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ABSTRACT

A method for perfusion imaging with DCE-MRI is devel-
oped based on two popular paradigms: the low-rank + sparse
model for optimisation-based reconstruction, and the deep
unfolding. A learnable algorithm derived from a proximal
algorithm is designed with emphasis on simplicity and inter-
pretability. The resulting deep network is trained and evalu-
ated using a simulated measurement of a rat with a brain tu-
mor, showing large performance gain over the classical low-
rank + sparse baseline. Moreover, quantitative perfusion anal-
ysis is performed based on the reconstructed sequence, prov-
ing that even training based on a simple pixel-wise error can
lead to significant improvement of the quality of the perfusion
maps.

Index Terms— DCE-MRI, proximal splitting algorithms,
deep unfolding, L+S model, perfusion analysis

1. INTRODUCTION

Dynamic Contrast-Enhanced (DCE) Magnetic Resonance
Imaging (MRI) is an experimental technique for measuring
perfusion parameters of tissues, such as blood plasma flow,
blood plasma volume and vessel-wall permeability. These
parameters characterize the microvascular system and are
known as important biomarkers e.g. for staging of tumors
and monitoring of tumor therapy, as tumor’s microvascular
function and structure react on a treatment significantly faster
than the commonly measured tumor volume. DCE-MRI is
based on intravenous administration of a contrast agent and
rapid imaging of the tissue of interest, capturing the spatial
and temporal distribution of the contrast agent. The acquired
image sequence is then used to fit a pharmacokinetic model
parametrized by the sought perfusion parameters. Use of
advanced pharmacokinetic models requires high temporal
resolution (approx. one frame per second) which is beyond
the limits of standard MRI. This motivates advance in ac-
celerated DCE-MRI, recently mostly based on compressed
sensing and deep learning (DL).

In compressed-sensing DCE-MRI, the sparsely sampled
data are reconstructed by employing prior information in the
form of spatio-temporal regularisation, formulated using for

instance the total variation [1, 2], low-rank [3, 4] or their com-
bination in low-rank plus sparse (L+S) model [5, 6, 7]. An-
other possibility to reconstruct sparsely sampled data is based
on end-to-end DL methods [8]. Such methods do not employ
any information about the physical process of MRI acquisi-
tion, tend to overfitting and to the so called hallucinations
(imposing of image structures from the training dataset but
not present in the currently imaged object) [9, 10]. This is
why physics-informed DL approaches are preferred by the
MRI community, often formulated in the form of unfolded
(unrolled) algorithms [11, 12]. These methods are, however,
still quite general, require large training datasets and still suf-
fer from possible overfitting.

Here we suggest a method that keeps the role of the L and
S components from the L+S approach, possibly generalises
the regularisation used in the baseline method, and allows
learning of the (generalised) regularisation parameters. Thus
by connecting the L+S with DL, we aim at a straightfor-
ward interpretation and enable learning on only limited-size
datasets (which is a common restriction in DCE-MRI).

Preliminary work concerning the unfolded L+S model for
DCE-MRI was published as [13]. Even though the present
work is based on the same L+S model, it considers several
parametrisation options (instead of just the simple one men-
tioned in Sec.2.2 below), both the simulation and learning
protocols were optimised; importantly, the perfusion analysis
is newly included in the evaluation.

2. L+S MODEL UNFOLDED

2.1. The model and its solution

Low-rank plus sparse model is a popular approach to data
modelling. The model is based on the assumption that the
acquired data can be split into two differently behaving com-
ponents. In the case of DCE-MRI, the sequence of images
can be split into a constant or slowly varying component
(background) and a component with faster dynamics. Math-
ematically, these components are characterised by their low-
rankness and sparsity, respectively.

The usual optimisation problem used for L+S modelling



reads [6]
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Here, L and S are the (sought) low-rank and sparse com-
ponents of the image sequence L + S, acquired by the MR
scanner as d using the linear imaging operator A, which in-
cludes the coil-sensitivity-aware encoding of the data into k-
space and subsampling. The linear operator 7 transforms S
into a space where it is sparse; typically, 7 represents pixel-
wise differences in the time direction. The norms used are
the Euclidean norm for the data term, indicating that Gaus-
sian noise is assumed in the acquisition process; ||L||, is the
nuclear norm forcing L to be low-rank [14]; || 7S||; is the ¢;
norm forcing 7S to have as many zero components as possi-
ble [15]. Finally, the constants Ap, As > 0 have to be chosen
by the user, and balance the weight of the three terms in (1).

The problem (1) can be solved numerically using proxi-
mal splitting algorithms. In our case, we exploit the primal-
dual algorithm of Chambolle and Pock (CPA) [16], see Alg. 1.
The operator soft, denotes the usual soft thresholding with
threshold o > 0. The singular value thresholding (SVT) [17]
with threshold «, denoted SVT,, is defined via the singular
value decomposition X = Udiag(o)VH as SVT,(X) =
U diag (soft (o)) VH. The algorithm can be stopped after
a finite number of iterations or it can terminate after a heuris-
tic convergence criterion is met.

Algorithm 1: CPA solving the problem (1)

1 choose p, 7 > 0 such that pr < 1/(4 |l A|]* + || T]*)

2 set initial iterates E(O), g(o)’ M(O), N©

3 fork=0,1,... do
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2.2. Deep unfolding and parametrisation

We choose the paradigm of deep unfolding [18, 19] to form
a model-based network for solving the L+S model. In such
an approach, a fixed number K of iterations of an iterative
algorithm is considered to represent K layers of a network.
To enable learning, a part of each iteration/layer is then re-
placed by a learnable component, supposedly the same one
in each iteration to preserve similarity with the iterative tem-
plate. An even closer similarity to the original algorithm may
be achieved by forcing the related learned parameters to be
equal across the layers of the network; we refer to this as
the tied variant of a network. With a proper choice of the

learnable component, it may be possible to show its corre-
spondence to a proximal operator [20], or even to derive an
optimisation problem which is solved by such a network. In
contrast, the untied variant of the network provides more de-
grees of freedom, and is therefore expected to deliver better
results at the cost of increased computational complexity.

A crucial part of the design of the unfolded network is the
choice of parameters to be optimised. Since we aim at pre-
serving the interpretation of the two components of the solu-
tion, we choose simple (yet effective) parametrisations of the
soft thresholding (or similar) operator (line 5 and 6 of Alg. 1):

* The most basic option is to only use learning to find the
optimal Ap, A\s for problem (1). These parameters then
appear as thresholds in the soft-thresholding and SVT, as
is visible in Alg. 1. We refer to this approach as the simple
activation.

* The soft activation allows to adapt not only the threshold,
but also the slope of the function above this threshold (the
slope is fixed to 1 in the simple case).

* Non-negative garrote [21] is an operator similar to soft
thresholding zeroing-out the values below a given thresh-
old (which is learnable in our case), but for large input val-
ues, it tends towards the identity (in contrast to soft thresh-
olding which has a constant bias for inputs exceeding the
threshold).

Note that all the above cases use a very low number of param-
eters, compared to usual neural networks. More specifically,
the number of parameters can only get up to 4K in the soft
case for a K-layer model. However, this is in line with the
concept of adjusting the L+S model using little training data,
rather than training a dedicated complex architecture.

3. EXPERIMENTS AND RESULTS

3.1. Data simulation

For the purpose of creating the training and testing dataset,
we used an in-house DCE perfusion simulator. It can pro-
duce a high fidelity synthetic phantom of a rat brain with
glioma (see Fig. 1) and create undersampled datasets for re-
construction and perfusion analysis testing. The DCE curves
in the phantom were generated using the ATH pharmacoki-
netic model approximated by the DCATH model with a fixed
standard deviation of the mean capillary transit times [22].
The synthetic echoes were generated using the radial golden
angle strategy [23] with TR of 7.5 ms, TE 1.6 ms and FA 20°,
simulating 4 coils in parallel with smoothed sensitivities from
a real scanner. The image matrix was 64 x 64, and 40,000
projections were simulated. In order to subsample the dataset,
a pseudo 3D stack-of-stars acquisition with 16 slices was sim-
ulated, therefore the resulting dataset has 16 times lower tem-
poral resolution compared to plain 2D acquisition.
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Fig. 1: Simulated phantom (a single frame of the ground truth
sequence) with indicated ROIs used for evaluation in Sec. 3.4.

3.2. Training

The training dataset consisted of 16 sequences simulated ac-
cording to Sec. 3.1 with additive Gaussian noise in the k-space
with the standard deviation of 1-10~2 To define the training
loss, we used the ground truth image sequence which was
obtained as reconstruction of the simulated data prior to un-
dersampling and adding noise; the loss was represented by
the mean absolute error (MAE) between this ground truth se-
quence and the reconstructed one. We trained the network pa-
rameters using the Adam optimiser [24] with 200 epochs and
learning rate of 2-10~% Even though the aim of the training
was to obtain high quality image sequences, we observed that
the dynamics of the perfusion curves was better represented
when only the first 15 % of length of the input sequence was
used for training (i.e. 6,000 projections based on the parame-
ters mentioned in Sec. 3.1).

3.3. Testing and evaluation of image sequences

A straightforward comparison of the results is provided in Ta-
ble 1, where the MAE for different setups of the unfolded
network is displayed. A classical CPA for the L+S model
(Alg. 1) serves as the baseline with the regularisation param-
eters A\ and Ag determined by grid search on the training
dataset with the MAE criterion.

Experiment #1 aims at answering a question whether
learning the parameters A and Ag (shared across all the
layers, i.e. in the tied variant) can be used instead of the
grid search. The learned values were A, = 0.0258 and
As = 6.8-10~% which only seems promising regarding ;..
The reason might be sensitivity of the learning to initialisa-
tion and the learning rate. Furthermore, comparing #1 with
the rest of the experiments, especially with #2, proves that the
tied approach is too simplistic. The same observation stems
from the comparison of #3 with #4 (the soft case).

In experiments #4 and #5, the choice of initialisation is
examined. Even though we only test two possibilities, the re-
sults suggest that the initial thresholds need not be precisely

set to provide a good starting point for learning the soft model.
Another observation is that even with a few learnable param-
eters, the baseline algorithm was outperformed.

Finally, experiment #6 shows that the choice of the non-
negative garrote is not beneficial, which suggests that the off-
set caused by thresholding large input values does not repre-
sent a significant problem in the L+S reconstruction.

3.4. Evaluation of perfusion maps

To evaluate the perfusion map quality, relevant ROIs for di-
agnostics were chosen. That is three muscles (typically used
for arterial input function scale calibration) and the tumor it-
self (see Fig.1). We mainly focused on the K., parame-
ter for its diagnostic relevancy and on F;, as one of the more
advanced parameters to estimate. Due to the fact that sim-
ulated data was used, there are two options how to evaluate
the quality of the perfusion maps. The first choice is to em-
ploy the raw maps used during simulation. However, com-
parison with these maps may be distorted by the process of
automated perfusion analysis [25]. Furthermore, there are in-
evitable physics-related limitations in the acquisition (e.g. the
coil sensitivity) which are not reflected in these ground truth
maps. For this reason, the second option may be preferable,
where the perfusion analysis is performed using the recon-
structed ground truth image sequence to produce the refer-
ence maps.

A comparison using the latter option is presented in Fig. 2.
The results indicate a consistent improvement of the perfusion
analysis. In particular, significant improvement is observed
in the F}, parameter which cannot be well estimated from the
baseline reconstruction (see first line of the graph 2a), but the
error in the estimation of F}, using the learned reconstruction
is comparable to the estimation errors in other parameters.

An abridged evaluation using the simulated maps is
shown in Fig. 3. In contrast to the evaluation using the maps
estimated from the ground truth image sequence, an increase
in the error is observed here in a few cases. However, look-
ing and the results globally, reconstruction using the trained
model is favoured also in this evaluation.

4. CONCLUSION

The paper introduced a simple unfolded scheme for the re-
construction of DCE-MRI data, based on the L+S model. The
results indicate that even simple parametrisation of the model
allows to improve quality of the reconstructed sequence in
terms of absolute error, compared to the classical L+S base-
line. Remarkably, the experiments also demonstrated that this
kind of objective quality also coincides with the quality im-
provement in the perfusion maps. This offers a conclusion
that even with a simple network (based on a well-designed
model) and simple loss function, the perfusion analysis can
be enhanced.



Table 1: Experiment results. Note that the discrepancy between MAE in training and testing is expected since in training, the
loss was computed only from the first 15 % of the sequence and it is computed batch-wise, while the presented test results were

computed on a single (whole) sequence.

experiment activation ted layers trained initialisation training loss test MAE
number (iterations) parameters AL As (MAE)
#1 simple yes 100 2 0.0500 5-107° 2.18-10~% 7.26-107°
#2 simple no 100 200 0.0500 5-107° 1.43-107% 5.22.107°
#3 soft yes 100 4 0.0234 1.6-107° 1.82-107% 7.02.107°
#4 soft no 100 400 0.0234 1.6-107° 1.35-10~4 4.87-10~°
#5 soft no 100 400 0.0010 1-10~4 1.34-1074 4.87-107°
#6 garrote no 100 200 0.0010 1-1074 1.48-1074 5.42.107°
baseline L+S 100 — 0.0234 1.6-107° — 6.68-107°
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(a) baseline relative errors

(b) trained model relative errors
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Fig. 2: Comparison of the perfusion map quality, the baseline L+S algorithm (a) versus the trained model from experiment #4
(b). The relative error in a single pixel of a perfusion map is computed as the absolute difference of the examined value and the
reference value, divided by the absolute value of the reference. In each ROI and per each perfusion parameter considered, the
relative errors are then averaged (see also Fig. 1). Note that the graph in (c) shows the difference of percentages, which is why
the percentage point is used as a unit of the colorbar. For example, the average relative error in terms of I}, in ROI #1 is around
60 % for the baseline and around 14 % for the trained model, which results in the value of around —46 %pt. in graph (c), i.e.
a large improvement over the baseline. Note that a symmetric colormap is used on purpose to enable comparison with Fig. 3,

even though all the values in ¢ are negative (blue).
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Fig. 3: Difference of the errors plotted in the same way as in
Fig. 2c, but for the option of comparison to the perfusion maps
used to simulate the DCE-MRI data. Only the differences are
shown for the sake of brevity, however, the actual error values
are in similar range as in graphs 2a and 2b.

A further improvement may be reached by designing
a temporal-weighted loss function for the training, which
would preserve differentiability while allowing to capture the
parts of the sequence most important for the perfusion anal-
ysis. Another future direction is the focus on more shallow

network with more parameters per layer. Since interpretabil-
ity and theoretical guarantees are substantial, divergence from
the proximal L+S model is not desired, which suggests for
example the use of (suitably constrained) adaptive piecewise-
linear activation [26] instead of the thresholding operators.
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