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Abstract— The lossless rate region for the coded side informa-
tion problem is “solved,” but its solution is expressed in terms of
an auxiliary random variable. As a result, finding the rate region
for any fixed example requires an optimization over a family of
allowed auxiliary random variables. While intuitive constructions
are easy to come by and optimal solutions are known under some
special conditions, proving the optimal solution is surprisingly
difficult even for examples as basic as a binary source with
binary side information. We derive the optimal auxiliary random
variables and corresponding achievable rate regions for a family
of problems where both the source and side information are
binary. Our solution involves first tightening known bounds
on the alphabet size of the auxiliary random variable and
then optimizing the auxiliary random variable subject to this
constraint. The technique used to tighten the bound on the
alphabet size applies to a variety of problems beyond the one
studied here.

I. INTRODUCTION

Generalizing our understanding of the source coding prob-
lem from point-to-point communication systems to general
networks remains a central underlying goal of source coding
research. The problem of source coding with coded side
information, perhaps one of the most basic components of
network source coding systems, is an important stepping
stone in this endeavor. The problem was introduced and
solved by Ahlswede and Kémer in [1]. Their achievable rate
region describes the family of rate vectors (Rx, Ry ) such
that independently describing source X at rate R x and side
information ¥ at rate Ry allows the decoder to reconstruct X
with asymptotically negligible error probability. (See Fig. 1.)

While the characterization given by Ahlswede and Komer
is tight, it does not tell the full story. The given solution relies
on an unknown auxiliary random variable. Thus numerically
characterizing the achievable rate region for any joint distri-
bution on (X.Y) requires an additional optimization over all
admissible auxiliary random variables U.

Solution of the optimal auxiliary random variable is studied
m [2]. The central results of that work are answers to two
guestions. What is the minimal achievable rate Ry when
Ry = H{X|Y)? What is the maximal rate Ry at which
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Rx + Ry = H(X) is achievable? While the answers to these
questions allow us to precisely characterize the achievable rate
region in the special case where the answer to both questions is
Ry = I{X;Y) and to bound the achievable rate region more
generally, it, too, fails to tell the full story. For example, when
X and YV are uniformly distributed binary random variables
related through a binary symmetric channel, the answer to the
first question is Ry = H(Y') and the answer to the second
question is Ry = 0, and the results of [2] tell us very little
about the achievable rate region.

The remainder of this paper begins with background on the
coded side information problem. We then provide solutions
to a family of coded side information problems where both
source and side information are binary. As a first step, we
tighten the bound on the alphabet size of the auxiliary random
variable from | )’|+2 to |)|. The techmique used to improve this
bound also applies to a variety of other problems, including
those in [3], [4], [5], [6], [7]. We then derive the optimal {7 and
corresponding optimal rate region for a variety of examples
where X and ¥ are binary; [I{| < 2 in these examples by
our first result. In Section IV, we prove that if the conditional
distribution of X given ¥ is a binary symmetric channel, then
U7 is optimal if and only if 7 and Y are related through a
binary symmetric channel as well. (See Fig. 2.) In Section V,
we show that if the conditional distribution of X given ¥ is a
Z-channel, then U7 is optimal if and only if I and Y are related
through a Z-channel as well. (See Fig. 3.) The result can be
applied to bound the achievable region for general binary pairs
{X.Y") using the concavity property derived in [8], and to fully
describe the region for (X, Y) pairs whose joint distributions
decompose into known irreducible components. (See [2].)

II. BACKGROUND

Consider the coded side information problem shown in
Fig. 1. Source X and side information ¥ are jointly distributed
random variables on alphabets A" and Y of sizes |V, | V] < oc.

When (X.Y) are drawn i.i.d. according to a fixed joint
probability mass function (pmf), every achievable point
(Bx,Ry) satisfies Ry > H{X|U) and Ry > I(Y;U) for
some random variable {7 satisfying Markov condition
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Fig. 1. The coded side information problem.

and alphabet bound || < || + 2 [1]. To compute the lower
convex hull of this rate region, we minimize the Lagrangian
functional H(X|U7) + pI{Y; U7} (¢ > () under the natural
constraints on p(y|u). Unfortunately, this functional is neither
convex nor concave in p(ylu) in general since H(X|U)
is concave in ply|w) while I{Y|UV

U) is convex in py|w).
Therefore, the optimization is surprisingly difficult even in the
case where both X and ¥ are binary random variables.

II1. ALPHABET SIZE OF {J

While the following result treats the coded side information
problem, the method used to prove it applies more widely.

Theorem I: Alphabet size |¢{| < |)| suffices to achieve any
point (Rx . Ry ) on the lower boundary of the achievable rate
region for the coded side-information problem.
Proof: The usual time-sharing argument implies that our
achievable rate region is convex. Thus any point can be
described by some auxiliary random variable 7 that minimizes

H{X|U)+pI{Y;U) subject to constraint (1) for some g¢ > 0.
Since H{Y) is fixed, U minimizes H{X|U)+pI(Y;U) if and
only if it minimizes H (X |U7)—pH (Y|U7). Now fix an alphabet
U, and for each « € U, ﬁx a conditional pmf {p{y|u)} ey
We next show that no matter how large the original alphabet
U and no matter which conditional distribution {p(y|u)} ey
is used for each u € U, the optimal solution sets p(«) = 0 for
all but at most |)'| values of w.

The given optimization problem is equivalent to choosing
the pmf {p{u)}nez that minimizes

Z[H(X U=u)—pHY U = u)lp(u)

s

Y e plu) = 1.

) = plu)plylu} Yy €Y

Pplu) >0V weld

Fixing {p(J|u)}Jey for each v € U means that H(X|U = u),
H{Y|U = u), and p(y|u) are constants for each u, and the

minimization is a linear program. Since the optimal point for

any linear program can be achieved at a comer point, there

exists an oplimizing solution that satisfies |if| constraints with

equality. There is one constraint of the form 7, . plu) =

1, and there are |} — 1 independent constraints of the form

ply) = p(u)p(y|u) for some y € ). Thus the remaining |&/| —

(14 |¥| — 1) constraints that are satisfied with equality must

take the form p(w) = 0 for some w € . o

subject to

IV. BINARY SYMMETRICAL CASE

In this section, we consider the case where X and Y
are related through a binary symmetric channel, namely,

Pxy(1]0) = Pxy(0]1) = ¢ for some 0 < ¢ < 1/2 (the
trivial cases € = 0 and 1/2 are excluded). Theorem 2 is our
central result for this case. For any @,¢ € [0,1], we define
H{z):=—zlogz— (1 —u)log{l— =) and H.(x) := H(zx.),
where &, ;= z(l —€) + (1 —x)e = e+ (1 — 2e)r.

Theorem 2: 1f (X,Y) is a binary pair with Py-(0) = p and
Px |y (1]0) = Px|y (0[1) = ¢, then the lower boundary of the
achievable rate region is described by

{(Rx,Ry): Rx =H.(v), Ry =H{p) - H(v).
7 € [0, min{p, 1 — p}]}.

This is achieved by binary auxiliary random variable L7 with
U =Y — X if and only if Py, (110} = Py, (0[1) = 7.

U Y X

A <@\1—n/ 03 1—¢ 0
P ¥y €
1-Xx 101 il 1

& 1—p 1—¢

The binary symmetric case.

Fig. 2.

To prove this theorem, let L7 be a binary random variable
with ' = ¥ —= X, A = Py(0), a = Py;(1/0), and 7 =
Py (0]1). Since p = A1 —a) + (1 =A)8, A= (p-8)/(1 -

o — 3). and
x|y = L2922 H(3
T ol-a-§ 1—ax—
) 1—-p—uw
H(Y|U i + ——H(
(¥1e) l—a-—-4§ (o) + l—w—4 (8)-
Therefore, finding an optimal U7 is equivalent to solving
| p-5 l—p—w
max mH((}:) + mH(ﬁ')
p—73 1—p—a )
subject to T_BHE(Q) + mﬁﬁ(b’) =K

over 0 < a,d < 1 for some K. Note that H(e) < K =
AH (o) + (1= NH (D) < H w4+ (1-A)8) = HA1—p).
We use the next theorem, which is proven in Appendix A, to
solve this optimization problem.

Theorem 3: The following inequality holds for any 0 <
<y < F<1/2and 0<e<1/2

H(B) - H{y) _ H.(8) - H(y)
_ H%ﬁ’) - H(o) H. (A — H (o)
Fix any K € [H{e), H.(p)] and let 0 < ~ < 1/2 be chosen

such that K = H,.(~). Then H_ (x) 1ncreasmg inxe0,1/2]
implies that 0 < v < min{p, 1 — p}. We wish to show that

H{v) > AH{(w) + (1 - NH(5)
for any distinct «x and 7 satisfying

p— 1—p—uw

K= ’J’H( @+ l-a-35

H.(8).

1—0—
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Without loss of generality, we assume that 0 < a < J < 1/2
{if not, «x or /4 can be replaced with 1 — « or 1 — 4, and the
optimization problem is the same with an appropriate change
of the formula of A in terms of e and 8). Then ~ € (&, )
and H (~) = AH. (o) + (1 = N H.(3), giving A = (H.{3) -
H (7)Y {H.(8) — H.{x)). By Thearem 3, H{~) > AH (o} +
{1 — AM)H(#4), which implies that the symmetrical solution is
optimal. On the other hand, for any X € [H(e), H,(p)], there
always exists some <y € [0,min{p,1 — p}] such that K =
H.(~). Hence by letting o = 8 = 7,

l—p—w
Hi~v) = —H(A

) —a_ght )
i8 maximized under the constraint

p—3 l-p—a

K = H o) +

T 1l-a-8
This completes the proof.

V. Z-CHANNEL CASE

We next consider X and Y related through a Z channel.
Theorem 4: If (X.Y) is a binary pair with Py {0) = p,
Pyy (110} = 0, and Pxy(0[1) = 1 — ¢, then the lower
boundary of the achievable rate region is described by
{(Rx,Ry):Rx = %He(ﬁ'),
Ry = H(p) - ZLH(7),y € [1 - p, 1]}

If U7 is binary with U — Y — X, then IV achieves this bound
if and only if Py (1|0} = 0 and Py ¢ (1|1} = 5
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Then the following is true

8—(1-p) l-pm—-a._, . 1-p
——H{o)+ ———H(S —H({~). &
8- () + A—a @) < ~ (). &
Proof. We first show that (3) implies that 1 — p < ~ < f.

Consider any 0 < 7 < 1, and some distinct #- and y such that

€ [a,1—p]land y € [1 —p, 73], let

y—(1—} 1—p)—u
9T (-'175?1') =MH(T.'IT) + —( p) rH(Ty)
y—=r y—
Note that
Ay - y=0=p
EQT('E’ y) = =) Diry||rz) > 0
and that
P Er
@97(,1/! i) —WD(T,L||T;;) < (.

Hence for any 7, #, (. ) is strictly increasing in « (when y
is fixed) and strictly decreasing in y (when « is fixed).
Rewriting (3) as (., 3) = 6.(0,v)s, we have immediately
that

8.(0.3) < 8.(a. 8) =6.0,7),

which proves 3 > .
The condition (3) implies that

B (v, vy —0.{c,3) =6 (a,7) — 6.(0,~),

or equivalently,

)
fl-p)—«
/. ((EJ_I—))”)ZOD(FQ;Hey)dy

@, o
— [ Lf)D(efﬂ |ex: )i,
Jo (y—a)

i1.e.,
fi lJpO“ Dieal|ey) dJ

x 1—p
fn 4—%%)]) F")’HFJ)dI
Now forany 0 <z < oo <1 —p < v <y < 3, by Lemma 5
(see Appendix B), we have

v—f{1—p —
Fig. 3. The binary Z-channel case. r— 1 D( | )
Dially)
To prove this result, define e, 3, and A as before. (See which implies that
Fig. 3.) Note that Aa+{1-A)f = 1—pimplies v < 1—p < . —
or v > 1 —p > 3. Without loss of generality, we suppose fn %?—le (7]} e 0 '(%q—fzle (e7|[ew)d
o< 1—p< 8§ Here D[y D{ea||ey)
3-01- 1- Hence for any v < y < 4,
HX|U) %ﬂp) H{eo) + %H( 9) Yy
D{a]ly) Dieolley)
3 1 : o y—{1—p) Ry ¥y (1P) [ em,
HY|U) = i(f(yp) Ha) + %H(m. N - ?)p D(~||z)d= fn e 1)1;" Devy| H)d!
Th 5 relates thi it which leads to
eorem 5 relates this quantities. 8 (1p)—a o
Theorem 5: Suppose 0 < oo < 1 —-p < 8, o # 4, and 91(@-.1-’) =0 (v, f3) f (g—ar -D(ce||y)dy
1—p<~v<1. Choose (} < € < 1 such that 0 (e, v) —0,(0,~) fa a= 1r}{1 D{y||«)dx
8—(1— 1—-p)— 1—yp 3 (1—p) leart el
j .3(_ - p)H(m) n ( . I_J)Q aH(eﬁ) =1 DH(F}/). f #D (eav||ey) dy
“ ' ‘ 3) j},” B D(eylew)ds
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Thus, (4) holds. 0
Y)
H(X) {(when v =1—p). For

Note that —_i’—H(e~) ranges from (1 — p)H{e) = H(X
(when ~ = 1) to H(e(1—p)) =
any K € [H{X|Y), H(X)], let v € [1 — p,1] be such that
1-p

K= He).

Then by Theorem 5, for any distinct pair (e, ) satisfying

0<a<1-—p<4suchthat

8-(01-p)
e

3—(1-p)
g—a

(1-p)—a

g -

MH(,@) <

A= ' ~

K= Hiea) +

Hia) +

Therefore, for every optimal solution, o = 0. Conversely, for
[1-p,1]

any pair (e, ) with o < 1—p < 3, there exists v €
such that (3) holds, and then (4) holds by Theorem 3.

APPENDIX
A. Proof of Theorem 3

We prove Theorem 3 by combining the following four

lemmas.

Lemma 1: Let f and g be nonnegative differentiable func-
tions on [a,d] for some a < b1 If f'(x)/g'(x) is (strictly)

mmereasing, then

(@)
fx) - 7(0)
g(x) = 9(0)
is (strictly) increasing in @ for 2 such that g(x) # g{0).
v S - f)
g9(1) = ylz)

is (strictly) increasing in @ for x such that g(x) # g{1).

Proof. Without loss of generality, we assume that o = 0 and
b=1.Given ) <# < 1,and 0 < A <1 —t. For each
n € I, consider the partition of [0, ]

o2 (n—1)t

{[U ;]a(;TL( n =t]}a
and the partition of (t.t+ A]
A 2A (n—1)A

{(ff+—](f+—f+—] St =t + Al}

Define the corresponding Riemann sums as follows

n
Kt 1
Spn = (2=
Jom Z f ( 7i )-n,
k=1
n
kf i
Sym = Z )_
k=1
kL\. A
Tf.-n = Z f
kA A
Tg.-n = ZJ t+—)—
1This lemma still works when @ = —oc or b = oo
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Then one has

h_r>n Sin = f(t) = f(0)
Jim Sy = g(t) - 4{0)
lgrl Trn = fE+2N) -1
BT = o489
and
lirn =
=0 ng g(l‘) - g(O)
lim Tim = fie+2) - f(¢)
n—oo Ty gt + A) = g(t)
Now, since the function f'{(x)/g'(x) is increasing,
Sj‘_ﬂ < S‘f!n + Tj,-n

Sg,n - Sg!n. + Ty,'n ’

and therefore

fl) - f(O) _ fit+4) - f(0)
g(t) —g(0) — gt +A) —g(0)
A similar argument leads to (b). 0

Lemma 2 The function

HI'(z)  (1-2¢)%z(1 —2)
H'"x) z {1l —z)
is strictly increasing for 2 € (0,1/2).
Proof. Notice that
d all—w) (I1-2nje(l-ux)
de a1 —w)  (r(l—x))2
(1 =261 =2z )z(1 — =)
(. (1 —x))? '

Therefore, it suffices to show that
(1-2)z. (1 —2z)—{1 =261 =22 2(1 —x) >0
for # € (0,1/2). Fix « € (0,1/2). Consider the function

&) = (1= 22)2,(1 — zy)
—(1=20){1 = 2w)a(1 — x)

for 4 € [0,1/2].
Since 2, = = + (1 — 22)n, the function =, (1 — ;) is strictly
concave in 1, and the function (1 — 2n)(1 — 2x,,) is convex
in . Thus ¢(n) is strictly concave in r. Now ¢(0) = 0 and
#(1/2) = (1 —22)/4 > 0, hence ¢{e) > 0. O

FLemma 3: (a) The function H!(x)/H'(x)

creasing for = € (0,1/2).
(b) The function
H () — H.(a)

H(z) — H{a)
is strictly increasing for = € {ev, 8).
(¢} The function

is strictly in-

H. (8) - H/(x)
H(#) — H(x)
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is strictly increasing for = € (¢, 3).

Proof.

(a) By Lemma 2, H/ (4
w € (0,1/2). Since

Hi(r) _ HI(1/2) - Hl(x)
H'(x) H'(1/2) - H'(x)’

(x)/H'(x) is sirictly

{(x)/H"(x) is strictly increasing for

Lemma 1 (b) implies that H/(
1ncreasmg for z € (0,1 / 2).
) (Ho(x) - Hela))/ ( ()
for » ((l' 3) by (a) and Lemma 1 (a).
(© (H(8) —H.(x)/
for x € (, 3) by (a) and Lemma 1(b).

O
Lemma 4: For any z € (e, ),
H.(3)— H(«) .
H3) —Ha) 1)
HA()H(B) — H{x)H.(3) N
H{3) - H(o) > ().
Progf. By Lemma 3(b),
H.(8)— H.(o) > lim H.(x) — H ()
H(#)— H(o) = 2ot H(z)— H(a) (A1)
— (126 In(1 — ) — Infex,)
B In(1 —a) —In{a) ~
Similarly, by Lemma 3{c),
H. () — Ha) < lim H. (A — H(x)
H(A - H(x) w—ma- H(A)-Hix (A2)
—(1-2 )ln(l 8.) —1In(5) i
B In(l—3)—In(3)
Let
A8 — H. (o
o(n) = %H(ﬂ - H. (x)
H.(a)H{3) — H{a)H.(#)
H(3) — H{w)

for € (e, 7). (A-1) and (A-2) imply that ¢'{cx) > 0 and
¢'(3) < 0. Now

H, (.3) — H.(a)
H(3) — H{w)

Since the function H!(x)/H'(x) is strictly increasing by
Lemma 3(a), there is only one point s € {ex, 4) such that

?'() H' () = H](x).

¢'(s) = 0. This implies that ¢{x) > 0 for = € (w, 3). O

B. Proof of Lemma 5

Lemina 5: If 0 < & < o < v < y < 3, then for any

€ (0.1),
Diea]ley)  Diex||y) .
Blerllen) ~ D)

H{a)) is strictly increasing

(H(8) — H(x)) is strictly increasing

Proof. For any fixed s # ¢, consider D(rs||rt) as a function
of 7 € (—o0,1]. Then

P _ (_] e
D'rg||tty = dTD {rs||7t)
— 4l 8 o 1—7s i+1—'rsf
= sl —slio—— s+ ——
and .
n (5 _ t)z
D" (rs||rt) = >0

(1 —7a)(1 — rt)?
Thus the function

D"(rollry) (o —9)2 (1= 19)(1 — 72)*

DU (r~||rx) - (y—a)®2 (1 —7e)(1 — 7y)?
is positive and is strictly increasing in +.
Hence by Lemma 1,

D'(ral|lry) f_Tx

[ DGyl l)dy

D" (nex||rpy )by

D ry||re)

is strictly increasing in 7.
Note that
lim D'(rs||rt) =0,

T—— X

hence DY (rs||7t) > 0 for all 7 € {—oc, 1]. Thus by Lemma
1 again, the function

. D' |yy)dny
I D]

Diral|lty)
D{ry||rz)

nz)dn

is strictly increasing in 7. In particular,
D{ealley) = D(ev]|1)
Diey|lexy ~ D(v||z)"

i
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