinuous at all D except possibly at Dr(m)n This proves (i).

For part (4i) notice that if R(D) exists for all D then
it must also be nonincreasing and convex in D > 0 since
R, (D) is; therefore, it must also be continuous except pos-
sibly at Dpip.

For part (#ii), let m,n > 1 arbitrary, and let W,, €
M (P, D) and W,, € M,,(P,, D). Define a probability
measure Wi, ., on (A™H7 5 Amtn gmtn s fmtny by

M, (P,, D)

W (da ™", dyp™ ™) =
m(dyl |1‘1 ) (dyTYL+n|

Notice that Wy1n € Mpin(Prtn, D), and that, if
(X7 Y™ *™) are random vectors distributed according

mi 1) P(dzT).
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m

dent given X["*". Therefore, R, (D) is

t0 Wingn, then Y™ and meln are conditionally indepen-

(a)
S H(Wm+n ||Wm+n,X X Wm+n,Y)

+EWm+n,Y [log Mern(Ylern)]
I(XTT Y + Bw,,, oy [log M (Y]

—
IN=

X5 Y™) + IX s Yo
+EWm,y [log Mm(Ylm)] + EWn,Y [log Mn(Yln)]

where (a) follows from (40) and (b) follows from the con-
ditional independence of Y™ and Y,/ given X{"*" (see,
e.g., Lemma 9.4.2 in [8]). So we have shown that R, 1, (D)
is bounded above by

H(WMHWm,X X Wm,Y) + EWm,Y [1Og Mm™ (Ylm)]
+H(Wy[[Wa,x x Wy ) + Ew, [log M™(Y")],

and taking the infimum over all W,, € M,,(P,,, D) and
W, € My, (P,, D) yields

Rpin(D) < Run(D) + R (D). (41)

[Note that in the above argument we implicitly assumed
that we could find some W,, € M,,,(Pp,,D) and a W,, €
M, (P, D); if this was not the case, then either R,, (D) or
R, (D) would be equal to +00, and (41) would still trivially
hold.] Therefore the sequence {R, (D)} is subadditive.
Next we claim that if R,(D) < oo for some D, then
Ry(D) < oo for all N > n. To see this first note that,
by the boundedness of M we need only worry about the
mutual information term in the definition of R,(D) in
(13). Assuming R,(D) < oo implies that there exist
(XP Y7 with I(X5 7)< o and Elp,(X2,Y7)] < D.
In fact, by the convexity of mutual information in the con-
ditional distributions (part (iv) of this Lemma) we can re-
strict ourselves to stationary vectors (X7, Y7"). Based on
(X7, Y7 we define (X7 Y"1 as follows: Let X!
have the source distribution, and, given X {H'l, define two
conditionally independent random vectors Y7 and 2”“
so that Y/ has the same distribution as before, and Y™
has the same distribution given X;LH as Y" given X7.
Let Y41 = an+1- Then by the chain rule for mutual in-
formation we have that I(X}"hY"™h) = I(X7; YY) +
IS YY) < IXEYR) + [(XPF5 7)<
2I(X7;Y"). Therefore I(XH Y ) < oo, and by sta-
tionarity Elpn 1 (X7, Y"™)] < D. This implies that
D g nonincreasing in n, so it follows that D ,,, when-

min (n)

ever defined is equal to inf,, D, . as claimed. Finally, sub-

additivity and the fact that Dr(rz)n is nonincreasing in n im-
ply that lim, (1/n)R, (D) = inf,,(1/n)R, (D) for all D > 0.
O
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