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Abstract

The weighted k-server problem is a generalization of the k-server problem, wherein the
cost of moving a server of weight ; through a distance d is §; - d. On uniform metric
spaces, this models caching with caches having different page replacement costs. We prove
tight bounds on the performance of randomized memoryless algorithms for this problem on
uniform metric spaces. We first prove that there is an ag-competitive memoryless algorithm
for this problem, where o, = aj | + 3ag—1 + 1; @1 = 1. We complement this result by
proving that no randomized memoryless algorithm can have a competitive ratio better than
L.

To prove the upper bound of aj, we develop a framework to bound from above the
competitive ratio of any randomized memoryless algorithm for this problem. The key tech-
nical contribution is a method for working with potential functions defined implicitly as the
solution of a linear system. The result is robust in the sense that a small change in the
probabilities used by the algorithm results in a small change in the upper bound on the
competitive ratio. The above result has two important implications. Firstly, this yields an
ag-competitive memoryless algorithm for the weighted k-server problem on uniform spaces.
This is the first competitive algorithm for £ > 2, which is memoryless. For k = 2, our
algorithm agrees with the one given by Chrobak and Sgall [§]. Secondly, this helps us prove
that the Harmonic algorithm, which chooses probabilities in inverse proportion to weights,
has a competitive ratio of kay.

The only known competitive algorithm for every k before this work is a carefully crafted
deterministic algorithm due to Fiat and Ricklin [I0]. This algorithm uses memory crucially,
and their bound on its competitive ratio is 24° . Our algorithm is not only memoryless, but
also has a considerably improved competitive ratio of o < 1.62". Further, the derandom-
ization technique of Ben-David et al. [B] implies that there exists a deterministic algorithm
for this problem with competitive ratio af < 2.562".

1 Introduction

The k-server problem of Manasse et al. [I4] is, arguably, the most extensively studied problem in
the online setting. The large body of research around this problem is summarized in a beautiful
survey by Koutsoupias [I2]. In this problem, k servers occupy points in a metric space. An
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adversary presents a sequence of requests, each of which is a point in the metric space. To serve
the current request, the algorithm moves one of the servers to the requested point, incurring a
cost equal to the distance traveled by the server. In the online model, an algorithm is required to
serve the current request before the next request is revealed. A (randomized) online algorithm
is said to be c-competitive against an adversary, if it produces a solution, whose (expected) cost
is at most ¢ times the cost of the solution produced by the adversary.

A generalization of the k-server problem, proposed by Fiat and Ricklin [I0], and called the
weighted k-server problem, associates a weight with each server. The cost incurred in moving a
server is equal to the product of its weight and the distance traveled. Introducing weights adds a
new dimension to the k-server problem and presents new challenges. While a (2k—1)-competitive
algorithm is known for the k-server problem [I3], the only competitive algorithms known for
the weighted k-server problem are for uniform spaces [I0], and for £ = 2 [I6]. On uniform
spaces, this problem models caching with different types of caches, each having a different page
replacement cost. Fiat and Ricklin [I0] point out the practical significance of such caches in
optimizing both the overall write time, as well as the chip area occupied.

A randomized algorithm for the weighted k-server problem is said to be memoryless if its
behavior on a request is completely determined by the pairwise distances between the k points
occupied by its servers and the requested point. In other words, a memoryless algorithm for the
weighted k-server problem with a given set of weights is specified by a function, which maps the
(k;rl) distances to a probability distribution on the servers. In particular, on uniform metric
spaces, a memoryless algorithm is completely specified by a probability distribution p on the
servers, where p; is the probability by which the i** server is shifted to the requested point, if
that point is not already occupied by some server. The Harmonic algorithm is a memoryless
algorithm, which moves the servers with probabilities inversely proportional to their weights.

For online problems modeling certain practical problems like caching, it is imperative that
decisions are taken instantaneously. Ideally, we would like the algorithm to be memoryless. For
the k-server problem, the Harmonic algorithm is known to be O(k2F)-competitive on any metric
space [II] M]. Additionally, Coppersmith et al. [@] proved that on resistive metric spaces, there
exists a k-competitive memoryless algorithm, in which the probabilities of moving the servers
are determined by the resistive inverse of the metric space. It hence came as a surprise when
Chrobak and Sgall [§] proved that no memoryless algorithm with a finite competitive ratio exists,
even for the weighted 2-server problem on the line metric (which is, in fact, resistive). Among
other nice results in the same paper, Chrobak and Sgall [§] give the only known competitive
memoryless algorithm for uniform spaces: a 5-competitive algorithm for 2 servers, which they
prove is optimal. We generalize their bounds and prove the following theorems.

Theorem 1. For every k, there exists an ay-competitive memoryless algorithm for the weighted
k-server problem on uniform metric spaces against an online adaptive adversary, where
satisfies the recurrence: oy = ai_l +3ai_1+1 fork>1, and oy = 1.

Theorem 2. There does not exist a memoryless algorithm for the weighted k-server problem on
uniform metric spaces with competitive ratio less than oy, for any k, against an online adaptive
adversary.



In order to establish Theorem [I, we prove a more general result. Given server weights
B = (P1,.-.,B%k), and a probability distribution p on the servers used by an algorithm, we derive
an upper bound &(8,p) on the competitive ratio, as a function of 8 and p. Given 3, we use
this result to identify a probability distribution p, such that the competitive ratio is at most
ag. As a by-product of this more general result, we also derive that the Harmonic algorithm is
(kay)-competitive, for any (3, against an online adaptive adversary. For k = 2, we get ag = 5,
and our result matches that of Chrobak and Sgall [g].

Towards proving Theorem [2, we first prove that the upper bound of &(f,p) is tight. Specif-
ically, we prove that if the separation min; 8;11/5; between the weights is sufficiently large,
then there exists an online adaptive adversary, which forces the algorithm using the probability
distribution p to perform almost &(f8,p) times worse. It is interesting to note that we leverage
the machinery developed to prove the upper bound, to prove this lower bound too; we use the
same potentials in a different avatar. We then prove that with weights 1,7,72,... 771, for a
sufficiently large r, inf, &(8, p) can be forced to be arbitrarily close to ay.

The main difficulty in analyzing algorithms for this problem stems from the inability to
describe suitable potential functions explicitly. We formulate a set of linear inequalities that
the potentials must satisfy, where the co-efficients involved in the inequalities depend on the
probabilities and the weights. This by itself has been done before; see for example [B]. However,
the rest of the work is very different. We then show that the point, at which a certain carefully
chosen subset of the linear inequalities is tight, is feasible. Our work indicates that the potentials
given by this point are complicated rational functions of the probabilities and weights, and
describing them seems hopeless, even for kK = 4. Our key technical contribution is a framework
to work with potential functions defined implicitly, as the solution of a linear system.

Theorem [1] also has the following consequence. Together with the derandomization result
by Ben-David et al. [0, it implies the existence of a deterministic algorithm, for the weighted
k-server problem on uniform spaces, with competitive ratio ai. It can be easily proved that
ap < 1.6%° and thus, we have an upper bound of 2.562". This is significantly better than the
earlier bound on the deterministic competitive ratio by Fiat and Ricklin [I0], which was more
than 24"

2 Preliminaries and Techniques

Let 8 = (f51,...,08k) be the weights of the servers in an instance of the weighted k-server
problem. Consider a memoryless algorithm that, in response to a request on a point not already

 gerver with probability p;. We derive an upper bound on

occupied by a server, moves the ¢
its competitive ratio, as a function of 5 and p = (p1,...,pr). Note that whenever a point not

occupied by the algorithm’s servers is requested, the expected cost incurred by the algorithm is
k

> j—1DPibj-

2.1 Potential functions

In this paper, we design algorithms against an online adaptive adversary [B]. An online adaptive
adversary observes the behavior of the algorithm on the previous requests, generates the next



request, and immediately serves it. The traditional method for analyzing an online algorithm
is to associate a potential with each state, determined by the positions of the adversary’s and

algorithm’s servers, such that

1. When the adversary moves, the increase in the potential is at most « times the cost

incurred by it.

2. When the algorithm moves, the decrease in the potential is at least as much as the cost
incurred by the algorithm.

We think of each request being first served by the adversary, and then by the algorithm. A
standard telescoping argument implies that the competitive ratio is then bounded from above
by a.

In our case, we define the states as follows. At any point of time, let a; (resp. s;) denote

*h gerver. We identify our state with the

the position of the adversary’s (resp. algorithm’s) 4
set S ={i | a; = s;} C [k]. We denote by ¢g the potential we associate with state S. We
assume, without loss of generality, that the adversary never requests a point occupied by one
of algorithm’s servers, and that the adversary moves its servers only to serve requests. Suppose
that at some point of time the state is S, and the adversary moves its i** server, incurring a cost
Bi. If i ¢ S, then the state does not change, while if 7 € S the state changes to S\ {i}. In order

to prove a-competitiveness it is sufficient to have potentials satisfying
bs\(iy — ¢s < Bi - o for every S and i € S (1)

Suppose that the current state is S, and it is the algorithm’s turn to serve the request.
The request must be a; for some i ¢ S. If the algorithm moves its i*" server, the new state is
S U {i}. This happens with probability p;, and the decrease in potential is ¢g — bsugiy- Else if
the algorithm moves its j™ server for some j € S, the new state is S\ {j}. This happens with

probability p;, and the decrease in potential is ¢g — ¢g\ ;1. Finally, if the algorithm moves its

“th

J
We want the expected decrease in potential to be at least the expected cost incurred by the

server for some j ¢ S and j # i, there is no change in the state, and hence the potential.

algorithm. Thus, we need

k
pi(ds — dsugy) — D pilds\jy — ¢s) = Y p;B; for every S and i ¢ S (2)
j=1

j€S
2.2 A Linear Program and a choice of an Extreme Point

Among the set of potentials ¢g, for each S C [k], satisfying (2)), we wish to pick one to minimize
o, which is bounded from below due to (I). The conditions (2) define a polyhedron in R2*. Note
that the right hand side of each constraint in (2) is constant. We assume that ¢y, the potential
of the empty set, is 0.

To simplify calculations and to facilitate an inductive approach, we introduce, with foresight,
a change of variables. Let us replace the variables (¢s)gcx) by the variables (¢g)scr) such that
os = —(Z?Zl PiBj)es. With this substitution, we have the following optimization problem.



Minimize « subject to

For every S and i € S,

k
PS — PS\{i
ijﬁj TS\{} <o (3)
j=1 ‘
For every S and i ¢ S,
pi (esugiy — ©s) — ij (s —es\p3) =1 4)
JjES
¢p =0 (5)

Note that the objective value of this problem does not change when all the p;’s are scaled by
a positive constant, and the feasible space merely gets scaled by the inverse of that constant.
Henceforth, for convenience, we will ignore the fact that pi,...,pr sum to 1. We may think
of p1,...,pr as the relative frequencies of moving the respective servers, and therefore, the
algorithm moves the "™ server with probability p;/ (Zle Pj)-

Our task is to establish the existence of one feasible point of the linear program given by
3), (), (5) with the required bound on the competitive ratio. Recall that linear programming
theory says the optimum must be attained at an extreme point. We guess a subset of 2% linearly
independent constraints among (4)) which will be satisfied with equality. This forms the implicit
description of the potentials. Assume without loss of generality, that py > --- > pg. Let
vs = ps(p) for all S be the solution of the following linear system of equations:

pi (Psugiy — ©s) — Y _pi (s — ps\jy) =1 (6)
Jj€eS
for every S # [k] and ¢: the smallest integer not in S, assuming ¢y = ¢y(p) = 0. Let a(p) =
mMaxg ;cs (Z?le]ﬂj) W. We need to prove that the quantities pg(p), as defined
above, constitute a feasible point, that is, satisfy all the remaining constraints in (4). We will
then prove an upper bound on the value of the objective function «a(p).

2.3 Checking Feasibility: The Gauss-Seidel Trick

The naive way to check feasibility is to determine each ¢g(-) explicitly, substitute in (4)), and
verify that the constraints are satisfied for every p. However, these functions tend to be more
and more complicated as k grows, and it is hopeless to find the closed form expressions, even
when k = 4. We therefore resort to the following indirect way.

Suppose we want to prove that the solution z* € R™ of the system Az = b satisfies ¢ z* < d.
The Gauss-Seidel iterative procedure in numerical computation to compute z* is as follows.
Write A as L, + U, where L, consists of the diagonal and the lower triangular part of A, and U
consists of the upper triangular part. Choose an initial point z°, and for i going from 1 to oo,
calculate 2° = L7 (b—Uz'~!). In other words, in every iteration, the j* coordinate is computed
using the j™ equality in the system Ax = b, and the latest values of other coordinates. The
coordinates are computed in a fixed order in all iterations. Under certain sufficiency conditions
on A, which imply that L* is invertible, the sequence (z%) converges to x*.



Our technique for proving ¢’ z* < d is as follows. With a suitable choice of the initial point
20, we prove that ¢'z% < d, and that for all i, ¢"2'~! < d implies ¢' 2° < d. This proves that
the entire sequence (z?) satisfies the constraint ¢’z < d. Further, since the constraint defines a
closed subset of R"™, the limit point x* also satisfies the constraint. We will call this trick the
Gauss-Seidel trick for feasibility checking.

Two sufficient conditions for the Gauss-Seidel iterations to converge are that the system be
strictly diagonally dominated, or irreducibly diagonally dominated!! In our case, the system
given by (6) is diagonally dominated, but it is neither strictly diagonally dominated, nor irre-
ducibly diagonally dominated. Hence, the Gauss-Seidel trick does not apply directly. To deal
with this and other minor technical issues, we will define pg inductively, using certain other
functions fg of the probabilities. For a fixed probability distribution, these functions fg will be
the solutions of a strictly diagonally dominated linear system. We will use the Gauss-Seidel trick

to prove certain linear inequalities involving these functions, which will imply the inequalities
in (4).

3 Proof of the Upper Bound

3.1 Defining the Potentials

Let R(X) = R(X1, X2, ...) denote the field of rational expressions over the countably infinite set
of indeterminates { X1, X»,...}. Recall that any element of this field is a ratio of a multivariate
polynomial to another non-zero multivariate polynomial. By definition, a polynomial is a real
combination of finitely many monomials. Hence, any rational expression in R(X) involves only
finitely many indeterminates. Given any ¢ € R(X), let n be the largest integer such that X,
appears in @. Then for ¢ = (q1,q2, - - ., ¢m), the evaluation p(gq) € R for the substitution X; = ¢;
is well defined, as long as m > n and the denominator of ¢ does not vanish at q.

We will now formally define the functions pg € R(X), one for each finite subset S C N.
If n is the largest integer in S, then the rational expression pg will involve the indeterminates
X1,...,X, only, and its evaluation will be well defined in the open positive orthant of R™.

For a finite S C N and ¢ € S, define the rational function Ig\{i} € R(X) to be X;(ps—9s\{i})-
The function g is to be thought of as an electric potential applied at S, with the sets S and
S\ {i} connected by a conductance X;. Therefore Ig\{i} can be viewed as the current flowing
from S to S\ {i}. Note that the potentials and currents will satisfy the Kirchhoff’s voltage law
but not the current law.

We define pg by induction on the largest integer n in S. ¢y is defined to be identically zero.
Having defined o7 for each T' C [n — 1] (and hence, I{Z:H\{j} for each j € [n — 1)), for S C [n]
such that n € S, we define

S = Ps\{n} + % (7)

"http://en.wikipedia.org/wiki/Gauss-Seidel_method
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where the rational functions fg € R(X) satisfy the following equations.

=1+ ZI{Z o (8)

and for S # [n], with ¢ < n, the smallest integer not in .S,

Xi+ ZX]' Is = Xifsupy + Z Xj s\ 9)
JjES JjeS\{n}

We claim that the linear system given by the equations (9) and (8) in the variables {fg | S C
[n], n € S} has a unique solution in R(X). To see this, substitute arbitrary positive values
for Xi,...,X,, and observe that the coefficient matrix is strictly diagonally dominant. This
ensures that the determinant of the coefficient matrix is not identically zero. Furthermore, this
also guarantees that the evaluation fg(p) is well defined, for p = (p1...,pn) € (Rsg)™. Moreover,

the Gauss-Seidel procedure converges to the solution when started from any point.
It will be useful to have an expression for the currents in terms of the functions fg, which

we derive next. First, note that IS\{"} fs. Further, for i € S, i < n we have

1 = X (s — esvay)

fs Fs\tiy
= Xi[(@g\{n}JrX—n) <905\{m}+ X,

X;
= X; (0s\(n} — s\ {im}) + X, (fs — fs\qi1)

S\{i,n
= Is&n}}JrX (fs = fs\iip) (10)

We note the following facts, which can be easily proved by induction. For any constant ¢ € R,
1. ps(eX) = p(cXy,cXs,...) = ps(X)/ec.
2. Ig\{i}(cX) = Ig\{i}(X). In particular, fg(cX) = fs(X).

While (7), (8), (9) may be taken as an independent definition, we will now show that this
definition of pg coincides with the equation (6)) in Section 2.2l

Lemma 1. Let S be a finite subset of N and let © be the smallest integer not in S. Then

Xi (psoqy —9s) =1+ ) _ X (vs — es\iip)

JjeS

or equivalently
s _ S\{7}
Lo =1+ 15"

JjeS
Proof. The claim is true for S = (3, since I?l} = fii) = 1, by equation (8). We prove by induction
on the largest integer n in S. First, consider the case when S = [n]. Then ¢ = n + 1, and we
have I3 Sufiy = = fingy =1+ S I[n \{] } , where the second equality is given by equation (8)). In

J=1"[n]
particular, the claim holds for n = 1.



Now for the inductive step, assume n > 1, and S C [n]. Hence, i < n. We have from
equation (10)
S S\{n X;
Tou = ISL\J{{if\{n} X (fsugiy — fs) (11)

But i is also the smallest integer not in S\ {n}, and by the induction hypothesis, we have

S\(n} S\ (i}
Lot =1+ Do T
jeS\{n}

Further, rearranging equation (9), we get

Xi (fsopy — fs) = Xnfs+ > X (fs — fauiy)

jeS\{n}

Substituting in equation (I1)), and again using equation (I0)), we get

s _ S\{in} | Xj _ L rS\n} S\{j} _ S\{j}
oo = s+ ) [IS\{iL} + X—](fs - fS\{j})] =4I Y Y =14y IV
j€S\{n} " j€S\{n} j€s

O

Remark. The definitions of the rational functions pg, Igu e fs are all independent of &, the
number of servers under consideration. However, in the analysis of the weighted k-server prob-
lem, the potential function is to be defined for sets S C [k] only. Hence, we use the functions
©S, Igu{z‘}’ fs for S C [k] and i < k only. These involve the indeterminates X7, ..., Xy only.
For a randomized memoryless algorithm, given by a probability distribution p = (p1,...,pg) on
the servers, we evaluate these functions by the substitution X; = p;, and use the evaluations in

our analysis.

3.2 Proving Feasibility

Towards proving Theorem [I, our first goal is to prove that the potentials satisfy the constraints
given by (4). Towards this, we first prove suitable inequalities involving the evaluations fs(p),
and then use induction and (10). The inequalities that we need are given by the following
lemma, which essentially says that the quantity p; ( fsugiy(p) — fg(p)) is monotone with respect
to 4, for a fixed S and p.

Lemma 2. Let S C [n] be a set containing n. Suppose p = (p1,...,pn) with py > -+ > p, > 0.
Then for any i,i' ¢ S, i < i’ < n, we have

pi (fsuriy(p) — fs(p)) < pir (fsug (p) — fs(p))

The proof of this lemma is the technical heart of the upper bound. It is in this proof that we
use the Gauss-Seidel trick. We prove that the claim is true after every iteration of the Gauss-
Seidel procedure, when started from an appropriately chosen point. This lemma enables us to
prove the following current monotonicity property.



Lemma 3 (Monotonicity of currents). Let S be a finite subset of N, i,5 ¢ S, i < j and
SU{i,j} C [n]. Suppose p = (p1,...,pn) with py > --- > p, > 0. Then we have

Igu{z‘} (p) < Igu{j} (p)

We defer the proofs of the above two claims to the Appendix. The following feasibility
lemma, which states that the constraints (4]) are satisfied, is immediate from Lemmas [Il and Bl

Lemma 4 (Feasibility). Let S be a finite subset of N, i ¢ S, and S U {i} C [n]. Suppose
p=(p1,-..,Pn) withpy > -+ > p, > 0. Then we have

pi (esugi(®) — 0s(P)) = 14> p; (es(p) — vs\ij3 (0))
jeSs

or equivalently

o
IS, () = 1+ Y 15V (p)
jES

with equality if i is the smallest integer not in S.

3.3 Bounding the Objective Function

Recall that in Section 2.2] we mentioned that the randomized memoryless algorithm, which uses
the probability distribution p = (p1,...,pg) with p1 > -+ > py, for server weights (1, ..., S,

has a competitive ratio bounded by

k k S\{i}
ps(P) —ps\i3(0) I (p)
2 g = |l e
J=1 J=1
Given S, ..., Bk, we would like to choose a probability distribution p that minimizes this. How

this can be done is unclear due to the presence of the rational function Ig\{i}. However, we will
show that each current Ig\{z} (p) is bounded from above by constants (which depend on S and
i but not on p). Towards proving this, the key property we need is that for any p, S +— pg(p)

is a supermodular set function.
Lemma 5 (Supermodularity). Let S be a finite subset of N, i,5 ¢ S, and S U {i,j} C [n].
Suppose p = (p1,...,pn) with py > -+ > p, > 0. Then we have
Psugiy(P) + esug(P) < @sugi(P) + s (p)
Thus for any fized p, the function mapping a set S to ps(p) is supermodular, and we have

1501 (0) = pi (P50 () — 251 (9) < i (250 (0) — 0s(p) = T8, ()

whenever 8" C S C[n] and i € [n]\ S.

We defer the proof to the Appendix. As mentioned earlier, this lemma enables us to prove
that each current is bounded from above by a constant independent of p. We will define one
such constant for each finite subset of N, by induction on the following enumeration of the finite

subsets of N, called the colex order.



Definition 1. Let S and T be finite subsets of N. We say that S precedes T in the colex order
if there exists ¢ € T'\ S such that S and T agree on membership of integers greater than i.

For example, the first few sets in the colex order are 0, {1}, {2}, {1,2}, {3}, {1,3}, {2,3},
{1,2,3}, etc. Given a set S, the next set is obtained by the including ¢, the smallest number
not in S, and removing all the numbers 1,...,7 — 1 from S. Similarly, the set just before S is
obtained by removing from S the smallest number j in it, and putting in all the smaller numbers
1,...,5—1. We will refer to the colex order in the forthcoming inductive definitions and proofs.

Definition 2. For each finite S C N define Cg using the following recurrence. Cj = 1 and if
S # (), then Cg =1+ Zjes Cs\gj1upj—1)- For each n € N define o, as o, = a2 | +3an-1+1,
where oy = 0.

Note that the above definition is valid because S\ {j}U[j — 1] precedes S in the colex order,
for any j € S. The bounds on the currents are given by the following lemma.

Lemma 6 (Boundedness of currents). For every finite set S C [n]| and for all p = (p1,...,pn)
with p1 > -+ > p, >0, ISU{Z}( p) < Cg, where i is the smallest integer not in S.

Proof. We induct on the position of S in the colex order. For the base case, when S = () and
1 = 1, we have I?l}(p) = fry(p) = 1 = Cy for all p, by equation (8). For the inductive case,
assume that the claim holds for all finite subsets of N which precede a set S in the colex order.

Let ¢ be the smallest integer not in S. Then by Lemma [1, we have
S\{J S 1
L) =1+ > 1) <14 310 ) <143 Covgyuy -y = Cs
jeSs jeSs jeSs

where the first inequality is due to supermodularity (Lemma [5)), and the second is by the
induction hypothesis, since the smallest integer not in S\ {j} U[j — 1] is j. O

Our final ingredients towards the proof of Theorem [1] are the following two lemmas relating

the quantities from Definition 2L

Lemma 7. For finite subsets S, T of N, if S precedes T in the colex order, then Cg < Cr. In
particular for any n, C[n}\{n} < C[n]\{n—l} <0 < C[n]\{g} < C[n]\{l}-

Proof. 1t is sufficient to prove C's < Cr when S is the set immediately preceding 7" in the colex
order, that is, S = T\ {i} U [i — 1], where ¢ is the smallest integer in 7. But by Definition [2]
we immediately have Cs = Cp\ gi3upi—1) < Or. Further for i < j < n, since [n] \ {j} precedes
[n] \ {i} in the colex order, we have Cpu\ (1 < C\{i}- O

Lemma 8. For everyn € N, oy, = 3701 Cpp\ 5y = Cl) —

Proof. We prove the claim by induction on n, noting that the claim holds for n = 0. Let
n > 1 and assume Cp,_j) = a,—1 + 1. For any S C [n] containing n, we first prove Cs =
(an-1+2)Cg\(n}, by induction on the position of S in the colex order.

In the colex order, the first subset of [n] containing n is {n}. For S = {n}, we have from

Definition 2| and by induction on n,

Ciny =14+ Clpqy =2+ ap—1 = (an—1+2)Cy

10



For an arbitrary S C [n] containing n, we have from Definition 2 and by induction on 7,

Cs =1+ Co\jyu- =1+ Chy+ D, Cs\giup—1 = an-1+2+ > Co\giup-
Jjes JjeS\{n} J€S\{n}

Since S\ {j} U [j — 1] precedes S in the colex order, Cs\ (j3uj—1] = (an—1 + 2)Cs\{jnjupj—1]-
Thus,

Cs = an1+2+(an1+2) Y. Co\ymuy-1
jeS\{n}

= (ap-1+2) |1+ Z Cs\jmuji-1 | = (@n—1+2)Cs\(n}
JjeS\{n}

This proves Cs = (an—1 + 2)Cg\(n}, for all S C [n] containing n. In particular, we have
Cin) = (an—1 + 2)C},—y). Again, by induction on n and from Definition 2, we have

C[n] = (Oén,1 + 2)(0[”,1 + 1) = ai_l + 3an71 + 2 — an, + 1

3.4 Proof of Theorem [1

We now show how the above lemmas imply Theorem [I. First, we prove an upper bound on the
competitive ratio achieved by the probability distribution p = (p1,. .., px), when the weights are

B, B

Theorem 3. Consider an instance of the weighted k-server problem with weights B1,. .., Bk,
and a randomized memoryless algorithm which moves the i™ server with a probability p;, where
p1 > -+ > p. Then the competitive ratio of this algorithm against an adaptive online adversary
is at most &(f3,p), where

I[Z}\{i} (p)

k

- (k]

a(B,p) = E B; | max ———
(B,p) j:1pjﬁj iclk]  pibi

Proof. Lemma [4] assures that the constraints (4]) hold. To satisfy the set of constraints given by

(3), we choose

k
_ vs(p) — ps\1i} (P)
o\t )T
Due to the supermodularity property from Lemma [5, the maximum is attained for S = [k].
Thus we have
k k I[k}\{i}( )
P (P) — iy (P) K P
o= pifB; | max = pifB; | max ——
j; 7 ielk] Bi ; TV ek piBs

11



With Theorem [3| in place, we are ready to prove Theorem [IL

Proof of Theorem [1. Let 31,..., B be the weights of the servers, and assume £y < --- < S,
without loss of generality. The required memoryless algorithm behaves as follows. Let p; =
Cl\giy/Bi for all 4. On receiving a request which is not covered by any server, the algorithm
serves it with the " server with probability p;/P, where P = 2?21 pj. By Lemma [7 and our
assumption: 1 < --- < B, we have p; > ... > pr. Thus, we can apply Theorem [3] and hence,
the competitive ratio of our algorithm is at most
k k
Zk: ; {k}\{ }( ) ZC I% }\{z}(p) 3
pipi | max ————— k] max —— < g

- iP5 ) e piB; (KN\{7} iettl Clapjay

where the last inequality follows from Lemma 8, and Lemma 6. Note that since the currents are

invariant under scaling of p, so is @(f,p), and hence, P can be ignored. O

Corollary 1 (to Theorem [3). The Harmonic algorithm for the weighted k-server problem on

uniform spaces has a competitive ratio of kay against an online adaptive adversary.

Proof. The probabilities for the Harmonic algorithm are given by p; = (1/5;)/ Z?Zl(l/ Bj)-
Therefore, 1/(p;f5;) = Zle(l/ﬁj) for all 4. Also, Z?lejﬁj =k/ Z?Zl(l/ﬁj). By Theorem 3
the competitive ratio is given by
: L") () :
k
— 3. = k. 1 <k- Cunn < k- Chungin =k
@ ZPJBJ Ilrel?]f]( i rzrelz[ag}( [K] (p) Ilrel?lf]( [KN\{i} = ; (KI\{i} = "%

O

4 Proof of the Lower Bound

In this section, we show that it is not possible to improve the upper bound of «a; on the
competitive ratio of randomized memoryless algorithms for the weighted k-server problem, on
uniform spaces. We will exhibit costs [ such that, irrespective of the probability distribution
chosen by an algorithm, an adversary can force a competitive ratio approaching .

4.1 Constructing Adversaries

As a first step towards proving Theorem [2, we prove that Theorem [3| is essentially tight. For
an algorithm which uses probabilities p = (p1,...,pr) when the weights are § = (81,...,0%),
we prove a lower bound on the competitive ratio, which goes arbitrarily close to &(f,p), as the
separation between the weights grows unbounded.

Fix f; < --- < By, the weights of the servers, and let s = maxj<;<x 5;/fi+1. Fix some online
algorithm. For each ¢ € [k], we define an adversary A;, who gives requests from a uniform metric
space with 2k + 1 points. As before, at any point of time let a; (resp. s;) denote the position of
the adversary’s (resp. algorithm’s) "™ server. The adversary maintains the following invariant

whenever it gives a request.

a; # sj for all i < j; i,j € [k] and a;’s are all distinct. (12)

12



The strategy of the adversary Ay is the following.

1. If a; = s; for all i € [k], then move the ™ server to a point not occupied by any of the 2k

servers, (in other words different from a; and s; for all i), and request that point.

2. Else, find the smallest i such that a; # s;. (Invariant (12)) ensures that a; is not occupied

by the algorithm.) Request a;.

3. If invariant (12) is violated for some i, j after the algorithm serves the request, then move
the ™" server to a point not occupied by any of the 2k servers.

Note that ¢ plays a role only in step [1, and that the adversary pays only in steps [1l and [3l
Let ADV and ADV’ denote the total cost paid by the adversary in steps [Il and [3| respectively,
and let ALG be the (expected) total cost paid by the online algorithm. The following lemma is

immediate.

Lemma 9. ALG > ADV'/s.

sth

Proof. Every time the adversary executes step 3l and moves its i*" server out of a point, the

sth

algorithm must have moved its j** server, for some j > 4, to that point from elsewhere. Thus,

the algorithm paid f; > 3;/s, whereas the adversary pays ;. O

Note that the above lemma holds even if the algorithm is not memoryless. Now the next
two claims assume that the algorithm is memoryless, and prove lower bounds on its competitive
ratio. Fix a randomized memoryless algorithm, which moves the 7" server with probability p;,

whenever there is no server on the requested point.

Theorem 4. Let t € [k] be such that

TN} TN}
[k (p ) [k] ()

k
p;iBj | max ———— piBi | ————
jZ:; . iclk] pZ/BZ Z I ptﬁt

(in other words, i = t achieves the maximum). Then the competitive ratio of the algorithm

against Ay is at least &(5,p)/(1 + s&(B,p)).

Proof. We prove ALG > &(B8,p)ADV. The theorem follows from this and Lemma [9, since
the total cost paid by the adversary is ADV + ADV’. As before, at any point of time let
S ={i]| a = s} C [k], and S will denote the state of the system. We will again assign a

potential to each state, but this time we will ensure the following.

1. When the adversary A; moves its t™ server in step [I, the increase in potential is at least

d(ﬁ’p) 'Bt-

2. When the algorithm is moves a server, the expected decrease in potential is at most the
expected cost paid by the algorithm.

13



Note that when the adversary moves its servers in step [3/to ensure a; # s; for all 7 < j, the state
remains the same. Thus, the above two statements imply ALG > &(8,p)ADV . Interestingly,
the potentials that we assign to the states here are same as those that we assigned in the proof
of the upper bound. That is, ¢g = —(Zle p;iBj)es(p). Note however, that we have not made
any assumption about whether p is a non-decreasing sequence.

Consider the situation when the adversary incurs a cost of 5, in step [1. Since a; = s; for all
i, the state is [k]. The state after the move is [k] \ {t}, and the change in potential is

1 )

Plp{ey — 9| Zpﬁz (e (P) = P\ (P ijﬁa = a(B,p) - B

bt

Now, consider the algorithm’s move in response to a request, when the system is in state
S C [k]. Let i be the smallest integer not in S. By step [2 of the adversary, the next request is
a;, and this point is not occupied by any of the algorithm’s servers. Hence, the algorithm must

incur a cost Zle pjfB; in expectation. The expected change in potential is

pi (dsupiy — 9s) + ij (6s\(53 — ¢5)

JjeSs

k
= — | Y _piBi | | pi (esugn () = " pj (esp) — s\ ()
j=1

JES

k
= = »if
j=1
where the last equality follows from Lemma [I. Thus, we have proved ALG > &(8,p)ADV. O

Since 1 < -+ < Bk, we expect a reasonable algorithm to choose probabilities p; > --- > pg,
at least when the ratio §;1/0; is sufficiently large for all i. We prove the next lemma in order to
rule out the possibility of a “counter-intuitive” algorithm being competitive, where the algorithm

always chooses p; > p; for some j > 4, no matter how large /3;/0; is.

Lemma 10. For any i € [k|, the competitive ratio of the algorithm against A; is at least
%i(B,p)/(1 + s7i(B,p)), where ~;(8,p) = (22?:1 pjﬁj) /PiBi-
Proof. Analogous to Theorem 4] it is sufficient to prove ALG > ~;(8,p)ADV. Say that a new

phase begins whenever a; = s; for all j € [k]. We prove that in every phase the change in
ALG is at least v;(8,p) times the change in ADV. Observe that the i™ server of the algorithm
must move at least once in every phase. Suppose this happens for the first time on the m™
request. Then m is a geometrically distributed random variable with parameter p; and hence
E[m] = 1/p;.

For each of the first m—1 requests, the algorithm does not move its i*" server, and moves its j
server with probability p;/(1—p;), for j # i. Hence the algorithm pays <Zje[k}\{i} pjﬁj) /(1—p;)
in expectation on each of the first m — 1 requests, and §; on the m' one. The total expected

sth

cost paid on the first m requests, conditioned on m, is

2 etk iy Pifi

m—1) x
( ) -

+ Bi
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Thus, the expected cost paid by the algorithm in a phase, until it moves its i** server for the

first time, is given by

E|(m—1) x Zje[k}\{i}pjﬂj +8| = Epm-1]x Zje[k}\{i}pjﬂj + 5
1—pi 1—p;
_ <l _ 1> | 2ielni i 4
Di 1—p;
Z' i P B
JERN i} FI7 iy
2
> icim PiBi
= % =i(8.p) x Bi

This is a lower bound on the change in ALG in a phase. Further, step [1l of the adversary A;
is executed exactly once in a phase, and hence, ADV increases by exactly §; in every phase.
Thus, we have proved ALG > v;(3,p)ADV'. O

4.2 Proof of Theorem (2

ﬁ%&?m can be forced

to be arbitrarily close to oy, where s = max;<;<j fi/Bi+1, with a suitably chosen 3. Let the

With Theorem 4! in place, proving Theorem [2] reduces to proving that

weights of the servers, parameterized by r > 1, be given by 3;(r) = r*~!. Consider a randomized
memoryless algorithm with a bounded competitive ratio, which chooses a probability distribution
p(r) for the weights §(r). If limsup,_,., pj(r)/pi(r) = § > 0 for some i < j, then there exist
arbitrarily large r such that p;(r)/p;(r) > 0. Then by Lemma (10, the adversary A; forces an
unbounded lower bound on the competitive ratio, which is a contradiction. Thus, we must have
limsup,_,, p;(r)/pi(r) = 0, and since p;(r)/p;(r) > 0, we have

lim 22 (r)

=0foralli<y;ijelk 13
i 2 W (13)

Thus, for a sufficiently large r, we must have py(r) > -+ > pi(r). As a consequence of the next
lemma, we prove that the supermodularity inequalities, that we applied in the proof of Lemma

6, are all tight in the limit as » — oo.

Lemma 11. Let S C [k] and i be the smallest integer not in S. Suppose j ¢ S and i < j < k.
. Su{i

Then lim, o [ISU};}j}(p(r)) ~13 {j}(p(r))] —0.

Proof. On one hand we have

Psue) (P(r)) = @s(p(r) = [psugigy(p(r) = esuia (p(r)] + [wsup (p(r) = @s(p(r))]
_ T 00) | By
pj(’l") pi(r)

On the other hand

osuin(P(r) — esp(r)) = [@Su{i,j}(p(r)) — (Psu{j}(p(r))] + [<Psu{j}(p(7“)) - 905‘(]9(7“))]
Lo () T8, ()
+
pi(r) p;(r)
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Thus

Lo Bp®r) L0000 | B er)
pj(r) pi(r) a pi(r) p;(r)
00000 - Bo o) = 240 I8 00) - K ()

Taking limits as » — oo, noting that currents are bounded (Lemma [6), and using (13)), we get
the required result. O

By repeatedly applying the above lemma, we have for any S C [k] and j ¢ S,

tim (L300 p(r) = T, ()] =0

r—00

or in other words, for S C [k] and j € S
S\l S\{j
Jim IR0 ~ 13 ()] = 0 (14)

Recall that in Lemma[6, we proved that if ¢ is the smallest integer not in S, then Igu (i} (p) <
Cg for any non-increasing p, where the constant C's was given by Definition 2. We will now
prove that as r goes to oo, Igu{i}(p(r)) approaches Cg.

Lemma 12. For any S C [k], let i be the smallest integer not in S. Then lim,_, Igu{i}(p(r)) =
Cs.

Proof. We again prove the statement by induction on the position of .S in the colex order given
by Definition [I. For the base case, when S = () we indeed have I{l}( p(r)) =1=Cy for all r.
For the inductive case, assume the claim holds for all finite subsets of N which precede a set
S in the colex order. Let ¢ be the smallest integer not in S. Then we have
. S\{Jj —1
lim I3, (p(r) = 1+ lim () = 1+ z;rlggolsﬁ[j}ﬂj {w(r)
€

T—00 r—00
Jj€eS

= 14+ Cs\yjyug-1 = Cs
jeSs

where the first equality is by Lemma [T, second due to (I4]), third by induction hypothesis, since
the smallest integer not in S\ {j} U[j — 1] is 7, and the fourth by Definition 2 O

Proof of Theorem [2. We have

1 ()

ielk pi(r)Bi(r)

S M ()

liminf &(B(r),p(r)) = liminf

r—00 r—00

> liminf (r)B;(r) | x
e\ = ’ S pi(r)Bi(r)
k 8 ' k
= hﬂ?ﬁ.}f; 1 Y ee) = Z; Ci\(iy = (15)



where the penultimate equality is given by Lemma [12, and the last one by Lemma [8. Thus,

liminf a( (r), p(r)) = liminf

e T S (o) Y <m+l>: [hiiiﬂp (W*lﬂ

1 17!
> |limsup —————— + limsup —} > ay
[ roo &(B(r),p(r))  roeo T

where the first inequality follows from sub-additivity of the lim sup operator, and the last in-
equality from (I5). Thus, for any € > 0, there exists an R such that for all » > R, we have

a(p(r),p(r))
L+ a(B(r),p(r))/r

Using Theorem 4 with s = maxj<j<k 5i(r)/Bi+1(r) = 1/r, we conclude that the competitive

> —€

ratio of the algorithm is no less than ay. O

5 Concluding Remarks

We have proved that there exists a competitive memoryless algorithm for the weighted k-server
problem on uniform metric spaces. This is in contrast to the line metric, which does not
admit a competitive memoryless algorithm, even with two servers. The competitive ratio ay,
that we establish, is given by a; = O‘zq + 3ai_1 + 1. We can bound «y, as follows. We have
2 = (p_142)2—(p_142)+1 < (ap_142)%. Therefore, ap+2 < (+2)2"" = [(u+2)2 "%
for any t < k. For t = 4, one can verify that (oy + 2)2% < 1.6, and hence o < 1.62k, as
promised in the introduction. We have also proved that a4 is the best possible competitive ratio
of memoryless algorithms for the weighted k-server problem on uniform metric spaces. With
this, we settle the problem completely.

The immediate increment to our results would perhaps be to determine whether there exists
a competitive memoryless algorithm for the weighted server problem on star metrics. This
problem translates to having a weight ; for the i** cache location, and a cost ¢; with each page
t; the overall cost of replacing page ¢ by page ¢’ at the i™ cache location being §;(c; + ¢p). It
would be interesting to see whether our techniques work on the star metric too.

We improve the upper bound on the deterministic competitive ratio by [I0] for the weighted
server problem on uniform metrics. However, our bound is still doubly exponential, whereas
the lower bound is only exponential in the number of servers. It would be interesting to reduce
this gap. The prime candidate for improving the upper bound is perhaps the (generalized)
work function algorithm, which has been proved to be optimally competitive for the weighted
2-server problem on uniform metrics [§], and which is the best known algorithm for several other
problems [I3] [G].

The introduction of different costs for replacements at different cache locations seems to make
the caching problem notoriously hard. This is certified by the fact that attempts to develop algo-
rithms better than the one by Fiat and Ricklin [I0] have given negligible success even with k& = 3.
For k = 2, Sitters [I6] has shown that the generalized work function algorithm is competitive
for the generalized server problem on arbitrary metrics, which subsumes the weighted 2-server
problem. He has also expressed a possibility of the non-existence of a competitive algorithm
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for kK > 2. All this is in a striking contrast with the problem of weighted caching, where the

pages (points) have costs instead of cache locations (servers). For the weighted caching problem

k-competitive deterministic and O(log k)-competitive randomized algorithms have been discov-
ered [ [H [T I8 2 O], even when the pages have different sizes, matching the respective lower
bounds.
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Appendix

A Proof of Lemma 2

Throughout this section, we assume p = (p1,...,p,) is such that py > --- > p, > 0. In order to
prove Lemma [2, we use the Gauss-Seidel trick on the system given by equations (9) and (8). In

every iteration, we calculate an approximation to fs(p) in decreasing order of |S|. For S C [n]

containing n, we take f2(p) =0 if S # [n] and ffn] (p)=1+ Z;L;ll I%Z:H\{j}(p) for all ¢. Having
obtained f%,*(p) for each such &', and f% (p) for each such S’ D S # [n], we obtain f4(p) using

the following update rule.

pi+ Y pi | f50) = pifsu ) + D pifsin®) (16)

jES j€S\{n}
The system given by equations (9) and (8) becomes strictly diagonally dominant under the
substitution X; = p;, since each p; > 0. Therefore, the approximations converge to the solution
of the system. That is, limy o f5(p) = fs(p). We prove some claims about these iterated

solutions.

Claim 1 (Iteration monotonicity). f5(p) is non-decreasing with respect to t, in other words,
fé‘l(p) < fi(p) for every S.

Proof. We prove by induction on ¢, and reverse induction on |S|. The claim is obvious for t = 1,
since f[tn] (p) > 0 does not change with ¢, and for any other S, fd(p) = 0 and f&(p) > 0. Now,
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assuming the claim for ¢ — 1, and for all S’ O S in the current (¢") iteration, we have for S # [n]

pi+ Y pi | f50) = pifbum®+ Y pife i @)

j€S jeS\{n}
> pifso®+ Y pifai;®
jeS\{n}
= |\ i+ pi | f5 )
JjeS
O
We now derive an equation which will be used repeatedly in the next claim. Let ¢ be the

smallest integer not in S, and let i < n, i # i also not be in S. Then the smallest integer not
in SU{i'} is i. Therefore, by equation (16) applied to S U {i'}, we have

pi +pir + ij féu{i/}(p) = Piféu{i,i/}(p) +pi’f§71(p) + Z pjffg@%{i/}\{j} (p) (17)
jes jes\{n}

Adding py f&(p) to both sides of equation (16)), we get

pi+pr+ Y v | f50) = pifsop ) +pafs0)+ D pifen®) (18)
j€S jE€S\{n}

Subtracting (I8) from (17), we get

pitpr+ Y ) (féu{i/}(p) - fé(p)> = pi <f§u{l-,l-/}(p) - féu{i}(p)> —pr (f5(p) = £ ()

Jjes

+ D> <f§fﬁz‘f}\{j}(p)—f;{{lj}(p)) (19)

JjE€S\{n}

The following claim states a version of Lemma [2| for the iterated solutions. Lemma [2| follows

easily from this, taking limit as t — oc.

Claim 2. Let S = [n]\ {l1,...,ln} be such that n € S, where Iy < --- < l,,, < n. Then the

following are true.
1 fo0, ) = f5(0) fori=1,...,m

2 p (S ®) = 150)) < v (P @) = F5@)) Jori=1,...om =1

Proof. We prove this claim by induction on ¢. For ¢t = 0, the claim is obvious. So suppose t > 0.
We first consider the case when ¢ = 1.

Consider Part 1 of the claim. The smallest integer not in S is /3. Rewriting (I16)), we have

P (Foopy @) = £50)) =pafs®) + - w5 (F50) - £ 1)

Jje€S\{n}
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By Claim [JJand induction on ¢, we have f&(p) > 0 and f5(p)— g{lj}(p) > féﬁl(p)—féﬁj}(p) > 0.
Hence fé‘u{ll}(p) — fL(p) > 0, and thus Part 1 is proved for i = 1, for any S.

Consider Part 2 of the claim. When |S| = n — 1, there is nothing to prove in Part 2. So
assume |S| < n — 1. [; and [y are respectively the smallest and second smallest integers not in

S, and thus, Iy is the smallest integer not in S U {l;}. Therefore, we have

(P11+ij> fé(P) = phfé‘u{zl}(?)+ Z pjfé({lj}(p)

jES jeS\{n}

<p12 +pi, + ij) féu{zl}(p) = plzfé‘u{ll,lg}(p) +pllf§71(p) + Z pjfé’a%{ll}\{j}(p)

jes JjeS\{n}

Thus,

(Pb +p, + ij) Dby <f§u{ll}(p) - fé‘(p)> = plgpllfévu{ll,lg}(p) - piféu{ll}(p)

jeSs
—pi,p1, £5(p) + P75 (D) (20)
+ 3w (Pl @) — F50, @)
jeS\{n}

Further, from equation (19]),

(ph +p, + ij) Pl <f§u{12}(19) - fé(p)> = pupL (fé'u{lg,ll}(p) - fgu{h}(?))

jeSs
—p, (f&() — 151 () (21)
2 v (Fin @ — Fay )
jesS\{n}

We need to prove (20)) is at most (21)). By induction on ¢, for each j € S\ {n}, we have
pivn (P55t ® = F5by @) < pime (Flp g @) — 150, @)
I\ Su{lh\ {5} S\{7} = Filla \ Jsu{iz}\{j} S\{5}
Canceling pl2pllféu{ll 12}(p), we are left to prove
—07, Loy () — Puopn £5(0) + p1 1§ (P) < —piopi Foupyy () — vl (F5(0) — £571 (D))
Using fi(p) — fg_l(p) > 0 by Claim [I, and the fact that p;, > p;, > 0, we have
—pupn (F50) = £57' (1) < =i, (F50) = £57' ()

Therefore, it is sufficient to prove

=i S0y () = Ppn 5 () + 07 f§ () < —piopiy Féu (P)

that is,
Py oy (0) = ppn 571 (0) < 07 Fopyy () — 07, 6 (p)
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that is,
po (Foogy®) = 157 ®0)) < o (Shopn @) - 15 0)

This is true, since by Claim [1] and induction on t, we have fé‘u{ll}(p) — ffgfl(p) > fé’u%{ll}(p) —

F& M (p) 20, and py, < py,.

We are now ready to prove the claim completely for any S and i. We perform reverse
induction on |S|, and then on i. We have proved the claim when |S| = n — 1. So assume that
|S| < m—1, and that the claim holds for all supersets of S. We have proved the claim for ¢ = 1,
so assume ¢ > 1, and that the claim holds for 7 — 1.

For Part 1, by induction on ¢, we have féu{l;l}(p — fL(p) > 0 and pli_l(fgu{l;l}(p) —

)
£5(0)) < P, (fsup, (p) — £5(p)). Therefore f§ 1 (p) > f5(p)-
We now prove Part 2 for i < m. Since fé’u{li}(p) > fb(p) and py, > py,.,, it is sufficient to

prove

py A+, + Y 05| o (féu{li}(p) - fé(p)> <\ oo+ o + D05 | Puya (féu{lm}(p) - fé(p))
JES jeSs

Substituting from equation (19)), we are left to prove
Pt (fogany®) = fopy @) -0t (F50) = 157 @)+ Y2 wim (F5oh gy @) = F5ls @)
J€S\{n}

<
PuDLs <f§u{li+l,h}(p) - féu{ll}(p)) —pi,, (fsp) — f5 ()

2 i (B @ — faiy @)
jes\in)

But by reverse induction on |S|, we have

b <f§U{l¢,l1}(p) - f.gU{ll}(p)> S pli+1 (féU{l¢+1,ll}(p) - féU{ll}(p)>

and by induction on ¢, for each j € S\ {n}, we have

piv (Fiinin @ — Fotny @) < v (St inin @ — 150, ))

Further since f§(p) — fév_l(p) > 0 by Claim [1, and p;; > p;,,, > 0, the claim stands proved. [

i+1

Proof of Lemma [2. Let S = [n]\ {l1,...,ln}, where l; < --- < l,, < n, be a set containing
n. Suppose p = (p1,...,pp) With p; > -+ > p, > 0. Then for all i,i" € {ly,...,l,}, i <, we

are required to prove

pi (fsugr(p) = fs(p)) < v (fsun(p) — fs(p))

Note that it is sufficient to prove the claim for ¢ = [; and ¢ = ;1 for each j. From Part 2 of
Claim [2, we have for every ¢, py; (féu{lj}(p) — fLp)) < plj+1(fg‘u{lj+1}(p) — fL(p)). Taking limit
as t — 0o, we get py; (fsuq,y(P) — fs(p)) < iy, (Fsuqy ) (P) — fs(p))- [
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Similarly, using Part 1 of Claim 2/ and taking limit as t — oo, we get fgugy(p) > fs(p) if
i ¢ S. Using this fact and (10)), it is easy to prove inductively that as long as p; > --- > p, > 0,

Igu{i}(p) >0ifi ¢S (22)

In other words, all currents are non-negative.

B Proof of Lemma 3

Assume p = (p1,...,pn) is such that p; > -+ > p, > 0. In order to prove Lemma [3, we require
the following two claims, apart from Lemma 2l

Claim 3 (Symmetry). For any n, let the sequence p be such that p, = pn—1. Then we have for
any S C [n— 1] such thatn—1€ S

L fs(®) = fo\tn—13u{n} (P)-

2. ps(p) = s\ (n—13u{n} (D)

Proof. Consider the subset of quantities {fs(p) | n € S, n —1 ¢ S}. These form a unique
solution to the system given by

pit+ > i | fs(0) =pifsoy®) + Y. pifs(®) (23)

jes jeS\{n}

for S # [n — 2] U {n}, where i < n — 1 is the smallest integer not in S, and

n n—1 n—2
> 0 | fneaumy®) =po1 [ 14 I%Z:H\{j}(P) + ) pifn—2uian gy () (24)
- i

J=1

since 14377 ! IZ H\{j}( ) = fi)(p). Suppose we replace fs(p) by fsugn—1}\{n}(p) for each S.
We will prove that equations (23) and (24) are still satisfied. This will imply the first part of
the claim. Equation (23]) can be verified easily using the fact that p, = p,—1, and we are left to
check (24). That is, we have to prove

n—1 n—2
Zp] Jin—(@) =pn-1 | 1 +ZI%Z:H\{]}(2?) + ) pif-n ()
=1

j=1

Since fi,—1j(p) = I{Z ﬂ( ) and p,, = pn—1, we are left to prove

n—1 n—2
ij fin—1(p) = Pn—1 1+ZIZ H\{]} +ijf[n 1\ P)
=1 i=1

that is,

Zp]

= fn n—
L fu) — 5 2 NP 1+ZI[ NG,
n— j=1

Pn—-1
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that is,

bj fn 1 _fn 1 n
f[n 1 Z 1 pnil[ ]\{J} 1+ZIn H\{J} (25)

Using the fact from equatlon (10), that

=N ) = 12 ) 4 Pifin-11(P) = fln-1pi53 (P))

[n=1] Pn—-1

and substituting this in the right hand side of (25]), we are left with
2
fn-1(p) =1 +ZIZ 2 V)

which is indeed true. The second part of the claim follows from the first part and (7). O

The next claim states that the function fg(p) increases, as p,, decreases from p,_; to 0, for
fixed p1,...,Pn—1-

Claim 4 (p-monotonicity). Let p' be such that p; = p; for 1 < j <n and p|, < p,. Then for
each S C [n], fs(p') > fs(p)-

Proof. When n ¢ S, and also when S = [n], the claim is obvious, since in this case, fs(p)
depends only on py,...,p,—1. Elseif n € S C [n], then we again prove that the claim holds after
each iteration of the Gauss-Seidel procedure described in Appendix [Al implying that the claim
holds for the limit. Thus, we need to prove f&(p') > fi(p) for each t. We again use induction
on ¢, and reverse induction on |S|. For ¢ = 0 the claim is trivial. For ¢ > 0 we have proved the
claim for S = [n]. Solet S C [n], n € S and let i < n be the smallest integer not in S. Assuming
the claim for ¢t — 1 and for all S” O S in the current t'" iteration, we have

p;—FZp;» fé‘(p,) = ngéu{i}(l?')Jr Z f\{j}( P)

jes JjeS\{n}

Pz‘féu{i}(?)*‘ Z ij \{]}()

JE€S\{n}

v

= pH—ZPj f5(p)

jes
Note that the inequality holds because p} = p; and p;- =p;j for all j € S\ {n}. But we also have
P+ es P < pi+ Y es Py, and therefore, f5(p') > f5(p). O
Proof of Lemma [3. Let S be a finite subset of N, 4,7 ¢ S, i < j and SU{4,j} C [n]. Suppose
p=(p1,...,pp) with p; > --- > p, > 0. We are required to prove
Ig’u{z‘}(p) < Igu{j}(p)

Note that we may assume, without loss of generality, that the largest integer in SU{j} is n. We
prove the claim by induction on n. For n = 1, there is nothing to prove. For n > 1 we consider
two cases: n > j and n = j.
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In the former case, the largest integer in S as well as S U {i} is n. From equation (10]), we

need to prove
n Dbi n by
Ty ®) + 1 (Fsua®) = Fs)) < TR 0 () + 72 (Fsugpyv) — Fs(0)

But by induction hypothesis, we have

S\fn} S\fn}
Loty (P) < Lol ny (P)

and from Lemma [2, we have

;:_i (fsur () = fs(p)) < (f5u{]}( ) — fs(p))

Adding these inequalities, we get the desired result.

In the latter case, that is n = j, SU {i} C [n —1]. We have ISU{_]}( p) = Igu{n}(p) =
fsugn}(p), and this increases with decreasing p,, due to Claim 4. On the other hand, Igu{i} (p)
is independent of p,,, since S C S U {i} C [n — 1]. Therefore, it is sufficient to prove the claim
assuming p, = pn—1.

We consider two sub-cases: n —1 € S and n—1 ¢ S. First, suppose n —1 € S. Then by
Claim [3, we have

pi (esugir(p) — 0s(p)) = pi (Lsugip\n-13uin} (2) — Ls\fn—13u{n} (1))

_ 1S\{n—1}u{n}
which means ISU{@}( p) = ISu{@}\{n I}U{n}( p), and

P (2sugny (P) — ©s(p)) = pi (Ysuin} () — €5\ fn—13un} (1))

_ S\n=13u{n)

which means Igu{ }( p) = (p). Since i < n—1, by the earlier case (taking j =n—1)

Su{n}
n n S\{n n .
we have ISL\J{{ }\%{};Lu{l}}u{n}( ) < ISL\E{ }I}U{ }( ), and hence Igu{ }( p) <1 gu{n}( ), as required.

Finally, suppose n —1 ¢ S. We already have ISu{z}( p) < ISU{n 1}( p) by induction on
n. By Claim [3, we have Igu{n_l}(p) = fsun-13(P) = fsugmy(p) = ISU{n}( p), and hence,
Igu{i}(p) < Igu{n}(p), as required. O

C Proof of Lemma 5

Proof. Let S be a finite subset of N, 7,5 ¢ S, and S U {i,7} C [n]. Suppose p = (p1,...,Pn)
with py > --- > p, > 0. Without loss of generality, assume ¢ < j and therefore p; > p;. Then

by Lemma [3], we have

pi(sugy(p) — 0s(p)) = T3 () < 18,05 (P) (26)

If m is the smallest integer not in S, then m < i < j, and the smallest integer not in S U {j} is

m. Hence from Lemma (1, we have

SU{j S S
ISB}Q,]} =1+ Y Isbg\{j "p) =1+ 301 (P) + IRy U{]}\{] 'p) > Loy () (27)
j'esSu{j} J'es
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where the inequality follows from (22)). By Lemma [3, we have

SU{j SU{j
pilpsugi (p) — esupy(P) = Taoth (0) > Too ) (p)

Putting together (26), (27), and (28), we get
pilesug(p) — ws(p) < pilwsugy(P) — esugy ()

and since p; > 0,
esugiy(P) + esug(P) < @sugi () + 0s(p)

as required.

26
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